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OPTIMAL RATES OF CONVERGENCE OF EMPIRICAL BAYES
TESTS FOR THE CONTINUOUS ONE-PARAMETER
EXPONENTIAL FAMILY!

By ROHANA J. KARUNAMUNI
University of Alberta

The empirical Bayes linear loss two-action problem in the continuous
one-parameter exponential family is studied. Previous results on this prob-
lem construct empirical Bayes tests via kernel density estimates. They also
obtain upper bounds for the unconditional regret at some prior distribution.
In this paper, we discuss the general question of how difficult the above
empirical Bayes problem is, and why empirical Bayes rules based on kernel
density estimates are useful. Asymptotic minimax-type lower bounds are
obtained for the unconditional regret, and empirical Bayes rules based on
kernel density estimates are shown to possess a certain optimal asymptotic
minimax property.

1. Introduction. We investigate the following component decision prob-
lem: let 6 ~ G and consider testing H,: 6 < 6, against H: 6 > 6, based on an
observation X, with X, given 0, being distributed according to the exponential
family

(1.1) f(x]0) = m(x)h(0)e*?, —o<a<x<b<oo,

where m is positive on (a, b). The loss function is L(6, 0) = max {6—6,, 0} for
accepting H, and L(0, 1) = max {6, — 6, 0} for accepting H;. The parameter
0 is distributed according to a completely unknown prior distribution G on
the natural parameter space Q = {60: (h(0))! = [ m(x)e*® dx < oo}.

We study empirical Bayes (EB) tests for the above problem when a sequence
of past observations is available. Let X4, ..., X, denote the observations from
n independent past experiences: X, ..., X, are i.i.d. random variables with
(marginal) density fq(x) = [ m(x)e**h(6) dG(6). Let X denote the observa-
tion in the present experience. Then the conditional Bayes risk of an EB test
b, is defined as R(G, ¢,,) = E[L(0, (X1, ..., X,; X)) X1, ..., X,,], and the

unconditional Bayes risk is defined as R(G, ¢,) = Eﬁ\(G, ¢,). The minimal
attainable risk, or the Bayes risk envelope, which is achieved by a Bayes test,
is denoted by R(G). Then the conditional regret (excess risk) is defined by
A, = R(G, ¢,) — R(G), and the unconditional regret is defined by A, = EA,,.
An EB rule ¢, is said to be asymptotically optimal [Robbins (1956, 1964)]
wr.t. G if lim A, =0.

n—-oo = n
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Johns and Van Ryzin (1972) constructed asymptotically optimal EB tests
for the above component problem and investigated upper bounds for the
corresponding unconditional regret. See also Yu (1970) and Karunamuni
(1989). Van Houwelingen (1976) showed that the EB tests of Johns and
Van Ryzin can be readily improved if the monotonicity of the problem is used.
The upper bound on the unconditional regret of his EB tests is of the form
O(n=2r/2r+3)1og? ) asymptotically, where r > 1 is an integer. Stijnen (1985)
studied both monotone and nonmonotone EB tests and obtained limiting
distributions of the corresponding conditional regrets. Recently, Karunamuni
and Yang (1995) also studied a monotone EB rule and established the limiting
distribution of the corresponding conditional regret. They were able to obtain
an improved upper bound (i.e., a faster rate of convergence) of the regret
assuming some auxiliary information on the prior distribution.

In all of the above work, the particular EB rules that have been investigated
are based on kernel estimates of the density and its derivatives. Furthermore,
upper bounds on the corresponding regrets have been obtained only for some
specific prior distributions. Also, more general issues relating to the inherent
difficulty of the problem in general have not been discussed. Clearly, it is of
theoretical and practical interest to ask the following questions. How well can
the EB testing problem described above be solved by any procedure (prefer-
ably by a monotone procedure)? In terms of rates of convergence what are
the best EB testing rules? What are the optimal rates of convergence? Why
use EB testing rules based on kernel density estimates? The purpose of this
paper is to attempt to answer these questions systematically. In a decision-
theoretic framework, we can formulate these questions as an asymptotic min-
imax problem. The more general question of how well any (monotone) EB
rule can be performed is discussed in Section 2. Specifically, a lower bound
on the unconditional regret is obtained in an asymptotic minimax sense. The
best achievable minimax rates are established. Section 3 considers the ques-
tion of why one should use EB rules based on kernel estimates. This sec-
tion specifically focuses on a certain optimal asymptotic minimax property
of such EB rules: they achieve the optimal minimax rate. The optimal rates
of convergence are established for two specific distributions of the exponen-
tial family (1.1), namely, the normal (6, 1) family and the scale exponential
family.

2. Minimax lower bounds on the regret. For convenience, the nota-
tions Q) and (a, b) under the integral signs that follow are suppressed when-
ever they are clear from the context. Further, we assume that () is either
(—00, 00) or (0, c0). It is easy to show that a Bayes test (w.r.t. G) for the com-
ponent problem described in Section 1 is of the form [see Johns and Van Ryzin
(1972) and van Houwelingen (1976)]

(1, i lg(x) > 0,
¢G(x)—{07 if Io(x) < 0.



214 R. J. KARUNAMUNI

where
lo(x) = [{L(6.0) = L(6. 1)} (x]6) dG(0)
= [(6 - 6)f(x16) dG(6),

or, equivalently, ¢, can be written as

_ 1, ifEg(1X = x) > 6,
(2:2) $a(x) = {o, if Eg(0|X =x)< 02-

We tacitly assume that E4(6| X = x) is well defined. This will be the case in
applications of the theory to the two-action problem in exponential families
with linear losses. Of course, E;|0| < oo is a sufficient condition. Since the
class {f(x|6): f(x|6) is given by (1.1)} has monotone likelihood ratio in x,
E;(0|X = x) is nondecreasing on (a, b). Hence the rule (2.2) is a monotone
decision rule [see Berger (1985), Section 8.4, for the definition and some results
for monotone decision rules]. To avoid degeneracy, we shall assume that

(2.3) lifn E;0|X =x) < 0y < ligl E;(0|1X = x).

(2.1

Let ¢ denote the class of all prior distributions G on Q such that (2.3) is
satisfied. This notation will be employed throughout the remainder of the
paper without further mention. The following consequences of (2.3) can easily
be verified:

(i) G 1is nondegenerate;

2.4) (i) Eq(0|X = x) is strictly increasing on (a, b);

(ii1) there exists a unique ¢ € (a, b) such that
Eq(0|X = cg) = 6.

Hence the Bayes rule (2.2) can be written as

1, if x> cq,
(2.5) so)={5 ialee

Let R(G) denote the Bayes envelope value of the component w.r.t. G. Then
R(G) = E[L(0, ¢5(X))], where ¢ is given by (2.5).
Now consider the EB problem when G is completely unknown. Let

X4, ..., X, denote observations from n repetitions: X, ..., X, are assumed
i.i.d. with (marginal) density
(2.6) fa(x)= m(x)/ex"h(e) dG(0).

Then, motivated by (2.5), EB rules can be constructed by defining

1, ifx>c,,

(27) l»[/n(XlaaXna x):{o’ 1fx§Cn,



EMPIRICAL BAYES TESTS 215

where ¢, = ¢,(X4, ..., X, ) denotes any estimate of cg. It is easy to show that

the conditional regret ﬁ(G, ) — R(G) of EB rules of the form (2.7) satisfy
[Van Houwelingen (1976)]

(2.8) 0<R(G, #,) -~ RG) = [ " la(x)dx = Sa(c,),

el

where [5(x) is given by (2.1) and S;(y) is defined by
y
Se() =/ lo(x)dx, a<y<b.
el

Note that [5(x) > 0if x > ¢ and I5(x) < 0 if x < ¢q. If the second derivative
of m(-) [see (1.1)] exists, then Ss(-) has the following properties:

() 0=Sa(ce) = S¢() = J; llo(x)| dx < Eg|6] + 0y;

(ii) S has second derivative on (a, b) and |S(§)| is bounded

2.9) on each interval (aq,b;) with @ <a; <b; < b;

(iii) 8§ (cg) = 0;

(iv) for any & > 0, there exists pg > 0 s.t. Sg)(y) > pa
for all y € (cq — &, cq + ¢).

Then, by Taylor expansion of order 2 of S;(y) about ¢, we obtain from (2.8)
and (2.9) that

(2.10) R(G, §,) — R(G) = S&(¢3) (e — c)?,

where ¢ is an intermediate value between c, and cg. Therefore, if ¢, lies in
a neighborhood of ¢, the rate of convergence of ﬁ(G, ¥,) — R(G) is deter-
mined by that of (¢, — cg)?. If |c, — cg| = & for some & > 0 and S(GZ)(cj‘L) #0
asymptotically, then clearly the corresponding EB rule is not asymptotically
optimal, though the lower-bound result (2.19) below will be trivially satisfied.
This is the situation with the cases ¢,, = +0o0. However, EB rules which are
not asymptotically optimal are practically less attractive. Therefore, in this

paper we study the following class of asymptotically optimal EB rules: for
each G € 4, define

Ie ={¢,: ¥, is defined by (2.7) with an estimator ¢, such that ¢, — cq4
as n — 0o, w.p.1},

and we let F = Ug. 7 denote the class of EB rules of interest.
A general method of constructing desirable c,’s is as follows: let f, and f 53)

denote any estimators of /5 and f (Gl) (the first derivative of f), respectively,
where f is given by (2.6). Let

(2.11) V() = £ (2)m(x) — fo(x)mP(x) — 0o f (x)m(x).
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Define an estimator ¢, of ¢ by
(2.12) ¢, =min{x: V, (x)=0, a < x < b}.

[In applications, any finite solution of the equation V,(x) = 0 could be em-
ployed.] Note that (2.12) is motivated by the fact that c is the unique solution
of the equation V; (x) = 0, where

(2.13) Vi (x) = F3(x)m(x) — fe(x)mD(x) — 0o g(x)m(x);

see (2.4)(iii). With further conditions, convergence of c, to c¢g can be estab-
lished; see Section 3 for such a situation.

For the main results of this paper that concern the asymptotic minimax
lower bounds on (2.10), the following construction is essential: let G, be a
distribution function in & with density function g, satisfying g,(0) > 0 and
80(0) # 0 for all 0 € Q. In the case ) = (0, o), the condition gy(0) > 0 is
replaced by g,(0%) > 0. Let f G, denote the corresponding marginal density of
X, that is,

(2.14) fa,(x) = / m(x)e* h(0) dGo(0).

For brevity, we denote f by f, in what follows. Let {5, } be a sequence of
positive numbers such that 6, — 0 as n — co. For some positive number £,
define the function g, on Q by

(2.15) gn(6) = go(6) + 8, H(65,),

where H is a bounded continuous function on Q satisfying [, H(6)d6 = 0.
Then, by suitable choice of (the tail of) H and g, such that g, (6) > 0 for small
8,, &, will be a density function on (). Let G,, denote its distribution function.
Then G, € 4. Let f% denote the marginal density of X wr.t. G, that is,

(2.16) fr(x)=fe,(x)= /m(x)e”h(e)dGn(O)-

The pair (fy, ) is known as the “least-favorable” pair (when G, and H are
properly chosen) in the class of density functions of interest in this context
[Donoho and Liu (1991a, b)].

THEOREM 2.1. Suppose that m® exists and m®, i =0,1,2, m© =m, are
bounded on (a, b). Further, suppose that m(cy) # 0, where ¢, is the solution
of the equation V (x) = 0 with V; and f, defined by (2.13) and (2.14),
respectively. Let f Ezl,)o denote any estimator of f 8) (ith de_rivative of fo, FO=F)
such that, with probability 1,lim,,_,  sup, |f§f’)0(x) - f(OL)(x)| =0fori=0,1,2.

Suppose that the functions H, g, and the sequence {6,} in (2.15) are chosen
such that g, is nonnegative and, for some real numbers k > j > 0,

(2.17) /(e — 0p)e’ h(9)H(86,)d0 = O(5:7) as n — oo,
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and

(2.18) [ (F10) — Fo@) fit e da = &

for some constant d; > 0, where % is given by (2.16). Then for any EB rule
Yy, € F [for the definition of 7, see circa (2.10) and (2.11)], we have

(2.19) sup E(R(G, ¥,) — R(G)) > dy50* ™"

Geg*
for all sufficiently large n and some positive constant dy > 0 (dq is also
independent of ), where £* denotes any subset of ¢ such that {G,, G,,} € £*.

The explicit forms of §,, which is determined by the restriction (2.18), are
exhibited below in two examples. The condition (2.17) can usually be verified
for any sequence 5§, — 0.

REMARK 2.1. Theorem 2.1 above sheds some light on the general question
of how much EB rules can be improved whenever G is completely unknown.
The inequality (2.19) essentially implies that

liminf inf sup 8,"" " E(R(G, y,) — R(G)) > 0.

o0 U,eF Gegn

The preceding asymptotic minimax result explains that no sequence of EB

rules in % has regret that converges to 0 faster than Bi(k_j) uniformly over

the class &<*. Thus, Si(kfj ) is a lower bound on the best achievable minimax

rate for the class 7. In the next section, we shall show, in fact, that 83(k7j)

can be attained by certain EB rules, thus proving the fact that 6%(k_]) is the
optimal minimax rate of convergence for the class .7 . If, however, £* is par-
tially known, then the rates can be improved. For example, if the form of each
G € £* is known and only the hyperparameters are unknown, then, of course,
the optimal rate of convergence is n~'. When G is completely unknown, the
problem becomes an “infinite-parameter” or nonparametric problem. Slow con-
vergence rates, compared to n~!, in nonparametric problems are well known
to occur.

REMARK 2.2. The left-hand side of (2.18) is known as the “y2-distance”
in the literature on rates of convergence. But other distances can also be
implemented; see Donoho and Liu (1991a, b). The inequality (2.19) gives a
lower bound on the rate of convergence of unconditional regrets of EB rules
in .7. However, a similar lower bound in terms of convergence in probability
can be established for conditional regrets also.

The basic idea in the proof of Theorem 2.1 is borrowed from Donoho and Liu
(1991a, b) where they showed that the difficulty in establishing lower bounds
on the asymptotic minimax risk in the “full infinite-dimensional problem” is no
greater than that of the “hardest one-dimensional subproblem” in many cases.
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Their arguments are heavily based on the use of Le Cam’s (1972) theory [see
also Hajek (1972)] of convergence of experiments and asymptotic efficiency.

PROOF OF THEOREM 2.1. Define a class % by
% ={fq: fqis defined by (2.6), G € £},

that is, % is the class of marginal densities of X generated by & for the
exponential family (1.1). Then f, and f} belong to %, where f, and f7 are
defined by (2.14) and (2.16), respectively. Let x, € (a, b) be a fixed point. For
f € %, define

T(f)= Vf(xo) = f(l)(xo)m(xo) - f(xo)m(l)(xo) — Oom(xo)f(x0)

[a functional of f of interest to us—compare with (2.13)]. We suppose that
m(xy) # 0. Let T, denote any estimator of 7'(f) based on a random sample
of size n from f. If §, is chosen such that (2.18) holds, then it is proved by
Donoho and Liu (1991a, b) that a lower bound for estimating 7'(f) by any
estimator T, is

(2.20) sup  PA|T, —T(f)| > |T(fo) — T(f})/2} > d
fe{fo. 3}

for some positive constant d. A direct consequence of (2.20) is that

(221) sup B (T, ~ T(N)* > & |7(F0) - T(F3)
fel{fo. Fi}

and hence

(2.22) sup B/ (T, ~ ()’ > § IT0) = ()P

for any subset %* of % such that {f, f%} € %*. In other words, the order of
|T(fo) — T(f%)| provides a lower bound for estimating T'(f) by any estimator
based on a sample of size n. It is proved below that |T'(f) — T'(f7 )| is of order

O(Sﬁ_j ) under the assumptions of the theorem. Then one only needs to find §,,
as large as possible such that (2.18) holds. From (2.15) and (2.16), we obtain

(2.23) Fu(®) = Folx) + 3m(x) [ e*"h(0)H(65,)d,
and hence [using Theorem 2.9 of Lehmann (1959)],
(2.24) T(f7) = T(fo) = 85(m(xo)) /(9 — 6g)e™’h(6)H(63,) d6.

Now take xy = ¢y and T',, = V,(cy) [wWhere ¢, is as defined in the theorem and
V,, is defined by (2.11)], and then use (2.17), (2.21) and (2.24) to obtain

2 20k—j
(2.25) sup  E(V,(co) — Vi(co))? > dydn
fe{fo, 3}
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for some finite constant d, > 0. Observe that V;lo)(co) < 0. To see this, note
that w(x) = Eq (0| X = x) — 0y = V; (x)/fg,(x)m(x) is a strictly increasing
function of x € (a, b). Thus, wV(cy)> 0. But w®(cy)= —VE(-IO)(Co)/fGO(Co)m(Co)
since V., (¢g) = 0. Therefore, Vf(Ol)(cO) < 0 since m(cg)f g,(co) > 0. Now, using
the mean value theorem, one obtains

(2.26) V,i(co) = Va(en) + (e, = co) Vi (<)),

where ¢} is an intermediate value between ¢, and c,. The assumptions that
sup, |f(nly)0(x) — ) > 0 as n — oo, wp.1, and m are bounded for i =
0,1,2 yield sup, [V (x) = Vi (x)] — 0 as n — oo, wp.1, for j =0, 1, where
V.o is defined by (2.11) with £ replaced by £, i =0, 1, and V() denotes
the first derivative of V. But |V, o(c,) — V (¢,)| < sup, |V, o(x) — V (x)].
Therefore, from the preceding results we obtain V, ((c,) = V (c,) + o(1)
as n — oo, w.p.1. Furthermore, as n — oo, V (c,) =V (co) + o(1) (since
¢, — ¢oand V ;, is continuous) and V () = V2 () +0(1) = VI (cp)+o(1),
w.p.L. The latter statement follows from [V, (c;)— Vi (ch)| < sup, |V p(x)—
Vgclo)(x)| — 0 and ¢} — ¢4 as n — oo, w.p.1.

The above results together with a result similar to (2.26) for V, , imply
that V,, o(co) = Vi, (co) +(cp —cO)Vgclo)(cO)+0(1) as n — oo, w.p.1. Similarly, it
is easy to show that V, ,(co) = V. (co) + (¢, — cO)V;lo)(co) +o(1) as n - oo,
w.p.1, where V,,  is defined by (2.11) with fgf)(x) replaced by fgf,)*, 1=0,1,
where f, ,(x) = [, o(x) + 8" m(x) [e**h(0)H(6S,)d6 [an estimator of f7
defined by (2.23)]. Now, combining the above results and (2.25), we obtain
(2.27) sup Ef(c, —co)® > dsdn Y

fe{fo. 1}
for some finite constant d; > 0 and any ¢, such that ¢, — ¢, as n — o0,
w.p.1. Then from (2.10) and (2.27) we obtain that, for any ¢, € F; with G €
{GO’ Gn}a

(2.28) sup E(R(G, y,) — R(G)) > d,50" 7
GE{GOan}

for some finite constant d, > 0, since Sg)( y) > po > 0 in a neighborhood
of ¢y for G € {Gy, G,}. [For the definition of G, and G,,, see circa (2.14)
and (2.15), respectively.] The inequality (2.19) now follows from (2.28), since
SUPges+ E(-) > supgeq,, ¢,y £(-)- This completes the proof. O

We now formally discuss two examples and exhibit the form of §, (as a
function of n) in each case.

ExXaMPLE 2.1 [Normal (6, 1) family]. Consider the exponential family in
(1.1) with m(x) = exp(—x2/2) and h(0) = (2m) V2 exp(—6?/2); that is, for
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each —0co < 0 < oo, f(x]0) = (2m) 2 exp(—(x — 0)?/2), —00 < x < oco. Then
Q) = (—o0, 00). Consider testing H,: 0 < 0 against H;: 6 > 0, so that 6, = 0.
Let Gy be the prior distribution on (—o0, c0) with density function g, [see
circa (2.14)] defined by

(2.29) 20(0) = pi/(1+ 6%), —00 < 6 < o0,

for some 1.5 > [ > 1, where p, is a constant such that p;(1+ 6?)~ is a density
function. Then G, € # and clearly g,(6y) = g¢(0) > 0. Furthermore, it is easy
to show that V (0) = 0 using (2.29) in the expressions (2.13) and (2.14). That
is, ¢y = 0 is this case.

COROLLARY 2.1. For the normal family in Example 2.1 and for the prior G,
with density (2.29) and for an appropriate function H defined later in the proof,
(2.17) holds with j = 4 for any 8, — 0, and (2.18) holds with 8, = n~1/(2k=4),
Thus, the lower bound in (2.19) is of order n=2(k=0/QCk=4) " | - 4.

To prove the above corollary, we require the following lemma.

LEMMA 2.1. Suppose that F is a cumulative distribution function. Let | be
a real number s.t. 1.5 > 1 > 1. Then the density

sx)= [ — P _gF
8(x) f_oo L+ -9 ()

satisfies g(x) > B|x|7? as |x| — oo for some positive constant B, where p; is a
constant s.t. p;(1+ x2)~! is a density function on (—oo, o).

PROOF OF COROLLARY 2.1. Since m(x) = exp(—x2/2), the second deriva-
tive of m clearly exists and m(cy) = m(0) # 0. To examine (2.17) and (2.18),
we first construct an appropriate function H to use in (2.15).

Define w(x) = (2m) 2 exp(—x2%/2), —00 < x < oo. Let ¢,(t) denote its
characteristic function. Then ¢,,(¢) = exp(—t2/2). Let H(x) = p;[w(x)—w(x+
1)]. Then [ H(x)dx =0 and [*_xH(x)dx # 0. Furthermore, its Fourier
transformation is ¢ (¢) = p;(1 — e ), (¢). Also [ |by(t)*> dt < co. With
the preceding choice of H and g, defined by (2.29), it is easy to see that g, > 0
for all large n, since gyo(x) > |H(x)| as |x| - oo, where g, is given by (2.15).
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We now verify condition (2.17). Since 6, = 0 and ¢, = 0, by a change of
variable (66, = ¢) and by rearranging terms, (2.17) becomes

pu(2m) 2 [ ~ e "2F(05,) do
= pl(27T)1/25n2{ /_O:o tw(t)[exp(_(t2”1)2>

(2.30) B eXp(_((t _ 1)5n1)2)} o

2
- /_O:o exp<_((t _21)8;1)2 ) w(t) dt}.

Using the dominated convergence theorem (DCT), it is easy to show that, as
n — oo,

(2.31) [_OO exp(W)w(t)dt — o(5:2).

Expanding exp(—(¢5;%)?/2) and exp(—((t — 1)5;1)?/2) separately and then
taking the difference, we obtain

(2.32) /j; tw(t)[exp<_(t§7l)2> - exp<_((t_21)6’:1)2)] dt = 252 + 0(5,2)

for all sufficiently large n, since all moments of w(x) are finite. From (2.30),
(2.31) and (2.32), we then have

o0 — 2
py(2m) Y2 [ 0exp(;)H(08n) do =2p,(27) V25, 4+ 0(8,%)

for all sufficiently large n. Hence, (2.17) is satisfied with j = 4.
Now consider (2.18). Under the hypotheses of Example 2.1, observe that
(2.18) is equivalent to

(2.33) o f ((277)1/2 / exp<_(xz_0)2>H(08n)d6)2 fol(x)dx < %,

where H is as defined in the beginning of the present proof and f, is given by
(2.14) with prior density (2.29). Let 1 = max,_1 q) fol(x). Then 0 < B; < oo.
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By Parseval’s identity for Fourier transforms, we obtain

1= x|51((27r)_1/2/ exp<(x2_0)2>H(08n)d9>2fal(x)dx
< 31/ <(27T) 1/% exp<(x2_6)2>H(06n)d0>zdx
oL Jou 1)

= g5, fexp( 5 ) omtr?
= 0(5,"),

2.34
(2.34) g

=B

uniformly in 8, since [ |¢x(¢)[2d¢ < co. By the Fourier inversion formula,

—(x — 9)?
(27r)1/2/exp<(x2)>H(98n)da
12 [ itz g1 —t? ¢

semr [ oo L )ou( ) ar

where the last equality follows from the result that 7 (¢®) = —x2.7 (i) for
any integrable function ¢, with .7~ denoting the Fourier transformation oper-

ator. Using the integrability of ¢ g, d)m and d)%?, it is easy to show that

A o )

for some finite constant K > 0. Hence, from (2.35), (2.36) and Lemma 2.1, we
have

II = x|>1<(277)‘1/2/exp(_(x;a)z)H(OSn)dH)Zfal(x) dx

237 _ gose /‘ | (@) i () dx

— 0(5:%).
In view of (2.34) and (2.37), we see that 82* [((27)~V/2 [exp(—(x — 0)%/2) -

H(65,)d0)*fy'(x)dx is of order O(n~1') by taking 8, = n~Y/2¥~%_ This com-
pletes the proof of Corollary 2.1. O

EXAMPLE 2.2 (Scale exponential family). Consider the exponential family
in (1.1) with m(x) = I;,.1(x) and 2(0) = 0; that is, for each 6 > 0, f(x|0) =
fe=*% if x > 0, and 0 elsewhere. Consider testing H,: 6 < 6, against Hy: 6 >
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6y for some 6, > 0. The parameter space ) = (0, c0). Let G, be the prior
distribution on ) with density
(2.38) g0(0)=p/(L+ 6%,  6>0,

for some [ > 1, where p; is a constant s.t. p;(1 + 6%)~! is a density function
on (0, o). Then again G, € & and clearly gy(6,) > 0. Let ¢, be the solution
of Vs (x) = 0 in (0, 00), where V/ and f, are given by (2.13) and (2.14),
respectively, with G defined according to (2.38).

COROLLARY 2.2. For the scale exponential family in Example 2.2 and for the
prior G, with density (2.38) and for an appropriate function H defined later in
the proof, (2.17) holds with j =4 for any §,, — 0, and (2.18) holds with &, =
n~1/k=3) Hence, the order of the lower bound in (2.19) is n=2(k=9/2k=3) " p > 4,

LEMMA 2.2. Let fo(x) = [;° e *0go(0)d0, x > 0, where gy(9) is given by
(2.38). Then fy(x) satisfies fo(x) > Bsx~2 as x — oo for some finite constant
B3 > 0.

PROOF OF COROLLARY 2.2. Since m(x) = I;.q(x) and ¢, > 0, clearly
m(cy) > 0. Again, to study (2.17) and (2.18), we first define an appropriate
function H to employ in (2.15). For p > 1, define

~  [@(p)txPle™, x>0,
w(x) = {0, elsewhere.

Let H(x) = p;[w(x)—w(x—1)] for x > 0 and 0 elsewhere, where p; is as defined
in (2.38). Then [;° H(x)dx =0, [, xH(x)dx # 0 and go(x) > |H(x)| as
x — oo, where g is given by (2.38).

Consider now condition (2.17) with the above specifications. Note that, un-
der the hypotheses of Example 2.2, (2.17) reads as

(2.39) fooo 6% exp(—co0)H(69,) d6 — 0, /Ooo 0 exp(—co8)H(05,)d6 = O(5.7).

By a change of variables and rearrangement of terms,
the first term on the lL.h.s. of (2.39)

=710, [ A0 exp(-cotd, ) — exp(—cot + 1o, )]t
(2.40) - 2/000 texp(—co(t +1)8, Hio(¢) dt

—/ exp(—co(t + 1)5;1)w(t)dt}.
0
Using the DCT, it is easy to show that, as n — oo,

1) /Do texp(—co(t + 1)8, Hi(t)dt = o(1),
(2.41) °
(i1) /O exp(—co(t + 1)8; H)s(t) dt = o(1).
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Expanding exp(—c,t5;') and exp(—cy(¢ + 1)5,!) separately and then taking
the difference, one obtains

/0 " 25t exp(—cotd, ") — exp(—co(t + 1)5;1)] dt
(2.42) o
_ 5,;1%/0 205(t) dt + o(87Y)

for all sufficiently large n, since [;°¢t'w(¢)dt < oo for all i > 0. In view of
(2.39) to (2.42), we have

/ 62 exp(—c,0)H(65,) d0 = 5,;%0/ £230(¢) dt + o(5;%)
0 0

for all sufficiently large n. Also, the second term on the left-hand side of (2.39)=
8,2 [ texp(—cotd, )H(t)dt = 0(5,?) for all sufficiently large n. In view of
the above results together with (2.39), we see that (2.17) is satisfied for j = 4.

Let us now examine condition (2.18). For the setup in Example 2.2, (2.18)
is equivalent to

(2.43) 52k /OOO (/:O oe—xf’H(ean)de>2fgl(x)dx <9

n
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where H is now as defined in the beginning of the present proof and f is
given by (2.14) with prior density (2.38). By a change of variable (65, = t)
followed by another change of variable (x5;! = y), (2.43) is equivalent to

d

n

(2.44) o [ ( [ te—nyu)dt)Zfal(yan) dy <

Since H(x) = p;[w(x) — w(x — 1)] for x > 0, an application of the Cauchy—
Schwarz inequality followed by the moment inequality and some simplification

yields
o 2
( / te Y H(t) dt)
0

245 <257 f 22 {5(¢) dit + 252 [ (t + 1)2e~ 2D (1) de
0 0
< My{(2y + 1) "2
+e P2y + 1) + 2y + 1)U+ 2y + 1)}

for some finite constant M, > 0. Let 8, = maxy_,_; f4(x). Then 0 < B, < oo.
Therefore, using (2.45), we obtain

1 00 2
J, = te V' H(t)dt) fal(vs,)d
= [ ([T m@ar) fitos
(2.46) 1/ poo 2
534f0 (/O te H(t)dt) dy
< MyB,
for some finite constant M, > 0. Also, by Lemma 2.2 and (2.45),

00 00 2
o= ( | tenyu)dt) Fol(y5,) dy

2.47 o0
( ) < M18721/1 y2{(2y+ 1)7<p+2)+€72y}dy

= 0(82) = O(1).

Now, in view of (2.46) and (2.47), we conclude that the left-hand side of (2.44)
is of order O(n~1) by taking §, = n~/2#*~3) and the order of the lower bound
in (2.19) is n=2(k-9/(2k=3) 'L ~ 4 This completes the proof of Corollary 2.2. O

3. EB rules based on kernel density estimates. In this section, we
study EB rules based on kernel estimates of density f and its derivatives [,
i = 1,2. We show below that EB rules of the form (2.7), with ¢, obtained
via kernel estimates of V r [see (2.13)], achieve the rates established in Corol-
laries 2.1 and 2.2. In the following, we apply kernel function K and its vth
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derivative K(*) satisfying, for some positive integer r(> v),
(i) support of K™ =[—r7, 7], T>0;
(i) KU(r) = KW (-1)=0, j=0,1,...,v—1,;

oo [T ; if j=0,...,v—1, 1,...,r—1,
3.1 (iii) /7 K(V)(x)xj dx = { ?’_1)1/1/!’ ;' j — V;’ Y vt :
(iv) /T K®(x)x" dx # 0.

Then the kernel estimate of £*)(x) (vth derivative of f, f(© = f) is defined
by

(3.2) P = iK@)(XJ'_"),
Jj=1

1
nhff i— hn

where X4,..., X, denote a sample from the density f and k, (h, — O as
n — oo) is the bandwidth.
In the following, it is assumed that unknown densities belong to the class

(3.3) ép., = {f: sup|f"(x)| < B

for some known finite constant B > 0. That is, rth derivatives of f are assumed
bounded uniformly in €% , [this can be weakened to a Lipschitz condition

on the (r — 1)th derivative]. Some useful properties of }/‘\(”) are given in the
following lemmas. Detailed proofs of Lemmas 3.1 and 3.2 can be found, for
example, in Miiller and Gasser (1979) and Singh (1977), respectively.

LEMMA 3.1. Forr>v=>0,let f € ¢g ,. Then, for v> 0,

(3.4) Ef®(x) - fO(x) = b f7(x)B, (1 + o(1))
and

(3.5) var fU)(x) = (nh2™) 7 f(x)A,(1+ 0(1)),
where

(3.6) B,, = E;l_)v), [ TT K@) dt

and

(3.7) 4= TT (K©)(£))? dt.

LEMMA 3.2. Let K® be Lipschitz continuous on [—, 7). Let f € €, with

integer r > 3. Let h, = n~Y@™+)_Then, as n — oo, sup, |f “(x) — f®)(x)| =
o(1), with probability 1, for v=10,1, 2.
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Lemmas 3.1 and 3.2 hold for a kernel function with a support on the interval
(0, 1) as well; see, for example, Singh (1977). Such kernels have been used in
the literature in order to estimate densities with left endpoints, such as those
connected with Example 2.2.

For any known large finite number A > 0, define

(3.8) Gy ={G e L |cg| < A},

where cg; is the solution of the equation V_(x) = 0 with V_ given by (2.13),
G € ; that is, ¢ satisfies (2.4)(iii). (The value of A can be chosen arbitrarily
large as desired.)

Let ¢ > 0 be fixed. Since |V;;)(CG)| > 0 and Vgcla) is continuous, there exists
ag > 0s.t. |V (x)] = ag for all x € N (ag), where N (ag) = {x: |x—cg| < &}
is an e-neighborhood of ag. Define a(#) = inf{ag: G € # C £} for any
H# C £. Let #* be the largest subset of & s.t. a(#*) > 0. For brevity, we
denote a(#*) by a* below. Let

(3.9) H={GeX" foeunty,}
where
(3.10) %={fc: fa(x)= m(x)fe’“"h(ﬂ)dG(G), G e 4},
and ¢ , is given by (3.3).
Now define
(3.11) ¢=min{x e[-A, A]: V(x)=0, a < x < b},

where A is as used in (3.8) and
(3.12) V(x) = FO(x)m(x) - Fx)mD(x) = b (x)m(x),

with /@) as defined by (3.2), » =0,1,2. If f¢ € ZN€p ,, m, m™® and m® are
bounded, then by Lemma 3.2, as n — oo,

(3.13) sup VO (x) =V (x)] = o(1), wp.1,
fori=0,1,2.

THEOREM 3.1. Let r > 4 and let B = (2m)"'?Y"_|a |, where a is the jth
coefficient of the rth Hermite polynomial. Let  denote the EB rule of the form
(2.7) with ¢, = ¢, where ¢ is defined by (3.11). Let the kernel K satisfy (3.1)
and let K® be Lipschitz continuous on [—7, 7). Then, under the assumptions
of Example 2.1, by choosing the bandwidth h, = n=/2™*1)  we have

(3.14) sup E(E(G, b) — R(G)) = O(n~2r-/@r+1)

Geyﬂ!A

for all sufficiently large n.
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PrROOF. We first show that ¢ — ¢ as n — oo, w.p.1, for any fg € ZN¢p ,,
where ¢ is defined by (3.11). Define ag(x) = Eg(6|X = x), x € (—00, 00),
G € 4. Then ag is a strictly increasing continuous function on (—oo, 00); see
(2.4). Note that ag(x) = Vi (x)/m(x)f(x), since 6, = 0, where m(x) =
exp(—x2/2) and fg(x) = (2m)~V2 [7 exp(—(x — 0)%/2) dG(6). Then
(@) —agleg) = L) Viglea) V5 (©) V(@)

m@)fe(@) mlce)falcg) m@)fe(@) m@)fe@)’
since V_(cg) =0 and V(¢) = 0. Hence,

la(€) — agleg)| = sup [V, (x) = V(@)l/m@)fo(@).

Thus, ag(¢) - ag(eg) as n — oo, w.p.1, from (3.13) and since m(¢)f ¢(¢) is

bounded away from 0 for all n. Now ¢ — ¢4 as n — oo, w.p.1, follows from the

fact that ag! (the inverse function of a;) is a continuous function on (—oc, 00).
Recall from (2.10) that, for any G € &,

(3.15) R(G, ) - R(G) = SG ()@ ca)?,
where c¢* is an intermediate value between ¢ and c;. By repeated differen-
tiation under the integral sign, f(Gr)(x) = (-1)" [H,(x — 6)f(x|0)dG(6) for
any G € 4, where f(x|0) = (27) Y2exp(—(x — 0)?/2) and H, is the rth
Hermite polynomial. Thus, sup, |fg>(x)| < 2m) MY la;| for any G € <.
Furthermore, since 6, = 0, Sg(y) = g(v} lo(x)dx = Cf} ([ 0f(x|0)dG(6))dx
has second derivative
—(v — 0)2
S§0) = @] [ - o exp( 50

~3 [- e~ ) aco),

) dG(0)

Therefore, for —oco < y < o0,

(3.16) S5’ ()] = @m)2(1+ )
for any G € . Then, since ¢ — ¢ as n — oo, from (3.16) we have
(3.17) 1SE (e = @m) V21 + [eql) < (2m) VA1 + A)

for all sufficiently large n and G € #4,. By the mean value theorem we find
[observing V(¢) = 0]

(3.18) e—cg = V(eg)/VI(c)),
where c] lies between ¢ and ¢g. Now ¢ — ¢4 and (3.13) yield that, w.p.1,
(1)
11 ' "/:fa(x) - 2
Vi) VO@)| ™ ag

Lt
V) (x)

(3.19)

sup sup
xeN,(cg) xeN(cq)
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for all sufficiently large n and G € £, [for the definitions of a; and N, (cg),
see circa (3.9)]. From (3.18) and (3.19) one obtains, w.p.1,

~ 2 =
(3.20) lc—cgl = — [V(co)|
ag

for all sufficiently large n and G € &4,. Now combine (3.15), (3.17) and (3.20)
to obtain

2
G20 ERG.D)-RO) = @0 0+ ) L) BT

for all sufficiently large n and G € 4. Since V; (cq) = 0, from (3.12) we
have

V(eg) — Vi, (cc)
= (FD(cg) = £3(ce))mleg) + mD(ee)(folea) — Fleg))-
Now (3.21) and (3.22) together with (3.4) and (3.5) yield
sup E(R(G.J) - R(G))
GeH NGy
2 2
<(@2m) A1+ A)(*>

(64

x 2{hn" "V[B- B, 1(1+ o(1))] + (nh3) [A;(1 + o(1))]

+ KB B, o(1+ o(1)] + (nh2) [ Ag(1 + o(1)]}
= O(h*"D) + O((nh2) ™)

for all sufficiently large n. The result (3.14) now follows by choosing A, =
n-l@r+) o

(3.22)

REMARK 3.1. To see why the EB rule 1’[1\ defined in Theorem 3.1 attains
the lower bound in (2.19) with §, as in Corollary 2.1, it is enough to observe
that G, and G, belong to 2N &£ 4, where G, and G, are the distribution
functions of densities (2.29) and (2.15), respectively, with H in (2.15) as defined
in the proof of Corollary 2.1. Clearly, G, € 44, since ¢, = 0. Hence, G,, € 44
for all sufficiently large n. Also, we notice that f3 € # N ¢p, when B =
(2m) 12" _ola,| for all G € £. Thus, fo € # N €p , and hence [} € N ¢y,
for all sufficiently large n, where f% is given by (2.16). Furthermore, |V§c10)| >
ag > 0 for all x € N,(0) for any ¢ > 0 (note that ¢, = 0 in this case). Thus,
Gy € #. Hence, G, € A for all sufficiently large n. Then, from (2.19) and
Corollary 2.1, we obtain [by taking 3% = 8 + 4r in (2.19)]

(3.23) sup E(R(G, ) — R(G)) > dn 20-D/2r+D)
GeXng,

for some finite constant d > 0. The upper and lower bounds (3.14) and (3.23)
show that the EB rule s achieves the optimal minimax rate n—2("—1/2r+1)
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THEOREM 3.2. Let r > 4. Let B > 2 be a large but fixed number. Let J be
defined by (2.7) with c, = ¢, where Cis defined by (3.11). Suppose that support
of the kernel function K is (0, 1) and satisfies (3.1)(iii) and suppose that K®
is Lipschitz continuous on (0, 1). Then, under the assumptions of Example 2.2,
by choosing the bandwidth h, = n=Y@ 1 we have

(3.24) sup E(ﬁ(G, b) — R(G)) = O(n~20-D/Cr+1)y
GeXNGyNG,

for all sufficiently large n, where 5y = {G € <: [;° 6" dG(6) < B}.

PROOF. Again, it is easy to show that ¢ — c¢5; as n — oo, w.p.1 [the
proof is exactly similar to the proof given for Theorem 3.1, since m(¢)f;(¢)
is bounded away from 0 in this case as well]l. By repeated differentia-
tion under the integral sign [using Theorem 2.9 of Lehmann (1959)], the
ith derivative of fg(x) = [i° f(x]0)dG(0) = [;° 0e **dG(6), x > 0, is

fg)(x) = (1) [;° 6'f(x|6)dG(0), i > 1. Thus, || < B, and hence G € ¥,
implies that f¢ € % N €5 ,. In this case, SG(y) = FP(¥) — 6 f (), >0,

and therefore |Sg)| < M for some finite positive constant M depending only
on 0, and B for all G € &,. Then from (2.18), for any G € ¥,

(325)  E(R(G,9) - R(@) = E(SE(¢;)(@ - ce)’) < ME(@— cg)*.

As in (3.20) we have, w.p.1,

N 2 =
(3.26) lc—cgl = — [V(co)l
ag

for all sufficiently large n and G € £4. In this case, V(x) = }al)(x) - Gof(x)
and 6, > 0. Therefore, since V; (cq) =0,

327)  V(ea) = Vi (ee) = (FV(ca) - F&'(ea)) + bo(fales) — Fleq)-
Then, from (3.25), (3.26), (3.27) together with (3.4) and (3.5), we obtain

sup E(R(G,§)— R(G))

GeXNGNG,
2
< M(f) 2{h2" V[B - B, 1(1 + o(1))2
+ (nh3) A (1 + o(1)] + ok ") + o(nh®) 1)}
= 0(hx" V) + O((nh3)™)

for all sufficiently large n. The result follows by taking A, = n~ V1), O
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REMARK 3.2. By choosing [ > r + 2 in (2.38), it is easy to show that
{Gy,G,} 2N &y N &, for some sufficiently large A and for all sufficiently
large n, where G, and G,, are the distribution functions of (2.38) and (2.15),
respectively, with H in (2.15) as defined in the proof of Corollary 2.2. Then
from (2.19) and Corollary 2.2 we obtain, by taking 3% = 5r + 7 in (2.19),

(3.28) sup E(R(G, ) — R(G)) > dgn2r—D/@r+D)
GeXNGyNs,

for some finite constant d; > 0. The upper and lower bounds (3.24) and (3.28)

show that the EB rule  achieves the optimal minimax rate n~20—1/2r+1) jp
this case.

REMARK 3.3. One can replace the constant A in (3.8) by a suitably chosen
sequence of positive numbers, {b,}, such that b, 1 b as n — oo. However, the
result of such a generality is weaker rates of convergence at (3.14) and (3.24).
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