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A STRONG LAW OF LARGE NUMBERS FOR SUBSEQUENCES OF
RANDOM ELEMENTS IN SEPARABLE BANACH SPACES

By A. BOZORGNIA AND M. BHASKARA RAO
Meshed University and Sheffield University

In 1967, Komlos proved that if {£,} is a sequence of real random variables
for which sup,,,E|§,| < o, then there exists a subsequence {7,} of {£,} and
an integrable random variable 7 such that for an arbitrary subsequence {n,} of

{m};
. 1., " "
hmn—»eo;(nl +nt - +1,n) =n as.

In this paper, we attempt to extend this result to separable Banach space
valued random elements. We impose a condition stronger than uniform integra-

bility.

A. Introduction. In [1], page 218, Komlos proved that if £, n > 1 is a sequence
of real random variables for which sup,,,E|£,| < co then there exists a sub-
sequence 1,, n > 1 of the sequence §,, n > 1 and an integrable random variable 7
such that for an arbitrary subsequence 7,, n > 1 of the sequence 7,, n > 1

. l,. - ~
llmnew;(nl + M2 + - +7’n) =mn as.

Komlos® theorem is not generalizable as it stands to separable Banach spaces.
Indeed, consider constant random vectors V, = e, € /,, where e,, n > 1 is the
canonical basis of /;. Then evidently sup,,,E||V,|| < . (¥,’s are even uniformly
bounded.) For any subsequence ¥V of V,, the sequence n='(V{ + V; + - - - + V)

< does not satisfy Cauchy condition. Clearly, a similar example can be constructed in
any space containing uniformly /(*, i.e., in any non-Beck convex space.

The following theorem is an attempt to generalize Komlos’ theorem to general
separable Banach spaces. The L,-boundedness is replaced by the condition (C)
below which is stronger than uniform integrability of V,, n > 1.

B. Theorem. Let V,, n > 1 be a sequence of random elements defined on a
probability space (2, @, P) and taking values in a separable Banach space B. Suppose
the following condition is satisfied.

(C) For any sequence Ay, k > 1 of Borel subsets of B with A, D as k — o

limk—)oosupn>1fV,,"(Ak)” Vn”dP =0.

Then there exists a subsequence V¥, n > 1 of V,, n > 1 and a random element
Vo € L(B) satisfying

. 21 _
lim,_  s™'25_,V*¥=V, as,
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and the same holds for any further subsequence of V¥, n > 1. Moreover, the as.
convergence above may be replaced by the convergence in L'(B).

C. Proof. The proof is carried out in the following steps.

(a) In any separable Banach space B there exists a sequence x,, n > 1 in B and
a sequence f, : B— {x,, k > 1}, n > 1 of functions satisfying

I, (x) = x| < % for every xin B.

Define
.fnm(x) = .fn(x) if fn(x) e {xl, x2, Y xm}
=0 otherwise
forn,m=1,2,3,---. Clearly, for each n, m=1, 2, 3,- - -, the sequence of

random variables
ar:lk = “fn(Vk) _.f;lm(Vk)“’ k=1,23,---,

is bounded in L,(R) so that by Komlds’ theorem and Cantor diagonal selection
procedure there exists a subsequence Vi,p > 1 of V,, n > 1 such that a,:’"kp, p=>1
converges in Cesaro mean to an a." a.s. together with every further subsequence
and for every m, n > 1.

(b) Because of (C) and because for eachn = 1,2, - -, thesets {f, #f"} NI
as m— oo

Jall £u(Ve) = S VNP = [yer fompmy Il fu(Vie) = S (VilI AP
+fV,;'{f,,=f,,'"}||]::( Vk) - fnm( Vk)”dP

1
< ; + fV;'{fﬁEf,.'")||Vk||dP
2

n
for m greater than or equal to a certain m,. By Fatou’s lemma

Eay < lim inf, B~ S5 (V,) = (V)

so that Ea™ < (2/n) for every n > 1. This implies that lim,_,  Ea,™ = 0, and we
can choose a subsequence n,, r > 1 of {1,2,3,- - - } such that aj>, r > 1 con-
verges to 0 a.s. .

(c) For any fixed n and m, f takes values in a finite dimensional space, and
because Komlés’ theorem trivially holds in finite dimensional spaces, by Cantor
diagonalization procedure, we can find a subsequence V¥, n > 1 of V,,r > 1 and
a B such that almost surely f/"(V¥), k > 1 converges in Cesiro mean to 3,".

(d) We conclude by proving that Cesaro means of V¥, n > 1 are Cauchy a.s.
Take an w € Q from the set of probability 1 for which conclusions of (a), (b) and
(c) simultaneously hold.
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Let ¢ > 0. Find n, > 1 such that n, > (4/¢) and |a,(w)| < (¢/4). Then by (a)
and (¢) we can find s, > 1 such that for s > s,

[l (@) ~ @) - a0l < g

and
s~ 3 £ (V@) = B, (@)lI< §-
p=1

Thus, for s > s,
s (VHw) + V3w) + - - - + V) — Br(w)|

< s V) — 57! ilfm(V;(w))u
2

+Is 7= 21 [ £, (V@) = S V@) ]Il = a(w)

tag(o) + s 7' Spo S V) — Bl < 4.z =e.

This shows that the Cesiro means of V*, n > 1 satisfy a.s. Cauchy condition.
The same proof shows that the same is true for any further subsequence of V}¥,
n > 1 and the L,-convergence follows from the uniform integrability implied by

©).
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