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Robillard’s approach to obtaining an expression for the cumulant
generating function of the null distribution of Kendall’s S-statistic, when
one ranking is tied, is extended to the general case where both rankings
are tied. An expression is obtained for the cumulant generating function
and it is used to provide a direct proof of the asymptotic normality of the
standardized score, S/ y/Var(S), when both rankings are tied. The third
cumulant of S is derived and an expression for exact evaluation of the
fourth cumulant is given. Significance testing in the general case of tied
rankings via a Pearson type I curve and an Edgeworth approximation to
the null distribution of S is investigated and compared with results
obtained under the standard normal approximation as well as the exact
distribution obtained by enumeration.

1. Introduction. Kendall’s score may be written

n
(1) § = ¥ sign((X; - X)(¥; - Y))),
i<j
where (X,,Y;),...,(X,,Y,) are n independent replications of the random

variables (X,Y); the score S permits a nonparametric test of independence
between X and Y. This test and the computation of its significance level are
included in many statistical computer packages. In practice, ties in both of
the rankings often arise due to the discreteness of the random variables.
Even when conceptually the random variables are continuous, numerous ties
may be present due to censoring or multiple detection levels. Hipel and
McLeod [(1994), Sections 23.5 and 24.3] present several case studies involving
trend tests of water quality variables in which multiple independent mea-
surements were taken at the same time, which gives ties in the time variable,
and, due to the discreteness of the measurements and also due to detection-
level effects, the water quality parameter may exhibit a number of different
tied values. So ties in both rankings are of interest in trend testing. The
results of this paper may be used to develop an improved algorithm for the

Received May 1992; revised April 1994.

AMS 1991 subject classifications. Primary 62G10; secondary 60-04, 60C05, 60E10, 62E20,
62G20.

Key words and phrases. Cumulant generating function of Kendall’s score, hypergeometric
distribution, Kendall’s rank correlation with ties in both rankings, asymptotic normality, normal,
Edgeworth and Pearson curve approximations.

144

Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to [[& )2
The Annals of Statistics. RIKGJ:Y

®

WWWw.jstor.org



APPROXIMATIONS FOR KENDALL’S SCORE 145

computation of the significance level of S in the case where ties are present
in both rankings.

Let & and [ denote the number of distinct values assumed in a particular
realization of the random variables (X,,Y7),...,(X,,Y,). Let o;, i = 1,..., &,
and B;, j=1,...,[, denote the ordered distmct values of the X ’s and Y'’s,
respectively. Then, as shown by Burr (1960), the observed Kendall score S is
equal to the sum of all second-order determinants of the matrix A = (a;)),
where a;; is the number of times that (X,,Y,) = («;, B;). The extents of
observed ties are denoted by u;,i = 1,..., k, and v;, J =1,...,1, respectively,
and are given by

l k
(2) ui = Z aij and vj = Z aij.
j=1 i=1

Notice that X;u; = X ;v; = n. The null distribution of S for testing that X and
Y are independent is the distribution of S conditional on the observed row
and column totals w = (uy,...,u,) and v = (vy,...,v;), which can be com-
puted from the distribution of A given u, v and the assumption of indepen-
dence. Let S, , denote the random variable with this distribution, and let
Sy v, 4 denote the degenerate random variable obtained by conditioning upon
AInthecaseofnotlesu 1,i=1,...,k, and v;=1, j=1,...,1, and
k =1 = n, the random Variable S,y may be denoted by S,. If there are ties
in only the X-ranking, the random variable may be denoted by S, ; similarly
for S,. In summary, S, =8, ,, S, =S, and S, = S, ;, where 1 is a vector
of n ones. Notice that for clarlty all vectors are indicated by boldface type.
Finally, the cumulant generating functions (cgf’s) of S,, S, and S, are
denoted by K, (¢), K,(¢t) and K (), respectively.

2. The cumulant generating function of S, ,. An explicit expression
for the cgf of the score S, has been derived by Silverstone (1950) and by
David, Kendall and Stuart (1951). All odd-order cumulants are zero, while
even-order cumulants are explicit polynomials in n of one degree higher than
the order of the cumulant. Taking the known result in conjunction with the
relation S, =S, + Xt 1S.,, where S, S, ,...,S,, are independent realiza-
tions of Kendall’s scores, Robillard (1972) obtained an expression for the cgf
of S,. In the more general case of ties in both rankings, the distribution or
moments of S, , are determined from the fact that under the null hypothesis
of 1ndependence the joint distribution of the matrix A given u, v is central
hypergeometric. The variable transformation developed below allows us to
obtain explicit expressions for the moments of S, , and its cgf.

2.1. A fundamental variable transformation relationship. Let R, and R,
denote the vectors of the ranks of X,,..., X, and Y,,...,Y,, respectively.
Consider a specific permutation of the rankings R, and R, where there are
ties of extent u;, i ,k,and v, j = , 1, respectlvely, in R, and R,.
Let A =(a;)) be the assoc1ated matrlx The followmg theorem 1ntroduces the
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fundamental variable transformation relationship upon which subsequent
results are based.

THEOREM 1. A score S, o computed from a fixed matrix A may be
related to a score S, ,, corresponding to two untied rankings of size n, by the

equation
1

k
(3) Sn,A=Su,v,A+ ZSa~+ ZSu
j=1 =1

PrROOF. Let the rankings R, and R, be expressed by replacing observa-
tions by their midranks so that a tie of length v; represents the repetition of
the mean of v; consecutive integers. Arbitrarily replacing these v; identical

ranks in R, b;r the corresponding integers increments the score frjom Suv, A
to S,y a4t Sa , where the incremental score S, may be regarded as a score
obtained on v, : ‘observations when there are tles of extent ayj,...,0q; in only
one ranking. This follows from the definition [equation (1)] of the score since
all original contributions to the score are unchanged and, whereas previously
sign(Y, — Y,) = 0 for Y, and Y, belonging to the set {v,} of tied ranks, it now
holds that sign(Y, — Y;,) # 0 for all Y, Y, € {v;}. There are, however, still ties
of extent a; = (ay,...,a;;) in R,, corresponding to the set {v;} in R,, and
thus untying the v, t1ed ranks generates S, . Repeated application of this
procedure, first to tles in R, and then to t1es in R,, yields (3). Note that
when the u; tied ranks in R, are untied these generate an incremental score
S,, since the ranking R, is now completely untied. O

The Robillard (1972) relationship for the scores when only one ranking is
tied can be applied separately to each of the ! terms of the middle summation
in (3) to yield a further reduction to

k
(4) SUJ- = Saj + Z Saij‘
i=1
Note that this application of the Robillard reduction is not part of the
algebraic transformation, but is applied separately at a later stage of the
probabilistic construction.

2.2. Probabilistic behaviour under the null hypothesis. The construction
of the preceding subsection is nonprobabilistic and is true for any fixed
matrix A. Under the nuill hypothesis of independence, the & + [ untyings in
(3) can be chosen to be independent of each other and of A. It follows that all
scores on the right-hand side of (3) can be taken as independently distributed
Kendall scores of the type indicated by their respective subscripts. The scores
S, and S, arrived at are independent of A, and therefore their distributions
are 1ndependent of A. The pair of untied rank1ngs and its score S, , are
dependent on all the others. The conditional distribution of S, ,, when
averaged over the null distribution of A on u,v, leads to the marginal
distribution of a score S,, for two untied rankings of size n. In direct contrast,
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the distribution of S, obtained with Robillard’s construction is independent
of u, the difference being due to the fact that Robillard begins his construc-
tion with the unconditional random variable S, while our construction
begins with the conditional random variable S,, , 4.

As previously noted the null distribution of A conditional on u, v follows a
multivariate hypergeometric distribution,

5 Pr( A IT;u;'TTv;!
®) MA) = e,
Hence,
1 n!

6 = .
(6) §’ l_[il_[jaij! l_[iui!l_[jvj!

ria;i=u;

ra;=v;

2.3. Cumulant generating function of S, ,. Under the null hypothesis of
independence, the characteristic function (cf) of the random variable S, , is

B(exn(itS, 4)|A)
E(exp(it f, Sui) ) .
i=1

(7 .
= exp( LtS“’v’ A)E

Jj=1

1
exp(it M Saj) A

Using (4) to obtain an expression for the cf of S, , solving the resulting
expression for E(exp(thl 15a )I A) and substituting 1nt0 (7), then gives

exp(itS, , 4)IT,E(exp(itS,, ))l_IjE(exp( LtSUj))
E(exp(itZiEjSaij)lA) '

(8) E(exp(itS, 4)IA) =

Applying the fact that
E,(E(exp(itS, 4)|A)) = E(exp(itS,))
to (8) and taking logs yields

Kn(t) - ZKui(t) - Zva(t)

(9)
= log EA{exp(itS“’v’A)exp( - Z ZKaij(t))}’
i

where K, (¢) is the cgf of a score for two untied rankings of m elements, and
E, is expectation with respect to the distribution of A conditional on u,v.
Silverstone (1950) showed that

m  ginrt

0<tm < .
(10) K,(t) = long—[1 en(d)” m <

-Let

(11) x = EA(exp(itSu,v’A)exp(— Z ZKalj(t)))‘
i
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From (9) and (10), it follows that x is real-valued and positive for sufficiently
small ¢. Using the fact that K (¢) = K,(¢) — LK, (¢) and K, (¢) = K,(t) -
rK, (t) it follows that log(x) = K,(¢) + K (¢) —K .(t). Note that in the
degenerate case where all X’s and Y’s are tled K (t) = K,(¢) = 0 so that
log(x) = —K,(¢). From Robillard [(1972), equation 1. 4] it follows that K, (¢)
<0 and Kv(t) < 0. Hence, log(x) < —K,(¢). Silverstone (1950) established
that

1 a'n“t4

where 0,2 = Var(S,) has been previously derived by Kendall (1975) and is
given below by (23) Let A; > 0 be the real positive solution to

1
(12) -K,(t) < 5% 22+

2

1
(13) Ea'nzAz1 + 1 a,'A] = log(2).
Then, for 0 < ¢ < A;, we have 0 < x < 2 and, hence,
ol x—1)°
(14) log(x) = ¥ (- LI
=1
Now we can write
) oo lt)J
(15) x = Ey(exp(itSy y,4)) + E { Z }
=y +z,

where a; is the coefficient of (i¢)//;! in the expansion of

- (_zgzgliwﬂt))h
r 3 '

h=1

(exp( itSu,v, A))

Since y is the cf of Su v for which all moments exist and since S, , has mean
zero and variance g2, given below in (29) as well as in Kendall (1975), we
obtain, using a well- known expansion for cf’s [Loéve (1963), page 200],

(16) y=1-302,t2+0(t?) ast—0.

Hence there is a A, > 0 such that |y — 1/ <1 when 0 <¢ < A,. Taking
0 <t <min(A,, A,), we have |[x — 1| < 1 and |y — 1| < 1 so that

i -1 z)*
log(x) - Z (_1)l+1 ((y l) + )
=1

it)’
=logy + Zb(),
Jj=2 J!

(17)
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where b; is the coefficient of (it)’ /j! in

. I+1
(G 1) 5 ( ) 1) gt
=1 k=1
Now
(18) Yy - 1= i EA(Su v, A) Lt)

since (3) yields E(S, ,|A) =S, , 4 sothat E,(S, . A) = 0. It follows that the
b; for j = 2, 3 and 4 are obtained as the coefficients of (it)’ /tin 2/ — (y' —
l)z —2'%/2, where

(lt)

(y’_l) =EA(S vA)

and
. 1 . 2
2." = EA {1 + ltSu,V,A + E(ltSu,V,A) }

(it)"

{(2 Tha(ay))

(it)2 (it)*
_§§(k2(aij) oY 4(au) 4! )}}

Note that &,,(a;;) is the mth cumulant of the cgf K, o,(t). One easily obtains
the following:

by, = _EA(Zi: §k2(aij));

bg “3EA(Su,v,A Z Zkz(aij))’

/ij

(19
b= B\ L Thi(a) - 60om (5L 4. ¥ Tho(ay)

+ 3VarA( Y Zkz(aij)).
iJ
Substituting from (17) into (9) then yields the expression
log E(exp(itS, ,))

(20) =K,(t) — f‘,lKui(t) — ilva(t) Z b ) (tt);
i= Jj=

where b,, b; and b, are specified by equations (19), for the cgf of S, ,.
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Let « denote ©,X K, (t) In (15), the exponential e™* is expanded about
zero since this allows the coefficients b,, b; and b, to be most efficiently
extracted. Later, it is appropriate also to expand about E,(a), whence (9)
becomes

K, (6) = LK, () = LK, (t) + o)
4 J

(21)
= log EA

E(a
exp(itsu,v,A)( (- l)h(—Q)—)}.

Applying the argument which led from (9) to (20) shows that
log E(exp(itS,,)) = K,(¢) - ZK () — Z K,(t)

i=1 Jj=1
(it)’
. b

+B (D TR, (0] - Td
i J j=3 = J
where d; is the coefficient of (it) /j! in

0 -1 I+1 1
- ) )y (é)(y 17wk, y = Ey(exp(itSy,v,4))
=1 k=1

(22)

and

w=E,

(exp(itS, A))( i (—l)h(a—_‘m)}'
Y h=1 h!

3. Asymptotic normality. The expression (22) obtained for the cgf is
used to provide a simple proof of the asymptotic normality of
S, v/ Var( Su ») under a trivial bound on the relative growth rates of n
and the maximum extent of a tie in either ranking. Kendall [(1975), Chapter
5] has noted that a simple proof of the asymptotic normality, which follows as
a consequence of general results obtained by Hoeffding (1948), is not easy to
give. Lehmann [(1975), page 294] establishes the asymptotic normality of the
standardized Spearman rank correlation in the case of tied ranks under
equivalent conditions on the relative growth rates of n and the maximum
extent of a tie in either ranking.
As a starting point, the second and third cumulants of S, , are evaluated
and expressions for exact computation of the fourth cumulant are provided.

3.1. The cumulants of S, ,. Let k;, i=1,2,..., denote the ith-order
cumulant of S, ,. It follows immediately from the absence of an (it)! term in
(20) that «, = E(Su v) = 0. Under the null hypothesis of independent rank-
ings, Noether (1967), Kendall (1975) and Valz and McLeod (1990) have shown
that-

n(n—-1)(2n+5) n® n®

(23) Var(Sn) = 18 = ? + 7,
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where n® = n(n — 1) and n® = n(n — 1)(n — 2). Equation (20) yields
Var(S, ) = Var(S,) — Y. Var(S, )
i

— ZVar(SUJ) + Z ZEA(Var(SaiJIA)),

so that Var(S,,) is immediately determined upon evaluation of
EA(Var(S IA))

It is now shown that the particular forms of (5) and (6) allow exact
determination of E,(a{}) for r > 1, where the factorial polynomial af} is
defined as

(25) af? = a;;(a; — 1) (a;; —r+1).
For some fixed value of (7,), let {A’} be the subset of {A} such that

a;;>r —1for each A€ {A’} and a;; <r — 1 for each A € {A} — {A'}. De-
ﬁne

(24)

(U,u,, vi,n') = (a; —r,u; — r,u—r,n—r),

and consider the set {A’} with (a’
This yields

(26) 5 1 n'!

& (Mgnsijapay! (g )(TT,, 0, to)t
From (5) and (26), it then follows that

u.,v;,n)in (6).

u;, v, n') replacing (a,;, u;,v;,

ijr “%ir Yo

(r)

(a(r)) ]._.[g g ].—.[hvh Z aij

ngnhagh!
IM,u !Hhvh. 1
(27) - L Na
n: & (Mg sijagnt)a!
ugr)v‘](r)
= n(
Consequently,
1
Y YL E,(Var(s, |A)) = ZZEA( a<3>+—a<2>)
28 L L i
(28) u(a)v(a) u(i2)vj(2)
;;( gn(3) 2n@ )’
so that

Ky = Var(S, ,)
1
(n<3> _ 2u§3))(n<3) _ XU,@))

(29) 9n® i ;

(n(2> _ Zugz))(n@) _ 20}2)),

i J

* 2n®
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a result which is consistent with that obtained by Kendall (1975) and Noether
(1967), both of whom used different approaches.
It follows from (19) and (20) that

(30) Kg = 3EA(Su,v,A ; §k2(aij))’

where S, | 4, the sum of all second-order determinants in the matrix A, may
be expressed as S, , o = L¥ZITCIT, . Ty, (a0, — aga;). Let b,, be
the polynomial in a,,, given by E(S 3m). Modifying the argument which led to
(27) shows that
§r+s)v(r)v§Ls)
(31) Ey(apaf) = —am—>
whence it is easily seen that E,(a;;a,, —a,;a,;,) = 0. It follows, in an
analogous manner, that E,((a;;a,, — a,;a;,)b,,) = 0 for wz # ij, gh, gj or
ih.

Consequently, (30) yields

E-11-1

(32) k3 =38E, 2. 2 X X (@0, — aga;) (b + by + by + byy).

i=1j=1g>ih>j
Now b;; = 2a® + 9a?)/18 and a;;b;; = (2a{? + 15a{ + 18a{?)/18, so that

EA(bijaijagh)
(33) _ 1 2uPvOu v, . 15uPv®uw,  18uPuPu v,
18 n® @ 5
and
4, (4 9 (3
(34) E (b a.:.a )_ 1 (2u£ )UJ( )ugvh 9u£ )vj( )ugvh
AT n® n® ,
from which

y8J

3),,(3 2),,(2
uPo®  u@y®
3@ n®

E,(b;;a;;a,, — b;;a,a,,) = ugvh(

Substituting into (32) then yields
E-11-1

Ke= 2 2 L X

i=1j=1g>ih>j

1
(35) X W(u(f’)ug — u;ud)(vPv, — v;uP)
_..3 ()] @) 2) (2)
+ — (@ — wud)(vfPv, = v0f?)|.

Note that Stirling numbers are used to convert polynomials in a;; to polyno-
mials in a{} and vice versa.
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We now proceed to evaluate each term of b,. Silverstone (1950) and David,
Kendall and Stuart (1951) showed that k,(n) = —n(6n* + 15n° + 10n® —
31)/225, from which it is readily shown that

Z ZEA(k4(aij))

i
1 6 75
(36) = _52—5(;(5—)2,1‘55)2,1’1('5)4_ ’_zmzu?)zvj(ﬁ)
i J 12 J
250 225
+ W ;u(ﬁ);v]@) + W ;u?);v};)) X

Squaring L, X jVar(Saile), taking expectations and reducing gives
1 2
VarA( ; ;kz(aij)) = [m {( Zu§3)) + ;Cui,3u§3)} {f( Uj)}
1

* 9n®

(el « 5ot

+ {(Zuﬁz))z + Zcu,.,zuﬁz’}{f(vj)}

1
4n®
(37) 1

36 288
L

t J

564 162
3 3 - () 2
+ n(3) Z ug )Z vj + n(z) u; Z vj )
i J i J

1 1 2

|em T o TP s
i J i J

where u® = uPW® +c, 3), u® =uP@P +c,, 1), u® = uPw® + ¢, 5)

so that ¢, 5 = —9u? + 45u; — 60, ¢, 93 = —6u; +12,¢, o= —4u; + 6 and

similarly for ¢, ; and so on, in f(v;). The notation f(v;) in equation @37

above, and in equation (38) below, is used to designate the preceding compo-

nent summed over j and evaluated at v instead of u.

It now remains to evaluate Cov,(SZ, ,,L,Z;E(S] |A)), which requires
evaluation of E,(S2 , ,X,5;E(S] |A)). This is an extremely tedious process
which is too lengthy to be reproduced here. However, a sketch of the deriva-
tion is presented. Consider (Zi2g>i)2. This gives the following terms: (i)
T,T,5; With iy =iy N gy = &y; (D 28, Y, 5 ilg, > g With i3 =150 &1 # 85;
(i) 28; T;, 5 1, Ly > 1, With i) # 15 N g = &55 V) 2%, Ty, 5 i, Lg > i, With iy # 1y
Ng,#8,Ng1 =iy and (v) 6L, T, o, X, 53 T, 5, With no tied subscripts,
from which it follows that there are 25 terms to be considered in SZ,. Itis
easily shown that the nine terms with no tied subscripts in either one or both
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of i,,i,, 81, &5 and jy, ja, by, Ay may be ignored. The remaining 16 terms are
then multiplied by X,X,E(S; 2 IA) prior to evaluation of the appropriate
expectatlons which are then summed and reduced. This yields, for
E (8%, sL;L; E(Szile)) =

i i

+9Z(u§5) + 2u® — 6u§3))][f(vj)]

1
+ ® _ (3)) —6(n?—4 @

+6Z(u§4) +u® - 4u§2))][f( v;)]

N 1811(5) [{(n(2) B Zu?)) —6(n — 3)} Zug) + 62u§4)][f(vj)]

i
1

{19 = £u) 400 - 2)) T + 450 | [0)]

(38) 1
2),,(3
+_(_){ z ugl)ugz)

iy #ig

+2) Y Y (u(a)u u, —u; u(3)u +ullul2u§3))}{f(vj)}

iy ig>iyi3>0y

b T w428 T T watu,){fe)

i1#ig iy Ig>iy ig>ig
_2 (2)4,2)
+ .Z uPuf
i1#1ig

2 T T (ufug, i, + uu?) (1)

iy ig>iy ig>ig

(4){ L wu +28 T L uuu,}{f(s)

i1#ig iy ig>iq i3>i2

3) 3) - (3] 2)
o) Yy u; ul Y v, 0P + - Yy u; uf Y v; v
i1#ig J1#J2 i1 #ig J1#J2

Subétituting from (28), (29) and (36)—(38) into (19) then yields «,. Note that
this result has been verified via exact enumeration of the distribution of S, ,
as discussed in Section 4.
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3.2. Proof of asymptotic normality.

THEOREM 2. The distribution of S, ,/ /Var(S, ) converges to the stan-
dard normal distribution provided that M,/n and M,/n are bounded away
from 1 as n — ©, where M, = max(u;) and M, = max(v)).

PROOF. Rewriting the cgf for S, , in terms of the standard deviation /k,
as unit yields

)l Bl el
gzl - Bt

(39) _ 1,
2

k l
KEM/2|:km(n) - 'Zlkm(ui) - ‘Zlkm(vj)
i= j=
(it)"

m!

ko1
+ Z Z EA(km(aij)) - dm
i=1j=1

where k,(n') denotes the mth-order cumulant of S, for n' = n,u;,v;, a;;. It
suffices to establish that, for m > 3, each coefficient of (it)™ /m! converges to
zero as n — » so that the cumulants of K, ,(¢/ \/E ) are seen to converge to
those of the standard normal distribution. The application of the converse of
the second limit theorem [Kendall and Stuart (1963), Volume 1, Section 4.30]
secures the desired result.

Given that both M,/n and M, /n are bounded away from 1 it follows from

(29) that liminf k,/n® > 0, that is, «, grows as fast as n’. Since k,,(n) is of
order n%8¢*1 it then follows that, for g > 2,
(kog(n) — Zikyg(u;) — Zikag(v) + L Ea(kap(ai)))) .
since the ratio is seen to be [applying (41) below] of order n'~%. Equation (40)
establishes that the first four terms of the coefficient of (i)™ /m! in (39) tend
to zero as n — « for m > 3.

Thus it remains to be shown that d,,/ y/k,™ — 0 for m > 3 and n - «. It
follows from (35) that dg/ /k;° — 0 since k; is seen to be of at most order
nt. Now L,Z;a2f*1 < (T,L;a;)%¢ "' = n®¢*!, so that L,Zjlky,(a;)) is of at
most order n?4*! and, therefore,

lkgg(a;))l
(41) IO ———2g(g”) <0(n'"#).
iJ

K3

2

0

(40)
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Substituting from (41) into I, X, K, (t / ‘/-:g ), ignoring terms of order n!~# for
g > 2 and applying the deﬁnltlons of (y — 1) and w in (22), yields each
coefficient d,,/ \/E as a finite sum of terms of the form

C(Ex(Sh,4) " (Ea(K52 a8, 1)),
where C is a constant, S, , 4 =S, 4/ Kk, and K, , = L, T (ky(a;,) -
E ky(a;;}))/k,. Equating the exponent of \/_ to m gives ¢,(I — k) + 2c, +
cg)k = m, where ¢; > 2, ¢, > 1 and [ > k > 1. Applying Hélder’s inequality
shows that the absolute value of such a term is bounded above by

=k k/( ) k/(egtcg)
|C|(EA|S“ v, AC1|) (EA|K02+c3|)Cz /(egteg (EAlsu .. Acz+c3|)03 /(cg+ecg ,

and hence d,,//k,™ > 0 as n — « provided that both E,[S,, ,”| and
E,IS, , #°|, where ¢, <m — 2and ¢, + ¢; < m — 1, are bounded and that
EA(KA n) — 0 as n - «. The convergence of d,,/ \/E to zero, for m > 3,
then follows by induction since the convergence of any cumulant of S}, | 4 to
zero then implies the boundedness of its constituent moments. The proof is
thus completed by showing that E,(K} ,) > 0 as n - x,
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where ¥ denotes the four summations indicated in the first line; p < s and
g < s, respectively, denote the number of distinct i and j subscripts in a
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typical term of the expansion of (X;X;)°; and R,; and R, respectively,
consist of terms ITZ_;IT}_,a{"s” and 17 111f - y(u; v, )" for which
L Xf 1Ty <3s— 1 so that Rls and R,, are both of order less than or
equal to n%*~1, Substituting from (42) into (43) then shows that
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which is of at most order n® ~! This establishes the desired result on
E,(K} ,) and thus completes the proof. Setting both c; and / — & to zero in
the terms comprising d,,/ {@ shows that this result is a necessary condi-
tion for asymptotic normality and that, for large M, and M, the rate at
which normality is approached can in fact be governed by the rate at which
E,(K} ,) approaches zero. O

4. Approximations to the null distribution of S, ,. Burr (1960) and
Valz (1990) have developed algorithms for obtaining the null distribution of
S,y for small n by enumeration. The results of Sections 2 and 3 on the cgf of
S, v» when taken in conjunction with this algorithm, facilitate investigation
into the usefulness of approximations which incorporate information on the
third and fourth moments of S, ,. To this end a Pearson type I curve and an
Edgeworth approximation will be considered.

Olds (1938), Zar (1972) and Franklin (1987) have all demonstrated that
use of a Pearson type II curve (the symmetric subfamily of the type I curve) to
approximate tail probabilities of Spearman’s p, in an absence of ties and
under the null hypothesis, leads to considerable improvement over the nor-
mal approximation. This suggests that a Pearson type I curve be presently
considered. Noting that this curve corresponds to a beta distribution, parame-
ters of the type I curve are obtained from the first four cumulants of S, ,
[Johnson and Kotz (1970), Chapter 24], using their equations (13) through
(16) with B, replaced by B; in (20) [see Elderton and Johnson (1969)].
Cumulative probabilities are then obtained from the incomplete beta distri-
bution.

David, Kendall and Stuart (1951) and Silverstone (1950) showed that,
when ties are absent, an Edgeworth expansion of the distribution of S,
results in substantially more accurate significance levels than those obtained
from the normal approximation. Their results have been used by Best and
Gipps (1974) to develop an algorithm which yields one-sided significance
levels for S, with a maximum error of 0.0004. Robillard (1972) has demon-
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strated a similar result for the case where one ranking is tied. In both of
these cases, S is a lattice random variable with a span of 2, that is, S is
distributed over a set of uniformly spaced points with an interval width of 2.
It follows that normal (or other continuous) approximations to tail probabili-
ties for a score S should be evaluated at S — 1if S is positive and at S + 1 if
S is negative; this being a correction for continuity. However, David, Kendall
and Stuart (1951) further suggested that the variance used for scaling S, as
well as the higher cumulants of S, should be adjusted by Sheppard’s correc-
tions. Kolassa and McCullagh (1990) justified the use of Sheppard-adjusted
cumulants in the case of sums of independent lattice random variables.
Robillard (1972) omitted Sheppard’s corrections; the inclusion of which might
perhaps, in view of Kolassa and McCullagh (1990), lead to a marginal
improvement.

The distribution of S, , possesses two features which serve to inhibit
improvement over the accuracy of significance levels obtained from a normal
approximation. First, spacing between adjacent scores is not constant, the
irregularity being pronounced in the tails of the distribution. However, the
adjacent scores differ by 1 over most of the distribution provided that the ties
are not too extensive. For the special case where one ranking is a dichotomy,
which occurs for £ = 2, Burr (1960) recommends that one-half of the highest
common denominator of the numbers v, + vy,v, + vg,...,0;,_; + v; be used
as the correction for continuity. More generally, as soon as v; = 1 for some j,
the recommended continuity correction is 3. Second, the distributions display
serrated profiles which clearly limit the ability of a smooth curve to approxi-
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Fic. 1. Plot of tail probability versus Kendall’s score [ Burr (1960), Example 8.2]; type I and
Edgeworth curves are nearly coincident.
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FiG. 2. Plot of tail probability versus Kendall’s score [ Kendall (1975), Example 3.1]; type I and

Edgeworth curves are nearly coincident.

mate accurately the true distribution. This factor is exacerbated as the extent
of ties increases.

Figures 1 and 2 compare the normal, Pearson type I curve and Edgeworth
approximations to exact tail probabilities for two selected examples taken
from Burr (1960) and Kendall (1975). In the notation of Section 1, u = (3, 4, 3)
and v = (2, 3, 3, 2) for the example shown in Figure 1, and u = (1,2,2,2,1,2)
and v = (1, 1,4, 3, 1) for the example shown in Figure 2. The first distribution
is exactly symmetric, while the second is very nearly symmetric with a
standardized third cumulant of 0.00009. No attempt has been made to correct
for continuity in either plot, it being clear from Figure 1 that no choice of
continuity correction is very good. These plots clearly demonstrate deteriora-
tion in the performance of approximations as ties become more extensive. For
the case of a dichotomy in one ranking, Klotz (1966) found that the Edge-
worth approximation offered little improvement over the normal approxima-
tion in the case of the Wilcoxon test. While some improvement is obtained in
the extreme lower tail of Figure 2, it is clear from Figure 1 that as ties
become more extensive at best marginal improvement, if any, is to be
expected. With extensive ties, an enumeration technique may be used to
obtain the exact distribution of S ,.
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