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SUPER FRACTIONAL BROWNIAN MOTION, FRACTIONAL
SUPER BROWNIAN MOTION AND RELATED
SELF-SIMILAR (SUPER) PROCESSES!

BY ROBERT J. ADLER AND GENNADY SAMORODNITSKY
Technion—Israel Institute of Technology and Cornell University

We consider the full weak convergence, in appropriate function spaces,
of systems of noninteracting particles undergoing critical branching and
following a self-similar spatial motion with stationary increments. The
limit processes are measure-valued, and are of the super and historical
process type. In the case in which the underlying motion is that of a
fractional Brownian motion, we obtain a characterization of the limit
process as a kind of stochastic integral against the historical process of a
Brownian motion defined on the full real line.

1. Introduction. In this section we shall start a description of the main
ideas and results of this paper as nontechnically as possible, and therefore be
occasionally imprecise. All the requisite qualifying details will appear in the
following sections.

A. The usual setting. Superprocesses arise as infinite density limits of
systems of branching Markov processes. We start with a parameter u > 0
that will eventually become large, a finite measure m on :R¢ and a Poisson
point process IT* on R? with intensity measure um. The K = O(u) random
points, x,,..., Xg, of the Poisson process will be the initial positions of a
system of particles. Each of these K particles follows the paths of indepen-
dent copies of a Markov process Y, until time ¢ = 1/u.

At time 1/u each particle, independently of the others, dies and leaves
behind itself a random number of “children,” with the family sizes of the
different “parent” particles independently distributed. The mean family size
is 1. The individual particles in the new population then follow independent
copies of Y, starting at their place of birth, in the interval [1/u, 2/u), and
the pattern of alternating critical branching and spatial spreading continues
until, with probability 1, there are no particles left alive. It is clear that this
is a purely Markovian system.
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The basic process of interest is the measure-valued Markov process

{number of particles in A at time ¢}
(1.1) XH(A) = ,
M

where A €%, the Borel sets in %% Note that for fixed ¢ and u, X/ is a
purely atomic measure.

It is now well known that under very mild conditions on Y the sequence
{X*},. | converges weakly, as u — », and on an appropriate Skorohod space,
to a measure-valued process which is called the superprocess for Y. If, for
example, Y is a Brownian motion with generator A, the limit process is the
super Brownian motion. Details can be found, for example, in Ethier and
Kurtz (1986), Walsh (1986) and the major recent review by Dawson (1993).

B. A non-Markovian model. The motivation for this paper is to investi-
gate the above problem when the underlying motion of the particles is
non-Markovian. This problem can be divided into two distinct subproblems,
depending on what happens at the birth/death times &/ u.

The simpler of the two cases arises when a general non-Markov motion is
allowed, but at birth/death times each of the new particles begins a motion
_ independent of those of its ancestors and of those of other particles, other
than for the fact that it begins its motion at the death place of its immediate
parent. Much of the Markov structure is thus preserved. We do not consider
this case in the present paper.

In the more interesting case, the one which we do consider, the particles
follow the talmudic dictum of “Know from whence you have come” [Talmud
(circa 400)] and at regeneration times retain some memory of what their
ancestors did in the past. We now begin with a more precise setup.

We append to the state space :? a cemetery state A and adopt the
convention that ¢(A) = 0 for all functions ¢: R? - R* We fix 0 < u < oo
and recall that K = O( ) is the number of particles alive at time zero.

In order to label our particles, define the family of multi-indices

(1.2) I={a=(ay,a, ,ay) ag €S, a;>21,i>1, N> 0}.
Define the “length” of @ by |a| = N and set al; = (a,..., ;) and a —i =
(@gs.ves Qi)
Induce a partial order on I by setting
(1.3) B<a < pB=a| forsomei <|al
and for any ¢ > 0, write a ~¢, if and only if

' lal 1+ el
(1.4) — <t<: .
M M
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Furthermore, for two indices « and B, set
(1.5) %P = max{k: o; = B;, forall i <k}

and write a A B = a|,«s = Bl,«s. For each a € I, let {Y*(¢), ¢ > 0} be a copy
of the generic process Y with Y, = 0, chosen so that the family {Y°}, .,
satisfies

(16) Yo(t) = Yoi(t),

for all 1 <i <|al. Again, for each a €1, let {#*},,, be a filtration. We
require that 7 c P, for all ¢t > 0, whenever @ < B and that Y*(¢) is &~
measurable. In general, we think of #* as the o-algebra generated by {Y *(s),
s < t}, but even in the most interesting of our examples to follow, this will not
be the case.

Furthermore, for any a,B €1, and ¢ > 7*#/u, we shall require that
Y*(¢) and Y*(¢) are conditionally independent given 7% ?,. (When 5 is the
o-algebra generated by Y ¢, this is equivalent to requiring conditional inde-
pendence given {Y*" #(s): 0 < s < 7*#/u}; i.e., children recall their parent’s
behaviour, but, given this, ignore their peers.)

It is not hard, although it is slightly tedious, to show via a standard
Kolmogorov-type construction as in Theorem 2.7.2 of Ash (1972) that such a
system is well defined. This almost defines our particle system, but we are
not quite finished, for we have yet to introduce random branching. This we do
by thinning out the full tree of particles. For each a €1, let N® be an
independent copy of a generic nonnegative random variable N, which repre-
sents the size of families at branching. We assume throughout that EN = 1.
Now define the stopping times

0, if ay > K,
i1+1
ming _;_ : N*li=0), ifthisset # Jand oy <K,
7%= - M
1+ al .
, otherwise.
M

We can now finally define the particle paths of interest to us by setting, for
each a €1,

+ Y i <T“
(1.7) Xo(t) = {x“° YEE), af<rt,
A ift > 7%

Thus X“ is only “alive” (i.e., not equal to A) at time ¢ if it has a continuous
stream of ancestors. .
The definition (1.1) of our basic measure-valued process for the finite
system is now more precisely expressible as
' #{(XreA:an~t)

(1.8) Xr(A) = . :

2
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We shall also find it useful to construct another measure-valued process
associated with the above branching system of moving particles. Assume that
the generic process Y has sample paths in D[0, ), the space of R %-valued
cadlag functions (equipped with the Skorohod /; topology). Furthermore, for
any function f:[0,°) » R¢ and ¢ > 0 define a new function f® by f*)(s) =
f(t A s). Then the historical process for the above particle system is well
defined as

#(X) P eAra~t)
(1.9) Hp(A) = ;
I
where now A is a Borel set in D([0, »), R%).

If A € %% then A, == {f € D[0,*): f(t) € A} is a Borel set in D[0, ). Thus
it is immediate that X/(A) = H*(A,), and so, in principle, knowledge of the
historical process implies knowledge of the basic process X/*. [The converse is
not generally true, although for special processes, in high dimensions, it is; cf.
Barlow and Perkins (1993).]

C. Self-similar processes. To get some interesting limit theory from the
setup described above, we shall have to make some assumptions about the
structure of the generic process Y. In particular, we shall assume that {Y(¢),
t >0} is an H self-similar R %valued stochastic process with stationary

“increments. That is, for any n > 1,0 <¢, <¢, < ** <¢,, h >0 and ¢ > 0,
there exists a real H such that

(1.10) (Y(ety),...,Y(ct,))) ZcH(Y(2),...,Y(L,))
(H self-similarity) and
(Y(ty + k) — Y(t; + ), Y(t5 + h)
(L11) . —Y(ty +h),...,Y(¢, + h) — Y(t,_; + h))
Z(¥(t)) ~ Y(£1), Y(t5) = Y(t5),.... ¥(8,) = Y(t,_1))

(stationarity of the increments). The common alias for “H self-similar with
stationary increments is H-sssi, and we shall use it in the sequel. We shall
also assume that

(1.12) 0<H<1 and E|Y(1)|f <= forsome p > 1/H.

It is worth noting that mere existence of the first moment of Y (1) forces H to
be in (0,1], and H = 1 leads to a degenerate process [Vervaat (1985)]. Note
further that the H-sssi property of Y implies that E||Y(¢) — Y(s)II? = alt —
sIPH for every t, s > 0 with a = E||[Y(1)||” and, of course, that Y(0) = 0.

An immediate consequence of the moment assumption (1.12) is that Y has
a version with continuous sample paths. This can be checked in a variety of
ways, one of the simplest being via a version of the Kolomogorov—Loéve
theorem [e.g., Billingsley (1968), Theorem 12.4]. We shall assume throughout
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therefore that all copies of Y have continuous sample paths. When a compo-
nent Y, of Y € R? is a one-dimensional Gaussian process, it is the well
known fractional Brownian motion and so can be represented as

(1.13) Yi(t) = kif_t (¢ =" = (=r)I"V")B(dr), t=0,

for H + 1/2, where k; is a constant and B is a standard Brownian motion on
(—o,). For H = 1/2, (1.13) is not really very informative and Y; is simply a
constant multiple of standard Brownian motion. It is easy to check [cf. (1.15)
below] that the covariance function of fractional Brownian motion is given by

(1.14)  Cov(Y;(2),Y,(s)) = 1 Var(Y;(1))[ 2% + s2¥ — |t — s|*#].

It is also straightforward to check that every (one-dimensional) H-sssi pro-
cess with finite second moments has the same covariance function (1.14) as
the fractional Brownian motion. However, these are not the only examples,
and there do exist non-Gaussian one-dimensional H-sssi processes with finite
second moments. [In fact, with all moments finite; cf. Surgailis (1981).]

Our main weak convergence result concerning measure-valued processes
(1.8) is stated and proved in Section 2, under the dependence structure
outlined in Section 1B above and the assumptions that the generic particle
motion Y is H-sssi, satisfying, together with the branching mechanism N, an
appropriate moment condition. The result parallels the weak convergence to
the superprocess known in the purely Markov case. '

D. More on fractional Brownian motion. Since the general convergence
results just described do not require any particular structure for the particle
motion Y, it is not possible to say very much about the limiting measure-val-
ued process. To do so, we specialize to the particular case of the particles
moving according to the d-dimensional fractional Brownian motion [i.e., each
component of Y satisfies (1.13) for some %, and the same H]. Given the
general terminology of superprocesses, the measure-valued limit process
could well be termed a “super fractional Brownian motion.” What we shall
establish is a representation for this limiting process which is related to the
usual super Brownian motion.

To do this, we require a system of branching Brownian motions on (— o, ),
so as to exploit (1.13) to give a compact and useful representation of the
particle system.

Retaining the indexing notation developed above,.let {{W*(¢)},, o}, <; be a
system of branching Brownian motions, all starting at the origin. Recall that
at ¢ = 0 there are K initial points for this system. Let W',...,WX be K
" extra Brownian motions in positive time, independent of one another and of
the initial system. For a € I define the process

(115)  B(#) = 1,5 (OW™(E) + 1, o OW(—2), —o0<t<o,
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Then each B* is a Brownian motion on the entire real line, centered by
setting B*(0) = 0. Now set, for each a € I,

(1.16) Y*(¢) =[_ (¢ =r)F 2 = (=r){"V?*)Be(dr), t>0.

Finally, define the thinned system {X°} as at (1.7). However, to simplify the
notation for the moment, assume that all the initial pomts x, are zero. That
is, all the paths X® start from the origin of R% It is obv10us that the
branching system so constructed fulfills all the requirements of the previous
section, with the filtrations 7%, t > 0, taken to be o{B*(s): —© < s < t}.

Now, however, we have far more structure than we had before.

To see this, let H* be the historical process for the B system, so that for
any Borel set A of C(R,%%) and ¢ > 0,

1
(1.17) Hf(A) = > Y 1,(B*).

a~t
Taking the integrated form of the measure (1.18), it is now immediate that,
for any nice test function ¢: R¢ —» R,

XH() = / () X}(dx)

= S(X")

(1.18) oot
- ; X ¢(f ((t=r)"7% - (—r)i"l/z)B“(dr))
=[C(m,md)¢(fjoo((t— YAV _(_pyE- Uz)y(dr))H;‘(dy),

(It is easy to pass from line to lie here if one keeps in mind that, with the
exception of the one stochastic integral, all other integrals are really just
finite sums.)

In Theorem 3.1 we shall show that it is possible to pass to the limit as
pu — « in (1.18). Since the final line in (1.18) is then a functional of the
historical super process for Brownian motion (albeit on all of # rather than
just R, ), we obtain super fractional Brownian motion as a function of super
(historical) Brownian motion, giving us the main result of Section 3 and the
title of the paper.

It is clear that the explicit representation (1.18) allows for a far clearer
understanding of the limit process than does the more general procedure
which we described earlier, in which nothing other than the existence of a
limit process is established. We should note, however, that the previous
subsection covers a much wider range of processes than mere fractional
Brownian motion. In fact, a representation like (1.18) would seem to be
" possible only for fractional Brownian motion or other processes representable
as functionals of systems of branching Markov processes. The approach taken
in Section 2 works in far greater generality.
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2. Weak Convergence for general self-similar processes. Through-
out this section we shall assume the branching structure, with conditional
independence of new particles, described in Section 1B. We shall also assume
that the particle paths are those of H-ssii processes and that the Poisson
distribution of initial points is governed by a finite intensity measure m.

Let Mz(%1?), endowed with the topology of weak convergence, be the space
of finite Radon measures on R? and let C(0,T), Mx(R?)) and D(0,T),
M, (%)) be the spaces of continuous and cadlag functions from [0, T] to
M (R?). When T =~ we denote these more briefly by C(M (R9) and
D(Mz(R9)).

The following is the main convergence result of this section.

THEOREM 2.1. Suppose that for some p > 2 both E||Y(DII” < © and EN?
<o, If H> 1/p, then the sequence {X"},_; of Mp(R%)-valued processes
converges weakly in D(Mz(R?)), as u — =, to a Mz(R?)-valued process X.
Furthermore, X has a version with all sample paths in C(Mz(R4)).

REMARKS. We shall see below that the finite-dimensional distributions of
X* converge without assuming existence of any moment higher than the
second for the branching distribution and for every H € (0,1). The extra
assumptions are required to establish tightness. We do not know, however,
whether the condition H > 1/p is necessary or only a function of our method
of proof.

Note that when Y is a fractional Brownian motion, the moment condition
on Y is satisfied for all p, and so the theorem gives the existence of fractional
super Brownian motion for all 0 < H < 1. (The condition EN” < = can be
satisfied without any loss of generality here.)

At an intuitive level, the qualitative aspects of this requirement are readily
understood. Lack of smoothness at the level of X* can be due to one of two
sources: irregularities in the particle paths or large spurts of population
growth. Recalling that the sample paths of the process Y become rougher as
H decreases, the need to balance the moments of Y and N against the
smoothness parameter seems more than reasonable.

PROOF OF THEOREM 2.1. The proof is rather long, and so will be broken up
into a number of stages.

Initially we shall prove that the sequence {X*}, converges weakly in
D(Mz(R?) to a stochastic process X which has a version with all sample
paths in C(Mz(R?), where R is the one-point compactification of R<¢. Only
at the very end shall we move back to D(Mz(R?).

To establish the weak convergence of {X*},, we start with the usual
reduction:

Let C, be the collection of réal-valued continuous functions on R which
have a continuous extension to the one-point compactification of R¢ (that is,
the functions with a finite limit at ©). We claim that it is enough to prove that
for every ¢ € C; the sequence {X*(¢)}, converges weakly in D(R) to a



750 R. J. ADLER AND G. SAMORODNITSKY

process which has a version with all sample paths in C(RR). It will then follow
from Theorem 3.7.1 of Dawson (1993) that the sequence {X*}, is tight in
D(M F(7)) To establish convergence of finite-dimensional dlstnbutlons, note
that since the limiting process for each {X*(¢)}, has continuous sample paths
and ¢ is compact, every limit point of the sequence {X*}, must have a
continuous version. It then follows from the assumed convergence and Theo-
rem 3.7.8(a) of Ethier and Kurtz (1986) that for every ¢, > 0,...,¢, > 0 and
¢ € C, the sequence {(X/(¢),..., X! ( #))}, converges Weakly in SR" and so
the sequence {(X/,..., X, ")} converges weakly in (M(R9)?. A final applica-
tion of Theorem 3.7. 8(b) of Ethler and Kurtz (1986) shows that the sequence
{X*}, cannot have more than one limiting point. This gives the full weak
convergence that we require.

We therefore now fix ¢ € C; and consider the sequence {X*(¢)}, of D(R)-
valued processes. It is obviously enough to consider a function ¢ with a
bounded first derivative [such functions are dense in C;; see Theorem 3.7.1 of
Dawson (1993)], and henceforth we shall consider only such functions. We
start by establishing the convergence of finite-dimensional distributions of
this sequence. The proof'is a reasonably straightforward application of Lemma
3.1 of Dynkin (1991).

We shall give enough details here to allow the reader to check that
Dynkin’s theorem applies to our situation, without repeating that result in

-full detail. However, it is worth noting that Dynkin’s result gives convergence

of finite-dimensional distributions for branching systems of not necessarily
Markovian systems in an extremely general setting. His result is therefore
crucial in the following argument. It does not, however, give full weak
convergence (i.e., in the function space setting which includes, of necessity,
tightness of some kind). Furthermore, in the non-Markov setting, it works
only at the level of the historical process.

Choose any ¢,...,t, in [0,%). We define p continuous real-valued func-

tions on C(R, R¢) by
fi(y) =e(y(¢)), i=1,...,p.
Observe that for every u.> 1,

(XE(@)s-o s XE(9)) = (HE(F)s - » HE())»

where H* is the historical particle process (1.9) corresponding to X*. Apply
now Lemma 3.1 of Dynkin (1991) to the sequence {H "} with, in his notation,
K(dt) = dt, branching mechanism go#(x z) 1ndependent of ¢, w and x and,
finally, with the additive functional A given by

p .
A(B,w) = ¥ 1y pfi(@)

for a Borel set B and w e C'(ER, R9). The application is straightforward:
simply treat H* as a regular (nonhistorical) superprocess with respect to the
time inhomogeneous Markov process Y defined by

Y(t) = (¢,Y(s),s <t).
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(A detailed example of how to do this is given in the following section, where
we have more need for rigor) Note that for each ¢ >0, Y(#) is 9, X
C(R, R4)-valued. Since Dynkin’s result does not require any regularity as-
sumptions on the Markov process, we conclude immediately that the se-
quence

(EECR), - HE(F)) = 1,20

converges weakly in R? as u — o and, therefore, so does the sequence

{(XE(9),- -, Xp(9)), m = 1,2, }.

This concludes our treatment of the finite-dimensional distributions. (Note,
by the way, that we have not been able to say anything useful about their
structure!) We now proceed to establish tightness for the sequence {X*“(¢)},
in D(R). This, in itself, is a rather long calculation that needs to be broken
up into a number of steps.

A simple extension of Theorem 7.2 of Ethier and Kurtz (1986) (and the fact
that ¢ is bounded) show that it is enough to prove that for every £ > 0 and
T > 0 there is a 6 > 0 such that

(2.1) limsupP(w(X*(¢),8,T) 2 ¢) <e,

l[, - 00
where the uniform oscillation function  is defined by

(2.2) o(f,8,T)= sup |f(¢) —f(s)l.
Olts—séltsssT

As a first step, we study a discrete version of the oscillation (2.2), which is

somewhat easier to deal with. For u = 1,2,...,8 > 0 and M > 1 consider
(2.3) w,(f,8, M) = max | F(ir/m) — F(ia/m) |-
2_
Ili lzlSS[L

We shall handle this oscillation function via metric entropy methods, for
which we need to start with some moment calculations. For 0 < i, <i, < Mu,
write

11/#( (P) lz/ﬂ((P) .
=pt X o(Y(iy/p) + %,,) L(in/p < 7(a))

a~iy/p

—ut Y @(Y(ia/m) + 20 ) Lia/ b < ()

a~ig/p

(24) ut HE/# P(Y(ir/m) + 24 )(1 = Ny(i1,2)) 1 i1/ < 7(@))
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HuTh X e(Ye(i/ ) + g, )No (i, 65) L(in/ e < 7(@))

a~iy/p

—wt Y e(Y(ia/p) +x,,)1(ia/0 < T(a))

a~ig/p
= Ay(iq,05) + Ay(iq,15),

where for a ~ i,/u, N,(i,,i,) is the number of “descendants” of Y* alive at
the time i,/u. Observe that

Ag(isig) =w™t X (@(Y(ir/n) +x,,) — o(Yo(iz/n) +x,,))

a~ig/p

(2.5) X 1(iy/p < 7(a))
N(ig/um)
= Z Dj’
j=1

where N(i,/u) is the total number of particles alive at time i,/ u.

We shall use two simple inequalities which can be easily checked from the
first principles. The first is a version of Burkholder’s inequality. Let X, X,,...
be independent zero mean random variables such that E|X;|” < « for every
i > 1. Then, letting c be a finite positive constant, in general dependent on p,
that is allowed to change from line to line,

14

(26) E <c )

m p/2 m
( Yy 0;2) + ) EIX|”
Jj=1

Jj=1

m
L X;
Jj=1

for every m > 1, where o® == EX?. Secondly, let N, be a critical branching
process starting with a single individual, with a progeny distribution having
a finite pth moment for some 2 < p < 4 (say). Then there is a ¢ € (0, ) such
that for any n > 1,

2.7 ~ ENP <cnP™l,

Observe that

N(ig/p) P
(2.8) E|Ay(iy, i) <c|E| ¥ (D;-ED;)| +|ED,|"EN(iy/p)"|.
Jj=1
Write
NGy/w) P NoO) P
E| ¥ (D.-ED))| =E| ¥ S|,
! Jj=1 k=1

where S, is the sum of all the terms under the summation in the left-hand
side corresponding to a single progenitor existing at time 0 and N(0) is the
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initial number of particles. Then, by (2.6), we have that

N(Ggy/w)
E Z (D ED)
(2.9) N©) P/2 - N(O)
( Y Var(Sk)) +E Y EIS,|?
k=1 E=1

= ¢(EN(0)"/*(Var(S,))** + EN(0) EIS, ).

We now evaluate the moments of S;. Let N/ be the size of the ith generation
of the jth particle from the first generation. For any 2 < a < 4, we have

a

N
E|S,|* = E| ¥ (D; — ED;)
j=1
IV,: 4y @/4
j=1
- ]vil Nl a/4
(2.10) <E| L - ¥ By((D, - ED,) (D, - ED,))
Ji=1 Ja=1
N, N o/t
Z Z |i1/M - iz/M|4H
Ji=1  jy=1

. . . H a
=cliy/p—iy/pl E[Né]
<cliy/pm—iy/ul* et

where Ej, stands for expectation taken with respect to the D;’s. Applying
(2.10) first with @ = 2 and then with a = p, we conclude from (2 9) that

NGg/m) P

(2.11) El Y (D;—ED))| <cliy/m—iy/ul"u?.
Jj=1

To complete a bound for (2.8) we need to evaluate the moments of N(i,/u)
appearing there. Retaining the same notation, a repeated application of (2.6)
and (2.7) [in the notation of (2.7)] yields that

E(N(io/w)")
(2:12)

Jj=1

N . )72 NO .
<cE|N(0)"+ | X E(Nj-1)| + X EIN/-1"| <cp?.
Jj=1
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It follows now from (2.8), (2.11) and (2.12) that
(2.13) E|Ag(iy, ip) " < cliy/pm = iy/pl?™.
We estimate the pth moment of A,(i,, ;) in a similar manner:

) NG/ \ 77
E|A(iy,i5)[ <cn™PE )

Y E(Nj, -1
j=1

NGqy/p)
(2.14) + ) EINj_;, —-1F
Jj=1
< ou?[(iy — iy) 2 EN(ir/m)"" + (iy — in)" ' EN(iv/ )|
< c(lil/ﬂ« —iy/ P+ iy~ iz/l’«lpﬁl),

where at the last step we used (2.12). It follows from (2.4), (2.13) and (2.14)
that for any 0 < i, < iy, < My,

»
ElX[:/#(qp) —Xi;;/#(‘a)l
< C(|i1/ﬂ - iz/ﬂlp/z +iy/pm - iz/.U‘|pH)‘

We can now use our moment estimates and a metric entropy argument to
bound the oscillation function. On the set S*:=1{0,1/u,..., M — 1/u, M}
define a metric d* by setting

(2.15)

ar(iy/p,iy/p) = (EIX{;/#( ¢) ~ Xi’;/#(‘a)Ip)l/p‘

For an &> 0 let N(&) be the smallest number of d* balls of radii not
exceeding & needed to cover the whole of S*. (For ease of notation, we shall
not explicitly display the dependence of N on u.) It follows from (2.15) that

N(e) < ce~max@,1/H)

In particular, this implies that there is a constant K < o« such that for every
T ¥

j;M(N(e))l/p de <K.

It now follows from Theorem 11.6 of Ledoux and Talagrand (1991) that there
is a function A: (0,1) — (0, 1) such that A(8) — 0 as § - 0 and such that for
every u > 1and 6§ € (0, 1), :

(2.16) E, max |X1,(¢) = Xl/u(0)] < h(8).

Iil—ing 7
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An application of Markov’s inequality now establishes a discrete version of
(2.1): for every ¢ > 0 there is a 8 > 0 such that

(2.17) limsup P(w,(X*(¢),8,T) 2 &) < &.

,L—)N

It is easy now to bridge the gap between (2.17) and (2.1): observe that for
any t,s €[0,T] we can place ¢ in some interval [i,/u,i; + 1/u] and s in
some interval [i,/u,i, + 1/u]. Then an argument very similar to that
leading to (2.15) shows that there is a ¢ € (0, ) such that for every ¢,s €
[0’ T]’

(2.18) E| XM o) — XH(o) <c(lt —sIP”? + |t — s|PH),

and then (2.1) follows as before by an application of Markov inequality. This
completes the proof of the fact that {X*}, converges weakly in D(M, =) to
a stochastic process X which has a version with all sample paths in
C(MR).

It remains to prove that the limiting process X is supported by 3¢, in the
sense that there is an event Q) of probability 1 such that for every ¢ > 0 and
o € Q,, we have X,({x}) = 0.

We may and shall restrict ¢ to be in the interval [0, T'] for some T > 0. For
a fixed r > 0 consider a bounded Hélder function ¢, on R¢ such that
0 < ¢.(x) < 1 for any x € R?, with ¢.(x) = 1if lxll > r, ¢, (x) = 0 if [|x|l <
r/2 and with a Holder constant §, say, fixed (8 > 0). (Such a function always
exists for r large enough, once & has been fixed.)

Of course, (2.16) and (2.18) apply fully to ¢,, and since the constant ¢
appearing there depends only on max, . zq|¢,(x)| and on the Holder constant
of ¢,, we conclude that for every ¢, s € [0, T] and any r large enough, (2.18)
holds and the constant ¢ does not depend on r. Writing

dr(t,s) = (E|Xt(e,) - X0 )",

t,s €[0,T], we estimate next the d* diameter D, of [0,T']. We therefore
have

dr(t,s))’ < E| XM o)
(d£(2,5))" < ¢ max E|Xt(e)]

<cu®? max E

Yy ]1(||Y“(t) + %, | > r/2)]l(t < 'T(a))‘p

0<t<T |, ,;
P
<cpP OmaxTE Y LY (&)l > r/4)1(¢ < 7(a))
R <t< ot

14

+cu™® max E
0<t<T

T L(llxgll > r/4)L(¢ < 7(a))

a~t
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We now repeat the kind of arguments that led to (2.14) and (2.14) to see
that forany 0 <¢ < T,

E| T 1(1v(5)[| > r/4)L(¢ < 7(a))|

a~t

L [1(17* ()1 > r/4) = PAT* (1) > r/a)] 1t < 7))

a~t

< c[E

+P(|Y=(2)| > r/4)"EN(t)”]

<[ wP/2(BW2)P? + wEW PP + P(|Y*(T)| > r/4)"EN(1)"],

where

]v(tnl
(219) W= X [1(yi(e)l > r/4) = P(IY5()] > r/4)].

Repeating the computation in (2.10) we easily conclude that for any
2<a<4,
EWI® < cu 'P(IY(t)|| < r/4)** < cus P(|Y(T) | > r/4)**.
Substituting the last bound into (2.19) and using (2.12), we conclude that

B 1(17(6) | > r/4)1(t < ()|
(2.20) a~t

< buPP(|Y(T)| > r/4)"*.

Furthermore, let N,(0) be the number of initial particles located at a distance
of more than r from the origin. Since N.(0) has a Poisson distribution with
mean pm(B;), where B, is the closed ball of radius r centered at the origin,
we obtain as in (2.12) that for any 0 < ¢ < T,

P
E| T 1(lz,, > r/4)1(t < 7(a))|
a~t
N, ,4(0) P/Z N0
(2.21) <CcE|N,,,(0)°+| ¥ E(N, - 1)2 + Y EIN, -1*
Jj=1 j=1
< Cﬂp(m(Bf/4 )p/4.

- A consequence of (2.20) and (2.21) is that

(dr(t,s)) < c[P(IIY"‘(T)II > r/4)"* + (m(Bg,, )”/4] = D(r).
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Observe that D(r) |0 as r — ©. We can get now an upper bound on the size of
supg . ;< 7 | X/(¢)| by using (2.18) with Theorem 11.1 of Ledoux and Tala-
grand (1992). We have

E sup |Xt(g,) —Xt(g)|sc[ 7 (smui/m)? g
0<t,s<T 0
=cD(r)’
for some 8 > 0. Therefore,
E sup X*(¢,) <EX{(¢.) +E sup |X!(¢) — X (o)l

0<t<T 0<t,s<T

(2.22) < ¢ wEN, 5(0) + D(r)°)

= c(m(B,/z) + D(r) )
Note that the constants in the right-hand side of (2.22) do not depend on w.
Since X*(¢,) = X(¢,) in D(R) as u — «, we conclude that
sup Xt”'(‘Pr) = sup Xt(‘Pr)

0<t<T 0<t<T
as u — o, and so by Fatou’s lemma we get

E sup |X,(¢.)| < c(m(Bg,5) + D(r)°).

- 0<t<T
By the definition of ¢, we immediately obtain

E sup X,({=}) < c(m(BS,) + D(r)°),

0<t<T
and since the above holds for any r large enough, we let r — % to get
E sup X,({«}) =0,
. 0<t<T
implying that there is an event ), of probability 1 such that for every ¢ > 0
and o € Q,, we have X,({~}) = 0
This completes the proof of Theorem 2.1. O

8. The fractional Brownian motion case. In this section we have two
tasks. The first is to carefully define the process that we plan to use in
obtaining a nice representation for the limit of branching fractional Brownian
motions. The second is to establish the weak convergence result.

A. Historical Brownian motion with tails. In this subsection we shall
closely follow Perkins’ (1992) construction of historical Brownian motion and
of certain stochastic integrals associated with it. Much of what we have to say
could well be swept under the carpet with a totally justifiable “it is easy to
. seg as in Perkins’ paper,” and-we shall actually often do so. However, we
nevertheless require enough notation to properly define our process and to
establish some technical results, in the following subsections, which cannot
be “easily seen” and deserve checking.
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Since the dimension d of our processes is fixed throughout, write, respec-
tively, C and C* for the space of continuous functions from (-, ®) and [0, )
to R, endowed with topology of uniform convergence on compact intervals
and let # and #* denoting the corresponding o-algebras. Let &, denote the
canonical filtration on C (uncompleted and not made right continuous). If
yelC,weClCtand s € R, let

’ f ’
(38.1) (y/s/w) = {i’u((tt)— s), ifz : :

Denote Wiener measure starting at x on (C*,%*) by P, and let M,(C)
denote the space of finite measures on C. For y € C, set

i (t) = {y(t), if ¢ <s,

y(s), ift>s,
and for s > 0 let
My(C)’ = {v € Mg(C): y =y for v a.a. y}.
Choose v € M(C)® — {0}. Define P, , € My(C) by

P, (A) = [ P(w: (3/5/w) € A)v(dy).

Let R = {(5,9) eR_.XC: y=y©} and for (s, y) € R, let P, ,=P, 5,
Finally, define probability measures P , and P , on ¢ = c(o0, ], Sﬁd) by

B, (A) =P, ,({w: (s + -,(y/s/w)‘“") e 4}),

B, ,(4) = [P, ,(A)v(dy),

where » € M;(C)®)-{0} and A € &, the Borel sets in C. If B(w) = o, denotes
the coordinate map on ¢ and {‘th+} is the canonical right-continuous filtration,
then B = (C, Z, A Bt, P ,) is a continuous strong Markov process with a
Borel semigroup.

So far, we have done nothmg other than to repeat Perkins’ (1992) construc-
tion of the usual historical Brownian motion, with a redefinition of C as
functions on the whole real line rather than just its positive half. Further
details can therefore be found in Perkins’ paper and the references cited
therein.

To see how all this relates to the constructions of the previous section, we
require some notation. For any function y on_R, define 5 by y(¢) = y(—¢).
Similarly, if A is a Borel set in C(—®, x), let A be the set defined by A = {¥:
y € A}. Finally, if m is a probability measure on C(—,«), define m by
. m(A) = m(A). We leave it to the reader to check the followmg easy lemma.

(3.2)

'LEMMA 3.1. In the construction above, take v = P, at (3.2); that is, Wiener
measure in “negative time.” If B(w) = (¢, B (), then for t > 0, B, is the full



FRACTIONAL SUPER-BROWNIAN MOTION 759

path from —x to t of the “Brownian motion with tails” described in the
prevzous section, and constructed explicitly at (1.15), but stopped at time t. We
let PO p, denote the law of B, on C.

Returning to the general setting above, it now follows from the results of
Fitzsimmons (1988) or Dawson and Perkins (1991) that B, has an associated
M F(Efid) valued superprocess H, itself a continuous, strong Markov process
with a Borel semigroup. If QO , denotes the law of H with H, =6, X v, then
H,=6,X H,, for all ¢t >0 a.s. We let @° denote the law of H on (QH,/Y),
where QH = C([0,), Mz(C)) and #= V , 0(w,: s < n). The process H is a
time-inhomogeneous Borel strong Markov process with My (C)-valued paths.
This is the historical process that we shall need to work with. In the setup of
Lemma 3.1, it is the “historical Brownian motion with tails” of the previous
section.

B. Some properties of historical Brownian motion with tails. Let us start
this section by agreeing, henceforth, to denote “Brownian motion with tails”
by BMT, and its historical version by HBMT.

We now need to collect a number of properties of HBMT. The first is a
straightforward application of Theorem 7.13 of Dawson and Perkins (1991),
and describes the weak convergence of a particle system of BMT’s to HBMT.

Retaining the notation of Section 1A, let {B"} be a system of branching
Markov processes on C, with transition probabilities as at (3.2). The initial
values B*(0) are all of the form (0, B®), where B is a BMT, and the 1ntens1ty
m underlying the initial Poisson measure IT* is of the form m = 8, X PJ’p,.

Denote the associated particle system historical process by H*; that is, for
Ae @,

(33) HA(A) = p' T 1y(B(1)).

a~t

Note that I-f;‘ = §, X H}*, where
(34) HF(A) = p™t ¥ 1o(B*(1))

a~t
and now A € @.

By Theorem 7.13 of Dawson and Perkins (1991), it follows immediately
that H* converges weakly in D([0, ), Mz(£9) to the sample continuous
process H defined above. An immediate consequence of this result is the
following theorem.

THEOREM 3.2. Under the above conditions, the sequence {H"},,, con-
verges, in D([0,®), M(C)) to the sample continuous process H defined above.

Our next step is to show that, under the random measures H,, the paths y
behave like the branching BMT’s used in our stochastic integral representa-
tion of fractional Brownian motion. This is crucial to all that follows.
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We start with a slight extension (because of tails) of a somewhat simplified
(because of nonrandom 7' in what follows) version of Perkins’ (1992) Camp-
bell measures:

DEFINITION 3.3. Let 0 < T' < . The probability measures Py on (Qj X
C,# X %) defined by
E{1,H;(B)} E{1,H(B)}
3. P X B) = =
where M = E{H;(1)} = E{H(1)}, are called the Campbell measures for the
process H.

The next theorem follows directly from the definition of Campbell mea-
sures and the properties of H as in the proof of Theorem 2.6 of Perkins
(1992).

THEOREM 3.4. Denote a generic point of Qg X C by (w, y). Let y, be the
coordinate mapping on C. Then, for each T > 0, B,(y) =y, is a BMT stopped
at Ton (Qy X C,ZX %, Pr).

_ The importance of this result for us lies in the following theorem, whose
proof is a simpler version (bar the extension to negative time) of the construc-
tion of the Itd integral in Section 3 of Perkins (1992).

THEOREM 3.5. Fix 0 < T < and 0 < H < 1. Then the integrals
(36) Y= [ (6= )" = (=1)T7 %) y(dr)

can be defined, Py a.s., in the same fashion as in It6 integral. Furthermore,
under Py, {Y,}_.., .7 is a fractional Brownian motion of index H.

We require one more technical construction before we can turn to the main
result of this section.

DEFINITION 3.6. Let 0 < T' < «, The probability measures P$ on (Qy X C

X C,# X & X %) defined by
E{1,H,(B)H(C)}  E{1,H;(B)H(C))

3.7 PP(AXBXC):= =
@7 PP(AXBXC) E{HZ(1)} _ MT + M?
with M as above, are called the product Campbell measures for the pro-
cess H.

Product measures of this form, for regular super-Brownian motion, were
studied in Tribe and Adler (1993). The same techniques used there suffice to
establish the next theorem.
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THEOREM 3.7. Let M = E{H (1)} = E{H(1)}. Denote a generic point of
Qy X CXC by (w,y,y5). Let y,(t) represent coordinate mappings and fix
0 < T < ». Then, under P, the pair (B,(t), By(t)) :== (y(t), y,(t)) has the
following distribution:

o (Wo(2), Wo(2)), if —»<t<m,
(By(2), By(t)) = { (Wo(7) + Wy((¢ AT) —7),
Wo(7) + Wo((¢ AT) — 1)), ift>r,

where W, is a BMT, W, and W, are standard Brownian motions and 7 is a
nonnegative random variable taking the value 0 with probability M /(T + M)
and whose conditional distribution, given {t > 0}, is uniform on [0,T]. All
four variables, W,, W,, W, and 7, are independent of one another.

C. Back to branching. With everything properly set up, we can now
return to the setting of (1.16)-(1.18), where the branching fractional Brown-
ian motions were set up as a function of a system of branching BMTs.

To set up our main result, let {B*}, . ; be a branching system of BMT’s as
described above and define a system of index-H fractional Brownian motions
{Y?},; as in (1.16). As pointed out in Section 1D, this system satisfies the
conditional independence structure we require, with the filtrations generated
by the B<.

Furthermore, let IT* be a Poisson point process of intensity um, where m
is a finite measure on R¢, and let x,, x,,... be some ordering of the points of
IT1#. Note that the a.s. limit of u™ 'I1* is simply m. Let {X“}, . ; be the system
of thinned processes based in the Y?, as in (1.7). Finally, let X* be the
particle superprocess (1.8) and let H* be the historical process (3.4) corre-
sponding to the branching system of BMT’s described above, with weak
limit H.

THEOREM 3.8. Let X* be the particle superprocess described above. As-
sume that the progeny distribution has pth moment, for some p > 2, and that
the measure m has all its mass concentrated at the origin. If H > 1/p, then,
as w —> o, the sequence {X*},_, converges weakly, in D(M #(RD), to an
Mo (R?)-valued process X with a version with all sample paths in C(Mz(R?)).
Furthermore, X has the following representation, in law, as a function of the
historical process H based on a BMT:

X, (¢) = fmdgo(x)Xt(dx)
(3.8)
= fg”(f_tw((t —r)"E - (-r)’l"l/z)y(dr))H,(dy),

b

where ¢: R > R ranges over all bounded, Lipshitz functions. The inner
“stochastic integral” is that defined in Theorem 3.5.
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REMARKS. Note, first, that if H = 1/2, the fractional Brownian motions
are regular Brownian motions, the limit process is super-Brownian motion,
(8.8) is essentially vacuous and so there is nothing new to study.

Second, Theorem 3.8 does not cover the case when the initial measure is
not concentrated at the origin. In this setting the historical process H has to
be changed somewhat. In particular, rather than basing the historical process
on the BMT process y, we need the process j(t) == (z, y(¢)), where z is a
random variable distributed according to m and independent of y. In that
case, the representation in (3.8) becomes

(3.9) j;@dxcgo(z + f_tw((t — )2 (—r)Ii_l/“z)y(dr))Ht(dz,dy).

Note that for all Borel A € %¢, H,(C, A) = m(A). We will comment on where
the proof needs to be changed to accommodate this setting when appropriate.

Finally, given the structure of (3.8) and its version (3.10) below for the
historical process H* of the finite system, it rather looks like one could prove
Theorem 3.8 from the fact that H* = H*, along with a simple application of
the continuous mapping theorem. However, it follows from the arguments
appearing in Nualart and Zakai (1990) that the mapping from the Wiener
space of BMT realizations to R¢ defined by y — [:. (¢t —r)H"1/2 —
(—r)2-1/2)y(dr) can be extended to a continuous mapping on C if and only if
H e (1/2,1]. Consequently, even if one worked to get this approach to
generate a proof, it would work only for H > 1/2.

Proor oF THEOREM 3.8. The first point to note is that the weak conver-
gence and continuity of the limit follow immediately from Theorem 2.1. Thus,
all we really need to establish is the representation (3.8). For the moment, we
fix ¢ > 0 and bounded Lipshitz ¢.

To establish (3.8), we commence by noting that (1.18) gives the following
version of (3.8) for the finite particle system:

XF( @) = fmdso(x)X;“(dx)
(3.10)
_ j‘c(p(f_tw((t _ r)H— 1/2 _ (—r)ff_l/z)y(dr))Ht“(dy)-

[Note that if X*(0) # 0, as assumed here, the last line will change to the
spirit of (3.9).] :

To make the notation somewhat lighter for the remainder of the proof,
write the inner integral in (3.10) as F(y), so that (3.10) becomes

(3.11) X¢(9) = [ o(F(3)HE().
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We now claim that there exists an approximation, say F,, to F, so that for
each fixed £ > 0 and each ¢ and ¢ > O,

(312) [ o(F(9))HA(dy) = [ o(F.(y)H(dy) aspu— .
Furthermore,
L,
(313) [ @(F(2)H(dy) > [ @(F(9))H/(dy) as &0
and, for each fixed u > 0,
L,
(314) [ o(F(n)HA(dy) S [ o(F(5) HA(dy) 255~ 0.
The statement of the theorem then follows via a standard argument [e.g.,
Billingsley (1968), Theorem 4.2].

We start with (3.12), for which purpose we replace the innermost integrand
in (8.10) by a simple function from (—, ¢t] - R, of the form

f(s)=f; ifs;_;<s<s;, j=1,...,k,

so that F,(y) becomes
F(y) = é)lfj- ((s) —¥(s;-1))-
Define a map M: M(C) - % by
ME) = | so(jé/s«(y(sj) —y(sj_l))K(dy)).

Note that this map is continuous. (Recall that C has the topology of uniform
convergence on compact intervals.) Indeed, the function ®: C — R defined by

k
O(y) = ‘P( _g,lfj(y(sj) —y(sj_l)))

is, obviously, continuous in our topology and bounded. The continuity of M
therefore follows from the definition of the vague convergence. Theorem 3.2
and the continuous mapping theorem now suffice to establish (3.12).

For the proofs of (3.13) and (3 14), we require some notation and the
following brief lemma.

Let

{1 [ 75y as <)
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and set [|f II(zt) = [t f2(s) ds. Note, for later reference, that
(3.15) o (r)=@-rTV-(ni"VeL
for all ¢t < o, if H € (0, 1).

LEMMA 3.9. Let ¢ be bounded Lipshitz and f, g € L',. Then there exists a
universal constant C < », dependent only on t, such that for every u > 0,

2

oo EL|eS Aevan) — of [ ae)v(an))|erecan
< Cligliipllf — gliEs),

where

“‘P”Llp = sup
xX+Yy

{|¢(x) - ¢(y)|}
llx — yll

is the usual Lipshitz norm. Furthermore, (3.16) also holds when H* is
replaced by the limiting historical process H.

ProoF. Note that the left-hand side of (3.16), when written as a sum
rather than an integral over the particle historical process, is equivalent to

B X o[ 01870 - of [ s(5)B7(a)]|

. a~t B~t

X[‘P(f_twf(s)BB(ds)) - ¢(f_twg(s)BB(ds))]
< p 2E[# of pairs (a, B) alive at time ¢]
x M( [ () —g(s))B(ds))r

< u"2E[# of particles « alive at time t]ZIIqollf,ip
2

xE| [* [f(s) - &(s)]B(ds)
< Cliglitip Ilf — g1l

wﬂere the last line follows from (2.7).
This proves (3.16) for the case of finite u. In the case when H* is replaced
by the limiting historical process H, the left-hand side of (3.16) is equivalent
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to
B[ [o[J" f91(@0)) = o[ so15(a0))]
<o o) o [ eoruan) | m(a Haw)
stoltnr [ [ ([ [ 170s) - g(o)] (o)
<[ 176) - e(o)luas)] | ) g ao)
~ ol (te 4 22 [ 17() - 8(9)] ()]

<[ 1) - go)lwas)),

where P® is the product Campbell measure of Definition 3.6 and M =
EH (1) = m(R9).

Now use the representation of the pair (y,w) given in Theorem 3.7, to
evaluate the P{® expectation above. Incorporating the factor (Mt + M?) into
the constant completes the proof of the lemma. O

We can now return to the proofs of (3.13) and (3.14). However, these are
now quite easy, Recall that in order to establish (3.12) we define F, by
approximating the function ¢, of (3.15) with a simple function on $. Call this
approximation ¢7. We now add the additional restraint that |l¢, — ¢/[I&) — 0
as € — 0. In view of (3.15), this is easy to do. Applying Lemma 3.9, (3.13) and
(3.14) now follow immediately.

This completes the proof for fixed ¢ and ¢. To complete the proof in
general, note that we can, obviously, repeat the above argument for a finite
number of times and test functions, and so show that the joint distribution of
<Xt'f( ©1)y.ees X,’:(q:n)) converges, as u — ®, to the joint distribution of the
right-hand side of (3.8) with the same ¢,,...,¢, and ¢,..., ¢,. Therefore,
(Xt,..., X}') converges weakly in (M A(R)" as u — o, and, because of the
tightness guaranteed by Theorem 2.1, Theorem 7.8 of Ethier and Kurtz
(1986) establishes the full weak convergence of X* on the right-hand side of
(3.8).

This completes the proof. O

Acknowledgment. We are indebted to Professor E. B. Dynkin for a
useful discussion on how to best apply his results to obtain the weak
convergence of finite dimensional distributions in the proof of Theorem 2.1.
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