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FINITE RANGE RANDOM WALK ON FREE GROUPS
AND HOMOGENEOUS TREES

By STEVEN P. LALLEY

Purdue University

Local limit theorems and saddlepoint approximations are given for
random walks on a free group whose step distributions have finite support.
The techniques used to prove these results are necessarily different from
those used for random walks in Euclidean spaces, because Fourier analysis
is not available; the basic tools are the elementary theory of algebraic
functions and the Perron—Frobenius theory of nonnegative matrices. An
application to the structure of the boundary process is also given.

1. Introduction. This paper concerns the asymptotic behavior as n — «
of the convolution powers p*" of a finitely supported probability measure p on
a finitely generated free group . In probabilistic terms, this amounts to
studying the transition probabilities of a homogeneous random walk on &
with bounded step size. The main results are analogues of the local limit
theorems and (sharp) large deviations theorems for random walks with bounded
step size on the integer lattices Z¢. Because the group « is nonamenable [14],
the character of these results is somewhat different than that of the corre-
sponding results for Euclidean random walk; and since Fourier transforms are
of no use in & ([11] notwithstanding), the mathematical technique is consider-
ably different. The methods and results of this paper extend easily to discrete
groups whose Cayley graphs are trees, for example, the free product of an
arbitrary number (> 3) of copies of Z,, and to certain inhomogeneous random
walks, for example, the periodic random walks of ([1], Section 1), but in the
interest of simplicity we shall only consider homogeneous random walks on

free groups.

Let & be the free group with generators a,,a,,...,a;. Each x € & has a
unique representation as a finite reduced word x ==x,;x, --- x, from the
alphabet & consisting of the letters a,, a,, ..., a; and their inverses (reduced

means that x;,; # x; !); we define |x| to be the length n of the reduced word
representing x. The group identity e is represented by the empty word, so
lel = 0. A finite-range random walk {Z,}, ., is a Markov chain on ¢ with
Z, = e (unless otherwise specified) and transition probabilities

P{Zn+1=gxlzn=g}=px Vx,gch,nZO,

where p,, x € &, is a probability distribution on ¢ with finite support. Thus,
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for some integer K > 1,
(1.1) p,>0 onlyifx € &,

where & = {x € #: |x| < K}. [Throughout the paper the symbols ¢, & and &
will have the meanings assigned here. We assume that the integer K is the

least integer such that (1.1) holds.] The n-step transition probabilities P{Z, =

x} will be denoted by p*"(x). We shall assume that the random walk is

irreducible and aperiodic, that is, that

(1.2) Y p*"(x) >0 Vxed
n=1

and

(1.3) GCD{n = 1: p*"(e) > 0} =1,

where GCD indicates the greatest common divisor of the set. In particular, we
shall repeatedly make use of the simple consequence of (1.2) and (1.3) stated as
Lemma 1.1.

Our first main result, Theorem 4.1, describes the asymptotic comportment
of p*™(x) as n - » for fixed x € &. This corresponds to the local limit
theorem for random walk in Z¢. Specifically, we show that there is a constant
1 < R < » (depending on the distribution {p,}) and constants B,, x € &, such
that

(1.4) o (%) ~ B.R"VE
2‘/;‘.—’13/2

Special cases of this have been proved before: [12] for nearest neighbor
random walk (the special case K = 1 of our result) and [24], [22], [11] for
isotropic random walk (the case p, = p,,). The techniques used here differ
considerably from those of [12] and [24]. In the isotropic case the theory of
spherical functions may be applied, and in the nearest neighbor case a rela-
tively simple and explicit functional equation may be written for the Green’s
function; neither approach works in the general finite range case. Instead,
arguments combining elements of algebraic function theory and the
Perron-Frobenius theory of nonnegative matrices are used to determine the
character of the smallest positive singularity of the Green’s function (see
Sections 2 and 3). Because algebraic methods are needed, the results are
limited to finite range walks (but the author believes that a modification of the
method may also apply in the infinite range case—this will be discussed in a
subsequent paper).

NoTE. Professor T. Steger of the University of Georgia has informed the
author that he also discovered a proof of (1.4) in the special case of symmetric
random walk (p, = p,-1 ¥ |x| < K) but has not written his proof down. It is
apparently somewhat different from the proof given here.
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The asymptotic relation (1.4) is clearly not uniform in x € #, as p*"(x) = 0
if |x| > nK. In Sections 5-7 we study the behavior of p*"(x) as n — « for x|
growing linearly with n. Let A, be the set of infinite reduced words x,x,x5 - - -
from the alphabet &7 and let A be the set of doubly infinite reduced words

“X_1XoXy - .Forx =x.x, -0 x,, € F let £, € A be a periodic sequence
of minimal period whose first m entries are x,, x,, ..., x,,. We show (Theorem
6.5) that there are functions 8, i, C;, Cy: A X (0, R) — R such that

exp{np(£,, m/n))
V8,4 (£, m/n)

as n — o, uniformly in the range ¢ < m/n < 1/I for a certain I > 0; here o:
A > A is the forward shift, and S, 4(X,t) = §(&, t) + (0%, t)
+ -+ +(c™ %, ¢). This corresponds to the classical “saddlepoint approxi-
mations” (sharp large deviations theorems) for sums of iid random vectors in
R?. A major difficulty here is the identification of a suitable rate function B:
this necessitates a careful study of certain matrix products, resulting in an
extension of the Perron-Frobenius theorem to ‘‘inhomogeneous’ products
(Section 5) and an extension to products of complex perturbations of nonnega-
tive matrices (Section 6). In the special case K = 1 (nearest neighbor random
walk) these matrix products reduce to scalar products, trivializing much of the
theory. The differences between the nearest neighbor case and the general
finite range case become more apparent here. In the nearest neighbor case the
rate function B(&,,t) is a function only of ¢ and the relative frequencies of the
generators in the reduced word x = x,x, - x,, (see [19]), but in general
B(£,,t) depends on the order of the letters as well.

The saddlepoint approximations are of interest for another reason. For large
n, nearly all the mass in the probability distribution p*"(x) is concentrated in
the region |x| > en for a certain & > 0 (independent of n), where the local
limit approximations (1.4) are not accurate. This contrasts with the situation
for finite range random walk in Euclidean space. In fact, Guivarch [13] has
shown that for random walks in  generally it is the case that as n — » the
distance from the identity grows linearly in n. In particular, there is a
constant B > 0 such that |Z,|/n — B. Sawyer and Steger [25] have further
shown that, under some additional hypotheses, (IZ,| — nB8)/n!/? converges in
law to a normal distribution. Using our results concerning matrix products
from Section 6, together with some standard results concerning Ruelle’s
Perron-Frobenius operators ([3], Chapter 1) we derive in Theorem 7.2 saddle-
point approximations for the distribution of |Z,|. Specifically, we show that
there are functions B(q), C(g) and D(q) such that

- exp(nB(m/n)) (m
Pz, =m}~ WC(_)

n
uniformly for m/n in any compact subset of (0, I)), for a certain constant
I, > 0. These provide independent proofs of the earlier results of Guivaréh and

(15)  p*(x) ~ Ci(éys m/n)Cy(0™é,, m/n),
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Sawyer and Steger, and show that under the hypotheses (1.1)-(1.3) the
limiting normal distribution in the central limit theorem is nondegenerate. In
addition they give large deviations theorems and local limit theorems.

It is clear from (1.4), since R > 1, (or from Guivarch’s theorem) that the
random walk Z, is transient. This is well known—in fact it is known [14] that
an irreducible random walk on any nonamenable discrete group is transient. It
is also known [7] that the Martin boundary of any finite range random walk on
the free group « is the space A, of infinite reduced words (see [9] for the
nearest neighbor case and [6] for infinite range isotropic random walks). Now
the one-step distribution {p,} has support x € & so the transition from Z, to
Z,,, affects only the last K letters of the reduced word. It follows from
transience that for each m < « the first m letters of Z, stabilize as n — o;

thus,
(1.6) Z,>Z,=AAA; -+ €A, as.

This explains in part the fact that A, is the Martin boundary. Our study of
the transition probabilities p*"(x) yields as a byproduct some interesting
information about the stochastic process A;, A,,.... We prove (Section 5)
that this process is asymptotically stationary, that is, the joint distribution of
A ,A,, ... converges as n — = to that of a stationary process. The limiting
process is a Gibbs state in the sense of [3], Chapter 1, and hence is isomorphic
to a Bernoulli shift. In the nearest neighbor case the process A;, A,,... isa
one-step Markov chain, as can be seen by elementary arguments; in general,
however, it appears to be non-Markovian.

We conclude this section with a lemma that will be called upon repeatedly in
the paper. It will allow us to reduce many arguments to the special case in
which p, and p, > 0 for all x € 7.

LEmMMA 1.1. For all sufficiently large n > 1, p*"(e) > 0 and p*"(x) > 0
for every x € .

Proor. The assumption (1.3) implies, by a well-known argument, that
{n > 1: p*"(e) > 0} includes all sufficiently large integers, that is, that there
exists n, < » such that for every n > n,, p*"(e) > 0. By (1.2), there exist
integers n, > 1 such that p*"(x) > 0. Set n, =n, + max, ., n,; then the
Chapman-Kolmogorov equations imply that for any n > n,, p*"(e) > 0 and
p*"(x) > 0 for every x € &7. O

2. Green’s function and associated generating functions. The limit
theorems stated in Section 1 will ultimately devolve from the character of the
singularities of the Green’s function(s) on the circle of convergence. This
section sets forth the key properties of the Green’s function and various
related generating functions. The arguments are based on the Markov prop-
erty and the tree structure of the group «: The finite range assumption (1.1)
is of fundamental importance: It guarantees that any positive probability path
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from e to x in & must pass through each ‘“‘rosette” x,xy - - x,%, where x
has reduced word representation x = x;x, - x, and 1 <k < n.
For x €  and z € C satisfying |z| < 1, define

Gu(2) = T p*(x)2",
n=0

G(2) = G.(2),
T, =inf{n > 0: Z, = x},
F.(z) = Ez"-1{T, < »}.

The functions F, and G, are clearly analytic in |z] < 1; G(2) is called the
Green’s function for the random walk. Furthermore, F,, G,, and G satisfy the
following fundamental relations, both simple consequences of the Markov
property:

(2.1) G.(2) = F.(2)G(?),

G(2) =1+ 2(p.+ T p.Fei(2)|G(2)

x#e

- s pn o)

x#e

Because each of F,,G, has a Taylor series with nonnegative coefficients, its
radius of convergence coincides with its smallest positive singularity. Using
(2.1) and (2.2), we will show that all of the functions F,,G, have the same
radius of convergence R, that 1 < R < », and that the singularity at R is
algebraic in nature. Most important, we will determine the algebraic character
of the singularity (see Proposition 3.6).

ProposITION 2.1. Let R be the radius of convergence of G(z). Then
(2.3) 1<R <o,
(2.4) G(R) < .

Proor. That R < » follows from the fact that the random walker may
return to e with positive probability: In particular, p**(e) > 0 for some & > 1
implies, since p*"*(e) > (p**(e))”, that lim sup(p*"(e)/* > (p**(e)/* > 0,
so R < (p**(e))~'/*. That 1 < R is known for (at least) symmetric random
walks—see [17] and [18] for a proof that works in any nonamenable group—and
since the result is not used in the subsequent analysis we shall omit the proof.
(Observe, however, that 1 < R is trivial.) That G(R) < » is also known—see
[13], page 85. Since this fact is crucial to our analysis, and since the proof in
[13] is somewhat sketchy, we shall present the argument here.
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Suppose that G(R) = «. Then the random walk is R-recurrent and there
exists a positive R-invariant function y: #— R, that is,

y(x) =RY. p,y(xx') Vxe.

Furthermore, the R-invariant function is unique up to multiplication by a
scalar. (These are standard results in discrete potential theory—see [26],
Section 6.2 or [21], Section 5.1.) Now if y is R-invariant then so is any left
translate of y, hence by the essential uniqueness of y every left translate of y
is a scalar multiple of y. It follows that if x € 4 has the representation

X =x%5 *** x,, as a reduced word, then y(x) = y(x)y(xy) - vy(x,)y(e).
Without loss of generality we may take y(e) = 1.
Define

= Rp,y(x), xE L.
Then

Y. q.,=R Y py(xe) =vy(e) =1

xed xed

and, by the multiplicative property of v(-),
q*"(x) = R"p*"(x)y(x)
= q*"(e) = R"p*"(e)

= )., ¢*"(e) = L R"p*"(e) = G(R) = .
n=0 n=0
Thus, the random walk with step distribution {g,} is recurrent. But this is
impossible, because the free group « is nonamenable and, as such, admits no
recurrent random walks with full support—see [14], Section 4. O

COROLLARY 2.2. For each x € & the radius of convergence of F(z) is at
least R, and F(R) < «. Moreover, the radius of convergence of L,p,F,-(2) is
exactly R, so there is at least one x € # such that F,-(z) has radius of
convergence R. For all z € C such that |z| <R,

(2.5) o{p. + §pxe-1(z)} <1

Proor. Fix x € #. By the irreducibility of the random walk, there exist
n>1and x,,%,,...,%, such that p =TI7_;p, >0 and x™' =22, - - x,,.
Thus, at each visit to x there is a chance p that the next n steps will take the
random walker back to the identity e. Consequently, for z real, 0 <z <R,

! G(z) = 2"pF,(2).
Since both G(z) and F,(z) are power series with nonnegative coefficients, it

follows that the radlus of convergence of F, is no smaller than that of G.
Moreover, since G(R) < «, F(R) < .
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Since each F,(z) has nonnegative Taylor coefficients, the maximum of
lo{p, + X, p,F.-1(2)}| for |z| <R occurs at z= R. Now (2.4) implies that
|G(2)] < G(R) < = for |2| < R, so

1- 2p, — zprFx“l(z)
S x

has no roots in |z| < R, by (2.2). But zp, + zX,p,F,-(2) is zero at z = 0, so
the intermediate value theorem implies that Rp, + RX, p, F,-(R) < 1. This
proves (2.5). Finally, (2.2) and Proposition 2.1 imply that zX,p, F,-(z) has a
singularity at z = R. O

Recall that & = {x € #: |x| < K}. According to our standing hypotheses
about the random walk Z,, the support of the step distribution {p,} is
contained in & but not in {x € #: |x| < K}. For x € 4 and a, b € &%, define

7, =7(x) =inf{n > 0: Z, € x B},

H*(z) = E°2"™®1{Z,,, = xb},

¢.(2) = E*2Te = F__1(2).
Here and in the sequel the notation P* and E~* is used to indicate that the
initial point Z, of the random walk is x; thus, P = P¢. Observe that H,(z)is a
| 4| x | #| matrix-valued function of z, analytic in |2| < 1. These matrices were
introduced in [25]. We will let ¢(z) denote the |#| X 1 vector-valued function
whose entries are the functions ¢,(2), x € %, and ¢*(2) denote the (|Z| — 1)

X 1 vector-valued function whose entries are ¢,(2), x € & — {e}. Also, u will
be the |#| X 1 vector whose entries are u, = 1and u, =0,V x # e.

ProposiTiON 2.3. Let x € & have the reduced word representation
X%y * X, and let b € B. Then for every z € C such that |z| < 1,

(2.6) H.(2) = H,(2)H.(2) - - H, (2),

(2.7 F(2) =uv'H (2)$(z) Vx+e,

and

(2.8) dy(2) =ppiz+ L ZMP(2)¢.(2),
ac B—{e}

where

Mba(z) =Pp-1, T Z pr(%li)‘l(z)
x:bxe B

foralla,b s % — {e}.

Proor. To reach x the random walker must first enter x%, then travel
from the entry point xb to x = xe. Therefore, by the Markov property,

F(2)= Y HP(2)¢y(2) Vx+#e.
be B—{e} .

This is equivalent to the matrix equation (2.7).
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Note. In fact, H:* = 0 if x # e.

The relation (2.6) follows from the Markov property and the fact that the
step distribution {p,} is supported by #. This implies that to reach x# the

random walker must pass through (in order) x, %, x, X%, ..., XXy *** X, 19,
then enter x#. Hence,
Hy'(z) = ) Hb(z) H(2) -+ Hn"(2).
by, bgr..r b 1 EB

This is equivalent to (2.6).
Finally, if b # e then P¥T, > 1} = 1, so by the Markov property we may
condition on the first step of the random walk to obtain

bp(2) =Pp-1z + Y. 2D.P5.(2).

x:bx+e

The relation (2.8) now follows from (2.7), since ¢,(2) = F,-(2). O

Equations (2.6)—(2.8) are fundamental to the analysis that follows. Together
with (2.1) and (2.2) they imply that each of the functions F,(2) and G,(2) is a
rational function of z, H(z) and ¢,(2), where i € &/ and a,b € #. More-
over, (2.8) shows that the functions ¢,(2), b € &, are rational functions of z
and Hf? j € & and c¢,d € #. Observe that (2.8) has the form of a matrix
equation
(2.9) ¢*(2) =2p + z2M(2)d*(2),
where p is the vector of constants p,-1, b # e; and M(2) is a (|%| - 1) X
(%] — 1) matrix-valued function of z, analytic in |z] < 1. The matrix M(z)
has entries which are polynomials in 2z, H{%. If ¢ > 0 is sufficiently small and
lz| < ¢, then (I — 2M(2)) is invertible. Hence

(2.10) 6*(2) =2(I—zM(2)) 'p Vel <e.

This shows that all the generating functions of interest are algebraic
functions of z and the finite collection of functions H Jf"d, j€ & and ¢,d € &.
As will be seen (Proposition 2.5) the functions H j”d are themselves interrelated
by a system of algebraic equations; the nature of this system will determine
the character of the singularities of the various G,, F,. Before investigating
this system, however, we observe that certain of the H 2% may be constant (0
or 1). If a € i & then P*{r, = 0} = 1, so either H?® = 0 or H{** = 1, according
asa#ibora=ib If a&iB (but a € B) it is still possible that H?® = 0,
because it may be impossible to first enter i & at ib starting from a. However,
the following is true: '

. LEmMA 2.4. If a & i% then there exists at least one b€ # such that
H?%(2) is not a constant function.

Proor. If a & i%# then P%r, =0} =0. The irreducibility of the random
walk [cf. (1.2)] guarantees that P%{r; < =} > 0. Since Z,,, € i# whenever
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7; < %, it follows that there is at least one b € & such that P*{1 < 7; <« and
Z,, = ib} > 0. Consequently, H{*(2) = E°2"V1{Z,, = ib} is not a constant
function. O

Consider those functions H?%(2), i.€ & and a,b € %, that are not con-
stant. Clearly, there are only finitely many, and by Lemma 2.4, there is at least
one. We may enumerate them as follows:

hi(2),hy(2),...,h,(2).

PROPOSITION 2.5. There exist polynomials Q(h), Qy(h),...,Q,(h) in the v
variables h = (hy, ko, ..., h,), each with all coefficients nonnegative and with
at least one nonzero term, such that ¥ z € C, if |z| < 1, then

(2.11) hy(z) = 2@Qi(h(2),..., h(2)) Vi=12,...,v.

Proor. These equations follow from the Markov property. Consider one of
the functions H?*(z) that is nonconstant. Under P¢ the random variable
must satisfy 7; > 1 almost surely, otherwise H{*(z) would be constant, and
PYZ,, = ib} > 0, otherwise H’(z) = 0. Since 7, > 1 we may condition on
the first step of the random walk to obtain

HY(2) =z p,E*2"P1Z,,, = ib}
x
(2.12) =2 X p Hti,-1(2)
x

==z prHgéli(z) .
x

But (2.6) implies that each HZ?:; is a polynomial in the various de, where
c,d € & and j € . This proves (2.11). It is obvious that the coefficients of
@, are nonnegative. At least one term must be nonzero, since k,(2) is not
constant. O

ProposITION 2.6. If p, >0 for each i € &/ then at least some of the
polynomials Q,(h) in (2.11) have nonzero quadratic terms.

Proor. Choose i, j € & such that j #i*?, and set a = i%, b =j 15",
c=i%1 and d = bi~! = j~1i¥2 Since p; > 0, equations (2.12) for H?*(2)
include the nonzero term zp, H%% (z), which when reduced using (2.6) will
include the term zp, H*%(z) H J-Cd(z). This is clearly a quadratic term. That
H ;”’, Hge and H J?d are nonconstant (and hence included among k4, Ay, ..., h,)
follows from the assumption that p, > 0 V [ € &7, as this guarantees that all
jumps of size one are possible. O

The polynomial equations (2.11) for A, hy,..., h, lead to a hierarchy of
higher order (in z) equations obtained by making repeated substitutions in
(2.11). Consider the ith equation in (2.11); for each h; occurring in @,
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substitute 2Q,(h, ko, ..., h,). This yields a polynomial equation
hi(2) = 2Q@® (2, hy(2),...,h,(2)).

For each h; occurring in Q, substitute 2Q;(h,,...,h,) to obtain
Q¥(z,h,.. h ,). By induction, there exists for each n > 2and i = 1,2,...,v
a polynomial Q,(”’(z, hy ..., h,) obtained from Q" D by substituting
2Q(hy,...,h,) foreach h;, and forall n > 2,i =1,2,...,v,and 2| < 1,

(2.13) hi(2) = 2Q™(z, hy(2),. .., h,(2)).

Observe that each @™ has all its coefficients nonnegative.

PROPOSITION 2.7. Assume that p; > 0 for each i € &/. Then for each pair
G,j)e{1,2,...,v)? there exists n > 2 such that the variable h; appears as a
factor in some term of Q™ with strictly positive coefficient.

Note 1. This fact will be of crucial importance in the analysis of the
system (2.11) to be carried out in Section 3 and Corollary 2.8 below. It will
imply that all the functions %; have the same radius of convergence and the
same type singularity at z = R.

NoTE 2. A similar, but simpler, fact holds for the functions ¢,(2), b € Z.
If p, > 0 for all x € o7, then, by repeatedly substituting for those ¢, such
that a € & in equation (2.8), for ¢, one may obtain an equation for ¢, in
which one of the h; appears as a factor in a nonzero term. Here is the
argument:

Let b = b,b, --- b,, where each b, € 27, and let b, = j. Then the equation
(2.8) for ¢, contains the term zp;¢,(2). If bj € &, then ¢,;(z) may be
replaced by the right-hand side of one of the equations (2.8), which will include
the term 2p;,;;(2). Similarly, if bjj € # then ¢,;,(z) may be replaced by an
expression containing the term 2zp;¢,;;/(2). Thus, one may eventually obtain
an equation for ¢, containing a term 2"p}¢,;~(z) where bj" ¢ %. Note that
p} > 0 because p; > 0. Since yj" & &, if the random walk is started at &7",
then to reach e it must first reach %; consequently, by the Markov property,

byjn(2) = Z@Hff'nb—l(z)%(z)

It now follows from Lemma 2.4 and (2.6) that one of the functions 2 ,(2) is a
factor of one of the nonzero terms. Therefore, successive substitutions in (2.8)
eventually lead to an equation for ¢, in which one of the %, appears as a factor
in a nonzero term.

Proor or ProposiTioN 2.7. The indices i, j in question correspond to two
of the generating functions H .~ introduced earlier. We will label these H?®
and H; ¢d respectively (but note—the subscripts i, j now have different mean-
ing; in partlcular they are elements of o/ ). Neither H?® nor H; ¢d js constant;
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consequently, a € iZ and ¢ & j4. It follows that @ and ¢ have reduced word
representations @ = a,a, **- ax and ¢ =c,c, -+ cx with @, # ¢ and ¢; #J.

Recall that the equations (2.11) are equivalent to (2.12) [by way of (2.6)] and
that equations (2.12) are nothing more than the Markov property. Thus,
making repeated substitutions in (2.11) is tantamount to using the Markov

property repeatedly, and produces equations H?® = ¥ --- where the terms in
the sum have the form

(214) zmpxlpxz e pme(‘ch;xg e xp) e

Consider such a term: if a € (x;x, - x,,) ‘i %, then no further use of the
Markov property (that is, no more substitutions) can be made in this term,
since P*{r(x,x, - %,,)7' = 0} = 1 and thus H%’, ... -y is constant. How-
ever, if a & (x;x, *-* x,,) "%, then P*{r(x,;x, --- x,) 1> 1} =1, so the

Markov property can be used again. [Note: In this case it is possible that
(‘Zfl’xZ... x,)-% = 0, but not = 1; if = 0, using the Markov property again just
replaces 0 by 0.] Consequently, for any finite sequence x;, x5, . .., x,, such that
PxPx, **" Py, > 0, the term (2.14) appears in an equation H® =Y --- ob-
tained from (2.11) by substitutions iff ax,x, - - x, €iB Vs =1,2,...,m.
We will show that there exist x;, x,,...,x,, € ¢, for some m > 1, such

that:

(@ p,p,, " P, > 0;
(b) axxy - x, E1BVs=1,2,...,m;
(©) (x,%5 **+ x,,)" Y = wjy, where:

(c;) H*(2) >0V z € (0,1);

(cy) HI2) >0V z€(0,1)

(c3) w has reduced word representation w = w,w, -+ w, with w, # j 71,

(cy) y has reduced word representation y = y,y, - y, with y; #j L

Given this, it will then follow by the preceding paragraph that the term (2.14)
appears in some equation H?® = ¥ --- obtained from (2.11) by substitutions.
By (2.6), the term (2.14) can be rewritten (for 0 < z < 1) as
Zmpxlpxz T pme(‘ch:xz cex) TN
=2"p, D, " P, HI*H*HI® + nonnegative terms,

showing that H jd appears in a term with positive coefficient in some equation
for H?® obtained from (2.11) by substitutions. It follows that either a “pre-
cursor” or a ‘“successor’ of this term, including H J-Cd as a factor, appears in
one of the polynomial equations (2.13).

It remains, then, to prove (a), (b) and (c,)-(c,). We will show that these may
be achieved with a finite sequence x,,x,, ..., x,, € &. Recall our hypothesis
that p, > 0 for every ! € &7: It follows that (a) holds automatically for any
finite sequence x,,x,,...,%,, € &. As for (b), observe that y € i Z only if
lyl < K + 1,s0aslong as |ax,x, - x| > K + 1, then ax;x, - x, € i %. But
a=a,a, - ag (as a reduced word) with @, # i; consequently, if x, #
ax' and if the remaining letters x,, x5, ..., x,, are chosen so that x,,, # x; !
forevery I = 1,2,...,m — 1, then (b) holds. So it remains to show that (c) can
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be achieved for some sequence x,, X, ..., %,, € &, subject only to the con-
straints x, # ax' and x,,, # x; ..

To prove that H%(z) > 0 for all 0 <z <1, it suffices to show that
P{r(w) = 1and Z_,,, = wc} > 0. Set

= — g 1ly71 -1,-1 ... -1~
W= w Wy W, =a; @ WglWy WsCg Cg_1 (I

where the “filler” wyw, ‘- w, is chosen so that (i) there is no cancellation
between adjacent letters (in particular, w; #+ a;, and w, # cg) and (ii) s > K +
2. Observe that w;,=c;'#j !, as required (recall that ¢ =cc; - - ck
with ¢, #j). Also, since s > K + 2 and |a| = K, P*{r(w) = 0} = 0. Finally,
PYr(w) > 1 and Z_,, = wc} > 0 because each of the one-step transitions in
the following chain has positive probability:
a,@y ' Qg Q1G5 """ Qg

—a,a3 " Gg-2

SR

e al

- e

—)al_l
S
S arlaiws - w.

This proves (c,) and (c,). The existence of y,,¥,,...,¥, € & satisfying (c,)
and (c,) follows by a completely similar argument. O

COROLLARY 2.8. Assume that p, > 0 for each i € &/. Then each of the
power series h(z), i =1,2,...,v, F(2), x € Z— {e} and G(2), x € &, has
radius of convergence R, and

(2.15) hi(R)<» Vi=12,...,v,
(2.16) F(R)<x and G (R)<w VxeJd.

Proor. Each of these power series has nonnegative coefficients, so for each
one the radius of convergence is a singular point. Also, for a power series
X®_o@,2" with a, > 0 the radius of convergence is inf{r: L}, _oa,r"” = «}. It
therefore follows from Proposition 2.7 and (2.13) that all of the power series
h(z), i =1,2,...,v have the same radius of convergence (recall that all
.coefficients of Q™ are nonnegative). Call this radius of convergence r.

Recall that each h,(z) is one of the functions H{*(2), and that H 2b(z) =
E2z"DUZ, ;= jb} = H%(2). Now 7(x) = T,,, on {Z,,, = xb}, so for z > 0,

He(z) <Fu(z) VzeLbe B
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By Corollary 2.2 each F,(z) has radius of convergence > R; consequently
r>R.

Corollary 2.2 also implies that at least one of the power series ¢,(2), b € %,
has radius of convergence R. It therefore follows from (2.10) that the matrix-
valued function (I — zM(z))~! has a singularity at z = R. Now M(z2) is a
matrix whose entries are polynomials in z and h; (i = 1,2,...,v) with non-
negative coefficients, not all of which are zero. Hence, zM(z) is an analytic
matrix-valued function of z for |z| < r, and each entry of zM(z) is a nonde-
creasing function of z for 0 < z < R. By the Perron-Frobenius theorem ([26],
Chapter 1), for each z € (0, R] the matrix zM(z) has a positive eigenvalue A,
with (nontrivial) nonnegative left- and right-eigenvectors. Elementary argu-
ments show that z — A, is nondecreasing and continuous for z € (0, R].

We claim that A, < 1. For if this were not the case then there would exist
s € (0, R] such that A, = 1, by the intermediate value theorem [observe that
lim,_,,, A, = 0because lim, _, ,, zM(z) = 0]. But then (I — zM(2))~'p would
have a pole at z = s, because the vector p has strictly positive entries. This
would imply that ¢,(z) has a pole at z=s for some b€ %, by (2.10),
contradicting the fact that F,(R) < « for all x € ¢ (Corollary 2.2).

Therefore, Ap < 1. This implies that ¥}, _,R"M(R)" converges, because Ay
is the spectral radius of RM(R). Consequently, since (I — zM(z))"'p has a
singularity at z = R, one of the entries of zM(z) must have a singularity at
z = R. But these entries are polynomials in z and h;, i = 1,2,...,v; hence,
one of the functions % ,(z) has a singularity at z = R. This proves that r = R,
that every h,(2),i = 1,2, ...,v, has a singularity at z = R, and that A, (R) < =
for each i.

Now consider the function ¢,, where b € #\ {e}. By (2.8), ¢, is a polyno-
. mial function of z, ¢, and H,* where a € # and y ¢ %. Recall that we may
substitute repeatedly for various ¢, on the right-hand side of (2.8) to obtain
another equation for ¢, that contains a nonzero term with some nonconstant
H3* as a factor. (See Note 2 following the statement of Proposition 2.7.) But by
(2.6), any such H;* may be written as a polynomial in h,, h,,..., h, with
positive coefficients. Thus, ¢, may be written as a polynomial in 2, ¢, and A,
where a € # and i = 1,2,...,v, in which at least one %, appears as a factor
in a nonzero term, and whose coefficients are all nonnegative. Since % ,(z) has
radius of convergence R and each ¢, has radius of convergence > R, it
follows that ¢, has radius of convergence R.

Finally, it follows by a similar argument using (2.7) and (2.6) that each
F(z), x € Z— {e}, has radius of convergence R. It follows from (2.1) and
Proposition 2.1 that the same is true for each G,(2). O

3. Generating functions: Algebraic character of singularities. In
this, section we prove that each of the generating functions G,, F, and h;
introduced in the previous section is an algebraic function of z. Using this fact
we then prove that, at least in the special case where p;, > 0 for every i € &7,
z = R is the only singularity in the closed disk |z| < R, and we determine the
nature of the singularity. The arguments will be quite general; they apply to
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any set of functions & ,(z) subject to the conclusions of Propositions 2.5, 2.6,
2.7 and Corollary 2.8, and thus may be useful in problems other than the
random walk problem of primary interest in this paper.

ProposITION 3.1. Each of the generating functions h(2),i = 1,2,...,v, s
an algebraic function of z, that is, for each i there exists a polynomial Py(z, £)
in two variables over C such that h (z) satisfies the functional equation

(3.1) P(z,hi(2))=0 Vz

Proor. Define
I'={(z,w,wy,...,w,) €C": |zl <land w; = h;(2) V i},
V= {(z,wl,wz,...,w,,) € C'*: |z] < 1and w; — 2Q,(w) = 0V i}.

Then by Proposition 2.5, I' c V. Also, I" contains the origin.

Consider the Jacobian matrix J of the system (2.11), that is, the » X v
matrix of partial derivatives with respect to w;, w,, ..., w,. The matrix J is
continuous in the variables z,w,,...,w, and at the origin J = identity.
Consequently, there is an open neighborhood .#” of the origin in C'*¥ in which
J is invertible. Take any (z; w) € V N "\ {origin}; since (8/dzXw; — 2Q,(w))
is nonzero at such a point, the hypotheses of the (complex) implicit function
theorem are satisfied. Thus each w; is locally an analytic function of 2, and so
V N A\ {origin} is a one-dimensional complex manifold.

But V N "\ {origin} is contained in a minimal algebraic set W [an alge-
braic set is defined to be the set of simultaneous zeros of some set of
polynomials in the variables (z, wy, . .., w,)]. By a standard theorem of elemen-
tary algebraic geometry ([20], Chapter X, Theorem 4), W is the union of
finitely many varieties V;,V,, ..., V, (a variety is an irreducible algebraic set).
We will show that each V, has dimension one, that is, is an algebraic curve. We
shall use the following general facts about a variety U of dimension d in C™:
There is a subset S c U (the “smooth points”) such that (1) U = closure (S);
(2) each p € S has a neighborhood in U homeomorphic to C%; and (3) d is the
degree of transcendence (over C) of the field of rational functions (in
2, Wy, Wy, . .., w,) on U. For proofs of these facts, see [27], Sections 1.6.1, I1.1.4,
II1.3.2 and VIL.2.1.

At every point of V; the equations w; = 2Q;(w) must hold, otherwise w
would not be minimal [it could be replaced by W intersected with the algebraic
set determined by the equations w; = 2@,(w)]. Moreover, V; must contain a
point of V N "\ {origin}, otherwise W would not be minimal. Consequently,
there must be a smooth point p of V, contained in V N .#"— {origin}. Since the
equations w; = 2@,(w) must hold at all nearby points of V;, this implies that
the topological dimension of V. at such a smooth point p is < 1. In fact the
dimension must = 1, because if not each such smooth point p, being also a
point of VN .#, would be a limit point of N,.,V,, hence p€ N .V,
contradicting the minimality of W.
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Finally, it follows that the transcendence degree of each V; is 1. Since z and
w; are both rational functions on V;, there is a polynomial @;;(z,¢) in two
variables such that @,;(z,w;) =0 on V.. Set Pi(z,¢) = 1k 1Q”(z £); then
P(z,w;) =0 on W. Consequently, 3.1 holds for all z satisfying 0 < |z| <,
for some e > 0; but it then holds for all z in 2| < 1 by analytic continua-
tion. O

COROLLARY 3.2. For each x € & the functions F(z) and G, (z) are alge-
braic functions of z.

ProoF. By (2.1), (2.2), (2.7) and (2.9) these functions are algebraic func-
tions of hl, hg, ..., h, and 2. Let k be the field of rational functions on W,
where W is the algebra,lc set introduced in the previous proof, and let K be the
extension field obtained by adjoining F,. Then K is an algebraic extension of
k, since F, is algebraic over k. It follows that the transcendence degree of K
over C is the same as that of %2 over C ([20], Chapter X, Theorem 1), hence
equals 1. Therefore, there is a polynomial relation between z and F,. The
same argument applies to G,. O

The algebraicity of the Green’s functions G, was also proved in [1] and [28].

Our proof of the existence of the polynomials Pz, £) in Proposition 3.1
appears to be nonconstructive. However, one can give a constructive algorithm
for producing the polynomials in (3.1) which might be computationally feasible
in certain cases where |.%7| and |support{p,}| are not too large. There are two
steps: (1) obtain a basis for the polynomial ideal generated by the polynomials
w; — 2Q,(w) in (2.11); and (2) use elimination on one variable at a time in this
baS1s until only two are left, namely z and w;. An algorithm for (1) was given
by Hilbert (see the discussion in [16], pages 119 120), and (2) may be accom-
plished using the elementary theory of resultants ([20], Chapter V). Algorithms
for (2) are included in some computer programs for symbolic computations,
such as Mathematica. In practice, one would probably first try the elimination
procedure directly on the polynomial equations (2.11).

Our main interest, however, is not in obtaining explicit expressions or
functional equations for the generating functions F,, G, and h;, but rather in
investigating the location and nature of their s1ngular1t1es in {z: |z| < R}.
Recall that each of these functions is defined by a power series in z with radius
of convergence R > 1 (Proposition 2.1 and Corollary 2.8) and nonnegative
coefficients, so each has a singularity at z = R. This singularity is not a pole,
by (2.15) and (2.16), so it must be an algebraic branch point, by Proposition 3.1
and Corollary 3.2. .

PROPOSITION 3.3. Assume that p; > 0 for each i € . Then each of the
functions F(2), G(z) and h(z), where x € & and i € {1,2,...,v} has a
convergent Puiseux series in a neighborhood of z = R, the first two nonzero
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terms of which are

F(z) =aP +aP(R-2)"+, =x#e,
(3.2) G(2) = b + bE(R —2)" + -+,

hi(z) =c +cP(R-2)"+ -+,
where

—®< a(lx)’ b(lx)’ cgi) < 0’
(8) 0 <o, b, cff <=,
0<a <,

The exponent « is rational, and « is the same for all of the functions G, F,
and h;.

Note. (R — 2)“ is the positive branch of the ath power. Also, here and in
the sequel, --- indicates higher order terms. We are not claiming that the
Puiseux series is in integer powers of (R — z)%, only that the lowest order
nonconstant term is a (negative) multiple of (R — 2)“.

If p, > 0 for each i € &/ then o = 1/2: see Proposition 3.5 below.

Proor. That each of F,, G, and h; has a convergent Puiseux series at
z = R follows from the fact that z = R is an algebraic branch point of each
(and thus, ultimately, from Proposition 3.1). Now each of these functions was
defined by a power series in z with radius of convergence R and nonnegative
coefficients; consequently, each is monotone increasing in z for 0 <z < R.
Therefore, for each function the first two terms of the Puiseux series must be
as in (3.2), with the coefficients satisfying (3.3). [Note: ¢’ = F,(R), b§” =
G.(R) and c§’ = h,(R) are all finite and strictly positive, since otherwise the
functions F,, G,, h; would be identically zero.)

It remains to be proved that « is the same for all of the functions F,, G,
and h;. Consider first the functions h,(2z), i = 1,2,...,v; Proposition 2.7
implies that the value of o must be the same for all. It now follows from (2.8)
that the same value of @ must hold for all the functions ¢,(z), and from (2.7)
that the same value of « holds for all F, (z), x € <\ {e}, and finally from (2.1),
(2.2) and (2.5) that the same value of « holds for all G, (2), x € 4. O

Next we shall identify the exponent « in (3.2). To do so we will rely heavily
.on the special form of the algebraic system (2.11), especially, the nonnegativity
of the coefficients in the polynomials @, and the ‘“‘irreducibility’”’ expressed in
the conclusion of Proposition 2.7. Recall that (2.11) is the system

h; — 2Q(hy, hy,... k) =0, i=1,2,... v.
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0Q;
Jz:(é?).
L, J=

i=1,..., v

Define

hi=h(2)

Observe that the entries of J, are polynomials in A4, A, ..., h, with nonnega-
tive coefficients; hence, for z > 0 the matrix J, has nonnegative entries and so
is subject to the conclusions of the Perron-Frobenius theory of nonnegative
matrices ([26], Chapter 1).

LEmMMma 3.4. Assume that p;, > 0 for every i € & and also that p, > 0.
Then there exists an integer n > 1 such that for each z € (0, R] the matrix J
has strictly positive entries.

Proor. Recall that repeated substitutions in (2.11) lead to (2.13):
hl - le(n)(z, hl’ hz, ceey hl/) = 0.

Consider the Jacobian matrix (dQ{™/dh;) evaluated at the point
(2, hy(2),..., h,(2)): since (2.13) is obtained from (2.11) by substitutions, the
chain rule implies that this Jacobian matrix is J*. But Proposition 2.7 implies
that for some n > 2, the variable % ; occurs as a factor in a term of @{™ with
strictly positive coefficient. It follows that the (i, j)th entry of J is strictly
positive for all z € (0, R].

We have assumed that p, > 0. This implies that 2Q;(hy, hy,...,h,) in-
cludes the term p,zh ; [recall that the equations (2.11) derive from the Markov
property]. Consequently, if Q™ includes a nonzero term with A ; as a factor,
then so does Q"*™ for every m = 1,2,... . It now follows from the result of
the preceding paragraph that J has strictly positive entries for all n suffi-
ciently large, provided z € (0, R]. O

Assume, then, that p, > 0 for every i € &/ and that p, > 0. Then by
Lemma 3.4 there exists n > 1 such that the matrix J is irreducible and
aperiodic for every z € (0, R]. By the Perron-Frobenius theorem ([26], Chap-
ter 1), each J, has a positive eigenvalue A, of multiplicity 1, and all other
eigenvalues are less than A, in absolute value. Furthermore, nontrivial right
and left eigenvectors for the eigenvalue A, have strictly positive entries. It
follows that A, is a simple root of the characteristic polynomial of J,. Hence by
the implicit function theorem A, is continuous (in fact, real-analytic) in z.
Since the entries of J, are nondecreasing in z, so is A,.

ProposITION 3.5. Assume that p, > 0 and that p; > 0 for every i € .
Then K

(3.4) Az =1/R.

Proor. Let s = inf{z > 0: zA, = 1}; we will prove that s = R. First, ob-
serve that s < R, because if zA, < 1 for every z € (0, R], then I — zJ, would
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be nonsingular at every z € (0, R] and, in particular, at z = R. This would
contradict the fact that z = R is a singularity of each h,/(z) [the complex
implicit function theorem applied to the system (2.11) at R, h{(R),..., h (R)
would imply that each of the functions h,(z) extends analytically to a neigh-
borhood of z = R]. Second, observe that s > 0, because A, is nondecreasing in
2,80 lim,_,,, zA, = 0.

Finally, suppose that 0 < s < R; we will obtain a contradiction. Let v’ =

(vy,vg,...,0,) be a left eigenvector of J, corresponding to the eigenvalue
Ay = 1/s; assume that v; > 0 for each i. Expand the equation
(35) Zvihi_zzviQi(hbhm”"hv) =0

i=1 i=1

in a Taylor series around the point z = s, h* = h(s) to obtain

(Z—S){ iviQi(h#{’hz’“"ht) + }

i=1

(3.6) L.
=55 X z<h,~—hﬂz>(h,~—h§>(

i=1,j=1

+...’

?2(v'Q)

where --- indicates higher order terms. Notice that there are no linear terms
in (h; — h*) because v'(I — sJ,) = 0; this is the rationale for choosing v’ to be
a left eigenvector of J,. However, there is a nonzero linear term in z — s,
because Yv,Q,(h%, h%, ..., k%) > 0 since each v, > 0. Now since 0 <s <R,
each h,(z) is analytic at z = s and so may be expanded in a power series
around z = s. Substituting this power series for each occurrence of A, in (3.6)
yields an equation of the form

Cy(z—s) = Cy(z —8)° + Cy(z—5)° + -
with C; = Zv;Q,(h*, h%, ..., h%) > 0, which is impossible. O

ProposiTION 3.6. Assume that p, > 0 and that p; > 0 for each i € .
Then the value of a in (3.2) is a = 1/2.

Proor. Let v’ = (vy,v,,...,0,) be a left eigenvector of J5 corresponding
to the eigenvalue A, = 1/R, with v, > 0 for each i. As in the preceding proof,
expand (3.5) in a Taylor series around z = R, h* = h;(R) to obtain (3.6) with
s = R. Recall that there are no linear terms in (k; — k%), but that there is a
linear term in (z — R). By Proposition 2.6, the polynomials Q,(h,,...,k,)
have quadratic terms with positive coefficients, so (3.6) includes nonzero
quadratic terms in the variables (h; — h%), i = 1,2,...,v. Substituting the
Puiseux series (3.2) for h;(z) at each occurrence of A; in (3.6) yields

(R—2){C+ -} =C(R-2)*+ -,

where C > 0, C’ > 0, and on each side -*- indicates higher order terms. It
follows that 2a = 1. O
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PropoSITION 3.7. Assume that p, > 0 and that p; > 0 for each i € 7.
Then none of the functions F.(z),G.(2), h(2) has a singularity at any z
satisfying |z| < R except z = R.

ReEMARK. Cartwright [5] has proved that the Green’s function of an aperi-
odic, irreducible random walk on any discrete group has this property.

Proor. In view of Corollary 2.8, it suffices to consider only points z on the
circle |z| = R. Moreover, since F,(R), G,(R) and h;,(R) are all finite, the
power series for F,, G, and h; converge absolutely on |z| = R, so any singular-
ity would necessarily be a branch point.

Suppose z is a singularity of some h;, i €{1,2,...,v}, satisfying |z| = R.
Then by the complex implicit function theorem [applied to (2.11)], the matrix
I — zJ, is noninvertible. Consider the matrix J,: Its entries are dominated in
absolute value by the corresponding entries of J5, since the coefficients of @,
are nonnegative and the functions % ; all satisfy A ;(R) > 0. Consequently, the
spectral radius of ¢/, is < Ap, and by Proposition 3.5, Az = 1/R. Therefore,
I — zJ, is noninvertible only if the spectral radius of J, is equal to A = 1/R.
We will show that if p, > 0 and p, > 0 for all i € &7, then this is impossible.

Fix j € {1,2,...,v}. The function & ;(2) is defined by a power series & ;(2) =
Y _09,2", where ¢, is a probability of the form ¢, = PY{r(x) =n and
Z, ., = xb}. Now we have assumed that p, > 0; hence, for any n,m > 1,

qn+m = qnp(;n

Also, h; is nonconstant, so g, > 0 for some n > 1. It follows that for all z
satisfying |z| = R but z # R,

|h;(2)| < h;(R).

Consider the matrix J, = (8Q,/dh;). As noted earlier, J.* = (3Q{™/dh ;)
where Q{™ are the polynomials in (2.13) obtained from (2.11) by substitutions.
By Proposition 2.7, for each pair (i, j) € {1,2,...,v}? there is an n > 2 such
that @™ contains a term with positive coefficient and having 4 ; as a factor.
Furthermore, since p, > 0, this is also true of each @"*™), m > 1 (see the
proof of Lemma 3.4). Consequently, there exists n > 2 sufficiently large that
for each i €{1,2,...,v} the polynomial @{ contains a term with positive
coefficient having (h,h, -+ h,)? as a factor. In view of the result of the
preceding paragraph, this implies that each entry of J is strictly smaller in
absolute value than the corresponding entry of Jj. Therefore, the spectral
radius of o, is strictly less than A, = 1/R. This proves that no 4 ,(2) has a
singularity on |z| = R other than the one at z = R.

“Recall from the proof of Corollary 2.8 that (I — zM(2z))~! has no pole at
z =R, and since the entries of M(z) are dominated by those of M(|z|) it
follows that (I — zM(2))~! has no poles on the circle |z| = R. Since the entries
of M(|z|]) are polynomials in z and hk,;, it follows from (2.10) that ¢, has no
singularities on |z| = R except z = R.
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It now follows by routine arguments from (2.7), (2.2) and (2.1) that none of
the functions F,(z), G,(z) has a singularity on |z| = R except for the singular-
ityat z=R. O

4. Local limit theorem.

THEOREM 4.1. Assume that the random walk Z, satisfies the irreducibility
and aperiodicity hypotheses (1.2) and (1.3). Then there exist positive constants
B,, x € &, such that for each x € &, as n — o,

B_VR
(4.1) P*(2) ~ s
2V R"n3/?

Here R is the radius of convergence of the Green’s function G(z) (c¢f. Proposi-
tion 2.1).

Note. (1) The relations (4.1) clearly do not hold uniformly in x, since
p*™(x) = 0if |x| > nK. The behavior of p*"(x) when |x| varies linearly with n
will be discussed in Section 6.

(2) The function x — B, is R~ '-harmonic, that is, for each x € &,

B, = R? E Bypy—1x.
yed

This follows immediately from (4.1).
Proor. Consider first the special case in which p, > 0 and p; > 0 for every
i € . Then the results of Propositions 3.3, 3.6 and 3.7 are valid. In particu-

lar, each G,(2) has a singularity at z = R, no other singularity in |z| < R, and
a convergent Puiseux series in a neighborhood of z = R:

G.(2) = b + (R — 2)"/% + -+

The series is in integer powers of (R — 2)? for some rational 8, and the first
nonconstant term is a (negative) scalar multiple of (R — z)!/2. Consequently,
G, may be written

k
G.(2) = L B(2)(1 = 2/R)" + C(2),

where 1/2 = a; <ay < *++ <a,, each of B,(z) and C(z) is analytic in a
neighborhood of z = R, and B,(R) = RY/2b{® < 0. It therefore follows directly
from Darboux’s method of asymptotic expansion ([2], Theorem 4) that as
n — oo,

p*"(x) ~ ={By(R)/T(—ay)}R"n"1"",
which is equivalent to (4.1) with B, = —b{®.
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Now assume that (1.2) and (1.3) hold. By Lemma 1.1, there exists an integer
m 4 such that for all m > m, and all | € &7,
p*™(e) >0 and p*™(i) > 0.

Thus, the result of the preceding paragraph applies to the random walk Z , ,
n=20,12,..., where m is any integer greater than or equal to m,. In
particular, for each x € &,

B.VE

~ zﬁénn3/2

as n — o, for suitable constants B,, where R is the radius of convergence of
Y2 _,p*™"(e)z". Now the Markov property implies that, for each [ e
{0,1,2,...,m — 1},
p*(mn+l)(x) ~ Zp*l(y)p*mn(xy_l)’
y

where the sum extends over those y € & satisfying |y| < IK. Consequently,
for each x € &,

p*"" (%)

BOVE
*7 ~ x
P R
as n > », where I =n (modm) and R is the radius of convergence of

Y2 _op*"(e)z" (to wit, R = R'/™). But the same argument applies with m
replaced by m + 1, so in fact B¢’ = B_ does not depend on I. O

Darboux’s method also gives us the following:

THEOREM 4.2. Assume that p, > 0 and p; > 0 for all i € &Z. Then there
are positive constants A, x € &, such that for each x € &,

AR

P =0~ o mn2

asn — «©,

This probably is true under the weaker hypotheses (1.2) and (1.3), but we do
not yet have a complete proof.

5. The boundary process. Recall (Section 1) that the random walk Z,
is transient, provided the transition probabilities p, satisfy the irreducibility
hypothesis (1.2). Consequently, Z, —» Z, a.s. as n — » where Z, € A, A,
being the set of ends of the Cayley graph of ¢ (equivalently, A, is the set of
sequences XX, ‘- from the alphabet &/ satisfying x,,, #x,' V n > 1).
Thus, the limit point Z_, may be written .

Z,=AAA, -,
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where A, A,,...€ & and A, ., #A,' In this section we consider the
structure of the “boundary process” A;, A,,... .

Define u, to be the distribution under P = P¢ of the process A,, A, .5, ...,
that is, for any Borel subset U C A,

/'Ln(U) =P{(An7An+1”“) = U}

We will prove that there is a shift-invariant probability measure p, on A,
such that p, < p, and u, >4 pu, as n — . Moreover, we will show that u,,
is a Gibbs state in the sense of [3], Chapter 1 (see below for the definition), and
will identify the potentlal function ¢; it will then follow that the stationary
process induced by u,, is Bernoulli ((3], Theorem 1.25).

The crux of the argument consists of obtaining a manageable asymptotic
formula for certain hitting probabilities. Observe that Z, = x,x,x5 - - if and
only if for each m = 1,2,... the random walk Z, hits the set x,x, " x, %
and then at some future time exits x,x, - x,% a final time without
“erasing” any of the letters x,x, - - x,,. Therefore, by Proposition 2.3,

(5.1) P{A;=x;V1<j<m}=u'H(1)H1) - H, (1)v
where u, v are |#| X 1 column vectors with entries

u,=1, u,=0 Vye £\ {e},

v, =vin=PYA, #x,'} Vye4.

Notice that » has nonnegative entries, while v has strictly positive entries. It
is evident from (5.1) that the finite-dimensional distributions of the process A,
are controlled by the matrix products H, H, --- H, . The next order of
business, then, is to study the asymptotic behav10r of such products.

Let (X, d) be a compact metric space and let Y be a closed subset of X X X
such that for each x € X the set {y: (x,y) € Y} is nonempty. Let x - M,
be a continuous function from X to the space of N X N matrices with non-
negative entries. Call this function primitive (relative to Y) if there exists an
integer m > 1 such that for every m-tuple (x;, x5,...,%,) €X™ satlsfylng
(x;,2;,p) €Y foralli=12,. — 1, the matrix product MM, M,
has all entries strictly positive. (See [26], Chapter 1, for the source of the term

“primitive.”)

Define 3, = 3, to be the set of all doubly infinite sequences ¢ = (x,);_ _o
with entries x, € X and satisfying (x,,x,,,) € Y for all n € Z. Since Y is
closed, 3 is a closed subset of the sequence space X%, hence is compact in the
product topology. Let d , be the metric on 2 (or X Z) defined by

du(6,0) = T d(x,,2,)/2"

the topology induced by d . is the product topology. Let o: % — 2 be the
forward shift (thus, the nth entry of o¢ is x,,,); note that o is Lipschitz

\
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continuous. For any function f: 3 — C define
S, f=f+fea+foo?+ - +fo0™ !, n=0.

[In the applications considered in this paper, X = &/ X F where & is the
set of generators (and their inverses) of the group  and F is a compact
subset of C. The relation R is defined by ((i, 2),(j, 2')) € R if and only if
j # i~ The mapping x —» M, is given by (i, 2) - H,(2).]

ProPOSITION 5.1.  Assume that x — M, is primitive and Holder continuous
(for some exponent) on X. Then there exist constants C < o and 0 <a <1
and Holder continuous functions ¢,y: 2 = R and V,W: 3 - £, ={v € R™
v, > 0V iand X,v; = 1} such that for every ¢ = (x,)” , €2, andn =1,2,...,
(52) [ OM M, - M, ~y(a"E)V(E)W(o"E)'] < Car.

Also,

(5.3) (&) = 1/W(£)V(¢),
(5.4) M, V(o¢) = e?®V(¢)
and
_1e\t - v(£) t
(5.5) W(o~ i)' M,, = e f)(m)wm ,
V(&) and o(&) are functions only of the “ forward” coordinates x4, x5, ... and
where W(£) is a function only of the “backward’ coordinates ...,x_, x,.

Note. (1) |||l is the usual matrix norm, that is, ||M|| = sup, . ,(IMv|/Iv]).

(2) If K =1 (nearest neighbor random walk), then V=W =1y =1 and
(&) = ¢(x,). In this case the result (5.2) is trivial.

(3) Proposition 5.1 is an extension of the classical Perron-Frobenius theo-
rem, which is the special case where x - M, =M is a constant function.
Observe that for each n-periodic sequence ¢ the vectors V(¢) and W(¢) are
right and left eigenvectors, respectively, of M, M, --- M, ;the corresponding
eigenvalue is exp{S, ¢(£)}.

Proor. Without loss of generality, we may assume that for each x € X the
entries of M, are all strictly positive. If x — M, does rot have this property,
but is primitive, then we may replace X by {(x,,...x,,) € X™: (x;,x;,,) €Y
Vi}and x > M, by (xy,...,x,) > M, M, -~ M, ,1tlseasytodeduce(52)
for the old map x » M, from 5.2) for the new one, and (5.3)-(5.5) follow
easily from (5.2).

Assume then, that each M, x € X, has positive entries. Define

P={veRN:v;20Viand Ly, =1},
P, = {UERN:vi>OViandZvi=1},
%={UERN:vi28ViandEvi=1}, e>0,
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and for each x € X define functions T,: - &, and T;*: > £, by

U . Miv
T.(v) = M0 and T[(v) = Ty
[here 1 =(1,1,...,1) and superscript ¢ denotes transpose]. The functions

T.(:) and T*(-) are both jointly continuous as mappings of X X & into &,;
since X X & is compact, the images are compact subsets of &, . Consequently,
there exists ¢ > 0 such that for every x € X, T(#) c £ and T,}(¥) c £.

Let d, be the projective metric on &, defined by d,(v, w) =
max; ; log(v;w;/v;w;). Since &, is a compact subset of &, d, is uniformly
Lipschitz equivalent to the usual Euclidean metric d; on &. That is, there
exist positive constants C,, C, such that C,dy <d, < Codp on & X Z. It is
well known (and easy to prove—see [26], Section 3.1) that, since the entries of
M, are positive, the induced maps T, and T,* are contractive on &, relative
to d,. Thus, since x > M, is continuous and X is compact, there exists a
constant 0 < a < 1 such that

d,(Tw, T,w) <ad,(v,w),

5.6
(5.6) d(TFv, Tfw) < ad,(v,w)

for all v,w € & and x € X. Consequently, since x —» M, is Holder contin-
uous (for some exponent), there exist Holder continuous (for some pos-
sibly different exponent) functions V,W: 3 —» £ such that for every ¢ =
(xn)o;= —o € 27

lim T, T, - T,v="V(£),

n—oo

lim TATY - T} w=W(o %),

n— o

(5.7)

uniformly for v,w € & and ¢ € 3. It is clear that V and W are functions of
the forward and backward coordinates of &, respectively. Note that since dp
and d,, are uniformly Lipschitz equivalent on &, the Holder continuity of V
and W is valid in either metric.

We now define ¢(¢) and y(¢) by (5.4) and (5.3), respectively; Hoélder
continuity of ¢ and y follows immediately from the Hélder continuity of V, W
and x —» M,. Note that (5.5) will follow directly from (5.2). Thus, it remains to
prove (5.2).

For¢=(x,);__.,€2andn=12,... set

ch(g) = Mlexz U Mx,,’
: xp:(g)": TxtoTxt_lo OT;:,
Then
(5.8) e 5O, (£)V(a"¢) = V(§),

and by (5.4) and by (5.6) and (5.7) there exists a constant C <  such that for
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every we Zand n=12,...,
(5.9) dg(¥i(é)w,W(a"¢)) < Ca” 1,

We will deduce (5.2) from (5.8) and (5.9). First, notice that for every u € &
the vector ¥*(f)u is a scalar multiple of ®,(¢)u. Consequently, if

u®,u®, ..., u™) are the standard unit vectors in RY [i.e., u® = (1,0,0,...,0)
and so on], then there exist scalars a{) and vectors U(¢) € RY such that
(5.10) e SO (£)'u® = aP[W(0m¢) + UD(¢)}

and by (5.9),

[U2(&)| < Cra”

for some constant C’ < « independent of n, i and £. Next, by (5.8), the ith
coordinate of V(&) is given by

e S OV(076) B,(§) u® = a)(W(07) V(0™¢) + UD(£)V(o7¢))
= aDy(a"¢) ™" + a0(a™),
where the O(a™) term is uniform in i and &. It now follows that
al) = y(a"§)V(£); + O(a”),

where the bound implicit in the O(a™) term is uniform in i and £. It is now
evident that (5.10) is equivalent to (5.2). O

Unfortunately, Proposition 5.1 cannot be applied directly to the matrix
product in (5.1) because the function i » H (1), i € &7, is not primitive. To see
this, recall (Proposition 2.3) that for any reduced word x = x,x, --* x,, from
the alphabet &/, H, =H, H, --- Hx ; consequently, for any a,b € & the
(a,b)th entry of the product in (5.1) is

HE(1) = P*{r(x) < ®; Z,,,, = 2B},

which is zero for certain b, for example, any b = b,b, ‘- by such that
b, # x,,* (provided m > 2K).

Thus, we will need a generalization of Proposition 5.1 for certain imprimi-
tive maps x —» M,. We use the same notation and conventions as in Proposi-
tion 5.1 and its proof.

PropoOSITION 5.2. Assume that x - M, is a Holder continuous mapping of
X into the space of N X N matrices with nonnegative entries. Assume further
that there exist integers m > 0, r > 1 and a function X" —» 202N} taking
r-tuples (x, x,,...,%,) to nonempty subsets B(x,, x,,...,%,) of {1,2,..., N}
such that for every n > m and all x,, x5, ..., %, , € X satisfying (x;,,x,.;) €Y
Vi,
(511) (Mlexz e Mxn+r)lj

Then there exist constants C < © and 0 <a <1 and Holder continuous

>0 hnd J:EB(xn+1’xn+2’---,xn+r)-
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functions ¢,y: 3 >R, V: 3 > P, and W: 3 - P such that for every ¢ =
(x,)5__o.€2Zandn=1,2,..., relations (5.2)-(5.5) are valid. Moreover,

(5.12) W(); >0 o jEB(Xi_,,Xg9_py..-r%g).

Proor. Without loss of generality, we may assume that r = 1 and m =0
Gf not, replace X by the appropriate subset of X™*" and x » M, by
(xy, %9, s Xy ) > M M, -+ M, | P2

Let #,#, , % beasin the proof of Proposition 5.1, and for each nonempty
subset R of {1, 2 , N} and & > 0, define

9+(R) ={ve P:v;>0«icR},
P(R)={ve Z (R):v,>eViecR}.
For each x € X define functions T,: #,—» &, and T;: - £, (B(x)) by

That T, and T are well defined and take values in &, and £, (B(x)),
respectively, follows from the hypothesis (5.11), the standing assumption
r =1, m = 0, and the fact that B(x) # ¢ (to assure that the denominators are
nonzero). As in the proof of Proposition 5.1, the compactness of X implies that
there exists ¢ > 0 such that T.(#£,) ¢ & and T}(&) c Z(B(x)).

Each T,: & — &£ is contractive in the projective metric on &,. Conse-
quently, by compactness of X and &, there exists a Holder continuous V:
3 —» & such that for every ¢ = (x,)”, €

lim T, T, - T, v=V(£)
n—oo
uniformly for v € & and ¢ € 3.

For each nonempty R c {1,2,..., N} there is a projective metric on &, (R),
which is uniformly Lipschitz equivalent to the Euclidean metric on Z(R).
For any finite sequence x,,x,,...,x, from X such that B(x,) = B(x,),
T.T,, - T, maps & . (B(x,)) into itself and is contractive in the projective
metric. Note that there are only 2V — 1 poss1b111t1es for B(x;); hence, for any
sequence x;Xx, ‘- X, thereexist 1 <i; <i, < '+ <i, <n with m >n/2V
such that B(x;) = B(x )= =Bx). Consequently, by compactness of
X and Z(R), "there exist a Holder continuous function W: 3 —» & and
constants C’' < «, 0 < a < 1 such that for every ¢ = (x,)°, € 2 and w € &,

dp(TETY, -+ TF w,W(o %)) < Ca”

forall n = 1,2,... . Observe that W(¢) € Z(B(x,)) for every ¢ € 3.
« The proof of (5.2)-(5.5) may now be completed by the same argument used
in the proof of Proposition 5.1. O

We turn again to the matrix product in (5.1). We will show that, although
the assignment i — H,(1) is imprimitive, nevertheless the hypothesis (5.11) of
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Proposition 5.2 is satisfied. Take X = &/ X F, where F is a compact subset of
(O, R], and Y = {((G, 2),(j, 2")) € X% j # i~ '}; let x > M, be the assignment
(i,2) > H(z). Foreachr > 0let & ={y e #£: |yl =r}

LEMMA 5.3. There exist an integer r > 1 and a function &, — 2% taking
each y =y,y, *** y, € & to a nonempty subset B(y) of &, such that the
following is true. For any n>0 and y =Y *** Yn4r € Zpir, and any
choice of zy, 25, . . ., 2, € (0, R],

b
(Hy(2) Hy(25) -~ H,, (20:,))" >0

(5.13)
And b € B(yn+1yn+2 e yn+r)'

PrOOF. Recall that HZ%(2) = E°2"™UZ,,, = xb; 7(x) < =}. It is clear from
this that either H*®(z) > 0 for all x € (0, R] or HZ%(2) = 0 for all z € (0, R].

Thus, it suffices to prove (5.13) for z; =z, = -+ = z,,, = 1. Now by Proposi-
tion 2.3,
ab a
(H(DH, (1) H, (1)) =H?*1)
— Het (1)

= P{r(a™ty) < ©; Z 41y, = a~'yb}.

This is positive if and only if there is a positive probability path from e to
a " 'yb that does not enter a 'y until the last step.

Recall the standing assumption (1.2) that the random walk Z, may visit
any x € 4 with positive probability. Hence, for each i € &7 there is a positive
probability path from e to i. Since there are only finitely many elements of 7,
it follows that there exists s > 0 such that for every i € &7 there are positive
probability paths from e to i and from i to e that stay entirely in U, _,&,.
Consequently, for any y €  such that |y| > 2K + s,

H(1) >0 < HP(1)>0 < H#, >0

The last inequality allows us to remove the letters y,, y,,... from y, one at a
time, until the word size is reduced to 2K + s. Therefore, whether H ;b(l) >0
or Hyeb(l) = 0 depends only on b and the last 2K + s letters in y. The lemma
now follows with r = 3K +s. O

Lemma 5.3 implies that the conclusions of Proposition 5.2 are applicable to
i > H/1), where i € &, and Y = {(i, j) € &/ X &: j # i~ '}. Let A be the set
of all doubly infinite sequences ¢ = (x,);__, with entries x, € & satisfying
(x,,x,,,) €Y for all n € Z. Then, by Proposition 5.2, there exist constants
C £ wand 0 < a < 1and Holder continuous functions ¢, y: A » R, V: A - &,
and W: A > & (where Z={v€eR? v, >0V b and L, 4V, = 1} and &, =
{ve £ v, >0V b e %)) such that

"e‘s"‘Pmel(l)sz(l) - H (1) - ');(a-”f)V(f)W(a'"f)‘” < Ca®
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forall e Aand n =0,1,2,.... Applying this to (5.1) gives

(5.14) P{A;=x;V1<j<m}=C(£)C(a™¢)eS*O(1 + O(a™))

for every ¢ = (x,)°, € A and m > 1, where the bound implicit in the O(a™)
term is uniform in &. Here

C(¢) = u'V(§) = V(£), >0,
C(&) = y(&)W(&) v >0,

because V has all entries positive and so does v*° [see (5.1)].

According to [3], Theorem 1.4, there is a unique shift-invariant probability
measure u, on A with the following property: There exist constants 0 < C; <
C, < w» and P(¢) € R such that for every cylinder set

A(xyxy = %) = {(7n) w€AN Yy, =2, V1<n<m)
we have
l‘l‘<p(A(x1x2 xm))
exp{S,,¢(¢) — mP(¢)} ~

for every ¢ € A(x,x, - x,,). The measure pu, is called the Gibbs state with
potential function ¢, and the constant P(¢) is called the thermodynamic
pressure of ¢. It should be noted that p, is the distribution of a k-step
Markov chain if ¢ is a function of the first 2 coordinates x,, x,,...,x, of .

(5.15) C, <

THEOREM 5.4. For all n = 1 the measure u, is absolutely continuous with
respect to u,, and ., =4 i,, as n - ©. Moreover, P(p) = 0.

Proor. For each m > 1 the sum over all reduced words x,x, ‘- x,, of the
probabilities P{A, =x, V 1 <n <m} is 1. Since C(¢),C’'(¢) are bounded
away from 0 and « and u, is a probability measure, it follows from (5.14) and
(5.15) that P(¢) = 0. Moreover, since (5.14) and (5.15) hold for all cylinder
sets and since the cylinder sets generate the Borel o-algebra, it follows that
py < i, and that the Radon-Nikodym derivative h = (du,/du,) is bounded
away from 0 and «. Now consider the restrictions of u,, i, to the o-algebra &,
generated by the coordinate functions ¢;, j > n; one has

du,l &,
du,l %,

) - B, (hl%) > B, (W) =1

because the tail field % = N, .,%, is 0-1 under n a (i, is mixing—see [3],
Chapter 1). It follows that u; < u, and p, =4 u,.

Note. When K = 1 (nearest neighbor random walk), ¢(£) = ¢(x,) and the
boundary process A, is a Markov chain on the state space &=
{a;,a7tay,a35%...,a;,a;}. When K > 1, it appears that in general the
process induced by u, is non-Markovian.



RANDOM WALKS ON GROUPS AND TREES 2115

6. Saddlepoint approximations. The local limit theorem (Section 4)
gives asymptotic approximations as n — « for the transition probabilities
p*™(x) for fixed x € . These do not, however, hold uniformly for x € «, and
thus give no information about p*"(x) as n — « and |x| — « simultaneously.

To derive approximations suitable for this case we will use the saddlepoint
method ([4], Chapter 5). The strategy is the same as in the nearest neighbor
case [19], to wit, to analyze the exact formula

(6.1) (%) = f_" G, (re®)e "0 dp

2mr®
for an appropriate value of r € (O, R). [Note: (6.1) is a consequence of the
Fourier inversion formula, and is valid for all n >0, x € & and 0 <r < R.]
But the analysis of the generating function(s) G,(2) is significantly different in
the finite range case. Recall that by (2.1) and (2.6) and (2.7),

(6.2) G.(2) = F(2)G(2),
(6-3) F(z) =u'H,(2)H,(2) - H, (2)¢(2),
where x = x,x, *** x,, is the reduced word representation of x, u, = 1 and

u,=0,Ybe B\ e}, and ¢(z) = (¢,(2)), c 4 [and recall that ¢,(2) = F,-(2)].
In the case of nearest neighbor random walk, the matrix product in (6.3) can
be reduced to a product of scalar-valued generating functions, but in the
finite-range case the matrix product cannot be avoided.

By Lemma 5.3 the results of Proposition 5.2 are valid for the assignment
(i,z) » H/(2) where (i,2) € &/X F and F is any compact subset of (0, R].
Thus, there exist Holder continuous functions ¢,y,V,W on A X F such that
for each z € F the relations (5.2)-(5.5) are valid for ¢(¢) = ¢(¢, 2), y(¢) =
y(£,2) and so on, and M; = H/(z). (Note: ¢ is different from ¢.) Our first task
will be to show that (¢, 2), v(¢, 2), V(§, z) and W(¢, 2) are analytic in z for 2
in some region containing (O, R) and that (5.2)-(5.5) remain valid for complex
z sufficiently near (O, R).

For each ¢ = (x,)7__,€Aand n = 1,2,..., define

®,(¢,2) = H.(2)H,(2) -+ H,(2).

PROPOSITION 6.1. There exists a connected open neighborhood .# of (0, R]
in the closed disk {|z| < R} such that for each & € A the functions ¢(¢, 2),
y(&, 2), V(&,2) and W(¢, 2) extend continuously to z € A and analytically to
z € # N {lz| < R}. For each compact subset % C ¥ there are constants C < ©
and 0 < a < 1 such that forall E€ A, z€ X andn=1,2,...,

(6.4) |exp(—S,0(£,2)},(£2) — v(0"E, 2)V(£, 2)W(a7¢, 2)"]| < Ca,
(6.5) ®,(¢,2)V(0t,2) = e*EIV(, 2),

(6.6) W(o'_lf, Z)tq)l(f, z) = e¢(§,z){y7(§’z)

i M
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and

(6.7) y(¢,2) = W, V(e 2) #0

The vectors V, W satisfy 1'V(&,2) = 'W(E,2) = 1, and V(§, 2) has all entries
nonzero. The functions ¢, v, V and W are all jointly continuous in ¢ and z,
and for each fixed z are Hélder continuous in &. The functions V(£) and ¢(£)
are functions only of the “ forward” coordinates x,,%,,..., and W(£) is a
function only of the “backward’ coordinates ...,x_,, x,.

Proor. We will show that as n — o,

d (£,2)1
1t<;£(§§,:)1 ~ V(g 2)
and
®,(c7"¢,2)'1
I'd, (07 ¢,2)1

- W(¢,2)

uniformly for ¢ € A and z in (sufficiently small) closed disks centered at points
on (O, R], and that the errors are exponentially small in n. Since for each
n > 1 the functions ®,(¢, z) and ®,(07 "¢, 2)' are jointly continuous in (¢, 2)
and analytic in z, it will then follow that V and W are continuous in (¢, z) and
analytic in 2, and consequently, by (6.5) and (6.7), that ¢ and y are also
continuous in (¢, z) and analytic in z. Hélder continuity will follow from the
exponential rate of convergence.

To establish (6.4) and the convergences indicated in the previous paragraph,
we will transfer certain of the ideas and arguments used in proving Proposi-
tions 5.1 and 5.2 to the setting of a suitable complex projective space. Let
N = | Z|; we will identify RY with R? and CV with C# wherever convenient.
[Keep in mind that H (z) and therefore ®,(¢, z) are N X N matrices.] Let &,
Z, and & be as in the proof of Proposition 5.1, and for each nonempty
Bc # let Z.(B) and Z(B) be as in the proof of Proposition 5.2. Define
analogous spaces of complex vectors as follows:

P={veCV:1v =1},

P ={ve Pyl =eVi},
P(B) = {v'e P:v, # 0iff i € B,
P(B) = {ve P(B): lv;l = & Vie B}

Note that &, & are compact subsets of &, &, respectively, and that Z(B) is
a compact subset of Z(B); also, #Z, (B) C #(B) but neither is compact.
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__For ¢ € A and z such that |z| < R define mappings V(& 2) and PF(¢, 2) on
& by

d,(¢,2)v D, (077, z)tv
————— and V*({£,2)v = .
10,620 0 O g o 2y

Y, (§,2)v =

These are the analogues of T, T in the proofs of Propositions 5.1 and 5.2.
But notice that they are not well defined for all v € Z and |x| < R, because
the denominators may be zero. We will show that they are well defined for
v € & sufficiently close to & and z near (0, R].

Fix ¢ € (0, R], and let r be as in the statement of Lemma 5.3. By Lemma
5.3 and [26], Lemma 3.1, there exists ¢ > 0 such that for every £ € A the
function ¥,(¢,¢) is well defined on &, and maps &, into &,. Moreover,
¥ (¢,t) is contractive on & relative to the Birkhoff projective metric (see the
proof of Proposition 5.1). Since the projective metric and the Euclidean metric
are uniformly Lipschitz equivalent on &, there exists n > 1 such that ¥, (¢, 1)
is a strict contraction on & relative to the Euclidean metric. Consequently,
there is an open neighborhood % of & in & and an integer m > 1 such that
for every £ € A the function ¥,,,(£, ¢) maps closure(%) into % and acts as a
strict contraction on closure (%). But V,(¢, z) is jointly continuous in (¢, 2), so
there exist 6 > 0 and 0 < @ < 1 such that for all ¢ € A and (complex) z
satisfying |z — ¢| < § and |2| < R,

V... (& 2)(closure(%)) ¢ %
and
d(¥Y,,,.(¢&2)u, ¥, (& 2)v) <ad(u,v).

(Note: This also uses the fact that A is compact. Here d is the Euclidean
metric on &.)

As in the proof of Proposition 5.1, the last inequality implies the existence
of vectors V(¢,2) € % for ¢ € A and |z — t| < & such that for suitable con-
stants C < © and 0 < a < 1 (independent of z and &)

(6.8) d(¥,(¢,2)v,V(¢,2)) < Ca™

for every v € closure (%) and n = 1,2,... .

A similar argument shows that the mappings ¥,*(, 2) are well defined in a
neighborhood %* of & in & and map closure (2*) contractively into Z* for
|z — t| < 8*. It then follows that there exist vectors W(¢,2) € %* for £ € A
and |z — | < §* such that '

(6.9) (¥ (£:2)v, W(£,2)) < C*(a*)"

for all v € closure(Z*)and n = 1,2, ... . Now ¢ may be defined by (6.5) and y
by (6.7). If 8, 8* have been taken sufficiently small then the neighborhoods %
and 2* can be taken to be “close” to & and &, and so W(¢, 2)'V(¢, z) will
stay bounded away from 0, and V(¢, z) will have nonzero entries.
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The inequalities (6.8) and (6.9) may now be used to prove (6.4) by the same
argument used to prove (5.2) from (5.9). The relation (6.6) follows from (6.4)
by an easy argument. O

The convergence (6.4) and the analyticity in z of ¢, V, W and y will
ultimately enable us to analyze the integrand G,(re*?) in (6.1) for 6 close to
zero. However, Proposition 6.1 gives us no control over G (re'®) for 6 away
from zero. For this we need the following:

PROPOSITION 6.2. For every 8 > 0, there are constants C < ©and a € (0,1)
such that for all r € [8, R], 6 € [—7, 7]\ [-8,8], and all x € &,

(6.10)

Proor. Recall that G.(2) = G(zXu'H,(2)¢(z)) and that G(2), $,(2),
H2(2) are all defined by power series with nonnegative coefficients. Conse-
quently, each of these functions attains its maximum modulus on the circle
lz2| = r at z = r. Recall also from equation (2.6) that if x has reduced word

representation x = x,%, ‘' %,,, then H,=H, H, --- H, , and that each
entry of H,(z), for any i € &, is either 0, 1 or one of h(2), hy(2),..., h (2).
Assume now that p, > 0. For each j =1,2,...,v, the function h;(2) is

defined by a power series h;(z) = ¥}, _,q,2" whose coefficients ¢,, are proba-
bilities of the form q,, = P*{r(y) = n; Z_,, = yb}. Since p, > 0, it follows that
Qpim = q,p> for all m,n > 1, and since k ,(2) is not a constant function, at
least one coefficient q, is positive. Therefore, for all » € (O, R] and 6 €

[—m, w]I\ {0},
|h;(rei®)| < hy(r).

Now consider H,(z) for |x| at least as large as the integer r in Lemma 5.3.
Lemma 5.3 implies that every row of H,(z) has at least one entry that is
positive for all z € (0, R]. Moreover, if |x| is sufficiently large, say |x| > &, then
any nonzero entry must have at least one h; as a factor in some term
(otherwise the entry would be 1, implying that the random walk visits x%#
with probability one, which is not the case if |x| > k). Consequently, by the
result of the previous paragraph, for each & > 0 there exists B € (0, 1) such
that for all » € [8, R]and 6 € [—m,w]\ [-3, 8],

|H (rei®)|| < B H,(r)| Vxe& & with x| =&
= |H(re%)] < B"iuHx(r)u V x € & with |x| = nk.

The inequality (6.10) now follows from (6.2) and (6.3).
It remains to show that the assumptionn p, > 0 is extraneous. Here we use
(1.2) and (1.3) which guarantee that p*™(e) > 0 for some m > 1. We can
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express the Green’s functions G,(2) in terms of the Green’s functions for the
“m-step” random walk Z,,, as follows:

(6.11) G.(2) = Y G (2)T,-(2),

y:ly xlsmK

where

m

I,(2) = ¥ p*"(w)z".
n=0

Since each T, (2) is a polynomial with nonnegative coefficients, (6.10) for G,

follows from (6 10) for G ]

Relations (6.2)-(6.4) allow us to approximate G,(z) by (exp{S,, (&, 2)( )
where --- indicates terms that do not change much as m — «. Here x =
X%y *°* x,, and £ € A is any sequence whose first m entries are x,x, - x,,.
Consequently, to analyze the integral (6.1) by the saddlepoint method we need
some control over the first two derivatives of S,,¢(¢, 2) for z € (0, R].

Let .# denote the set of ergodic, o-invariant probability measures on A. For
each n-periodic sequence £ € A there is a unique ergodic, o-invariant probabil-
ity measure v, supported by (£ 0 0%,..., 0" 1) v, attaches mass 1/n to
each o'¢. Let £, = {v;: £ € A is periodic}; then 7, is weak-* dense in 7.

For s € (—x,log R) and ¢ € A define

(€, 8) = @(§,€%),

. d

d(68) = u(&,9),
d2

W€, 8) = V(6 9).

PROPOSITION 6.3. For every u € 7 the integral [\(¢, s) du(¢) is a contin-
uous, strictly increasing function of s € (—»,log R), and

. 1
(6.12) [Al//(g, s)du(§) 2z Vse(-xlogR).
Moreover,
(6.13) Jim - inf [ 6(69) du(6) = .

If;)x > 0 for all x € & such that |x| = k, where k < K, then

. 1
(6.14) lim sup fl//(f,s)‘dp.(f) < 7
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Proor. The functions ¢, ¢ are jointly continuous in (£, s), by Proposition
6.1 and the Cauchy integral formulas for derivatives. Since A is compact, the
integrals [yi(¢,s) du(¢) and [§i(¢, s) du(¢) are well defined and continuous in
s, and the latter is the derivative of the former. In Proposition 6.4 we will
prove that [§(¢, s) du(¢) > 0; it will then follow that [(£, s) du(£) is strictly
increasing in s.

Since .#, is dense in .# in the weak-* topology we may replace .# by .7,
in each of (6.12)—(6.14). Let { € A be periodic with period m > 1; (6.4) implies
that

(6.15) lim trace(exp{S,,,¢({,2)}®,.(¢,2)) =1

uniformly for z in any compact subset of .#. Consequently, by the Cauchy
integral formula, the derivative with respect to z converges to zero. Thus,

1
[e'(£,2) dv,(¢) = lim — trace(eSmeE2®], (£, 2)),

(6.16)  [§(&,8) dvy(§) = e [¢(£,e%) dvy(¢)
1 trace(®,,,({,2))

=e® lim —

¢ b — trace(®,,,({,2))’
where ' indicates d/dz. Now ®,(¢,2) = H,(z), where x = x;x, -* x,, and
X1, Xg, ..., X, are the first n entries of ¢, so trace ®,(£, z) is a sum of terms of

the form H -1h; (z) Lemma 5.3 guarantees that there is at least one such
term prov1ded n> r. Moreover, for each such term ! > (n — 1)/K, because

X = x,Xg *** x, cannot be reached from e in less than (n — 1)/K steps. The
derivative of l—lﬁ-=1hij(z) with respect to z is

d ! Ki(2)
(6.17) — [Thi(2) = ki (2).

dz jo1 Y J1h()1*—1 ’

Each h(2),i=1,2,...,v, is a power series in z with nonnegative coefficients
and no constant term, so for each i and each z € (0, R) we have h',(2)/h(2)
> 1/z. Consequently, for all z€ (0, R), £ € A and n > 1,

1 trace ¥, (£,2) n-—1
> .
n trace D.(¢,2) nKz

This together with (6.15) and (6.16) proves (6.12) for u = v;, and therefore for
all u € 2.

Assume now that p, > 0 for every y € ¢ satisfying |y| = k. Then for each
x,E & there exists a positive probability path from e to x with no more than
lx| /k + C steps, where C < « is a constant independent of x. It follows that
for each x € 4, trace(H ,(2)) contains a term p, p,, - pylzl with p, > 0 for
all i and I < |x|/k + C'. Now each entry H?%(z) of H,(2) is a power series in z
with nonnegative coefficients, all bounded above by 1; thus, we may write
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trace(H,(z)) = Lj_,bfz’ where 0 < b¥ < |#|. Consequently, the contribution
to trace( H/(2)) from those terms of the series indexed by j > |x|(1/k + &) is,
for 0 < z < 1, bounded above by

Nz N-1 2 N

+ P
1-2 (1-2)

||

where N = [|x|(¢ + 1/k)] (-] indicates greatest integer). But trace(H (z)) has
a term bfz' with [ < |x|/k + C' and bf > p’, where p, = min{p,: b € &
and p, > 0}. If z is sufficiently small that p’ > z/** then this term con-
tributes more to the trace than those terms indexed by j > N contribute to the
derivative. Finally, terms bj‘zj with [ <j < N contribute ij’-‘zj ~1 to the
derivative, and j/lx| < 1/k + . We conclude that for any £ > 0 there exists
z, > 0 such that for all z € (0, z,),

z trace H(2) 1
—_—— < — +
20+ |x|trace H.(z) "k ¢

for all x € # satisfying |x| > n_, some n_ < . The result (6.14) now follows
from (6.15) and (6.16).

Finally, consider (6.13). Take u =v, where { € A is periodic; then
J(£, 8) du(€) is given by (6.16). Now for any £ € A and 0 < z < R the trace of
®,(&, 2) is a sum of terms of the form H 1k (z) with [ > (n — 1)/K, and the
trace of ®/(¢£,2) is a sum of terms of the form (6.17). If h,(z2) =
min (#(2)/h (2)) then certainly

1 trace ¥)(¢,2) n -1
— >
n trace ®,(£,2) nK

hy(2).

Assume that p, > 0 for each j € &/; then by Propositions 3.3 and 3.6,
lim,_, p_(# (z)/h (2)) = « for each i = 1,2,...,v, and hence h,(2) — » as
z > R — . Since (6.15) and (6.16) exhibit [ 1/1(5, s) d/.L(f) as the 11m1t of a ratio
of traces, this proves that if p;, > 0 for each j € &/ then

lim inf f‘ﬁ(f»s)dl/g(f)—w

2> R— uge 0

and (6.13) follows.

It remains to show that the assumption p. > 0 V j € &/ is extraneous.
Again we use the standing hypotheses (1.2) and (1.3). By Lemma 1.1 these
guarantee that for some m > 1, p*™(i) > 0 for every i € . Hence (6.13) is
true for the random walk with one-step transition probabilities p*™(x).
Unfortunately, this does not yet prove (6.13) for the original random walk
because the ¢-functions may be different. To get around this difficulty, we will
express the integral in (6.13) in terms of the Green’s functions and then appeal
to (6.11).



2122 S. LALLEY

Fix £ =(x,)°__, € A, and for each n > 1 set x™ =x,x, -+ x,. If £ is
k-periodic, then (6.2)—(6.4) imply that
mek)(z)
li —Smeeé,2)] X~ 7\
e {,G(z) } n(¢:2),

where

n(¢,2) = u'V(§,2)W(§,2) ¢(2).
This holds uniformly for z in any compact subset of .#/ and the limit n(¢, 2) is
bounded away from zero. Consequently, the derivatives also converge, yielding

/ .1 [ Gien(2)
(&4 2) dvi(§) = lim — Guon(2) |

This, together with (6.11), implies that if (6.13) holds for the random walk
with transition probabilities p*™(x) then it must hold for the original random
walk as well. O

ProposiTiON 6.4. For every a > —x,

(6.18) inf inf [(¢,5) du(é) > 0.

a<s<log R pe A

Proor. Let ¢ € A be m-periodic and z € (0, R) be fixed. For some b €
% the bth entries of the vectors V({, z) and W({, z) are both positive [the
entries of V(¢, z) are all positive, the entries of W(¢, z) are nonnegative, and
W(¢, 2)'1 = 1]. Consequently, by (6.4), as n — o,

V({,2)sW (L, 2)s
v(¢,2) ’

and in fact this holds uniformly in a neighborhood of z. Observe that the limit
is strictly positive. Hence, by the Cauchy integral formulas for derivatives
(with - indicating d/ds),

eXp{_Smn‘P(gy z)}q)rl:tbn({’ 2’) -

. . 1 (i)rlr)tbn({’es)
[ o) dvi(6) = lim —i Ghr

and

. 1 [ BB, )DL et) — DL e)’
f‘/’(f’s) dV{(f) = '}lm ——{ q),l:,bn({,es)z *

—o mn
.Recall that ®? (¢, z) = H"(2) = E%2"®1{r(x) < »; Z,,, = xb}, where x =
XXy *°* X, and { has x,x, *** %,,, as its first mn entries. Consequently,
{HbY(e*)HPb(e®) — Hb%(e*)?} /H}b(e*) is the variance of 7(x) under a certain
probability measure, and as such is no smaller than the expectation of the

conditional variance given Z ., Z ;.- - - s L) Now recall that H2®(e®) is
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a sum of terms of the form F[ 1k (es) with [ > (|x| — 1)/K; conditioning on

the values of Z,, \, Z ., --- 18 ‘the same as specifying one of the terms

l—[hij(es). Consequently, the conditional variance is

se s s _ . s 2

hi,(e )hij(e ) hij(e )
h; J( e®) :

1
)
j=1

for some sequence i,,i,,...,i; from {1,2,...,v}.

Assume now that p, > 0. Then each h/z) is a power series X% _,q,2" with
Qrnim = 9, p™ and some g, > 0, and hence {/,(e*)h(e®) — h,(e®)} > 0 and is
bounded away from 0 for ¢ < s < log R. It follows that the terms in the last
displayéd sum are bounded away from 0, say by £ > 0, so the conditional
variance is at least le. Since ! > (lx| — 1)/K, it now follows by the two
preceding paragraphs that for all s € [a,log R) and all periodic { € A,

i, ) dv(€) = e/K.

It remains to prove that the assumption p, > 0 was extraneous. By (1.2)
there exists m > 1 such that p*™(e) > 0; hence (6.18) is true for the random
walk with one-step transition probabilities p*™(x). By an argument like that
used in proving (6.13), if { = (x,)5__,, € A is k-periodic, then

(nk)(e )G (nk)(e ) - (nk)(e ) }
Gyomm(e*)” ’

where x™ = x,x, ‘- x,. Therefore, by (6.11), if (6.18) holds for the random
walk with one-step transition probabilities p*™(x) then it must hold also for
the original random walk. O

f://(f,s) dv,(¢) = 11m iy

Let u € # and g > 0. Define

By = int laf u(es) du(e) - s}

this is the Legendre transform of s — [¢(¢, s) du(€). Since [P(&, s) du(€) is a
strictly convex function of s, by Proposition 6.4, the inf is uniquely attained at
some s € [—x,log R]. If ¢ = 0 then the inf is attained at s = s(u,0) = log R,
and in general the inf is attained at an interior point

s=s(u,q) € (—»,lim R)

if and only if qf(/}(g, s)du(¢) = 1. By Proposition 6.3, [y(£,s)du(¢) is a
positive, strictly increasing functlon of s always exceeding 1/K, so we may
deﬁne

I= lim 1nf fw(g,s)du(§)>1/K

§— —®

By (6.14), if p, > 0 for every x € & satisfying |x| = &, then I < 1/k. Since
JU(£, 8) du(¢) » » as s — log R, it now follows that s(/.L q) is a well-defined
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interior point of (—o,log R) whenever g € (0,1/I). Moreover, s(u,q) is a
strictly decreasing function of q.

If ¢ € A is periodic and v, is the o-invariant probability measure supported
by the orbit {¢, o¢, 0%, ...} of £, then we will write

s(£,9) = s(v: 9),
B(¢,9) =B(v9)-

For each finite reduced word x = x,x, --- x,, € & let £, € A be a periodic
sequence of minimal period containing x;x, ‘- x,, in its smallest periodic
block. (If x,, # x7 ', then ¢, = -+ x;xy -+ x, %%y *** x,, - .In general ¢,

is not uniquely determined, but the choice of £, doesn’t matter.)

THEOREM 6.5. Let x € & be such that |x| = m. Set r = e5¢»™/™_Then
n exp{nB(¢,, m/n)}
b x) ~ =
(6.19) V2rS, i(£,, s(£, m/n))
X{G(r)y(o™E,, TVl &er )W (o™, 1) b(r))

and
(6.20) P(T, =n} ~p*"(x)/G(r)

as m,n = » in such a way that m/n stays in the interior of the interval
(0,1/1). Furthermore, these relations hold uniformly in x for m/n in any
compact subset of (0,1/1).

Proor. We use the Fourier inversion formula (6.1) with

r = exp{s(&,, m/n)}.
Relations (6.2)~(6.4) allow us to reexpress the integrand G,(re’®) in terms of ¢
for |6] < 8, 8§ > 0 small. Proposition 6.2 implies that the integral over 6 €
[—m, 7]\ [—8, 8] is of exponentially smaller magnitude than the integral over
[—8, 8]. Hence, by (6.2)—(6.4),

p**(x) ~ (21rr")—1f1exp{Sm¢(§x, s +10) — in8}C(re'®) do,

where

C(2) = G(2)y(0™E,, 2) Vil £, 2)W (&2, 2) b(2)

and s = s(¢,, m/n) = log r. Now s has been chosen so that 6§ = 0 is a saddle-
point of the function S, ¥(£,,'s + 16) — in6; thus, when expanded in a Taylor
series, its linear term vanishes, leaving S,,¢(¢,,s) — Smlﬁ(gx, $)0%2/2 + -+ .
Therefore, the integral may be analyzed by an entirely routine application of
Laplace’s method of asymptotic expansion ([4], Chapter 4), which gives (6.19).
A similar analysis gives (6.20). O
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It should be observed that this proof only establishes the uniformity of
(6.19) and (6.20) for m/n bounded away from zero. However, for m/n = 0
the approximation (6.19) agrees formally with (4.1), so it is likely that (6.19) is
uniform for m/n €[0,(1/I) — €], any & > 0. See [19], Proposition 5 for a
more complete discussion of this point in the nearest neighbor case.

7. Asymptotic behavior of the word length functional. Guivarch
showed [13] that |Z,|, the word length of Z,, obeys a strong law of large
numbers: There is a constant B € (0, ») such that |Z,|/n —» B as. as n - ».
His proof used Kingman’s subadditive ergodic theorem. Later, Sawyer and
Steger [26] showed that there is also a central limit theorem: (|Z,] —
nB)/ Vn -, Normal(0, 02) as n — o for some o2 > 0, but did not prove that
o? is always > 0. In this section we will show how the results of Section 6, in
combination with certain results about Ruelle’s Perron-Frobenius operators
([3], Chapter 1) may be used to derive even sharper results about the distribu-
tion of |Z,| for large n, and in particular will show that o2 > 0 if (1.1)-(1.3)
hold.

Recall that A is the set of doubly-infinite sequences ¢ = (x,)%__, with
x, € and x,,, #x,* V n. Define A, to be the set of one-sided sequences
E=(x,)5_, with x, € & and x,,, #x,' V n > 1. As earlier let o: A > A
and o: A,— A, be the forward shift operator, and for any R- or C-valued
function fon Aor A, define S, f=f+fco+ -+ +f o™ L For any Holder
continuous functions f, g: A, — C, define

(Z£g)(§) = L ePg(s) VeeA,,
{rol=¢
The operators .7}, called ““Ruelle operators,” are bounded linear operators on
the space of Holder continuous functions on A, with given exponent—see [3],
Chapter 1 or [25] for greater detail. Observe that

(,/}”g)(f) - Z eSnf(i)g({)_
Lio"=¢
For real-valued f, the operator .#; enjoys certain spectral properties simi-
lar to those of Perron—-Frobenius matrices. In particular, there exist a constant
P(f) € R (the “pressure”), a strictly positive, Holder continuous function  /:
A, — (0,=), and a Borel probability measure v, on A, satisfying (b, dv,=1,
such that

Zhp=e"Ph, and Ly, =eP Dy,

(here .Z* denotes the adjoint of .#). Moreover, the rest of the spectrum of
Z; is contained in a disc centered at 0 of radius < e, The measure u,
defined by du/dv;= h; is o-invariant and therefore extends to A; it is the
“Gibbs state’” associated with f.

Now let {¢,(¢): z € A, ¢ € A} be a family of Hélder continuous functions
on A, indexed by z € .#” for some domain .#'C C such that z — ¢, is analytic
with respect to one of the Holder norms. We have in mind ¢,(¢) = ¢(¢, 2) or
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(&) = ¢(&, s) where o, § are as in Section 6. Assume that for z € R N ./ the
function ¢, is real-valued. Then the results concerning the spectrum of 7,
described above are applicable for each fixed z € R N .#. Furthermore, stan-
dard results from regular perturbation theory (cf. [15], Chapter IV, Section 3
and Chapter VII, Section 1) imply that P(z), h,, v, and so on extend
analytically to a neighborhood of R in .#, where the relations -Zh, = e?®h ,
Z*v, =eP®y,_ and [h,dv, = 1 remain valid. [Notational convention: we will
write Z, P(z) and so on, instead of 7, P(¢,) and so on.] In addition, for
each real z, there exists ¢ > 0 such that for all z € 4 satisfying |z — z,.| <,

spectrum(-Z;) — {e"®} ¢ {w € C: [w| < &P — ¢},

Denote d/dz by '.

LEMMA 7.1. Foreachze RN 4

(7.1) P'(2) = [¢u(£) dp.(£),
(72) P'(2) = [¢}(£) du,(£) + lim — fwM%WVﬂWM)

Proor. Differentiate both sides of the equation (e P®.£)*h, = h, with
respect to 2, divide by n, integrate against v,, and let n — = to obtain

lim [(e7)" {(S"‘D’ P(2))h }<§)dvz<f)=o.

n—>w

Now use the equations ((e " *®.£)*)"v, = v,,(du,/dv,) = h,, and [h,dv, =1
to rewrite this as :

n(PZ

lim =P'(2).
n—)oof ( )
Since u, is o-invariant, this proves (7.1).
To prove (7.2), differentiate both sides of (e P@.£)"h, = h, twice with
respect to z, then divide by n, integrate against v,, and let n — « to obtain

lim — (e F@2)"{(Sa¢s = nP"(2) = (S,¢. — nP'(2))")h,} dv, = 0.

n—o N

Since (e P®_£*)"v, = v, and du, = h, dv,, this implies (7.2). O

We may apply this result to the assignment s — , where ,(£) = ¢(¢, s) is
as in Section 6. Together with Proposition 6.3, Lemma 7.1 implies that
P¢s) > 1/K for all s € (—«,log R), that lim, RP(s) = oo, and that if
p, > 0 for all x € & satisfying |x| = &, then hms_, o P(s) < 1/k. (Note:
superscript ~ indicates d/ds, as in Section 6.) Together with Proposition 6.4,
Lemma 7.1 implies that P(s) > 0 and P(s) is bounded away from 0 for
s € [a,log R], for any a > —x; hence P(s) is strictly convex, and P(s) is
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strictly increasing, for s € (—x,log R). Set

I, = inf  P(s).

—wo<s<log R

Denote by B(g) the Legendre transform of P(s), that is,
B(q) = _ inf {qP(s) —s}.

—w<s<log
Since P(s) is strictly convex, the inf is attained uniquely at some s = s(q) €
[—,log R]. If g =0, then s(0) =log R; if q € (0, Ip), then s(q) €
(—,log R); and if ¢ > Ip, then s(q) = —. Note that s(q) = s € (—»,log R)
if and only if P(s) = 1/q. Clearly, s(q) is a decreasing function. By the chain
rule,

d ~ iz_ _ M
EB(CI)—P(S(CI)) and a2 B0 = aP(s(q))

so B(q) is strictly concave on (0, Ip).

According to Theorem 5.4, P(0) = 0. Consequently, B(q) attains its maxi-
mum value uniquely at ¢ = 1/P(0), and this value is 0. Note that P(0) =
Ji(€,0)dpo(£) by Lemma 7.1, and that ., coincides with u,, in Theorem 5.4.

THEOREM 7.2. There are positive constants C(q), q € (0, Ip), such that as
n—>oandm — o,

exp{nB(m/n)} C(m)
\/27rmp(s(m/n)) n
- uniformly for m /n in any compact subset of (0, Ip). Also,

d? C(1/P(0))*B(0)
—B = h .
(dq2 (Q))q=1/P(0) P(0)

(7.3) Pz, = m)

(7.4)

REMARKS. Equations (7.3) and (7.4) imply the central limit theorem for |Z,,|
first obtained by [25], and show that the limiting variance is strictly positive.
The result (7.3) shows that in fact a local central limit theorem is true.
Theorem 7.2 also allows us to identify the constant 8 in Guivarch’s strong law
\Z,|/n — B as.,

1 1
P(0)  [y(£0)du,
where ., = u,, is the Gibbs state figuring in Theorem 5.4.

B:

ProoF oF THEOREM 7.2. By the Fourier inversion formula,

1 - , .
[ L Gu(re®)emn?dg

n
2mr Tx:|x|l=m

(7.5) Pz, = m) =
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for any r € (0, R]. We will analyze this integral by choosing r so that the
integrand has a saddlepoint at r, then using Laplace’s method of asymptotic

expansion as in the proof of Theorem 6.5. Proposition 6.2 guarantees that

asymptotically (as n, m — «) the contribution to the integrand from 6 €

[—m, 7]\ [-8, 8] will be of smaller order of magnitude than the contribution

from 6 € [— 8, §]. Hence, we may focus on the behavior of the integrand in the

range 6 € [—§,8] where 6 > 0 is chosen sufficiently small that re® € 4
whenever |6| < § and .# is as in Proposition 6.1.

So consider ¥, ,_,G,(2) for z € .#. Recall from equations (6.1) and (6.2)
that G.(2) = F(2)G(z) and that F,(z) has a representation as a matrix
product. The behavior of this product is governed by (6.4) and, most impor-
tant, (6.4) holds uniformly for £ € A and z in compact subsets of .#. Thus, if
lx| = m,

(7.6) G.(2) ~ eSn¢ndy (£.,2)n_(0™¢,,2)G(2),
where

n.(¢,2) = u'V(¢,2),

n_(§,2) = y(§,z)W(§,z)t¢(z),

and £, is any sequence in A whose first m entries are x,, x,, ..., x,,, where
X = X;X3X3 ' X,,. The approximation is uniformly accurate as m — « for
|x| = m and z in any compact subset of ./

Recall that ¢(¢, 2) and V(¢, 2) are functions only of the “forward” coordi-
nates x, Xy,... of &; hence ¢(¢,2) and 7, (£, 2) may be considered functions
on A,. This is not true of n_(¢&, z), however. The presence of n_ in (7.6)
complicates the analysis somewhat for this reason. To keep this added compli-
cation from obscuring the main idea behind the analysis of ¥, ,,_,G.(2), we
will first show how we would proceed if the factor n_ were not present in
(7.6). Using the notation x = x,x, - x,,, let £©, ¢ € A, be defined for
each i € &, i # x,,! by

ED =i -
gg(cl) =x1x2 . e xmill “e

Then by (7.6),

Y G(2)
x:|xl=m
———1 Sme(¢D, 2) @) meG)
- 2'&/'— 1 ZM Z L e mreE T’+(§x_ 7z)77—(0' §x ,Z)G(Z),
PE i xp  Xpp: X L
But

DY Y eSnE@0n (60, 2) = ¥ (L7, (-, 2))(£9),

L€ 10y Xyt X #L ie

where £, = 7, . ,, is the Ruelle operator introduced earlier. For z sufficiently

close to the real axis, the spectrum of #, has an eigenvalue e”® near the
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positive axis, and the rest of the spectrum is in a smaller disc centered at 0.
Hence,

L (L0, (52))(EP) ~ e T h(6D) [ n.(&,2) dv,(£).

e e A, .

Consequently, if the factor n_ were not present in (7.6), we would be justified

in substituting C(2)e™?® for LT,. |, _,,G,(2) in (7.5), where C(z2) is a nonzero

constant (not depending on m). Asymptotic analysis of (7.5) based on the

_ Laplace method would then give (7.3) (the details are very similar to those in
the proof of Theorem 6.5).

The function n_(o ™, z) depends only on i and x,,, x,,_y,. .. . Since it is
Holder continuous, it can be well approximated by a function depending only
on X,,,%,_1,-+-»%,_p+1 and i; the approximation may be made arbitrarily
close by letting £ — . [In fact the error is O(e ~**) for suitable a > 0.] Now if
n_(c™¢W, 2) were only a function of x,,,%,,_1,...,%,_4+; and i then we
could write

)y eSmartE. 2y (LD Z)p_ (gmhe®, 2)

el ;
X1%2 Xm+k* xm+k*l

— Z ./;m(es’*“’n+)(am§§i))n_(am+k§§i),z)

Ll i
Xm+1%m+2 Xkt Xmsp Tl

(the dependence of ¢ and 7, on z is suppressed). The spectral theory of .2,
could then be applied as in the previous paragraph. Using these approxima-
tions and letting & — « gives, finally,

L Gy(2) ~e"PIC(2)

x:lx|l=m

for a constant C(z) # 0 [different from the C(z) of the previous paragraph].
Therefore, (7.5) may in fact be analyzed by the Laplace method, proving (7.3).

It remains to prove (7.4). In principle, this could be done by keeping careful
track of the constants in the preceding argument, but this would be tedious
and possibly difficult. However, (7.4) must follow from (7.3) and Guivaréh’s
strong law, because the probabilities in (7.4) for (m/nB) € [—¢, €] must add
up to (almost) one. O
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