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Assume {P,: 0 € O} is a set of probability distributions with a com-
mon dominating measure on a complete separable metric space Y. A state
0* € 0 is chosen by Nature. A statistician obtains n independent observa-
tions Y;,...,Y, from Y distributed according to P,.. For each time ¢
between 1 and n, based on the observations Y;,...,Y,_;, the statistician
produces an estimated distribution P, for P,. and suffers a loss L(P,-, B,).
The cumulative risk for the statistician is the average total loss up to time
n. Of special interest in information theory, data compression, mathemati-
cal finance, computational learning theory and statistical mechanics is the
special case when the loss L(P,., ﬁt) is the relative entropy between the
true distribution P,. and the estimated distribution P,. Here the cumula-
tive Bayes risk from time 1 to n is the mutual information between the
random parameter ®* and the observations Y7,...,Y,.

New bounds on this mutual information are given in terms of the
Laplace transform of the Hellinger distance between pairs of distributions
indexed by parameters in 0. From these, bounds on the cumulative
minimax risk are given in terms of the metric entropy of ® with respect to
the Hellinger distance. The assumptions required for these bounds are
very general and do not depend on the choice of the dominating measure.
They apply to both finite- and infinite-dimensional 0. They apply in some
cases where Y is infinite dimensional, in some cases where Y is not
compact, in some cases where the distributions are not smooth and in
some parametric cases where asymptotic normality of the posterior distri-
bution fails.

1. Introduction. Much of classical statistics has been concerned with
the estimation of probability distributions from independent and identically
distributed observations drawn according to these distributions. If we let P,.
denote the true distribution generating the observations and P, the esti-
mated distribution obtained after seeing ¢# — 1 independent observations,
then the success of our statistical procedure can be defined in terms of a loss
function that measures the difference between the true distribution P,. and
the estimated distribution P,. One such loss function has proven to be of
importance in several fields, including information theory, data compression,
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mathematical finance, computational learning theory and statistical mechan-
ics. This is the relative entropy function. Further, in these fields, special
importance is given to the cumulative relative entropy loss suffered in a
sequential estimation setting, in which there are n total observations, but
these obsefvations arrive one at a time, and at each time ¢ a new, refined
estimate P, is made for the unknown true distribution P,., based on the
t — 1 previous observations. This is the setting that we study in this paper.

The average of the cumulative loss over all sequences of n observations
generated according to the true distribution is the (cumulative relative
entropy) risk. For a given family {P,: 6 € 0} of distributions, two types of risk
are of interest in statistics. One is the minimax risk, which is the minimum
worst-case risk over possible true distributions P,., where 6* € O, and the
minimum is over all possible sequential estimation strategies. The other is
the Bayes risk, which is the minimum average-case risk over possible true
distributions P,. drawn according to a prior distribution wu on ®, and the
minimum is again over all possible sequential estimation strategies. For
cumulative relative entropy loss, the Bayes risk has a fundamental informa-
tion-theoretic interpretation: it is the mutual information between a random
variable representing the choice of the parameter 6* of the true distribution
and the random variable given by the n observations, see [15], [23] and [35].
This provides a beautiful connection between information theory and statis-
tics.

This connection also extends to other fields, as is discussed in [6] and [15].
In data compression, the cumulative relative entropy risk is the redundancy,
which is the expected excess code length for the best adaptive coding method,
as compared to the best coding method that has prior knowledge of the true
distribution, see [15], [28] and [42]. The minimax risk is called the “informa-
tion” channel capacity in [18], page 184. In mathematical finance and gam-
bling theory, the cumulative relative entropy risk measures the expected
reduction in the logarithm of compounded wealth due to lack of knowledge of
the true distribution ([7] and [15]). In computational learning theory, this
risk is the average additional loss suffered by an adaptive algorithm that
predicts each observation before it arrives, based on the previous observa-
tions, as compared to an algorithm that makes predictions knowing the true
distribution ([31] and [32]). Here we assume that the observation at time ¢ is
predicted by the “predictive” probability distribution P,, formed by the
adaptive algorithm using the previous ¢ — 1 observations, and that when this
tth observation arrives, the loss is the negative logarithm of its probability
under P,. Finally, in statistical mechanics, the Bayes risk can be related to
the free energy ([43] and [44]).

In this paper, we provide upper and lower bounds on the Bayes risk for
cumulative relative entropy loss in the form of Laplace integrals of the
Hellinger distance between pairs of distributions in {P,: 0 € 0}. We illustrate
these bounds in a number of special cases, then use them to characterize the
asymptotic growth rate of the minimax risk in terms of the metric entropy of
{P,: 6 € O} under the Hellinger distance. The methods used here have the
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advantage of simplicity, with proofs amounting to little more than simple
applications of Jensen’s inequality. The results are also quite general. The
bounds apply to both finite- and infinite-dimensional ®. They apply in some
cases where the space of observations is infinite dimensional, in some cases
where it is not compact, in some cases where the distributions are not smooth
and in some parametric cases where asymptotic normality of the posterior
distribution fails. The bounds are also fairly tight. However, in smooth
parametric cases, our general bounds are too crude to give the precise
estimates of the low-order additive constants that were obtained by Clarke
and Barron [15, 16].

The paper is organized as follows. In Sections 2 and 3 we give precise
definitions of the risks that we evaluate and discuss the conditions required
for our bounds to hold. Here we also compare our bounds to those obtained
previously by other authors. The bounds are given in Section 4, followed by
examples in Sections 5 and 6 showing how they can be applied. Then in
Section 7 we give the characterization of the minimax risk. Finally, we
discuss some possible further work in Section 8.

2. Basic definitions, notation and assumptions. The following nota-
tion and assumptions will be used throughout the paper.

Let Y be a complete separable metric space. All probability distributions
on Y discussed in this paper are assumed to be defined on the o-algebra of
Borel sets of Y. Let O be a set, and, for each 0 € 0, let P, be a probability
distribution on Y. We assume that, for any 0 # 6* € ©, the distributions
associated with 6 and 6* are distinct in the sense that there is a Borel set
S cY such that P,(S) # P,.(S). In addition, we assume there is a fixed
o-finite measure v on Y that dominates P, for all 0 € O [i.e., for any Borel
set S CY, v(S)=0 implies P,(S) = 0]. We will also make (implicitly) the
assumption that any other distribution @ on Y mentioned in the following
results is also dominated by v. None of our results depends on the choice of
the dominating measure v. Hence, for any distribution @, the Radon-Niko-
dym derivative d@Q/dv will be abbreviated simply as d@, following the
convention in Le Cam’s text [41]. Furthermore, all integrals in the following
results are assumed, without specific notation, to be taken with respect to the
measure v, unless otherwise indicated. Thus, for a function f on Y and a
distribution @ on Y, the expectation of f is denoted by

JfdQ = /Y%(y)f(y) dv.

Hence, in the special case that Y is countable and v is the counting measure,
for a probability mass function @ on Y,

[fdQ@ = ¥ Q(y)f().

yey
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We will also need to treat probability distributions over ®, which we will
refer to as prior distributions. As each 6 € O is associated with a distinct
distribution P, on a complete separable metric space, we can define prior
distributions on ® with respect to the Borel sets of the topology of weak
convergence of the P, measures. We assume that the set {P,: 0 € 0} is itself
measurable w.r.t. this topology. All prior distributions w on 0 used in this
paper are assumed to be Borel distributions of this type, and suprema over
priors are also assumed to be only with respect to Borel distributions of this
type. Further discussion of these issues can be found in the appendix of [21].

Finally, for integer- or real-valued functions f and g, we say f~g if
lim, ., f(n)/g(n) =1, and f =< g if liminf, . f(n)/g(n) > 0 and
limsup, .. f(n)/g(n) < «. All logarithms are natural logarithms unless oth-
erwise specified. We assume throughout that 0log0 = 0log(x/0) = 0, where
x is any nonnegative finite number. We will also employ functions taking
values in the extended reals [ —, + ], and, in particular, use the extended
log function obtained by defining log0 = —« and loge = «. Expectations
over extended real-valued functions are defined whenever they do not take
both the value + o with positive probability and the value —o with positive
probability. The expectation is +« if this value has positive probability and
similarly for —oo.

3. Statement of the problem: the game of estimating a probability
distribution. We view the problem of estimating a probability distribution
from the set of distributions {P,: # € ®} as a game in which Nature plays
against the statistician. First, Nature picks 6* € 0. We refer to 0* as the
(¢rue) state of Nature. Then, for some n > 1, a sequence Y" =Y,,...,Y, of
i.i.d. random variables is observed, each variable distributed according to P,..
The particular sequence of values observed for these random variables is

denoted by y" = y,,..., y,. For each time ¢ between 1 and n, the statistician
forms an estimate P, = P(y,|y*~") for the unknown distribution P,., based
on the values y'~! =y,,..., y,_,. In particular, for every ¢ and every y'~ ! P,

is a distribution over Y called the predictive distribution at time ¢, and the
set of all such predictive distributions, for all ¢ and yt_lZ is called the
( predictive) strategy of the statistician, denoted simply as P. Note that in
this formulation the statistician does not estimate the parameter 6* itself,
but rather the distribution it represents. This allows the statistician, if
necessary, to use predictive distributions that are not in the set {P,: 6 € 0}.

The statistician suffers some loss by using a predictive distribution in
place of the true distribution P,.. We define this loss as the KL-divergence or
relative entropy between the true distribution and the predictive distribution.
For general distributions P and @, the relative entropy between P and @ is
defined by

dpP
Dy (PIQ) = [ dP log -
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If the statistician uses the strategy P, then the risk (to the statistician) at
time t, when 0* is the state of Nature, is given by the average loss

rp(0%) = [ dPiTt Dicy((PIP).

The cumulative risk for the first n observations is
n
R, p(0%) = Xor, p(0%).
t=1

This paper examines only cumulative risk, which is henceforth referred to
simply as risk, while the risk at time ¢ is referred to as the instantaneous
risk. The (cumulatlve) risk has a particularly simple interpretation. For any
strategy P define the distribution P on Y" by

= tlj;PAt(yAytil)-

In this way, we can identify prediction strategies with joint distributions on
Y,,...,Y,. Then

Py-(y:)

R, p(6%) = Zf dPi(y' ) [ dP (yt)lom

(1)
= Dy, (PRI P)

by the chain rule for relative entropy (see, e.g., [18], page 23).

Of course, the statistician seeks a strategy that minimizes risk. One
approach assumes that Nature is a strategic adversary and hence selects the
worst case 6* for any particular strategy of the statistician. In this case, the
best strategy for the statistician is one that minimizes the worst-case risk,
and the value of the game is the minimax risk

Ry = inf sup R, 5(6%).
P 9*e0

A strategy P that achieves this minimax value is called a minimax strategy.

The other approach is the Bayesian approach, where one seeks to minimize
the average risk. Here we might imagine that Nature chooses 6* at random
according to a prior probability distribution w on O. Then the statistician
seeks to minimize the average risk (according to w), and the value of the
game is the Bayes risk

Rp™e = inf [ du(0%) R, 5(0%).
, A :

A strategy P that achieves this value is called a Bayes strategy.

In the Bayesian approach, there are two random variables, ®*, giving the
choice of the state of Nature, and Y" = Y,,...,Y,, giving the sequence of
observations. Their joint distribution defines the behavior of Nature. The
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marginal distribution of Y”, defined by
M, (y") = f@d,u(f)*) Pi(y™),

is of particular importance here. Breaking M, , down into a product of
conditional distributions, we can write

Mn’#(yn) _ tl:llpt]?iyes(ytwt_l)’
where
Mt,,u(yt)
Mo (v7h)

The distributions PtBiyes are called predictive posterior distributions. These
form a Bayes strategy for relative entropy loss, which we call PMBayes To see
this, note that by (1) the difference between the average risk for an arbitrary
strategy P and the strategy P*** is

f@dﬂ(e*)(DKL(Pe’i“p) - DKL(P(;}*HMn,;L))
~ . (. dp: dP;}:
—f@d,u(@ )fyndPe* log—5~ — log 7

n,u

PBayes(yt|yt 1) —

dM, 1 M,
= (0] ~
yn o H & dP

= Dyy(M, ,IP) =0
It follows that the Bayes risk for relative entropy loss is given by

Rfj’lyfs = f@dﬂ(e*) DKL(P‘,’iIIMn’”) =I1(0*;Y"),

the mutual information between the parameter ®* and the observations Y.
(See [18], page 18, for a general definition and discussion of mutual informa-
tion.)

It turns out that there is a simple, universal relationship between the
Bayes risk RBé"yes and the minimax risk R™"™2x This result can be obtained
with limited effort from the general results in an early paper of Le Cam [39].
Special cases of the result were derived by Gallager [25] and Davisson and
Leon-Garcia [19], and the general result is given in [30].

THEOREM 1 (Haussler [30]).

Rminimax Bayes

n,u 2

= supR
w
where the supremum is taken over all (Borel) probability measures on the
parameter space ©. Moreover,
RyMmax = inf sup R, pooes(0%).
LA =Y
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Several authors have studied the Bayes risk Rf?ﬁes, or the equivalent
mutual information I(®*;Y "), for the case of a parametric family of distribu-
tions {P,: 0 € 0}. Early work by Ibragimov and Hasminskii [35] showed that
I(®*;Y") ~ (D/2)log n when Y is the real line and the conditional distribu-
tions P, are a smooth family of densities indexed by a real-valued parameter
vector 6 in a compact set ® of dimension D, and certain other conditions
apply. In this case, they were even able to estimate the lower-order additive
terms in this approximation, which involve the Fisher information and the
entropy of the prior. Further related results were given by Efroimovich [23]
and Clarke [14]. Clarke and Barron [15] gave a detailed analysis, with
applications, of the risk of the Bayes strategy as a function of the true state of
Nature, discussing the relation of the Bayes risk to the notion of redundancy
in information theory and giving applications to hypothesis testing and
portfolio selection theory. These results were extended to the Bayes and
minimax risk in [16] (see also [6]). Related lower bounds, which are often
quoted, were obtained by Rissanen [49], based on certain asymptotic normal-
ity assumptions. Amari [1, 2] has developed an extensive theory that relates
the risk when 6* is the true state of Nature to certain differential-geometric
properties of the parameter space ® in the neighborhood of 6* involving
Fisher information and related quantities (see also [38], [54] and [56]).

Some authors have also looked at the value of the relative entropy risk in
nonparametric cases as well, for example, [5], [9], [50], [63] and [55]. Also, the
issue of consistent estimation of a general probability distribution with
respect to relative entropy is addressed in [8] and [28]. However, in the
nonparametric case, more extensive work has been done in bounding the risk
for other loss functions (see, e.g., [20] and [36]). While this work is too
extensive to summarize here, we do note that some authors have also taken
the general approach that we take here in using notions of metric entropy
(defined later) and specifically using the Hellinger distance in obtaining these
bounds (e.g., [9]-[12], [29], [40] and [52]). The only authors we have found
who have applied this methodology to the relative entropy risk are Wong and
Shen [53] (see Corollary 1, page 360) and Barron and Yang [9]. This work is
somewhat complementary to ours, in that it treats instantaneous risk,
whereas we focus on cumulative risk. The tools that Wong and Shen employ
are considerably more sophisticated, involving bracket entropy methods from
empiricial processes, and it appears that the boundedness assumptions they
make (e.g., in Theorem 6) are a bit stronger than ours (see the following
discussion and at the end of Section 4.2). Different assumptions and different
methods (using Fano’s inequality) are used to obtain related general results
in [9].

In this paper, we describe a new approach, employing the Hellinger metric
and certain Laplace integrals, to bounding both the Bayes and the minimax
risks for the cumulative relative entropy loss. For most ® the bounds are
fairly tight. We show this for ©® that satisfy some general conditions. To
describe the conditions needed, for « > 1, define the a-affinity between
distributions P and @ by p,(P, @) = [ (dP)*“(dQ)'~ . To obtain useful bounds
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on the minimax risk, we need to assume that © is such that there exist some
a > 1, some constant C > 0 and some distribution @ on Y such that, for all
0* €0,

p.(P,.,Q) < C.

Call this the “a-affinity boundedness condition” on 0. By fixing «, a separate
condition of this type can be defined for each a > 1. The condition needed for
the Bayes risk upper bound is similar, except that we need only that the
expectation of p (P,., @) is at most C, when 6* is drawn at random according
to the prior.

A related boundedness condition is used in the investigation of consistent
density estimation with respect to relative entropy risk in [8]. There it is
assumed that there is some constant C > 0 and some distribution @ on Y
such that, for all 6* € O,

Dyy(P,.,Q) < C.

This might be called the “relative entropy boundedness condition.” It is clear
that the minimax risk R™™™* is infinite for 0, even for n = 1, if the relative
entropy boundedness condition is not satisfied. So this condition is necessary
for the analysis of the minimax risk to be nontrivial. [It should be noted that
since Dy ;(P||Q) = © whenever @ does not dominate P, the assumption that
we mentioned in Section 2 that all the distributions P, for 6 € ® have a
common dominating measure is actually weaker than the relative entropy
boundedness condition. Hence, the minimax risk is trivially infinite without
this assumption, showing that we obtain essentially no loss in generality by
making this assumption.] In fact, it can be shown that the a-boundedness
condition that we impose in our results on minimax risk is strictly stronger
than the relative entropy boundedness condition for all « > 1. However, in
some sense, it is not much stronger than the relative entropy boundedness
condition, as it can also be shown that a simple function of the a-affinity, the
I-divergence defined later, approaches the relative entropy as « approaches 1
[47]. Furthermore, it can be shown that the a-affinity boundedness condition
is weaker than the integrable envelope condition, [sup,-c o dP,« < %, used in
the minimax analysis of relative entropy risk in [53]. Further discussion of
the relationship between these conditions is given at the end of Section 4.2.
Note that there we reparametrize by setting o« =1+ A, A > 0, to avoid
confusion with another usage of «.

In the following sections, we also discuss the sense in which these bound-
edness conditions may be viewed as assuming that the minimax risk is finite
for alternate definitions of the loss function, in this case by using an «-affin-
ity in place of the relative entropy. This viewpoint allows us to bound the
minimax risk for the cumulative relative entropy loss for each n > 1 in terms
of a function of n plus an additive constant that is the minimax risk for
n = 1, but using an «-affinity loss with « > 1 in place of the relative entropy
loss (see Lemma 7).
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4. Bounds on mutual information and relative entropy distance to
a mixture. Since we can obtain the minimax risk as a supremum of Bayes
risks, we now focus our attention on the Bayes risk. As noted previously, the
Bayes risk R}*)*® is the mutual information I(®*,Y") between the random
variable ©* giving the choice of 6* according to the prior u and the observa-
tions Y". We now give general bounds on this mutual information. In
addition, since the risk for a particular state of Nature 0* using the Bayes
strategy P2V is

Rn,Pfay”(e*) = DKL(P(J’i”Mn,M)’

where M, , = [P;' du(6), we will seek bounds for this quantity as well. The
latter bounds actually address the general problem of bounding the relative
entropy distance from an n-fold product distribution to a mixture of such
distributions.

In obtaining these bounds, we use several notions of “distance” between
probability distributions based on the «-affinities. One such family of dis-
tances are the I-divergences introduced by Rényi [47]. For any real « # 1 and
distributions P and @, the I-divergence of order o is defined by

1 a; \1-a
—log[(dP)"(d@)"".

For 0 < @ < 1, a related set of distances is defined by

(2) I(PllQ) =

D.(P.Q) = (1~ [(ap) (@) "]

(3)

— a[(adp +(1- a)dQ — (dP)“(dQ)' ).

Since ax + (1 — a)y —x%y'"*> 0 for any x,y > 0 and 0 < a < 1, the inte-
grand is everywhere nonnegative in the rightmost definition of D,, showing
that D, (P, Q) = 0. (This is essentially Holder’s inequality.) Since —log x >
1 — x, it follows that I (P|Q) = D (P,®), and hence I (P|lQ) > 0 as well.
Since —log x = 1 — x for x near 1, these quantities are similar when the
a-affinity [(dP)*(d@)'~“ is close to 1. Finally, for the case a = 1, we define

aQ
(4 D(P.Q) ~L(PIQ) ~ De(PIQ) - [(d@ - ap - aplog L |.

Since log z <z — 1, it follows that y — x — x log(y/x) > 0 for all x,y > 0.
Hence the integrand in the rightmost expression is everywhere nonnegative.
It can be shown that both D, (P,®) and I (P||Q) are increasing in « for
a> 0.

One important special case of the aforementioned distances is the squared
Hellinger distance

D3,(P,Q) =Dy ,5(P,Q) = [(VdP - aq)'.
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Unlike the other distances and divergences discussed previously, the distance
D, (P, @), that is, the square root of the previously defined D%, is a metric,
since it is symmetric and satisfies a triangle inequality. This metric has been
used to give bounds on the risk of estimation procedures in statistics by many
authors, including Le Cam [40], Birgé [10, 11], Hasminskii and Ibragimov
[29] and van de Geer [52].

4.1. Basic bounds. Our main theorem gives bounds on I(®*;Y") and
Dy (PjilIM,, ) in terms of the logarithms of two Laplace transforms of the
I-divergence, one at the value a = 1 (the relative entropy) and the other at
some «a between 0 and 1.

THEOREM 2. Let u be any prior measure on ® and let 0 < a < 1. For each
0 € 0, let Q, be an arbitrary conditional distribution on Y given 6 and let Q}
be the n-fold product of Q,. For every n > 1,

1.

_fedu(a*) log/@)d,u,(é) exp[—n(1 — @)L, (P,|P;)]
< RBayes

=1(0*;Y")
< — [ du(0*)log [ du(5) exp[ ~nL,(P,1Q;)].

2. For any y> 0, there exists a subset O, of with measure at least
1 — 2e™ " under the prior u such that, for all 6* € 0,

—logfdu(é) exp[—n(1 - «)I(B,.IIB;)] — v
S Rn,PIPayes(e*)
= Dg,(P2IM, )

< —1ogf®d,u(§)eXP[_”I1(Pe*||Qé)] T

The upper bound of part 1 is similar to results given in [5] and is
mentioned there for the case P = Q. To the best of our knowledge, the lower
bound and the results in part 2 are new.

The proof is given in a series of lemmas and calculations. We prove the
upper bounds of both parts of the theorem first, then the lower bounds. In
establishing the bounds in part 2, we will show that there is a set of
p-measure at most e~ ? on which the lower bound fails and similarly for the
upper bound. Hence, both bounds hold on the complement of the union of
these two sets, which has u-measure at least 1 — 2e77.
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We begin with the upper bounds. This requires the following lemma which
has been previously utilized in the framework of statistical physics [51].

LEMMA 1. Let P = P(w) be a measure on a set W and @ = Q(v) be a
measure on a set V. For any real-valued function u(w,v),

~ | d@(v)log[ dP(w) explu(w,v)]

< —longdP(w)exp[deQ(v) u(w,v)|.

Proor. First note that by Hélder’s inequality, for any real-valued func-
tions u; and u, and 0 < a < 1,

[ AP (w) explau(w) + (1= a)uy(w)]

- [ dP(w)(explus(w)])" (expluy(w)])"

(1-a)

< (jwdp(w) exp[ul(w)])a(deP(w) exp|uy(w)]

Taking logs, this shows that log [y dP(w)e“™:") is convex in u. The result
then follows by applying Jensen’s inequality. O

We also use this simple lemma, suggested to us by Meir Feder. Let
P = P(v,w) be a measure on the product space V X W, with conditional

distribution P(v|w) on V and marginal distribution P(w) on W.

LEMMA 2. For any sets W and V, measure P on V X W, and nonnegative
function f(v,w) such that [y, w dP(v,w)f(v,w) =1,

1.
| dP(v,w)log f(v,w) < 0.
VX W

2. For any y > 0,

Pr(w: deP(vlw)log flv,w) > y) <e .

Proor. For the first part, [, w dP(v, w)log f(v,w) = —» <0 if f(v,w)
= 0 on a set of positive measure. Otherwise, note that by Jensen’s inequality

f dP(v,w)log f(v,w) slog/ dP(v,w) f(v,w) = 0.
VX w VxXw
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For the second part, the case where f(v,w) =0 for a set of v positive
measure under the conditional distribution of V given w is similarly trivial,
and otherwise note that

Pr(w: deP(vlw)log flv,w) = y)
= Pr(w: exp[deP(vlw)log f(v,w)] > exp('y))
< exp(=y) [ dP(w) exp| [ dP(vl)log f(0, )]

< exp(—y)deP(w)deP(vlw) f(v,w)

= exp(—v)-

The first inequality follows from Markov’s inequality and the second from
Jensen’s inequality. O

In establishing the upper bounds, we use Lemma 2 with V=Y", W = 0
and f(v,w) = [, dw(0) dQj(y™)/dM, ,(y"). Here we assume all y" such
that dM, , = 0 have been removed from the domain of f, so that f is finite.
The conditions of the lemma are satisfied, since this function is nonnegative
and

o o Jo du(8) dQF(y") 5 JOP( v
[, ,.dn(0%) dPi(y") (") = [, [ du(8)d@i(y") = 1,

since M, (y") = [ du(6*)P):(y"). Employing Lemma 2 with this choice of
f, the following chain of inequalities holds for all 6* except for a set of
p-measure at most e”7:

dp;:
dM

n,u
dP}. Jo du(0) dQ}
g = — + log
Jo dl’«(e) dQé dM":M
dP)
g +
Jo du(0) dQj

Dey(PiIM, ) = fYndsz log

lo

= fYn dprp

fyn dP; 1o

IA

Y

n

P log [ du( )22
fyn o* Og w )dPe’i

+vy

n
0

dp;.

+vy

~—————

= —f dP;. logf du(0) exp(log
y"
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Qg
dP,.

IA

—logfe)d,u(é)exp fynd )« log + vy

—10g/®du((§) exp[ —DKL(P(,"*”Q;;)] + vy

_1Og/®du(é)exp[—nDKL(P‘,*||Q(;)] + 7,

where the first inequality follows from Lemma 2, part 2, and the second one
from Lemma 1. The last equality follows from the fact that the KL-divergence
is additive over the product of independent distributions (see, e.g., [18], page
23). Note that by our convention that 0log0 = 0, for each 6%, the set of y"
such that dP:(y™) = 0 can simply be removed in the first equality and then
reintroduced in the exponent of the second-to-the-last inequality, thus avoid-
ing any division by 0 for these cases. Similarly, if [, du(6) dQ;(y™) = 0 for a
set of y" of positive measure with respect to P,, then all upper bounds from
the second line on are infinite, and the result holds trivially. Otherwise, a set
of y" of measure 0 on which [y du(0) dQ;(y") = 0 can be ignored, avoiding
any division by 0 in this regard. Since Dy, = I, this establishes the upper
bound of part 2 of Theorem 2.

The upper bound of part 1 of Theorem 2 is established in a very similar
manner. Here we note that

P
I1(0%Y") = [@dﬂ(e*)fwd n 1ong"
n,p
dP}: du(6) dQ}
=[ dﬂ(e*)f dP}|log———2——— 1ogM
6 e Jo du(0) dQj dM,,,
dpP;

< [ du(6*) [ dPjlog—————,
Jodu(e) J, 45 Jo dp(0) dQ;

where the inequality follows from Lemma 2, part 1. The remainder of the
proof consists of the identical chain of inequalities as in the preceding proof of
the upper bound of part 2, except that we take expectation over 6* and we do
not have the term +7y.

We turn now to the lower bounds. Here we use the following lemma, which
is new, as far as we can tell. Let P = P(v,w) be a measure on the product
space V X W, with conditional distribution P(v|w) on V and marginal distri-
bution P(w) on W. For any 0 < A < 1, define

dP(vlw) )'\

ID(W;V) = —fVXde(U,w*)10g/WdP(w)(W

It is easy to see that IY(W;V) is well defined [34]. Note that IV(W;V) =
I(W;V), the mutual information between W and V.
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LemMmA 3. Whenever [y dP(w) dP(vlw) > 0 forall vand 0 < A < 1,

IMNW; V) —I(W;V) <0.
2.

Pr{w*: dP(vlw*) >0 andfdP(vIw*)
v

dP(v|w)

dP(vlw) \* .
X longdP(w) POl —log/WdP(w)(W) ) > y} <e .

ProoF. This follows from Lemma 2 using the function

i dP(w)(dP(vlw) /dP(vl*))

Jw dP(w)(dP(vlw)/dP(vlw*))"

B dP* Y(v|lw*) [y dP(w) dP(vlw)
Jw dP(w) dP*(vlw)

f(v, w*)

The conditions of the lemma are satisfied, since f is nonnegative and

fVXWdP(v,w*)f(v,w*)

B .. AP (vlw*) [y dP(w) dP(vlw)
=y P fw dP(w) dP*(vlw)

B . i dP* Y(vlw*) [ dP(w) dP(v|w)
(5) = [, J dp(w) dP(vlw) Iw dP(w) dP(vlw)

o w dP(w*) dP*(vlw*) [y dP(w) dP(v|w)
- fv fw dP(w) dP*(vlw)

foWdP(w) dP(vlw)

= 1. O

Now note that if {y": [, du(6) dP;'(y™) = 0} has positive measure under
the distribution Py, then Dy (P M, ,) = . Hence, the lower bound holds
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trivially. Otherwise, a set of such y” of measure 0 can be ignored, and, using

part 2 of Lemma 3 with W = ® and V = Y ", we can show that the following
inequalities hold except on a set of #* with u-measure at most e~ ”:

—/ dP}:log d (é)dpén
yr 0 0 K dPy.

dapr\*
-Y

Dy (P)IM, )

%

_ fyndpgz log f@dﬂ(é) a5

) arr\*
_longdM(G)fYnd 9*(_dP9’.i) -

_1og[am(é)fyn(ong;)H(dP,;")A —

Y

—logfgdﬂ(é)[fy(dPe*)l_A(dPé)Ar -

—1ogf®du(5)exp[nlog/y(dP(,*)l)‘(dP(;)A} —y

—logfdﬂ(é) exp| —nAl_,(PillP.)] — v.

As in the proof of the upper bound, to avoid division by 0 and to apply Lemma
3, we can remove the set of y” such that dP;:(y") = 0 from the first line and
reintroduce it in the fourth line. Setting « = 1 — A, this establishes the lower
bound of part 2.

As with the upper bound, the lower bound of part 1 is established easily by
removing the —+y terms and taking expectation over 6* in the previous chain
of inequalities, using part 1 of Lemma 3 in line 2. This establishes the lower
bounds and completes the proof of Theorem 2. O

A few brief comments about Theorem 2 are in order. First, note that if in
part 2 we let y grow with n in a suitable way, we obtain bounds which
asymptotically hold for almost all #* € 0. An even stronger result is obtained
when we choose y(n) such that Y _; e~ 7" < . This holds, for example, if we
let y(n) grow faster than log n. Then the first Borel-Cantelli lemma shows
that, for u almost all * € ©, the bounds will be violated only a finite number
of times as n — o,

It should also be noted that, in the important special case when P = @, the
upper bound of part 2 of the theorem holds with y = 0, since we can omit the
first few steps of its derivation in this case, where v is introduced. Thus, both
this strengthened upper bound and the given lower bound hold on a set of
measure 1 — e”? in this case.
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Finally, we note that part 2 is related to part 1 in the same way that the
strong redundancy—capacity theorem of universal coding in [42] is related to
the usual theorems concerning average redundancy.

It is possible to state a variant of Theorem 2 using the D -distances. Here
we also make use of a particular choice for the family of distributions @, that
appear in Theorem 2. Another possible choice is explored in Theorem 3. We
will need the following definition.

For each 0 < a« < 1 and x > 0, define

(1-a)(x—logx—1)
a+(1—a)x—x1_“ ’

(6) bo(x) =

Define b,(0) = «. It is easily verified that &, (x) is strictly decreasing in x,
approaches 1 as x — o and approaches « as x — 0. Let

ba( dFy.(y) )

B,(0) = sup —dP(,(y)

yEY, 0%, 0€0

Clearly, this constant does not depend on the choice of the dominating
measure v.

COROLLARY 1. Forevery 0 <a<landn >1,

—f@du(ﬂ*)logfe)du(é) exp[—n(1 — a)D,(P,., P;)]
< RBayes
— I(®*;Y")

—f@d,u(@*)logfd/u((;)exp[—nBa(®)Da(P9*,Pé)].

IA

2. For any y> 0, there exists a subset O, of ©® with measure at least
1 — 2e” " under the prior u such that, for all 6* € 0,

~log | du(0) exp[—n(1 = a)Dy(Py, Bp)] —
<R, ppoes(07%)
ZDKL(PBI}"”Mn,,u)

< —logfe)d,u(é)exp[—nBa(G))Da(Pg*,Pg)] +y.

Proor. Since I (P||Q) = D (P, @), the lower bounds follow directly from
the lower bounds of Theorem 2. For the upper bounds, we will need the
following lemma, which is a simple extension of Lemma 4.4 of [10].
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LEMMA 4. For any distributions P and @ on Y and any 0 < a < 1,

(dQ(y)

DKL(P”Q) < (Supba W

Joeor

Proor. If dP = d@ except on a set of measure 0 (w.r.t. the dominating
measure v), then Dy ;(P||Q) = 0 and hence the result holds. So it suffices to
consider the case where D, (P,®) > 0. Let S = {y € Y: dP(y) = 0}. Separat-
ing Y into S and Y — S and factoring a dP out of the integrands in (3) and
(4) in the latter case, we have

dq dQ
Dy (PIQ) (1- a)/y_sdp(ﬁ - logE - 1) + deQ

D(P,Q) dQ (dQ\"“
/Y_Sdp at (1-a)_m - (d—P) +/SdQ
- (dQ(y))
= ey Py )

since b, > 1. O

The upper bounds of Corollary 1 follow from Theorem 2 and this lemma by
setting @, = F,. O

Whenever dP, is uniformly bounded above 0 and below « for all y and 6
for some choice of the dominating measure, B,(0) is finite, and this corollary
can be applied. However, in some other cases, B (®) = «© for all 0 < a < 1,
making the upper bound in the Corollary 1 useless. One case where this
occurs is when there are 6 and 6* in O such that P, is not dominated by F,..
For example, if Y = {0, 1} and there is a 6* such that P,.(Y = 1) is 0 (or 1)
and there is also a 6 where P,(Y = 1) is not 0 (or not 1), then P, is not
dominated by P,.. We can also have B, (0) = » in cases where such lack of
domination does not occur. For example, if Y = {0, 1}, O is the open interval
(0,1) and P(Y =1) = 6, then B,(0) = « not because there are two distri-
butions that fail to mutually dominate each other, but because
inf, .y 4. yco dP(y)/dP,(y) = 0. Such cases can be handled by the results
in the following section.

4.2. The (1 + A)-affinity boundedness condition. Here we prove a version
of Corollary 1 that can be used in cases when B, (0) = » for all 0 < a < 1.
This new theorem requires only the Bayes version of the weaker (1 + A)-
affinity boundedness condition described in Section 3, for some A > 0. For a
fixed prior u, define

1,1, p14

RBayes _ ll’}f/ dﬂ(e*)f(dpe*)l+A(dPA)_A'
P ‘0
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This is the Bayes risk for a game much like the one we are studying, except
that the relative entropy loss is replaced by the (1 + A)-affinity loss, and we
have fixed the number n of observations to 1. Using Jensen’s inequality, it
can be verified that when RE"‘jf’jM < o, the minimizing P, that is, the Bayes
strategy, is the distribution U = U, defined by

(f(adﬂ(e*) (dPO*)lﬂ)l/(l”)

C ki

A,

dU =

where

b

) 1/(1+A)
. +A
Oy [ ([ ancoy (ap)

see Zhu and Rohwer [57]. Hence, for each individual 0*, the risk of the Bayes
strategy is

Ry, (0%) = [ (dP)"(dU) "

Lix Lix —A/(1+ )
+ +
= [(@r) ([ o) (@B

and the Bayes risk is

Bayes _ * 1+A —A
RS, = [ dn(0%) [ (aP)'(dU)

—A/(1+N)
= Qb [ (o) [ (B [ o) (ap)|

Lo 1/(1+ )
* +
- C/{"ij(f(od/.l,(@ ) (dP,.) )

— C/\1+ A
N
We have the following theorem.

THEOREM 3. Let 0 < a<1 and 0 < A < 1. Assume Rf‘yagf’zlﬂ < oo, Then,
for everyn > 1,

L
—fodp,(H*)logfod,u(é) exp[—n(1 — a)D,(P,., P;)]
< RBayes

= 1(0%;Y")
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< = [ dn(0*)log | di()

(1+0(1)4(1 — @)
al

Xexp|—(nlogn) D,(P,., P;)

+ RBP4 o(1).

1,1, P14

2. For any y > 0 there exists a subset ©, of © with measure at least 1 — 2e™?
under the prior p such that, for all 6* € 0,

_log/®dp,(q§) exp[—n(l - a)Da(PB*,P(;)] —y
< Rn,Pfayes(O*)
= DKL(PB'iHMn,M)

(1 +0(1)4(1 — a)
al

—(nlog n) D,(P,., P;)

< —logf du(é) exp
o
+R1’Upupl+)\(0*) + v+ o0(1),

where, in each case for fixed o and A, o(1) is a function f(n) such that
f(n) > 0 as n - «. Furthermore, the same results also hold replacing the
quantity D (P,., P;) with I (P,.|P;).

ProOF. That D can be replaced by I follows from the fact that I(P|Q) >
D, (P, Q) for all «, as pointed out in the proof of Corollary 1. To prove the
result for D, we will need a lemma. (We recently noticed that a related lemma
is given in [53], Theorem 5, although no explicit relationship with the
a-affinities is given in the latter result.)

LEMMA 5. Assume 0 < a <1 and A > 0. Let P, R and U be any distribu-
tionsonY. Let ¢, = [(dP)'"*(dU) *. Let @ = (1 — &)R + &U for some ¢ > 0
such that loglog(1/¢)/log(1/e) < A/2 and & < expl —a/(2(1 — a))]. Then

2log(1/¢) 2elog(l/¢) N
DKL(P”Q) < WDQ(P,R) + m + & /2CA,
where
£x) = a+(1l—a)x—x' "

l1—«

The proof of this lemma is given in the Appendix.
Now let U, be the Bayes strategy as defined previously. Since R?,afih L <o
U, is well defined. For each 6 € 0, let

QQy=(1—-&)P+ aUL,
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with £ =n"%/2 Tt is clear that f,(¢?) - a/(1 — @) as & — 0. Hence, by
Lemma 5, for sufficiently large n, for all 0,

DKL(Po*HQé)
2log(1/¢) 2elog(1l/¢)

Z O Y DR, P) + ——— " 4 2R 0*
= fa(‘92) a( 0% 9) (1 _ a)fa(az) £ l,U#,P1+)\( )
4log n Ry vy, (07) +o(1)
= WDQ(P*,P{;) + " since A < 1
1+0(1))4(1 - Ry y ,. (0% +o(1)
togp LA Z )y py o it .
al n
Since [o du(0*)R; y ,  (6%) = RP%< . the result then follows from Theo-

rem 2. O

Note that no attempt has been made to optimize the constants in this
theorem.
Now let

S(0) = [ sup dP,.
Yoeo0
[If sup,.q dP, is not measurable, then any measurable function that ma-
jorizes it can be used instead in the definition of S(0).] We call sup, . ¢ dP,
the envelope function for ®. Note that S(®) is independent of the choice of
the dominating measure. Since, for all A > 0,

< sup dbF,..

1/(1+ 1)
) 0* <0

| du(o) (@m0

It follows that

1+

1/(1+A)
ayes _ _ * 142
Rllayl};,ﬂul\ - C)\l,-:b/\ - (/Y(IGdM(a ) (dPB*) * ) ) < Sl+)\(®)

for all A > 0. Hence, whenever © has an integrable envelope function, that is,
whenever S(0) < o, then REaff,M < oo, and the bounds in part 1 of Theorem
3 hold with A = 1 and RY%/*  replaced with S*(@). It is clear that S(@) < o
whenever Y is finite and whenever Y is a bounded set in R* for some % > 1
and the densities in {P,: § € O} are uniformly upper bounded. Hence, Theo-
rem 3 always applies in these cases.

Theorem 3 also applies in many cases where S(®) is infinite; an example of
such a case is given in the following section. To characterize the types of ©
and priors u not covered by Theorem 3, let us define the function fg ,(A) for
A= 0 by

1
f@)’”( /\) — Xl()g RBayes

L, p1ia



MUTUAL INFORMATION AND RISK 2471
for A > 0 and

f@ ,u(O) _ RBayes’

that is, the risk for one observation (n = 1) for the relative entropy loss. It
can be shown that, for any ® and u, fe ,(A) is a nondecreasing function on
[0,) taking values in [0, =], and if f, ,(A) is finite for any A > 0, then

}%f@,#(/\) =f9,/.L(O)'

To verify this last property, note that lim/\qOleage;lH = 1. Hence, by
I’'Hospital’s rule

. d Bayes

fim fo.u() = g (BE),

It can be verified by direct calculation that the latter quantity is the mutual
information I(®*,Y), which is the same as RBaﬁ’es

It is clear that whenever R is infinite, then Rfazes is infinite for all
n > 1. Thus, there are only three possible cases for the pair (0, w):

1. fo, (1) < = for some A > 0. In this case, R7%/* < o and hence Theorem

3 applies and may be used to get bounds on RBanys for all n.

2. fo,,(0) = . In this case, R;*)* = « for all n and hence the problem of
boundlng this quantity is trivial.

3. fo,,(0) <=but f, ,(A) == forall A > 0.In this case, we say that the pair
(0, w) is irregular. These are the only nontrivial cases where Theorem 3
does not apply.

While it would not be expected that irregular (0, w) would show up much
in practice, it is possible to construct one.

ExampLE 1. Let Y ={1,2,3,...},® ={3,4,5,...} and, for each 6 € ® and
y €Y, define P(Y=y)tobe1l—-(1/logf)if y=1,1/log6 if y = 6 and 0
otherwise. Let w(6) = c/(0 log?)), where ¢ = X7_,1/(ilog?i) < «. Then it
can be shown that (0, ) is irregular.

5. Examples. We now illustrate Theorems 2 and 3 by applying them to a
few simple problems. We begin with a classical case in which each point
0 € O is a vector of D real numbers, 0 is a compact set and the prior u is
specified as a density du(6). To apply Theorem 2, fix 6* € ©,, where 6* is in
the interior of ®. We assume that the prior du is continuous and positive at
6*. We also assume that {P,} is a smooth family of probabilities such that the
Fisher information matrix at 6*, defined by J(6%*), where

d J
%k — - JR—
Ji,(0%) = | P 26, 108 AP () g log dF ()

0=06*
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exists and is positive definite. In this case, we will focus on the bounds on the
risk for individual 6*, rather than bounds on the mutual information. Even
the simplest choice @ = P will be sufficient to obtain a useful bound in the
smooth case. For large n, obviously the main contributions to the inner
expectations in Theorem 2 come from small neighborhoods of 6*. Hence,
under certain regularity conditions, Laplace’s method can be used to evaluate
these expectations asymptotically. We perform a Taylor expansion of the
exponents in Theorem 2 to second order in the difference between 6 and 6*
using the partial derivatives

=0

6=06*

Jd
ﬁ—HiIQ(PO*IIP(,)

and
2

(7 L(P.IR)| = ad, (6%).

0=10*

96, 30,

Note that these results are also valid for « = 1. Hence, Laplace’s method
would yield for the lower bound

f@du(é)exp [—n(1 — a)L(P)IF;)]

- d,u(g*)fRDdO exp[—ga(l - a)Z(Gi — ei*)Jij(O*)(Oj - OJ.*)

X(1+o0(1)).

A similar expression is obtained for the upper bound. By evaluating the
Gaussian integrals, we get

Dl " log du(6* 11 det J(0* Dl ! 1
—log— — + = — —log———— — y +
g logo— —log du(87) + Slogdet J(0%) — i) o(1)
S Rn’Pfayes( 0*)
D n 1
< —log— —logdu(0*) + —logdet J(6*) + o(1).
2 T2m 2

(Here we can set y = 0 in the upper bounds, as per the comments following
Theorem 2.) Note that asymptotically the lower bound is optimized by setting
a = 1. In this case, for large n, both bounds differ by a constant approxi-
mately equal to (D log4)/2 for small y. In this classical case, Clarke and
Barron [15] have determined the exact answer to within o(1), and it is

. D n 1 D
Rn,P}LBayes(gx) = Elog% - 10g d/.L(H*) + Elogdet J(H*) - E + 0(1)

Thus, our simpler methods do not give the best known additive constants in
the bounds for this classical case, but they do provide good bounds for large n.
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As pointed out by Clarke and Barron [15], the scaling ~ (D /2)log n of the
Bayes risk for the smooth parametric families is strongly related to the
asymptotic normality of the properly normalized posterior distribution. It is
interesting to look at nonregular families of probabilities for which the
posterior fails to converge to a nontrivial limit. (For conditions that are
necessary for convergence, see [26]). As an example for such nonsmooth
densities, we study the following simple family on R:

(8) dPy(y) =e "L, ,, 6OER.

Obviously, Dg;(P,.||P,) = ©, whenever 6 > 6* and the Fisher information
does not exist for any 6. Hence, the previous analysis is not applicable and we
have to resort to the more sophisticated upper bounds. Specializing to a = %,
we easily find

DI/Q(P()*,PQ) = 2(1 _ e—w,g*‘)’
I1/2(P9*||P6) =16 — 6%.

This result clearly shows the difference from the smooth families. The
distances D, ,, and I, , do not behave locally like a quadratic function for 6
close to 0*, but have a linear scaling. Hence, a different scaling of the risk at
0* and the mutual information is also expected.

An explicit result using Theorem 3 is easily obtained for the prior du(6)
= 1e71% Note that the envelope of © is not integrable, so we must obtain
direct bounds on R, , ,  rather than using S(®). To upper bound RBaves

1, P14
= infp [o du(6*) [ (dP,.)'*(dP)~*, it suffices to choose any distribution U
and bound the expectation of ¢,(0*) = [(dP,.))'*(dU) *. Here we can set
dU(y) = e 17\, In this case, we have c,(0*) < e’ and [, duw(8%)c,(8%) < =
for all A < 1. To evaluate the bounds, we use the fact that, for a > 1,

o107 — p=alo®l  p=10°] 4 p=al0"]
_|_
2(a — 1) 2(a + 1)

1 .«
_ —16]—al6— 6% _
2 f_mdB e

Hence, for a = 3, we get

1
29
n
log(E) + 6% — vy + o(1)
SRn’Pfayes(a*)

4nlog n(1 + o(1))
+
A

slog( eNl 0% + vy +o(1).
Hence, an asymptotic scaling ~ log n for the risk is observed. This gives a
factor of 2 difference compared to the risk of a smooth one-dimensional family
of densities.

Finally, we will consider an example where both the parameter space and
the space of observations are infinite dimensional. We assume that an
unknown real continuous function 6(x) with 0 < x < 1 is corrupted by a
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Gaussian white-noise process. The statistician observes n random functions

Y,, t =1,..., n, which, conditioned on 6, are independent realizations of the
process
9) Y(x) = [ 6(2) dz + o W(x).

0

Here W(x) is a standard Wiener process with W(0) = 0 and covariance
E[W(x,)W(x,)] = min(x,, x,). In this case, it is easy to calculate the I-diver-
gences explicitly for all «. Let P, be the measure corresponding to the
random process Y(x) and let the dominating measure v be the Wiener
measure. Then, from the Cameron—Martin formula [13], the Radon-Nikodym
derivative is found to be

(10) % =exp[%/;10(x) dW(x) — 2(172f0192(x) dx}.

Inserting this into the definition of the I-divergences, we obtain
o 1 2

(11) L(PIP) = 55 [ (6(x) = 6°(2))° dx.

For the case where the prior over the space of functions 6(x) is a Gaussian
measure [such that 6(x) is a realization of a Gaussian random process], our
bounds can be evaluated in closed form. We will restrict ourselves to the case
of the mutual information I(®*;Y") and use the fact that, for Gaussian
processes and ¢ > 0,

- c 1, -~ , 2
_ f d,u(e*)logf d/_L(B)eXp[—E/ (6(x) — *(x)) dx
) ) 0
(12) oA
k
= — Y [log(1 +cA) + ———|.
2§[°g( ehe) 1+c/\k}
Here A,, £ =1,2,...,2, are the eigenvalues of the process on the interval

[0,1]. Specializing to the Wiener process, we get A, = 1/7%(k — $)? for
k=1,2,3....Using

1 = c 1
— Y log|1+ —) = —logcosh(vVe
21 w2(k - 1) 2 (ve)
and
1 = c Ve
5 Y = —tanhyc

e U
and setting a = 1 in the lower bound and « = 1 in the upper bound, we get

Vn Vn Vn
— | + ——tanh{ — | <I(O*;Y")
20 8a 20

1() C()Sh
2 g
: )

nt h
+ — —.
40_an o

1 Vn
< Elogcosh —

o
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Hence, asymptotically,

2 (1+0(1) <I(0%Y") < ——(1+0(1)).

Notice that, in the preceding examples, it was always the case that,
asymptotically, the best bounds were obtained with the value a = 1. In
general, for large n, the value of the Laplace transform

f@du(é) exp[ —n(1 - «)I(P,.lIP;)]

in the lower bound of Theorem 2 is largely determined by those 6 such that
I (P,.||P;) is near 0, that is, such that P,. is close to P;. The same also holds
for the corresponding Laplace transform

f@dﬂ(é)exp[ —nl,(P,.lIP;)]

in the upper bound. However, it can be shown that, as the distributions P
and @ become close, in the sense that dP/d® — 1 uniformly, then

I,(PlQ) . 1
(1-a)I(PIQ) a(l-a)’

Hence, we might expect to very often get the best asymptotic lower bound in
Theorem 2 by choosing « = %, so as to minimize 1/a(1 — «). This choice also
has another desirable property, since, as mentioned previously, for « = 3, the
distance D, used in Corollary 1 and Theorem 3 is then the squared Hellinger
distance, which has some nice metric properties that we will exploit later in
applications of the bounds. For these reasons, in what follows, we will for
simplicity restrict ourselves to the case « = 3, using the notation

D1/2(P,Q) =D121L(P>Q)'

6. Bounds on the cumulative risk for countable ®. Recall that we
have assumed that, for all distinct 6, 6* € O, the conditional densities dP,
and dP,. differ on a set of positive measure and hence Dy ;(P,, P,.) > 0. We
can make this assumption without essential loss of generality, since, other-
wise, we can replace ® by a set of equivalence classes with the property that
6 = 0* iff dP, = dP,. (except on a set of measure 0) in a natural way, without
changing the risks we are interested in calculating.

Suppose O is countable, say O = {0,}. Let H(®%) = —X, u(6,)log wu(6,)
denote the entropy of the random variable ©*, distributed according to the
prior measure w. The entropy of ®* may be infinite. Then

COROLLARY 2. For all n, R}™* = 1(0;Y") < H(®*) and
lim REe — H(©*).

n—ow
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Proor. Recall that Rﬁaﬁes = I1(®*;Y"). If H(®%) is infinite, then clearly

limsupl(0;Y") < H(O%).

n—ow

Assume H(O*) is finite. Let
H(OY") = = [ dM, (y") L u(6ly")log m(61y"),
i

the conditional entropy of ® given Y ”. Note that this quantity is nonnegative.
When H(0O) is finite, it is easily verified that

I(0%;Y") = H(®*) — H(O*Y™")
(see, e.g., [18], page 20) and thus limsup,, ., I(®*;Y") < H(®*) in this case

as well.
For the lower bound, using Theorem 2 with « = 1 and Fatou’s lemma,

liminfI(®*;Y")

n—o

[\

n
lirrlriiilf - Z,u(@i)logzu(@j)exp[—EDIZ{L(PGL_,PBJ_)}
i J

[\

n
_ Z w(6,) h,friiff logZ M(Qj)exp[ - EDIZJL( P, ng)}
i J

- ZM( 6;)log u(6;)

— H(0). O

This result generalizes a similar result in [16] (Corollary 1) by removing
the additional conditions assumed there. More general results, including the
preceding corollary, follow from results in Pinsker’s book [45] (see also [4]).
Applying Theorem 1 and taking the supremum over p in Corollary 2,
it follows that if ©® is finite, then, for all n, R™"™ <]og|®| and
lim, ., R™nmax = ]og|@|. It also follows that if is infinite, then
limn—yoc aninimax

In the case that O is finite, the results of Rényi [48] show further that the
difference I(®*;Y") — H(®*) converges to 0 exponentially fast in n. We also
obtain this result as follows.

= oo,

COROLLARY 3. For all n,

H(O*) —I1(0%Y") < (|16 -1 dP, dP, | .
(607) —1(0%Y") < (l® )(1;‘13‘-’;@@\/ ) )
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Proor. From Theorem 2,

I(@*,Yn) > — Z/‘L( Gi)IOgZM(Hj)(fy\/dPGi dng')n
= - ZM(Gi)IOg n(6;)
_ Zp,(el-)logll + X Z((ZJ; (/Y\/dpf,i dPej)n
>H(0%) - ) ) M(Oj)(va dP, dF, )n

i j*i

> H(0%) — (18] - 1 dap, dp, | ,
(0% - (le] )(lsggl@fy,/—e,. )

where the second inequality follows from —log(l + x) > —x. O

Assuming as before that the densities dP, and dF,, are different for j + i,
an application of the Cauchy inequality yields fY\/dPHL_ dP{,j <1 for j +#1i.
Hence, the corollary shows exponential convergence.

Finally, let us note that Theorem 2 and Corollary 1 can also be used to
characterize the mutual information between ®* and Y " (Bayes risk) in the
general case when O is uncountably infinite but finite dimensional. This was
demonstrated in [33]. Here, in the sequel, we focus instead on the minimax
risk.

7. Bounds on minimax risk using covering and packing numbers,

and metric entropy. For each 6%, 6 € 0, let
h(0*,0) = Dy (P, Py).

As mentioned previously, we assume that, for distinct states of Nature
0, 6* € 0O, the conditional distributions P, and P,. differ on a set of positive
measure. Under this assumption, (0, %) is a metric space. We show how
bounds on the minimax risk can be obtained by looking at properties of this
metric space. These are the packing and covering numbers, and the associ-
ated metric entropy, introduced by Kolmogorov and Tikhomirov in [37] and
commonly used in the theory of empirical processes (see, e.g., [12], [22], [27]
and [46]).

For the following definitions, let (S, p) be any complete separable metric
space.

DEFINITION 1 (Metric entropy, also called Kolmogorov s-entropy [37]). A
partition IT of S is a collection {m;} of Borel subsets of S that are pairwise
disjoint and whose union is S. The diameter of a set A €S is given by
diam(A) = sup, ,. 4 p(x, y). The diameter of a partition is the supremum of
the diameters of the sets in the partition. For ¢ > 0, we denote by Z.(S, p)
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the cardinality of the smallest finite partition of S of diameter at most ¢, or
we use «© if no such finite partition exists. The metric entropy of (S, p) is
defined by

%(S: p) = IOg gg(s’ p)
We say S is totally bounded if Z,(S, p) < o for all & > 0.

DEFINITION 2 (Packing and covering numbers). For ¢ > 0, an e-cover of S
is a subset A C S such that for all x € S there exists a y € A with p(x, y) <
e. We denote by .7.(S, p) the cardinality of the smallest finite e-cover of S, or
we use  if no such finite cover exists. For ¢ > 0, an e-separated subset of S is
a subset A c S such that, for all distinct x, y € A, p(x, y) > . We denote by
M(S, p) the cardinality of the largest finite e-separated subset of S. This
quantity is infinity if arbitrarily large such sets exist.

The following lemma is easily verified [37].

LEMMA 6. For any & > 0,

M3(S, p) <P5,(S, p) <H(S, p) <A#,(S, p).

It follows that the metric entropy .7, (and the condition defining total
boundedness) can also be defined using either the packing or the covering
numbers in place of &, to within a constant factor in e.

Kolmogorov and Tikhomirov also introduced an abstract notion of the
dimension of a metric space in their seminal paper [37]. In the following, the
metric p is omitted from the notation, being understood from the context.

DEFINITION 3. The upper and lower metric dimensions [37] of S are
defined by

N A C)
m = lim —
()= I log(1/6)

and
dim(S hm 1nf
respectively. When dim(S) = dim(S), then this value is denoted dim(S) and
called the metric dimension of S. Thus,
Z(S)

dim(S) = gao log(l/s)

Using the results given in the theorems from Section 4, with a = 1, wecan
obtain bounds on the minimax risk R7"™™* in terms of the metric entropy of
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the space (0, k). For every & > 0, let

Des(PiIP,)

b(g)zsu DHL(PO’P )

:0,0* € ®and D%, (P;,P,.) <¢).

Let

Ryime = inf sup [(dP,.)""\(dP) "
P 9rco

This is the minimax analog of R}f"“gf’im, used in Section 4.2 to obtain general
bounds on the Bayes risk. It is the minimax risk for a game much like the one
we are studying, except that the relative entropy loss is replaced by the

(1 + M)-affinity loss, and we have fixed the number n of observations to 1.

LEMMA 7. Assume (0, h) is totally bounded. Then, for all n > 1,

. ) 1 ne
Hmlnlmax > —_
" B iglg %% (0O, h) P 2

ne?
supmm{fz’/(. h), —} — log 2

>0

%

and

Rminimax < §nf (7 (0, h) + b(e)ne?} < inf {yz;(@, h) + by ,5(®)ne?}.
>0
Furthermore, for any A > 0 such that lemmax < oo,

(1 +o0(1))4e’nlog n
A

lemmax < lnf {%(@ h)

>0

lenlmax + 0(1)

where in each case o(1) is a function f(n) such that f(n) > 0 as n — .

Proor. To establish the first inequality of part 1, let A = {64,..., 6,,} be
an eg-separated subset of ® of maximal size and let u be the discrete prior
distribution on ® that is uniform over the elements of A. Using Theorem 1
and Corollary 1, we have

minimax Bayes
R} >R,

%

nh?(6*,0)
2

- /@w*)log [ x| -
(0]

2

- — Z log Z eXP[
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1+ (M- l)exp(—nng))

)

Since this holds for all &, it follows that

1 ne?
2,(0,h) ”"p(_T))}‘

To complete the proof of part 1, simply note that

> log M — log

1
— + exp

> —log i

>0

R™inimax > gyp {—log

—log(x +y) > —log(2max(x,y)) = —log2 + min{ —log x, —log y}.
It follows that

2

Rjpinimax > supmin{log M, (O, h), nTa} — log 2.
>0

Since %,, = log 9,, < log .#,, replacing ¢ with &/2, the second inequality

follows.

We now turn to the upper bounds in part 2. Let IT = {m, ..., m},} be any
partition of ® of diameter at most . For any prior measure u on 0, let
w; = plar;). Then we use Theorem 1 and the upper bound given in Theorem 2
as follows:

minimax __ Bayes
R} = supR ™)

< sup { - f@d,u(()*) IngG) du(0) exp[ —nDKL(Pe*IIP(;)]}

- Slip {— ;Mi/Wi%élog;uj'/wjdﬂﬁfja) exp| —nDg(P,-I1P;)]
< sup{— Z,uilog( Miexp[—b(g)nSQ])}

= sup{— Z,u,ilog ,ul-} + b(e)ne?

log M + b(e)ne’.

The second inequality follows by ignoring all but the ith term in the inner
sum whenever the index on the outer sum is i and noting that, because the
diameter of ; is at most &,

Dy (P,IP;) < b(e)h?(0%,60) < b(e)e?
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for all 0%, 6 7;. The last equality follows from the fact that the entropy of a
finite distribution is maximal for the uniform distribution. Since the particu-
lar partition of diameter ¢ can be chosen arbitrarily in the preceding chain of
inequalities, it follows that R™™™ < 5 (@, h) + b(e)ne? for any . This
establishes the first inequality of part 2. The second inequality follows since
b(&) < b, ,5(®) for all &. The third inequality, but with sup, R{‘aﬁ’e;lﬂ in place
of R mlminax follows by an argument similar to that used for the first inequal-
ity, using Theorem 3. Since maximin < minimax always, we have

sup, le‘agef, Rm‘“‘"‘ax, and from this we obtain the result stated in the
1+ A P1+

theorem. O

The method used in obtaining the upper bound in the preceding result is a
familiar one (see, e.g., [4] and [31]). The method for obtaining the lower bound
by choosing a discrete prior on a well-separated set of 6 is also similar in
many respects to standard lower-bound methods, such as those that use
Fano’s inequality or Assouad’s lemma (see, e.g., [9], [11] and [55]), but the
method is particularly clean in the present framework, giving a fairly good
match to the upper bound.

In some cases, .Z, may not be a continuous function of ¢, and even so it
may not be obvious what kinds of asymptotic bounds on the risk R™™™2* are
implied by Lemma 7. For such cases, we make the following definitions.

Fix a totally bounded ® and let f,(x) and f,(x) be any continuous,
nondecreasing, unbounded functions on (0, «) such that

13 li f'%(@’h) 1 and i 7(9, 1)
S T N S TV

For every positive real n, let ¢,(n) be the unique solution to the equation

f,(1/&) = ne?, and let £,(n) be the unique solution to the equation f,(1/¢) =
2

ne®. Let

(14)

Then we have the following lemma.

LEmMMA 8. For every integer n > 1,

R minimax

liminf —"— >
mint o /8 =
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2. If lim__, , b(e) < o, then, for any function g(n) such that g(n) - © as
n — o,
i Rrr?inimax )
msup ————— < 1,
noe F,(ng(n))

and if there exists A > 0 such that Rf,‘i;‘liﬁax < oo, then

Rminimax

li <1.
"MSP T (ng(n)log n)

Proor. Using Lemma 7 and the definitions of f;, and F;, we have

Rminimax min (%8 . (n 8 82 /8
liminf ———— > liminf (Zin /51 (n/8) 82(1/8))
n— o Fl(n/8) n—ow Fl(n/8)

V

Fe(n /8) (n/8)812(n/8)
> min| liminf —~—~*—, liminf —————~
nox Fi(n/8)  now Fy(n/8)

min( lim inf

- f1(1/&(n/8)) 1)
- n— F/(n/8) ’
=1.
Now let N = N(n) = ng(n). Let lim, _, , b(¢) = b < «. Then we also have
. R;Lninimax . Hp vy T bngf(N)
P E e () < I TR
. f.(1/&,(N)) b
- h?i‘?p( EN) a(n)
1 i b
-1 e
= 1.

The last inequality follows similarly, using the last inequality of Lemma 7. O

Essentially, when F;(n) and F,(nlog n) are close asymptotically, as can
often be arranged, this lemma shows that asymptotic growth rates for
R™rimax can be obtained by “solving” the equation #(0, h) = ne? This
general approach was developed by Le Cam [40] and Birgé [10, 11] in the
context of other loss functions. We illustrate it now by applying Lemma 7 to
establish a simple relationship between the metric dimension of (0, 2) and
the asymptotic growth rate of the minimax risk R™rimax,

THEOREM 4. Assume there exists A > 0 such that Rfi;‘infx < oo,
1. If O is finite, then

RMinimax _; 1o5|@| asn — .



MUTUAL INFORMATION AND RISK 2483

9. If dim(®, h) = 0, then
R™Minimax e 4 (log n).

3. If dim(®, h) = D where 0 < D < =, then
n D
Rgllnlmax ~ Elog n‘

4. If dim(O, h) = = but (O, h) is totally bounded, then
R™Mmax € O(n) but R™"™ & O(log n).
5. If (@, h) is not totally bounded, then
if RPMmax < oo thep RMMMAX < p elge RMMMAX = oo forall n.

Actually, only the upper bounds in parts 2 and 3 of the theorem require the

assumption that there exists A > 0 such that R"!™™ < c,

PrOOF. As mentioned after Corollary 2, part 1 follows from that corollary
and Theorem 1. Parts 2 and 3 and the second half of part 4 follow easily
from Lemma 8 by plugging in the appropriate rates for f; and £, and solving
for F, and F,. We illustrate this for part 3; the others are similar. Since
dim(0®, 2) = D where 0 < D < o, we may choose

fi(x) =f,(x) = Dlog x.
Solving D log(1/&) = ne?, we find that

D
g(n) = g,(n) ~ %bgn,

D
F/(n)=F,(n) ~ Elog n.

and hence by (14)

From the lower bound of Lemma 8, it follows that

minimax
R,

lim inf > 1.
Let g(n) = log n. From the second upper bound of Lemma 8, it follows that

minimax
R,

li < 1.
11}:1_)s3101p (D /2)log(n log®n)

The result in part 3 follows.
To verify the first half of part 4 and part 5, first note that the minimax risk
Rmmax ig nondecreasing in n. Furthermore, if R;'™™** is finite, then it can
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grow at most linearly, as is seen in the following series of inequalities:

Ryiomax = inf  sup Dy (P/IR)
dist. RonY"” gec@

IA

inf  supDy,(P|Q"
dist.QonYeEg xr(F11Q")

n inf  supDg, (P,
dist. Q on Y Oeg KL( 9|IQ)

— nR inlnlmax .

Hence, for any O, either R™"™* = o for all n or R™™™a* is finite and
bounded by nRP™™ax for all n.
If (O, h) is totally bounded, then we must have RM"™ < « by part 2 of
Lemma 7. Hence, R™™™# = O(n) in this case.
If (®, k) is not totally bounded, then .7, (0, &) is infinite for some &, > 0.
In this case, the first lower bound from part 1 of Lemma 7 shows that
2

. neg
Rgnmmax Z

for all n > 1. Hence, R™™™ < pn in this case, if it is not infinite. O

The preceding theorem generalizes the standard results for the case when
O is a finite-dimensional vector-valued parameter space, but does not give
much information about the infinite-dimensional case. As mentioned previ-
ously, several authors have studied the minimax risk in infinite-dimensional
(i.e., nonparametric) density estimation under other loss functions and re-
lated it to the metric entropy of ® under Hellinger distance. Using Lemma 7,
we can give a general characterization of the asymptotic growth rate of the
minimax risk R™"™a* in terms of the metric entropy of ® in most infinite-
dimensional cases as well.

In infinite-dimensional cases, instead of growing like D log(1/e), the
metric entropy .Z.(0, k) usually grows like (1/&)“log(1/¢)? for some « > 0
and/or B > 1. A classical example is the following. Let ® be the Lipschitz
class F, ;(C, L) of densities on Y = [0, 1] satisfying sup, ¢ j|dPy(y)I < C
and having derivatives dP{*(y) of order & < p with the Lipschitz condition
on the pth derivative |dP{"(y) — dP{"(y")| < Lly —y'|®> for y,y' €0, 1].
Since the functions in F, s(C, L) are uniformly bounded, they have an
integrable envelope function and hence Ry")"™** < « for all A > 0. As shown
by Barron and Yang [9], a further restriction to uniformly lower-bounded
densities makes the Hellinger distance equivalent to the L,-distance on this
class of functions and does not change the metric entropy of this class
asymptotically. By a result of Clements [17], the metric entropy of ® under
the L,-distance is given by .#.(0, L,) < & '/(?*?  Hence, %(0,h) =
g 1/(p+8)

The asymptotic growth rate of the minimax risk R™"™2 for the preceding
example, and many others, can be determined using the following conse-
quence of Lemma 8.



MUTUAL INFORMATION AND RISK 2485

THEOREM 5. Assume there exists A > 0 such that Rfi;‘fi“fx < o, Let I(x) be

a continuous, nondecreasing function defined on the positive reals such that,
forall y > 0 and C > 0,

1.
. I(Cx(U(x))")
x—> l(x)
and
2.
. l(Cx(log(x))y) 1
Then
1.

1 .y
If 7,(0,h) ~1 (—) then RM™™M™ax ~ [(yn).
&

2. If, for some a > 0,

o]

& &
then
(a)
If ll_l)lz) b(S) < o, then R:lninimax - na/(a+2)[l(nl/(a+2))]2/(a+2)

else

(b)
Rminimax
lim inf n >0
n—o na/(a+2)[l(n1/(a+2))]2/(a+2)
and

Rminimax
lim sup Z <o
2 2
no n“/<“+2>[l(n1/(a+2>)] /ot >(10g n)a/(a+2)

ProOF. Consider part 2 first. Since Z.(0,h) < (1/&)%I(1/¢), we may
choose

fi(x) =ax*l(x) and f,(x) =bx"l(x)
for suitable constants 0 < a < b. Solving f,(x) = n/x?%, we find that

N 1/(a+2)
T (1(N1/<a+2>) )

b
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where N = n/a. Here we use property 1 of I(x). Hence,
I[(NV/(a+2)
g(n) ~ (T)
and thus, by (14) and again using property 1 of I(x),
Fl(n) < na/(a+2)[l(nl/(a+2))]2/(a+2).
By similar reasoning,
Fu(n) - na/(a+2)[l(n1/<a+2))]

From the lower bound of Lemma 8 and property 1, it follows that

1/(a+2)

b

2/(a+2)

minimax
R;

h,?ilc?f na/(a+z>[z(n1/<a+2))]2/<a+2> > 0.

From the second upper bound of Lemma 8, it follows that, for any unbounded,
increasing function g(n),
Rminimax
lim sup - 5 < oo,
a /(a+2) a/(a
noo n“/“”z)[l(( ng(n)log n)l/( +2>)] (g(n)log n) /(a+2)

Part 2(b) follows easily from this, using property 2 of the function I(x). For
part 2(a), note that, from the first upper bound of Lemma 8, if lim_ _, , (&) <
o, then the log n factors can be removed from the preceding lim sup, yielding
the desired result. Part 1 follows by a similar argument, essentially by setting
a=0and a = b =1, so that most terms in the denominators of the previous
expressions go away, and tracking the liminf and lim sup more precisely. O

Note that, in finite-dimensional cases, we have 7, ~ D log(1/¢) = I(1/¢),
and part 1 of Theorem 5 gives R™"™2% ~ [(yn) = (D /2)log n, as obtained in
the previous theorem. Part 1 generalizes this to infinite-dimensional cases in
which, for example, .7, ~ C(log(1/¢))? for g > 1. To illustrate part 2, note
that, in the case when O is the Lipschitz class described previously with a
uniform lower bound on the densities, the condition lim, , , b(¢) < © holds,
and hence, using Theorem 5 and the fact that Z,(0, h) < £ 1/(?*?) we get

er?inimax = nl/[2(p+6)+ 1]_
Finally, note that, as a — o, the lower bounds in Theorem 5 show that
R™nimax ganproaches a linear growth rate, the fastest possible for finite
minimax risk. So this theorem covers all the interesting growth rates.

Theorem 5 is not applicable in all cases. In particular, it can be shown that
the condition that Rf,‘i;‘fi“fx < o in Theorem 5 and the preceding results of
this section cannot be removed. For example, this condition is violated by the
O defined in Example 1. In this case, (0, &) is totally bounded and RX™™max ~
n, yet % ~ (1/&)?, which would yield via Theorem 5 an estimated rate of Vn
for R™mmax This is off by a factor of Vn. Of course, the lower bounds in
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Theorem 5 and the preceding results are valid in this and any other case
without any special assumptions, but, in this case, we see that they are not
tight.

8. Discussion, open problems, further work. We have shown that,
under relatively weak assumptions [in particular, whenever there exist a
distribution U and a A > 0 such that the (1 + A)-affinity between P, and U is
uniformly bounded for all 6 € ®], one can obtain explicit bounds on the
mutual information I(®*;Y ") between the true parameter and the observa-
tions in terms of a Laplace transform of the Hellinger distance in 0, and from
these one can obtain bounds on the cumulative minimax risk in estimating a
distribution in ® under relative entropy loss in terms of the metric entropy of
O with respect to Hellinger distance. In fact, in each case, only the upper
bounds depend on the assumptions; the lower bounds hold for any ©. We also
show by example that some assumptions are needed to get the type of general
characterizations of the mutual information and minimax risk in terms of the
Hellinger distance that we obtain. It remains open to get a useful characteri-
zation of these quantities for the cases where our assumptions do not hold,
and to get more precise bounds when they do.

In [34] we also show how general bounds on instantaneous risk in estimat-
ing a distribution for various other loss functions can be derived in a very
simple manner from the bounds on cumulative relative entropy risk. While
the resulting bounds are not usually as tight as those obtained by more direct
methods for specific O, this approach does have the advantage of giving a
simple, unified and general treatment to this problem, moreover, one in
which no more sophisticated mathematical methods than Jensen’s inequality
are needed to derive the results. In the future, we hope to further explore the
applications of these results to specific estimation problems, such as the
“concept learning” or “pattern classification” problems examined in current
machine learning and neural network research. Some initial results along
these lines can be found in [33], [44] and [57] (see also [24] and [41]).

There are also several other directions for further research one might
pursue. Apart from general tightening of the bounds, these include treating
the case of nonindependent observations, extending the results giving bounds
for individual 6* in Theorems 2 and 3 to the case where P,. is not a
distribution in © but is “close to” a distribution ® and giving a more complete
characterization of the mutual information I(®*;Y ") in terms of the metric
entropy properties of ® for the infinite-dimensional case, as was done for the
finite-dimensional case in [33].

APPENDIX

Here we give the proof of Lemma 5.

LEMMA 9. Assume 0 < a <1 and A > 0. Let P, R and U be any distribu-
tions on Y. Let ¢, = [dP***dU " Let @ =(1 — &)R + U for some &> 0
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such that loglog(1/&)/log(1/¢) < A/2 and & < expl —a/(2(1 — a))]. Then

2log(1/¢) 2elog(l/¢)
DKL(P”Q) < WDH(P’R) + m + 8)\/20)“
where
% -« _ ol a
foln) = SO

l—-«

PrOOF. We use the easily verified fact that, for 0 < a < 1 and 0 <x < 1,
f.(x) is positive and decreasing in x. Let Y, = {y: dP(y) =0}. For y € Y —
Y,, let S(y) =dQ(y)/dP(y) and T(y) = dU(y)/dP(y). Then, using (3) and
(4) and the definition of &, we have

(15) Dei(PIQ) = [ dPb(S)fu(S) + | dQ.

Consider two cases for y € Y — Y,
1. S(y) > &% or T(y) > &. Here we note that, since

(1 - ¢)dR(y) + dU(y) = dU(y)

S(y) = dP(y) = “dP(y) T(9),

in either case S(y) > £2. Hence,
g2+ 2log(1/e) —1  2log(1/¢)
< )
f.(e?) f.(e?)

(16)  b,(S(¥)) <b.(&*) =

since b, is decreasing.
2. S(y) < €2 and T(y) < &. In this case,

S(y) +1log(1/8(y)) =1 _ log(1/5(y))
fa(S(y)) — fu(S(9))
- log(1/¢) +1log(1/T(y))
- fo(S(¥))
log(1/#)  log(1/T(y))
fu(e?) fu(S(y))
where in the last inequality we use the fact that S(y) < 2 and f,(x) is

decreasing in x for 0 < x < 1, and in the previous inequality we use the
fact that S(y) > £T'(y) and that log(x) is increasing.

Let

b.(S(¥)) =

(17)

W(e) = [ dP log—~
eg) = og—.
y: 8(y)<eZand T(y)<e gT
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From (15), (16) and (17) it follows that
2log(1/¢)
fa(eZ) fY* YO
2log(1/¢)
< —————————
fu(e?)

since D,(P,Q) = [y_y, dPf,(S) + [y, dQ and 2log(1/¢)/f,(&*) > 1.
Note now that

Dy (PIQ) < dPf,(S) + [ dQ + W(e)
(18) '

D,(P,Q) + W(e),

D(P,Q) = a(l f(dP) ((1-¢&)dR + £dU)"~ )
< — ( ~ [(aP)*((1 — &) dR)" )
(l—f(dP) (dR)"" ) ia(1—(1—8)1“)
-=D,(P,R) + _a(1—(1—8)1*“)
<D, (P,R) + 1f
Hence,
(19) Dgy(PlQ) < %DQ(P,R) + % + W(e).

Finally, note that 7T(y) < & implies that (g&/T(y)*/? > 1 and
loglog(1/¢)/log(1/s) < A/2 implies that log(1/y) < (1/v)*/? for all y < &.
Hence, when loglog(1/¢)/log(1/£) < A/2,

W(e) = | dP log~
g) = 0o —
y: S(y)<eZand T(y)<e gT

& A2 1

= dP(—) log—

'/y:S(y)gs2andT(y)55 T gT

IA

1 A
8’\/2f dP(—)
y: 8(y)<e? and T(y)<se T

)\/gf (dP)1+/\(dU)f)\
y: 8(y)<e? and T(y)<se

IA

g2 [(aP)"* (au)~*
=g"%c,.

The result follows then from inequality (19). O
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