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CONVERGENCE OF CONDITIONAL p-MEANS
GIVEN A ¢-LATTICE

By D. LANDERS AND L. ROGGE
University of Cologne and University of Kanstanz

Let P,| .7, ne N, be a sequence of probability measures converging in
total variation to the probability measure P| % and @, c %, ne N, be a
sequence of g-lattices converging increasing or decreasing to the o-lattice
. Then for every uniformly bounded sequence f,, ne N, converging to
fin P-measure we show in this paper that the conditional p-mean P,% f;
converge to P¥ fin P-measure if n, k, j tends to infinity.

The methods used in this paper are completely different from those
used to prove the corresponding result for o-fields instead of g-lattices.

Let P be a probability measure on a ¢-field .9 of a basic set Q. In this paper
let1 < p < co. Denote by &7 (Q, &7, P) the system of all “~measurable func-
tions f: Q — R with P(|f|*) < oo and P(|f|?)"? by ||f|],. Let € C % be a o-
lattice, i.e. a system of sets which is closed under countable unions and intersec-
tions and contains Q and the empty set 3. A function f: Q — R is Z-measurable
iff {0: flw) > a} e & forall ae R.

Z,(Q, &, P) denotes the system of all &’-measurable functions belonging to
Z(Q, 57, P). A conditional p-mean P¥f of a function fe <,(Q, &7, P) with
respect to the o-lattice & is the projection of f on the closed convex cone
Z(Q, &, P) (see [2], page 315 for the case p = 2 and [4] for the general case).
The conditional p-mean is P-a.e. uniquely determined and has the following
properties:

(i) a < f=<bimply a < PFf < b (see [4]);
(ii) a slight generalization of a result given in [1] yields a martingale theorem
for conditional p-means: If &, increases or decreases to the g-lattice & then

||P€nf — P¥f]|,— 0 as n—co.
The following is shown in [1]:

(iii) Let ¢ > 0 and fe < (Q, %7, P) with ||f]|, > 0 be given. There exists
0 = d(s, f) > 0 such that for every convex subset C of & (Q, %, P), g, heC,
1f = 9llps If — Bll, = inf{[|f —cll,: ceC} 4 & imply [|g — ]|, < e.

Let || f||. =|sup {|f(®w): @ € Q} and ||¢|| the total variation of a signed measure
¢. A sequence of probability measures P,| .87, n € N, converges in total varia-
tion to a probability measure P|. % if and only if P, | % converges umformly
to P| .27 i.e. if sup {|P,(4) — P(4)|: Ae ¥} — 0.
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LEMMA 1. Let P, Q be two probability measures on a o-field .o7. Then we have
forallg-lattices © C .97, and all .o7-measurable functions f, g with || f||., ||| < ¢,

109 — fll, < IIPf = fll, + 2IIf — gll, + 4cl|P — Q||
for all versions Q%g with ||Qg||., < c.
Proor. Using the differential calculus it is easy to see that
0] la® — b*| < |a — b|*, if a,6>0 and 0<x<1.
For every .o7~measurable bounded function f we have

) IP(f) — QNI = 1IP — Qll]If] -

Using the fact that ||g||., < ¢ and [|Q¢||.. < ¢, we obtain from (2) applied to
f=10%g9 — g|* that

3 IP(1Q"g — 9I”) — Q(1Q%9 — g]")| = (2¢y’||P — Q|| .

Hence (1) applied to x = 1/p yields

#1079 —gll, = P(Q7g — gI")'"” < Q(IQ"9 — g|?)"» + 2¢||P — Q||".

Let .7, = {h: h Z-measurable, ||A||.. < c} be the system of all #"-measurable
functions bounded by c¢. If 2 e _#, we obtain from (1) and (2) (analogously as

in (4)):
Q(|h — gIP)” < ||k — gll, + 2¢[|P — Q[
Hence using the definition of Q¥g and (i) we have
Q(1Q%g — gy = inf{Q(lh — g?y"*: he 2]}
inf{|[k — gl|,: he A} + 2¢|P — Q||
inf{[[h — fll,: he A} + [If — 9ll, + 2¢||P — Q||
PSS = flls + IIf = dll, + 2¢]|P — Q||
Using (4) and (5) we obtain:
1999 — fll, = 1079 — gll, + If — gll,
= IPf = fllp + 211 = gll, + 4¢l|P — Q|| .

The following theorem yields a generalization of Theorem 1 of [6] to the case
of g-lattices instead of o-fields.

We remark that the method applied in [6] does not carry over to o-lattices
since the basic equation (see equation (1) in the proof of Theorem 1 of [6]) is
not true any more for ¢-lattices instead of os-fields. It seems to the authors that

the new method used in this paper is more natural and transparent even in the
case of o-fields.

()

IA 1A

TueorEM 1. Let P,| %7, ne N, be a sequence of probability measures converging
in total variation to the probability measure P| 7 and &, C o7, ne N, be a
sequence of g-lattices ccnverging increasing or decreasing to the o-lattices . Then
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for every uniformly bounded sequence f,, ne N, converging to f in P-measure we
have that for every p with 1 < p < oo the conditional p-mean P,*if; converges to
P¥f in P-measure if n, k, j tends to infinity.

Proor. Let ||f,||. < c for all ne N. We prove that there exists a version of
the conditional p-mean P,¥f; (namely every version of P,“kf; with ||P,f;||.. < ¢)
which converges to P“f in the pth mean with respect to P. This implies that
these versions converge in P-measure too. Using the fact that two versions of
P,“if; differ only on a P,-null set, and that P, converges to P in total variation,
it is easy to see that each version of P,“f; converges to P¥f in P-measure. Let,
therefore,

filler [1PHfille < ¢ for n,k,jeN.
We prove ||P,“f; — P“f||, — 0 if n, k, j tends to infinity.
Apply now Lemma 1 to Qg = P,“if;. We obtain
(6) PS5 = fllo < NP4 = [l + 211f = fills + 4¢llP. — PII"”

If f= 0 P-a.e. the inequality (6) yields the assertion. Let, therefore, ||f]|, > 0
and choose ¢ > 0. Define

C={f:f &, measurable, ||f||.. < ¢}.
From (iii) we obtain that there exists 6 = d(¢, ) > 0 such that
@) 9, ke CIf — gll, If — All, < min{||f — ¢||,: ce C} + 4

imply
llg — A, < e.

According to assumption there exists n(e) such that
®) 2lf = fll, + 4c||P, — P[< 6 forall n,jz n().
(6), (7) and (8) applied to g = P,“if;, h = P<f yield
[|P,xf; — Pekf]|, < e for all n,j = n(e) .

Whence (ii) implies the assertion. That Theorem 1 cannot be improved may
be seen from the examples given in [6].

REFERENCES

[1] Anpo, T. and AMEMIYA, 1. (1965). Almost everywhere convergence ot prediction sequence
in Ly(1 < p < o). Z. Wahrscheinlichkeitstheorie und Verw. Gebiete 4 113-120.

[2] BarLOW, R. E., BARTHOLOMEW, D. J., BREMNER, J. M. and BRUNK, H. D. (1972). Statistical
Inference Under Order Restrictions. Wiley, New York.

[3] Brunk, H. D. (1965). Conditional expectations given a ¢-lattice and applications. Ann.
Math. Statist. 36 1339-1350.

[4] Brunk, H. D. (1975). Uniform inequalities for conditional p-means given g¢-lattices. Ann.
Probability 3 1025-1030.

[5S] GANBLER, P.and PFANZAGL, J. (1971). Convergence of conditional expectations. Ann. Math.
Statist. 42 315-324.



150 D. LANDERS AND L. ROGGE

[6] LANDERs, D. and ROGGE, L. (1972). Joint convergence of conditional expectations. Manu-
scripta Math. 6 141-145.

MATHEMATISCHES INSTITUT FACHBEREICH STATISTIK
UNIVERSITAT KOLN UNIVERSITAT KONSTANZ
5 KOLN 41 775 KONSTANZ
WEYERTAL 86-90 PosTFACH 7733

WEST GERMANY WEST GERMANY



