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LARGE DEVIATIONS FOR STOCHASTIC REACTION-DIFFUSION
SYSTEMS WITH MULTIPLICATIVE NOISE AND
NON-LIPSCHITZ REACTION TERM!

BY SANDRA CERRAI AND MICHAEL ROCKNER
Universita di Firenze and Universitdit Bielefeld

Following classical work by Freidlin [Trans. Amer. Math. Soc. (1988)
305 665-657] and subsequent works by Sowers [Ann. Probab. (1992) 20
504-537] and Peszat [Probab. Theory Related Fields (1994) 98 113-136],
we prove large deviation estimates for the small noise limit of systems of sto-
chastic reaction—diffusion equations with globally Lipschitz but unbounded
diffusion coefficients, however, assuming the reaction terms to be only lo-
cally Lipschitz with polynomial growth. This generalizes results of the above
mentioned authors. Our results apply, in particular, to systems of stochastic
Ginzburg-Landau equations with multiplicative noise.

1. Introduction. In his pioneering paper Freidlin [10] studied large de-
viations for the small noise limit of stochastic reaction—diffusion equations.
Moreover, he described an entire program to obtain the desired estimates for such
stochastic equations for various levels of generality of assumptions on the coef-
ficient functions. Subsequently, several authors have taken up the challenge of
realizing this program under less and less restrictive conditions (see [16, 18] and,
more recently, [5, 12] or in case of particularly interesting special cases [2]). Our
contribution, which is specially motivated by the study of the works of Peszat [16]
and Sowers [18], goes in the direction of taking systems with reaction term having
polynomial growth (and in particular not globally Lipschitz-continuous) and noise
of multiplicative type, without any assumptions of boundedness. As we will see in
what follows, these two things together create some difficulties, even in the proof
of existence of solutions.

There are two approaches to stochastic partial differential equations such as
the ones in the focus of this paper: first, the martingale approach initiated by
Walsh [19], which is pursued in [18] and also, for example, in [5]; second, the
semigroup approach presented in [7], which is taken in [16]. Because of our
background in infinite dimensional stochastic analysis, in this paper we are taking
the latter approach, which has a more infinite dimensional-analytic flavor.

The precise type of stochastic reaction—diffusion equations we are interested in
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are systems of the following type:

ou;
g(hé) = Ajui(t,8) + fi(t. &, u1(t,8),...,ur(t,8))

r a .
(1.1) o) g E (). () B 1,6),
j=1
t>0, £€0,

ui(0,6) =x;(§), €0, Biu;(t,§) =0, 120, §€00.

Here O is a bounded open set of R, with d > 1, having smooth boundary. For
eachi=1,...,r, we have

Ai(E, D) = FE)——+ Y bl (E)—, 0.
(¢,D) hélahk<s>a§ha§k };h@a& £e

The coefficients a}'lk are taken in C'(O) and the coefficients b;'l are taken in
C(0) and for any £ € O the matrix [a}, (€)] is nonnegative and symmetric and
fulfills a uniform ellipticity condition. The operator 8B; acts on the boundary of @
and is assumed to be either of Dirichlet or of conormal type. Below, for each
¢ > 0 we denote by u; = (uj;l, ..., Uy ) the solution of (1.1) in the space E of
continuous functions on @, with some boundary conditions related to the boundary
operators B; (see Section 2 for precise definitions).

Under Hypotheses 1-4 on the coefficients which are specified in Section 2 (see
Theorems 6.2 and 6.3 for the precise estimates), we shall prove the following large
deviations result (cf., e.g., [10] for the Freidlin—Wentzell formulation):

1. Foranyx € E,z € C([0,T]; E) and §, y > 0, there exists g9 > 0 such that, for
any ¢ € (0, g9),

Lir(x)+y

P(lu; —zlcqo,r1:E) < 8) = eXP<—XT)-

2. For any x € E, r > 0 and 4, y > 0, there exists ¢g > 0 such that, for any
€ € (0, &),

r—y
P(lug — Kx,7(Nlcqo, 11,8 = 8) < eXp<_ g2 )

Note that we also prove that estimate 1 is uniform with respect to |x|g < R and
z€ Ky 7(r), for all r, R > 0, and estimate 2 is uniform with respect to x|z < R,
forall R > 0.

Here, the action functional is given by

L7(2) = 5 inf{19172 7.1y 2 =2 @)},
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where z*(¢) is the solution of the skeleton equation corresponding to (1.1)
[cf. (4.1) and Section 4], with the usual convention that inf & := +o00. Furthermore,

Kx,T(r) = {Ix,T <r}.

Let us list some special characteristics of this result in comparison with some of
the above mentioned earlier papers.

1. Unlike in [5, 16, 18], where global Lipschitz assumptions were imposed, here
the functions f; in (1.1) are only locally Lipschitz and of polynomial growth
(see Hypothesis 4 and Remark 2.1). The most relevant consequence of this fact
is that we cannot work with mild solutions and contractions theorems, so our
work becomes much more delicate.

2. g =|[gi;j] in (1.1) is not assumed to be globally bounded (as, e.g., done in [2,
16, 18]) and just assumed to be globally Lipschitz [see Hypothesis 3, but also
Hypothesis 4(iii)]. Moreover, unlike in [18], g may be degenerate. This means
that we can consider, for example, g;; (1) = A;ju;, with A;; € R.

3. We consider systems of r coupled stochastic reaction—diffusion equations,
ruling out maximum principle and hence comparison techniques commonly
used in the case r = 1.

4. We provide large deviations for paths in the space of continuous functions
C(O; R") and we can allow O to be a bounded open subset of R for arbitrary
d > 1 (which does not seem to be possible, e.g., under the conditions imposed
in [16]).

Though we can still follow the classical approach in [16] (which is based on
fundamental ideas from [1, 17] as well as [13]), to get the above results, various
severe technical difficulties have to be overcome. In particular, we cannot work
on L2(O9;R"), but have to work on C(O9; R9). Otherwise, the necessary trace
conditions on the semigroup At >0, generated by (+4;)1<i<, do not allow
d > 2 and in contrast to our case, for example, polynomials for f; would not be
included. So, we have to leave the Hilbert space framework of [16] and have to use
heat kernel estimates, that is, precise estimates for the density function of ¢4, for
t>0.

As we have already said, the motivation for investing so much effort into
achieving large deviation estimates in the above general situations is mainly to be
able to include polynomial reaction terms and, in addition, having a multiplicative,
but unbounded, noise. In particular, stochastic Ginzburg-Landau equations are
included.

Finally, we point out some specifics of our proof, in particular, in comparison
with [16] to which we are mostly indebted, and subsequently give an overview of
the single sections of this paper:

1. As in the additive noise case, subtracting the noise part and working “w by w,”
we use the dissipativity conditions (see Hypothesis 4) to get the desired
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estimates. A careful analysis of the noise part, which is technically delicate
under our general conditions and does not work pathwise, but only in the
mean, makes it possible to return to the initial system and to get the necessary
estimates.

2. The exponential estimates for the noise part are more difficult since we need
them for the sup-norm rather than the L2-norm. So, we have to work out the
intermediate estimates for every & € O.

The organization of this paper is as follows. In Section 2, we describe our
framework precisely, introduce notation and discuss some preliminaries. Section 3
is devoted to exponential-type estimates for the noise part and for the solution of
system (1.1). In Section 4, we analyze the solution to the corresponding skeleton
equation; in Section 5 compactness of the level sets of the action functional is
proven. Section 6 contains the proofs for the upper and lower bounds.

2. Notation and preliminaries. Let @ be a bounded open subset of RY,
d > 1, having a regular boundary. In what follows we denote by H the separable
Hilbert space L?(9;R"), with r > 1, endowed with the usual scalar product
(-, -)g and the corresponding norm | - |g. For any p > 1, p # 2, the usual norm
in LP(O;R") is denoted by |-|,. If ¢ > 0, we denote by |-|;, the norm in
WeP(@; R").

We are concerned here with the following class of stochastic reaction—diffusion
systems:

ou;
g(hé) = A (t, ) + fi(t, &, u1(t,8), ..., u,(t,§))

r a )
2.1 + ) gij(t & ur(t,8), . up(1,6)) j%a,é),
=1
t>0, £€0,
ui(0,8) =x;(§), £€0, Biui(t, &) =0, t>0, §€90.

Foreachi =1, ..., r, we have
d
A (&, D) = )+ (%‘) £€0.
h;I hk 85 0E; Z h

The coefficients afl ¢ are taken in C'(0) and the coefficients bfl are taken in C(O).
For any £ € O the matrix [aflk (&)] is nonnegative and symmetric and fulfills a
uniform ellipticity condition. The operator B; acts on the boundary of @ and is
assumed either of Dirichlet or of conormal type.

In what follows we shall denote by A the realization in H of the differ-
ential operator A = (A1, ..., A,) endowed with the boundary condition 8B =
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(Bi, ..., By). As is well known (see [8, 14] for all details), A generates an an-
alytic semigroup ¢’4 in H, which can be extended in a consistent way to all spaces
LP(O;R"), for 1 < p < oo, and to the space C(O; R").

Notice that as shown in [3], Chapter 6, and [4], Sections 4.1 and 6.1, it will not
be restrictive to assume that A generates a semigroup of contractions ¢4 in each
L?(O;R"), with 1 < p < oo, which are self-adjoint on H. Actually, if this is not
the case, due to the regularity of coefficients, A can be decomposed as C + G,
where C is a second-order operator which fulfills the desired properties and G is a
lower order operator which can be treated as a “good” perturbation of C.

In what follows we shall set

E=D@A) " =Day

R)

C(O;R) y C(O;R)

o X D(Ar)

Each set D(A;) L coincides with C(O9; R) or Co(O; R), if, respectively, B; is
a conormal or Dirichlet boundary condition. In any case, with this definition of the
space E, endowed with the sup-norm | - |g and the duality (-, -)g := gx(-, -)E, it
turns out that the part of ¢/4 in E (which we will still denote by e’4) is strongly
continuous.

For any ¢, & > 0 and p > 1 we have that elh maps L?(O; R") into W&P(O9; R")
and

22) e 4xlep, <ct AT Px],,  x e LP(O;RY),

for some constant ¢ independent of p. Due to the Sobolev embedding theorem and
to the Riesz—Thorin theorem, this implies

le' x|, <c(t A1)TIPD/CPD x| x e LI(O;R").
In particular,
(2.3) le"x|p <ct A1) x|y

Moreover, as proved, for example, in [8], Lemma 2.1.2, this also implies that
e’ admits an integral kernel K : (0, +00) x O x @ — R”, that is,

efo@):(/@ Kiemaman,... [ Kr<z,s,n>xr<n>dn), (>0,

for any x € L'(©; R") and & € @. Concerning the kernels, there exist two positive
constants c¢; and ¢; such that, foreachi=1,...,r,

—d)2 & —n|?
0<K;t&n <cit exp| —c2—,

(see [8], Corollary 3.2.8 and T_heor_em 3.2.9). Moreover, as the kernel functions
are continuous on (0, +00) x O x O (for a proof see, e.g., [8], Theorem 2.1.4) it
follows that the mapping

(0, +00) — L(E), t e,
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is continuous.

Furthermore, ¢’“ is compact on L?(OQ; R") forall 1 < p < oo and ¢ > 0. The
spectrum {—oy}ren Of A is independent of p and e s analytic on L?(O; R"),
for all 1 < p < oo. In the sequel we shall assume the following condition on the
eigenfunctions of A.

A

HYPOTHESIS 1. The complete orthonormal system of H which diagonal-
izes A is equibounded in the sup-norm, that is,

2.4) sup |ex|E < oo.
keN

Next, we define B = (By, ..., B;): H— H. In the sequel we shall assume that
B fulfills the following conditions.

HYPOTHESIS 2. The operator B belongs to JL(H ), is nonnegative and diag-
onal with respect to the complete orthonormal system {e;} which diagonalizes A,
with eigenvalues {A;}. Moreover, if d > 2,

2d > G\
(2.5) Joe <2, ﬁ) such that || B|, := (,; A,f) < 00,

where 2d /(d — 2) := +o00, if d = 2.

For consistency, in what follows we shall set o := oo when d = 1 and in this
case || Bllo = | Bll £(a)-

The uniform bound on the sup-norms of the eigenfunctions ey, is satisfied, for
example, by the Laplace operator with Dirichlet boundary conditions on the cube.
However, there are several important cases in which it is not satisfied and it is only
possible to say that

|ek|00 S Ckaa

for some o > 0. In this more general situation what one has to do is “coloring”
the noise a bit more. More precisely, one has to assume that the summability
condition (2.5) imposed on the eigenvalues of B is satisfied for some constant o’
less than the constant ¢ introduced in Hypothesis 2.

Concerning the diffusion coefficient g, we assume the following conditions.

HYPOTHESIS 3. The mapping g:[0,00) x @ x R” — £L(R") is continuous
and the mapping g(¢, &, ) : R” — L(R") is Lipschitz-continuous, uniformly with
respectto & € O and ¢ in bounded sets of [0, 0o), that is,

sup sup g(r,§,0) —g(t, &, p) <), 10,
£€0 4 peR" lo — pl
o#p

for some W € L> [0, 00).




1106 S. CERRAI AND M. ROCKNER

Now, we specify the conditions on f = (f1, ..., fr). To this e_nd we define for
any ¢ > 0 the composition operator F (¢, -) by setting, for any x : @ — R”,

F(t,x)(&) = f(t.§,x(®), £€0.

HYPOTHESIS 4. (i) The mapping F(¢): E — E is locally Lipschitz-conti-
nuous, locally uniformly for # > 0, and there exist m > 1 and ® € L}>.[0, o) such
that

(2.6) |[F@t, 0| < 2@+ Ix[E), x€E, 1=0.

(ii) There exists A € LS°[0, co) such that, for each x,h € E and 7 > 0,

loc
(F(t,x +h) — F(t,x),0n) g < A)(1 + |h|g + |x|E),

for some 8, € d|h|g = {h* € E*; |h*|g» =1, (h*, h)g = |h|E).
(iii) One of the following two conditions holds:
(a) either
sup [g(1, &, 0) e < P11+ o™, o eR, 120,
£€O
where m > 1 is as in (2.6) and B € L [0, 00);

loc
(b) or there exist some a > 0, m > 1 and B, € L°[0, o0) such that, for

loc
eachx, he E,
7)) (F(t,x+h)—F(t,x),0,)E <—alhlg + B2t)(1 + |x|), t >0,
for some &, € 0|h|E.

REMARK 2.1. Foreachi=1,...,r and (¢,&,01,...,0,) €[0,00) x O x R”
assume

fi(t,§,01,...,00) =ki(t,§,01) + hi(t,§,01,...,0),

with k; (¢, -,-): O x R — R and h; (¢, -,-) : O x R” — R continuous for almost all
t > 0 and where the following holds.

1. The function h;(z,&,-):R" — R is locally Lipschitz-continuous with linear
growth, uniformly with respect to & € @ and ¢ in bounded sets of [0, c0).
2. There exist m > 1 and ® € L°°[0, co) such that

loc

sup |k;(t,&,0i)| < @(t)(1 + |o:|™), o, €R, 1>0.
£€O

3. Forany £ € 9, 0;,p; e Randt >0,
ki(t,&,0i) —ki(t,&, pi) =Ai(t,&, 01, pi)(0i — i),
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for some locally bounded measurable function A; : [0, 00) x O x R2 — R such
that
sup At &, 0;, pi) < 00.
£€O
oi,pi€R, t>0
Then, as shown, for example, in [4] (see also [3], Chapter 6) the corresponding
composition operator F' satisfies conditions (i) and (ii) in Hypothesis 4. If in
addition we assume that, for any & € O, o;,h € R and ¢ > 0O, the functions k;
satisfy the condition

(ki (1, &, 01 +h) — ki (1, €, 01))h < —alh|"* + B@) (1 + |oi|" ),

for some a > 0 and B € Ly} [0, 00), then Hypothesis 4(iii)(a) is also satisfied.
An example of such functions k; is given by

2n .
ki(t,&,00) = —ci(t, )07 + 3 ¢ij(t, )0} |
j=0

where ¢;, ¢;j :[0, 00) X O — R are continuous functions and there exists a > 0
such that ¢;(¢,&) > a,foreacht >0, €e @ andi =1,...,r.

Finally, we denote by {dw;/dt} a sequence of r independent space—time white
noises defined on the stochastic basis (2, &, #;, P). This means that we can write

w(t, §) = (Wi, ..., w) (1, &) =) ex(E) (D),

k=1

where {er} is a complete orthonormal basis in H and {B;(#)} is a sequence
of independent standard Brownian motions. As well known the series above
converges in L?(Q) with values in any Hilbert space U containing H, with
Hilbert—Schmidt embedding (see, e.g., [7]). Defining, for x, y € E and ¢ > 0,

G(t,x)y() :=g(t,.&,x(&)y &), £e0,
system (2.1) can be rewritten in the following abstract form:
(2.8) du(t) =[Au(t) + F(t,u(t))]dt + G(t,u(t)) Bdw(t), u(0) =x.

In [4] it is shown that under Hypotheses 1-4 for any x € E and for any p > 1 and
T > 0 such a problem admits a unique mild solution in L?(2; C([0, T]; E)), the
Banach space of all adapted processes u in C ([0, T']; E), such that

P P
|”|LT,,':E sup |u(t)|y < oo.
’ 1€[0,T]

This means that there exists a unique process u* € L?(2; C([0, T]; E)) such that

! !
u (1) = e'x +/ U=DAF (s, u*(s)) ds +/ UG (s, u* (5)) B dw(s).
0 0
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More precisely, we have the following existence and uniqueness result (see [4],
Theorems 5.3 and 5.5).

THEOREM 2.2. Assume Hypotheses 1-4. Then for any initial datum x € E
there exists a unique mild solution u* in LP(Q2; C([0,T]; E)), with p > 1 and
T > 0. Furthermore,

(2.9) Ly, <cp(T)(A + |x|E), xekE.

One of the key points in the proof of the theorem above is the study of the
system

(2.10) dv(t) = Av(t)dt + G(t,v(t))Bdw(t), v(0) =0.
For this purpose, in [4] for any u € L?(2; C([0, T]; E)) the H-valued continuous
process
t
2.11) y(u)(t) == / " DAG(s,u(s))Bdw(s),  tel0,T],
0

is defined and the following crucial fact is proved.

THEOREM 2.3. Under Hypotheses 1-3 there exists p, > 1 such that y maps
LP(2; C([0, T]; E)) into itself for any p > p. and

(2.12) ly ) =y W)l , <cp(Dlu —vlr, ,,

for some continuous increasing function c,:[0,00) — [0,00) vanishing at
t = 0. In particular, there exists some Ty > 0 such that y is a contraction
on LP(Q2; C([0, Tol; E)). Furthermore, there exists a unique mild solution for
problem (2.10) which belongs to L?(2; C([0, T]; E)), for any p > 1.

Notice that, as explained in [4], Remark 4.3, if we assume that

(2.13) sup [g(t,&,0)| @) < V(@O (1 + o), oceR", t>0,
£cO

for some o € [0, 1] and ¥ € L [0, 00), then, for any p > p,,

(2.14) ly @)l fcp(T)<1+IE sup |u(t)|‘g”>.
T.p 1€[0,T]

In particular, if g is bounded (i.e., @ = 0) the norm of y (1) in L?(2; C([0, T']; E))
is uniformly bounded with respect to u.
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3. Exponential estimates for the solution. In this section we extend some
exponential estimates proved in [6, 15] for the stochastic convolution y (1) and
for u itself. Chow and Menaldi and Peszat are concerned with the case of space
dimension d = 1. Here, we obtain their results in the case of higher space
dimension. This allows us to prove an exponential estimate for the solution of
problem (2.10) and hence for the solution of problem (2.1).

In [6] the following result is proved.

THEOREM 3.1. Let H and V be two Hilbert spaces and let { be an L(H; V)-
valued predictable process such that

T
fo @) igds <n  P-as.

for some constant n > 0. Then, for any § > 0,

52
> 8) < 3exp<—6—>.
n

As shown, for example, in [15], Proposition 2.1, this implies that

)<7

We apply this result to the proof of the following result.

(3.1 ( sup

te[0,T]

/ () du(s)

3.2) Eexp(— sup
M refo,7]

/ £(s) dw(s)

THEOREM 3.2. Let h; be a C(O; L(R"))-valued predictable process such
that

sup  |h (&) ey € LT(RQ)
(t,6)€[0,T1xO

and for any t € [0, T] let H(t) be the operator on E defined by
(H()x)(€) =h(&)x(&), £€0, x€E.

Then, under Hypotheses 1 and 2 there exist c1,c2, . > 0 independent of A, h;
and B such that, for any tg € [0, T) and § > 0,

52
3.3) ]P’( su >5)5C ex <_7)
g PP T T 0y

telty, T

/ t=)AH (s)B dw(s)

where

pimsup(swpIh@)®) P )IBIE.

@€Q\(1,8)€eltg, T1xO
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PROOF. Here forany 0 <r <t < T we denote
t
vy (1) =/ e"IAH (s)B dw(s).
r

If we show that there exist ¢y, ¢z, A > 0 such that

2
3.4) Eexp(lvmk:([;oj];E))<Cl
(T —to)n ) = 7

then, thanks to the Chebyshev inequality, we immediately obtain (3.3).
By using a factorization argument (see [7], Section 5.3, for a proof ), we have

sin !
P (t — )P~ 1940, s(s)ds,
fo

Ut()(t) = T

where the process gy, g is defined by
)
005 @)= [ =P Bdw ().
fo

and B € (0,1/2). As shown in [4], Theorem 4.2, according to (2.2) and to the
Holder inequality for any B > 1/p and ¢ < 2(B — 1/p) we have, for some cg > 0,

t
0@, = s [ =P oy 55)], ds
0

2/2
<cg(T —19) / |Qto,/3|LP([;0,T]><(9;Rr)’

for some constant A > 0. Thus, if ¢ > d/p, that is, 8 > (d 4+ 2)/2p, due to
the Sobolev embedding theorem v,, € C([ty, T]; E), P-a.s. (cf. [4], proof of
Theorem 4.2) and there exist some constants ¢, A > 0 such that for all p large
enough

2 A 2
’Uto’C([zo,T];E) =c(T — 1) ‘Qfo,ﬂ‘LP([to,T]XO;R’)‘

Now, if o is the constant introduced in Hypothesis 2, we can find some p, large
enough such that, for any p > p,,

d+2 d-2)
+ <
p 20
This implies that there exists some S, € (0, 1/2) such that, for any p > p,,
d+2 dlo—2
P PR Chl)
2p 20

In correspondence of such B,, for any integer k > k, := [p./2] + 1 and for any
constant ¢3 > 0 and ¢3 := cg,c3 we have

1.

1.

dt dt.

2 2%
(lvt()|c([f0,T];E)>k < 1010, |2t (19, T1x 0,0) —/T 01,5, (1, &)
co(T — 19)*n (c3mk 0w Jo  (a3n)k
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Moreover, since h; is bounded, by similar arguments which proved (2.14) with
a =0, we can find ¢k, > 0 such that

ke—1 2 k
1 /gl .

B Z _( ) C([to,T],E)) <t
=0 k!'\ co(T —t9)*n

Hence

< Vole i, 71 )
Eexp| ——————
c2(T —10)*n

o] 2 k
—EZ (M) +EZL<'%'C«M)
k'\ eo(T — 19)* Sk e (T — 1) n

1010,5, 1, §) 1>
+E E déd
= = ./zo ./ O st

<o +/t0 /E <|@t0,a*<r s>|2>d§dt_

Therefore, to obtain (3.4) we have to show that there exists some constant c3 > 0
such that

3.5) fzo /IE ('Q’Oﬂ*( $)|2)d§dt<oo.

To this end, we are going to approximate gy, g, in a certain way. So, define, for
any h € N,

&6 (r) = —r) P (hje"AH (e 1)) <
By the choice of ., using the same arguments used in [4], proof of Theorem 4.2,

for any ¢ > 1 we obtain that

T
lim E sup

hi,ha—+o0 fo o s€(to,t]

fto (€L, dw™ ()

K h q
~ [0, aw" (g dgar=0
)
where w(t) = (B1(t), ..., Br(1)), t = 0, and

T
[ ePar<clB s @l en. Pas
fo (1.6)€lto. T1xO

for some constant ¢ independent of k and (¢, &) € [ty, T] x O. Thus, according to
Theorem 3.1 and to (3.2) if we set ¢3 := 9¢ we obtain

2

) <7,

[ et dw g

fo

sup Eexp <(C3 n~! sup
heN s€lt,T]
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It is easy to check that

T
lim/ /E
h—ooJgy JO

thus, from Fatou’s lemma we can conclude that

/z /E (Igzo,s*(t é‘)lz)d%_dt
0

<liminf / / Eexp((03n)_1 sup
o ¢]

h— o0 selto,T1

q
dedt =0;

00..(8.6) = [ {&e(s).dw )

2
/ (¢ (r), dw (r))‘ ) dédt < cTT7,
fo
which yields (3.5) and hence (3.4). O

From the proof above we immediately see that a stronger estimate holds.
Actually, it is possible to show that there exists some € > 0 such that

82
> 8) <c exp(—i)
CY(@:Rr) c2(T —19)*n

Now, we can apply the result above to get for any ¢ € (0, 1] exponential
estimates for the mild solution u; of the problem

!
]P’( sup / e IAH (5)B dw(s)
t€lto, T]1V 1

(3.6) du(t)=[Au(t)+ F(t,u(t))]dt +eG(t,u(r))Bdw(t), u(0) =x,

in the particular case G is bounded.

THEOREM 3.3. Assume that the mapping g(t,-,-):0 x R" — L(R") is
bounded, uniformly with respect to t in bounded sets of [0, 00). Then, under
Hypotheses 1-4, for any a, R > 0 there exists § > 0 such that

o
3.7 sup P(lulleqo.rie = 8) < eXp<—8—2>,

|x|[E<R
forany ¢ € (0, 1].
PROOF. By setting v(t) :=u (t) — y¢(¢), with y, defined by
t
Ve(t) := 8/0 U™DAG (s, ul(s)) B dw(s),
we have

%(r)zAv(t)-i-F(t,uj(I)), v(0) = x.
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Thanks to conditions (i) and (ii) in Hypothesis 4, there exists some 8,(;) € 9|v(?)|g
such that, for any ¢ € [0, T],

g
— e < (Av(@), 8u) g +(F(t, v(0) + v () — F(t, v: (1), 8vi)

dt
+(F(t, v:(0)), 800 g
<crlv®|g + cT(l + Iyel’é’([o,T];E>)~

Since u} (1) = v(t) + y¢(t), by comparison we easily obtain, for ¢ := c7,

ulcqo.rie) < e’ (Ix|e +c(1 + Vel qo.71:6)))-
This implies that, for any § > 0,

S — cT
e x|l 1>.

P(luglcqo.rie = 8) < IP><|y£|’g([0,T1;E> S

Now, if we fix any 8 > T R + ce“T and if we set
§— ecTR 1/m
pe (TR )
cecT

as y(t) = ey u})(t), with y defined in (2.11) we get

8/
P(lu}|cqo.11:E) = 8) < P(l)/(uif)lcqo,r];E) > ;>.

According to Theorem 3.2 we can find cy, ¢2, A and nr such that, forall x € E,
with [x|g < R, and all ¢ > 0 and §’ as above we have

8 &
P(IV(“?NC([O,T];E) > ;) =a eXP(‘(ngZT,\nT)
(3.8)

2

(-5 (G ~1e1))
=exp|l ——= [ ———— —¢“logc .
p &2 CZT)LnT gC1
Indeed, if we set

he(§) =g(t. &, u(r)(§)), (1,§) €[0,T]1 x O,
for any u € LP(2; C([0, T]; E)) the process h; fulfills the conditions of Theo-

rem 3.2, so that there exist ¢y, ¢z, A > 0 such that, for any 79 € [0, T) and § > 0,

)
E

/t UG (s, u(s))Bdw(s)

fo

IP( sup
telty,T]

(3.9)

82
< N
—cle"p< (T — roﬂnT)’
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where
mr=sp( s 190 )IBIE,
WER \(£,6)eOxR",1€[0,T)
Hence, due to (3.8), if we take any § > 0 such that
1 (5 —eTR
co2T*nr

2/m
o 1) —logc1 > a,

recalling how 8’ is defined, we can conclude that (3.7) holds. [J
4. The skeleton equation. In this section we study the deterministic problem

(4.1 %(O = Az(t) + F(t,z(0)) + G(t, z(1)) Bo(1), 2(0) =x,

where the operators A and B and the mappings F and G are those already
introduced in Section 2 and ¢ is any function in L?(0, T; H). Our aim is to
prove an estimate for the C ([0, T']; E)-norm of the unique mild solution z*(¢p)
of problem (4.1).

For any fixed ¢ € L?(0,T; H) and z € C([0, T]; E) we define

t
Yo(2)(t) 22/0 e"™94G (s, 2(s)) Bo(s) ds, tel0,T].

By proceeding as in the proof of Theorem 2.3 (see [4], Theorem 4.2) it is possible
to prove that the mapping y,, is continuous from C([0, T']; E) into itself for any
Qe L?(0,T: H) and if g fulfills (2.13), then

4.2) |V¢(Z)|C([0,T];E) = C(T)(l + |Z|%([0,T];E))|(p|L2(0,T;H)’
for some continuous increasing function c(¢) such that ¢(0) = 0. Moreover,
(4.3)  |Vp(z1) = Vp(z2)lcqo.11:E) < c(T)|Bllglz1 — z2lcqo.71: E) @l L2 (0.7 1)

again with ¢ continuous such that ¢(0) = 0. In particular, by a contraction argument
it is immediate to check that for any ¢ € L?(0, T; H) there exists a unique fixed
point for the mapping y,,, which is clearly the unique mild solution of the problem

dz
E(” = Az(t) + G (1, z(1)) Bo(1), 2(0) =0.

Now, we can go to the skeleton equation (4.1).

THEOREM 4.1. Assume Hypotheses 1—4. Then for any ¢ € L>(0, T; H) and
x € E there exists a unique mild solution z*(¢) to problem (4.1) in C([0,T]; E)
and, foranyr > 0and x € E,

4.4) sup |25 (@)cqo.11:E) < cr7 (14 |x|E).

1l 20,7, m) ="
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PROOF. Since F is locally Lipschitz-continuous, problem (4.1) has a unique
solution z*(¢) defined in some maximal interval [0, T"). To prove that the solution
is global, we have to prove an a priori estimate.

We give our proof under condition (iii)(b) in Hypothesis 4; the proof under
condition (iii)(a) is simpler. If we set v = 2" (¢) — Y, (z* (¢)), we have that v is the
solution of the problem

dv .
E(t) = Av(t) + F(t, (1) + ¥, (2" (9)) (1)), v(0) = x.

Then, if §,(; is the element of d|v(#)|g introduced in Hypothesis 4(iii)(b), due to
(2.6), (2.7) and (4.2), with @ = 1, for any 7 € [0, T") we have

g-
o lv(®)|E < {Av(1), 8u(r))

+H{F(v@®) + 7, (T (@) @) = F(t, v (2" @) D), v )
+{F (1 v (2 (@) D), () g
< —alv@®)|g + (B2() + PO)(1 + vy (2" (@) (DIE)
< —alv)g + e (1 +c(12°@lcqo.rn ) + D101 1.1
for some increasing continuous function c(#) such that ¢(0) = 0. By comparison,
if [¢|p2¢0,7. gy < r this yields
lv@®)|E < Ix|E + (12" (@)Icqo.:E) + 1)r +cr,
so that, by using (4.2) again, as z* (@) = v + Y, (2" (¢)), we get
125 (@) |cqo,0:E) < 1Yo @ (@)|cqo.:E) + 1x|E + ¢ +c@)(12°(@cqon: k) + 1)r
< x| + ¢+ 2c(0)r 125 (@) (0, E)-

Now, since ¢(¢) is continuous and vanishes at r = 0, there exists some #y > 0 such
that c(fo)r < 1/4, so that estimate (4.4) follows in the time interval [0, fg]. As
the same argument can be repeated in the time intervals [fg, 21y, [219, 3%p] and so
on, we get the estimate in the whole maximal interval [0, 7”). This implies that
the solution z*(¢) is defined in the whole interval [0, T'] and estimate (4.4) holds
globally. [J

Foranyx e E, ¢ € L%*(0,T; H),ze C([0,T]; E) and s > 0 we define

t
(4.5) RI(z,0)(t) =" Ax 4 / AR (r, 2(n) dr + 5,02 (1), >,
where

t
Yy o @)(1) = f ¢"IAG(r, 2(r)) Bo(r) dr.

N

If s =0, we will set R; = R*. The next proposition follows from Theorem 4.1
and will be useful in what follows.
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PROPOSITION 4.2. Forany T, R, r > 0 there exists to > 0 such that
R C.@):{ze Cls,s +10l; E); zles,s+101: E) < 2R} =2 AR 5,00 = AR5 1o

is a contraction, uniformly for |x|g < R, |<,0|L2(0’T;H) <rands €[00, T —1].

PROOF. If we go back to the proof of [4], Theorem 4.2, it is possible to check
that

@6 1Vs,0(21) — ¥5,0(22)lC((s, 71, E)

<c(T - S)”B”plzl - Z2|C([s,T];E)|§0|]42(0,T;H),

for some continuous increasing function ¢ such that c¢(0) = 0.
If we take z € AR g4, for some #; > 0, we obtain, for ¢ € [s, s + 1],

ft AR () dr| < er(1 42" RM (= s),
s
and, due to (4.6),
1Vs5,0(2) ()| E < c(t —s)(1 +2R)r.

Therefore, collecting all terms, we have

IRy (2, )E<R+cr(14+2"R™)(t —s) +¢(t —s)(1 +2R)r.
This implies that if we take #; > 0 such that
cr(14+2"R"™Mt +¢(t1))(1 +2R)r <R

we have that R (-, ¢) maps Ag s ;, into itself. Note that up to now #; depends only
on R, r and T and not on s.

Next, in order to conclude, we have to show that R (-, ¢) is a contraction in
AR 5,1, for some 1y < t1. Since we are assuming F(f) to be locally Lipschitz-
continuous on E, uniformly for ¢ € [0, T], there exists L > 0 such that

X,y € Br(E) = |F(t,x)—F(,y)lg <Lgrlx—ylE, tel0,T].
Therefore, if z1, 22 € AR 5,1, thanks to (4.6) we obtain
IR (21, ¢) — R (22, @) | (s.5+101: E) < (Lrto + E(t0)r) 121 — 22| C(ls.5410]: E) -

Thus, we can conclude by taking fy < ¢ such that Lgto + c(to)r < 1/2. O



LARGE DEVIATIONS FOR REACTION-DIFFUSION 1117

5. The action functional. Fix x € Eand T > 0. Forany z € C([0, T]; E) we
define
L7 (2) = 3 inf{lol7 0 7.0 2 =2 (@)},

with the usual convention that inf @ = +o00.
Moreover, for each x € E and T > 0 we introduce the level sets of the
functional I 7,

Ky r(r):={ze C(0,T]; E); I, 7(2) =r}, r=0.

As in [16] we want to prove that the laws of the solutions of the problem (3.6)
fulfill a large deviations principle with action functional I 7.

It is important to stress that in the case of one single equation, if we take the
space dimension d equal to 1 and assume that

inf g(,0)=g0>0,
(&,0)eOxR

then it is possible to give the following more explicit expression for Iy 7:
1/ 9z —Az— f(,2)
2 Jio,11x@ 8(,2)

if z€ W, % and z(0) = x,

+00, otherwise,

2

(r,8§)drd§,

Ix,T(Z) =

where W21 2 is the closure of C>([0, T] x O) in the norm

1/2
lelyge = ([, Gz 4102 + aeal? + 02 dr s
2 [0,T1x0O
(for more details we refer to [10, 11, 18]).

THEOREM 5.1. For each x € E the level sets Ky 7(r) are compact, for
all ¥ = 0. In particular, the functional Iy 7:C([0,T]; E) — [0, 00] is lower
semicontinuous.

PROOF. Step 1. We show that for each r > 0 the level set K 7(r) is closed,
so that in particular I, 7 is lower semicontinuous.

Let {z,} C K, r(r) be a sequence converging to z in C([0,T]; E). Since
Zn € Ky 1(r), there exists ¢, € L2(0, T; H) such that

1 1
in = Zx(([)n) and 5|‘Pn|i2(0’T;H) <r + ;

In particular the sequence {¢, } is bounded in L%(0, T; H), so that there exists RS

L?(0,T; H) and {on.} € {¢n} such that ¢,, — ¢ weakly and |(p|i2(0’T;H) <2r.If

we show that z = z* (¢), we conclude that z € K 7(r) and we are done.
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If R* is the mapping introduced in (4.5), with s = 0, for any fixed h € H we
easily have

(¥ (o) (1) = R¥ (2. 9) (@), h)

t
= [ (AP (.2 () 0)) = F (s 25))]. By ds
5.1) ’
+ <[V‘Pnk (Zx ((p"k)) - y‘ﬂnk (Z)](t)’ h>H

+ fo (@ (5) — @(5), BG* (s, 2(s))e"™4n) , ds.

Now, if we verify that all terms on the right-hand side converge to zero, as k goes
to infinity, we have that z = R*(z, ¢) and then z = z*(¢). For each s € [0, ] we
have

lim (e""DAF (s, 2% (0n) (8)) — F (5, 2(5))], h); = 0.

k—o0

Moreover, thanks to (2.6) and (4.4),

(e ALF (5, 2" (n,) () = F (5, 2())], h) |
< @)1+ |2"(@n) )5 + 12 [F) 11
=< CT(CZ[T(I + x|g)" + |Z|rg([o,T];E))|h|H,

so that, due to the dominated convergence theorem, we can conclude that the first
term on the right-hand side of (5.1) goes to zero. Concerning the second term, due
to (4.3), if we set ¢y := c(T)|| B||, we have

|([V<pnk (@ (o)) — Yon, @], h>H| < cr|z* (o) _Z|C([0,T];E) |@n |L2(0,T;H) hlm,

whose right-hand side goes to zero, as z*(g,) — z in C([0,T]; E) and
|(pnk|i2(0’T;H) < 2(r 4+ 1/ng). Finally, the last term in (5.1) goes to zero as
¢n, converges weakly to ¢.

Step 2. We show that the level set K, 7(r) is relatively compact in
C([0,T]; E). Namely, we prove that for any sequence {z*(¢,)} C K. 7(r) there
exists z in C([0, T']; E) and {z*(¢y,)} C {z* (¢n)} such that {z* (¢, )} converges
tozin C([0,T]; E).

Letxe Eand g € L%(0, T; H) be fixed and define inductively

B =ex, ) =R (@), 9)0),

where R* is the mapping introduced in (4.5) corresponding to s = 0. Note that if
we take R = [z*(¢)|c(o,11;E) + 1, and 1 as in Proposition 4.2, we have

z7 1 (@) (i) . .
Za@0 =RV (@) )0, reito, (i + Dig).
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Due to Proposition 4.2 we have that {zj? (¢)} converges to z*(¢), uniformly

with respect to ¢ € L?(0, T; H), with |<p|%2(0 T H) < 2r. Actually, since zj((p) €
AR,0,4, from Proposition 4.2 we have that z;? (¢) converges to z*(¢) and in
particular there exists j; € N such that Izj (p)(t0)|E < R, for any j > j;. Thus
Z); (¢) € AR 19,1, for any j > j; and by using Proposition 4.2 again we obtain
that z;? (¢) converges to z*(p) in C([ty, 2t9]; E). By repeating this argument
in the intervals [2fg, 3fp] and so on, we obtain that z;? (¢) converges to z*(¢)
inC([0,T]; E).

Therefore, if we show that there exists a subsequence {¢,, } < {¢,} such that for
any j the sequence {zj‘- (¢n;)} converges to some z; in C([0, T']; E) and, moreover,
there exists z such that the sequence {z;} converges to z in C([0, T']; E), then we
can conclude that {z*(¢,, )} converges to z in C([0, T']; E).

For this purpose we need the following preliminary result.

LEMMA 5.2. The set {R*(z,¢);z € K, |<p|iz(0 ToH) <r} is relatively com-

pactin C([0,T]; E), for any set K relatively compact in C([0, T]; E) and for any
r>0.

PROOF.  Let {z,} C X and {g,} C L*(0, T3 H) such that [@,|75 g 7. ;) <7
Since X is relatively compact, there exists {z,,} C {z,} converging to some zo
in C([0, T]; E). Moreover, as proved, for example, in [7], Proposition 8.4, (see
also [16], Lemma 4.1) for any fixed z € C([0, T']; E) the mapping

L*0,T; H) = C(0, TL E), ¢ y,(2),

is compact. Thus there exist {¢;,, } € {¢,} and z such that Yon, (zo) converges to 7
in C([0,T]; E), as k — oo.
We have

R (zngs np ) () — (e’Ax + '/Ol U= F (s, z0(s)) ds + Z(t))

t
= /0 UTIALF (5, 20, (9)) = F (5, 20(9)] ds + g, (2ng) (8) = Z(0).

As z,, — zo, we have |z,,|cqo.71:E) < R, for some R > 0 and then, since F(z)
is locally Lipschitz continuous, uniformly for ¢ € [0, T], there exists cg > 0 such
that, for any ¢ € [0, T'],

t
‘/0 eUDAF (s, 20, (5)) — F (s, 20(s))] ds : <cr(T)|zn, — ZO’C([O,T];E)‘
Concerning the other term, thanks to (4.3), for any ¢ € [0, T'] we have
Vo, (20) () = Z(O] < |V, (20) @) = Vg, 20) (D] + [V, (20) (1) = Z(0)]

< c(DVrlzm, — Z0|C([0,T];E) + |V(Pnk (zo) — Z|C([0,T];E) — 0,
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as k goes to infinity. This means that the sequence {R" (2, , ¢, )} has a limit in
C([0, T]; E) and the lemma is proved. [

From the lemma above it is possible to prove by induction that for each j € N
the set

A5 = (@ 19 Ba oy < 27)

is relatively compact in C ([0, T']; E). Actually, this is clearly true for the set .
Moreover, if we assume the set +; to be relatively compact, since A =
[R¥(z,9);z € A, I(pliz(O’T;H) < 2r}, it follows that + ;| is relatively compact.

By a diagonal argument, this implies that there exists a subsequence {¢,, } C
{¢n} such that for any j € N the sequence {z’; (¢n,)} converges to some z; in
C(0,T]; E).

In order to conclude, we have to show that the sequence {z;} is a Cauchy
sequence in C ([0, T']; E). For any i, j € N we have

|zj = zilcqo,r1:E) < |2 — Zf(‘ﬁnk)‘C([o,T];E) + ‘Z§(¢nk) -z (Qonk)’C([O,T];E)
+ [z (o) — Z;C((pnk)‘C([O,T];E) + |27 (o) — Zi‘C([O,T];E)‘

Then we can conclude, as

lim |Z§ (@ne) — Zx(¢nk)|C([o,T];E) + |2 (om) — 2 (¢nk)|C([o,T];E) =0,

j—o00

uniformly with respect to ¢,,. [

6. The large deviations estimates. For any ¢ > 0 we consider the problem
6.1) du(t)=[Au(t)+ F(t,u(t))]dt +eG(t,u(t))Bdw(t), u(0) =x.

We denote by u} its unique mild solution (see Theorem 2.2), which is a process
in LP(2; C([0,T]; E)), for any p > 1 and T > 0, fulfilling an exponential tail
estimate (see Theorem 3.3). The aim of this paper is to prove that the family of
probability measures

W = L(uy), >0,

satisfies a large deviations principle (LDP) with rate functional given by I, r. In
Section 5 we have shown that the functional I, r is lower semicontinuous and
its level sets are compact in C([0, T']; E). Thus we only have to prove that the
Freidlin—Wentzell upper and lower exponential estimates hold true.
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6.1. The lower bounds. We start from the lower estimate. For this purpose, fix
RS L%(0, T; H) and for any € > 0 define

1 t
(6.2) wé(@) =w() — —/ @(s)ds.
€ Jo

Due to Girsanov’s theorem, w? is a cylindrical Wiener process on the probability
space (2, F,P?), where P? is a probability measure absolutely continuous with
respect to P, with density

dP* L7 Lo
T :exp(g/o (p(s), dw(s))m — @l(ple(O,T;H))

In fact P and P? are equivalent and

dP 1 r & 1 2
- =eXP<—g/O (p(s), dw(s))y — @|‘P|L2(0,T;H)>'

Note that, due to the definition of w®, the solution u} of problem (6.1) is also a
solution of the problem

du(t) =[Au(t) + F(r,u(1)), +G(t,u(t))Be(1)] dt
+eG(t,u(r))Bdw® (1) u(0) =x.

(6.3)

As a first preliminary result, we prove that if we replace the expectation E with
respect to the probability IP by the expectation [E® with respect to the probability P?,
the first moment of u} verifies an estimate analogous to (2.9), uniformly for ¢ in
bounded sets of L2(0, T; H).

LEMMA 6.1. For any r > 0 and p > 1 there exists a constant c, , > 0 such
that

(6.4) E*luy o,y < Crp(I+1x15), &<,
for any |<,0|L2(0’T;H) <r.
PROOF. If we set v :=uj — y,(uy) — ey ®(uy), with y*(uj) defined by
t
6.5) P O = [ NG () Bduts),
we have that v solves the problem
d
E%OZAM0+FOMKM, v(0) = x
By assuming condition (iii)(b) in Hypothesis 4 [the proof under condition (iii)(a)

is simpler], with the same arguments used in the proof of Theorem 4.1, for any
t € [0, T'] we easily have

J-
7 w®Ile < —alv®I +er(1+ 1y )OI + ™y W) OIE).
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By comparison, for any 0 <t < Ty < T and p > 1 we obtain
luf ()15 < cp(lv®OIf + 1V W) O + Py W) OIF)
< cp(Ixlg +ep (L 17 WDIE 0,701 1) + €717 WD E 0.1 1: ) -
Now, according to (2.12) and (4.2), there exists p, > 1 such that for any ¢ < 1,
p = psand (@2 7. gy < We have
p p
E* (Ive e qo,10: 5y + 71V W o,11: )
< ep(To) (1 +rPY (1 +E | 1E 0. 701 1))

with ¢, () a continuous increasing function such that ¢, (0) = 0. Thus, by choosing
T small enough that c,cp, 1,¢p (To) (1 +rP) < 1/2, we obtain

Eglug(t)lg([o’To];E) <2¢plx|% + 2¢cpep. 1y (1+cp(To)(1+7P)) < ¢ p(1+ |x|5).

As we can repeat the same arguments in the intervals [Ty, 27y], [270, 37p] and so
on, the global estimate (6.4) follows, for any p > p,.
The case for 1 < p < p, follows then by Holder’s inequality. [

As an immediate consequence of (6.4) we have
(66) lim P8(|u§ (t)|C([O,T];E) > K) =0,
K—o00

uniformly for |x|g < R, |‘P|L2(0,T;H) <rande <1I.

THEOREM 6.2 (LDP-lower bounds). Assume Hypotheses 1-4. Then, for each
R, T >0,r>0and§,y > 0 there exists ey > 0 such that, for any x € E with
|x|E < R and for any z € K 1(r),

£ <¢&g.

x Lir(2)+
67 P(luf —zleqorys <8) = eXp(—u>,

g2

PROOF. Clearly, to prove (6.7) it is sufficient to prove that there exists g9 > 0

such that for any ¢ € L%(0,T; H), with |(p|%2(0,T;H) <2r,

2
|(p|L2(0,T;H) + y)
262 ’

P(luy — 25 (@)|cqo,11:E) <8) = eXP(— e < &.

Fixing 0 < y < y, we easily have

dP
P(luf — z5(@)|cqo.m1:E) <98) = E8<

e lug — 25 (@)lco,11:E) < 5)

2 }
|¢|L2(0,T;H)+V> (V -V
exp

> - P (A,),
_exp( 262 2¢2 ) (Ae)
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s luy — 2 (@) leqo, 1 E) < 5}-

where
T Y
Ao = {e [ o) duremal <2
If we show that
liminfP? (#A;) > 0,
e—0
2 < 2r, we are done. In fact, we

uniformly with respectto |x|g < R and |(p|L2(0 T H)

prove that such liminf is 1.
By the Chebyshev inequality we have

P (

2

2 T
E f (@(s), dw’ () 1
0
2

<

! A
/ <so(s>,dw8<s)>ﬂ‘ o 1) < (2—8)

0 2¢ Y
_ ¢ T ) 8re?
= <?> '/0 lp(s)|y ds < 7

Then, it follows that

P (A = | _]P,g(

7 7
/ <so(s>,dw€<s)>ﬂ\ > —)
0 2¢e
—P(lug — 2" (@)|cqo.11:E) > 6)

8re?
>1— =3 —P(Juy — 2" (@cqo,11;E) > §)-

Due to (6.6), for any « > 0 we can fix K, > 0 such that
P*(lu}lcqo,r1:E) > Ka) <«
uniformly with respect to |x|g < R, |(p|iz(0 Ty S 2r and ¢ < 1. This implies that

P (luy — z°(@)|cqo.11:E) > 8)
<P*(luf — " @ lcqo.rie) > 8, luflcqo.re) < Ka)
+P*(luflcqoriE) > Ka)
<P*(luf — " (@lcqo.r1:6) > 8. luflcqo.r ) < Ka) + .

For fixed K, thanks to (4.4) and to the local Lipschitz-continuity of F(¢), uni-
formly for ¢ € [0, T'], we can find a constant L > 0 such thatif |u}|c(0,71.£) < Ka»
s €[0,T],

|F(s,uf(s)) — F(s, 2°(@)(9))|g < Llui(s) — 2 (@) 9|,
for any |x|g < R and |go|i2(0’T;H) < 2r. Therefore, since

ug (t) — 25 (p) (1)
= '/Ol eU™DAF (s, u(s)) — F(s, 2" (9)(s))] ds

+ [V ) — vo (25 ()] (1) + ey (u}) (1),
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by using (4.3) for any 0 < Ty < T we obtain

sup |ug (1) — 2" (@) ()|
1€[0,Ty]

< (LT +c(To)|IBllov2r) sup |uX(r) — 2" (@) ()£
€0, 7o)

+e sup |y*uy)(®)lE.
te[0,To]

Thus, if we choose Ty such that LTy + ¢(Tp)|| Bllov/2r < 1/2, we have

sup |uy (t) — 2" (@) ()| <2& sup |y*(u;)(®)|E.
t€[0,Tp] t€[0,T]

If we repeat the same argument in the intervals [Ty, 27y], [27p, 370] and so on, we
obtain

(6.8) luy — 2" (@) |cqo,11;E) < cely® W) lcqo,r1;E)-
By using (2.12) and (6.4), this implies that

Pe(luf — 25 (@) |cqo.t:E) > 8, lutlcqo.mE) < Ke)

)
< P8<|V8(“§)|C([O,T];E) > ;)
ce\ P
§<§> E° |y ()|, 11: )

ce\ P X
= (?) CP*(T)(E!E'M;'Z([O’T];E) + 1) < 8p*cp*,r,T,R7

for any |x|g < R, |go|i2(0’T;H) <rande <1.

Therefore, collecting all terms we can conclude that

liminfP? (A;) > 1 — a.
e—>0
Due to the arbitrariness of « we can conclude that such liminfis 1. 0O

6.2. The upper bounds. Now we estimate the probability that the trajectories
of u} move far away from the set of small values of the action functional I, 7. To
this purpose we introduce some notations.

Forany T > 0, r > 0 and n € N we define the set

Cor@)i=fu= [ Pap)ds: HPaola pim <7 ).

where P, is the projection of H onto the space generated by {e1, ..., e,}.
Clearly C,, 7(r) is the r-level set corresponding to the functional

Jnr(u) = %inf{IinI%z(o,T;H); u=/0 in(S)dS}-
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Note that as P,(H) is a finite-dimensional space, C, 7(r) is compact in
C(0,T]; H).

As an immediate consequence of the large deviations estimates for the standard
Brownian motion on R"” (for a proof see, e.g., [11], Theorem 3.2.2), the family of
probability measures {L£(eP,w)}.~0, Where w is the cylindrical Wiener process
introduced above, fulfills a large deviations principle with action functional J, 7.
In particular, for any r > 0 and 8, y > 0 there exists g9 > 0 such that

r—=y
69) PllePw—Corlcqorim =) <exp( -5 L), ez

In this section our aim is to prove an estimate analogous to (6.9) for the laws of
the processes u; .

THEOREM 6.3 (LDP-upper bounds). Assume Hypotheses 1-4. For any
R.T>0,r>0and$,y >0, there exists eg > 0 such that, for any x € E with
lx|e <R,

P(ju ——i
(lug — Kx.7(Nlcqo. 1) = 8) <exp| — =) &€ < €.

PROOF. We assume here that for any «, §, R, r > 0 there exists n € N such
that, for any ¢ € L2(0, T; H) with |<p|%2(0 Ty S 2r and |x|g < R, there exist
By, €y > 0 such that

ePw — / Pio(s)ds
0

IP’(W; =2 (@lcqor:E) = 8,

o
< exp _8_2 )

for any ¢ < &,. This crucial estimate is formulated and proved as Theorem 6.4
below.
As Cj r(r) is compact in C([0, T']; H), there exist ¢1, ..., ¢ € LZ(O, T; H),

with | P;@; |i2(0’T;H) < 2r, such that

< (p)
C(0,T];H
6.10) (10,T1; H)

k
Ciar(r) C U{u e C([0,T1; H);
i=1

M—A.Pﬁ@i(S)dS <,B(,,i}=:£.

C(0.T1;H)
Moreover, there exists 8 > 0 such that

{ueC(0,TI; H); |u— Car(r)lcqo.r:m <8} C B.
According to (6.9), this means that for any 0 < y < y there exists €1 > 0 such that

P(e Paw ¢ B) <P(le Paw — Cii.7(r)|cqo,11: 1) = 8)

P
fexp<— 2)/), e <egy.
£
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Now, we have
P(lu; — Ky, 7(")|cqo,11:E) = )
<P(ePiw ¢ B) + P(lu; — K« 7(r)lcqo,11:E) = 8, ePiw € B),
so that for any ¢ < | we obtain

P(luf — Ko7 (Mlcqo.re) > 6)

< exp( ;y>
k
+
i=

r
Z]P’<|M§ -2 (@)lcqo.r1:E) =6,
1

sP,-lw—/ Prpi(s)ds
0

<)
C([0,T];H)

Thanks to (6.10), this implies that for any fixed « > 0 we can find g9 < &1 such
that

r—y o
P(lug — Ke,7(Mlcqo.11:E) = 8) < exp(— 5 ) +keXp<_s_2>’

for any & < g. This allows us to conclude, by choosing « large enough and y small
enough. [J

Therefore, to complete the proof of Theorem 6.3 we have to prove the following
result.

THEOREM 6.4. Let T > 0 be fixed. Then, under Hypotheses 1-4, for any
o,8 >0and R,r > 0 there exists n € N such that for any ¢ € LZ(O, T; H), with

2 .
I(ple(O’T;H) <2r, there exist &, B > 0 such that

eP;w — / Pro(s)ds
0

PO”? — 2" (@lcqo,11:E) = 6, < )
C([0,T];H)

o
= exp _8_2 )

forany e <é¢and |x|g <R.

(6.11)

PROOF. We can assume that the mapping g(¢,-,): @ x R" — L(R") is
bounded, uniformly with respect to ¢ € [0, T], so that we can use Theorems
3.2 and 3.3. Actually, if this is not the case, for any § > 0 and x € E we introduce
the stopping time

Ty c=inf{t > 0; |u* () — 2" (p) ()£ = 5}



LARGE DEVIATIONS FOR REACTION-DIFFUSION 1127

and we note that if < 73, due to (4.4) we have

lu* e < u™ (1) = (@ OIE + (@O <5+ c,r(1+R):=K
Now, defining the mapping

gt §,0), if [o] < K,

gK(t’S’G)::ig(t,é,KU/Wl)’ if |o| > K,

we have that gk (¢, &, ) is Lipschitz-continuous and bounded, uniformly with
respect to £ € @ and ¢ € [0, T]. Moreover, if we set Gk (t, x)(§) = gk (¢, £, x(£))
and denote by u; ; the solution of system (3.6) corresponding to the diffusion
term G, we have that u . + k() =uj(t), for any t < 3. This implies that, for any
8,8 >0,

ePw — /'Pﬁ(p(s) ds
0

IP)<|’4f§ — 2" (@lcqo,11:E) = 8, < )
C(0,T];H)

< IP’( sup [} (1) — 2" (@)(1)] = 6,

l‘<‘[

ePw — /P,,(p(s)ds < )
C([0,T]; H)

eP;w — /.PﬁQD(S) ds
0

< P(IM;K — 2 (@)cqo.11:E) = 8, < )
C([0.T]; H)

Thus, it is sufficient to prove the theorem for u; ,, that is, under the assumption
that g is bounded.
For this purpose, we will need several lemmas.

LEMMA 6.5. Forany «, 6 > O there exists kg € N such that for any k > ko we
can find g > 0 such that, for any x € E and ¢ < g,
o
> 8) =< GXp<——2>,
E &

where oy (t) =iT/k,ift € i :=[iT/k,( +1)T/k),withi=0,...,k—1.

(6.12) ]P’( sup €
1€[0,T]

t
/ e(t_S)AG(s, uy (s))Bdw(s)
ok (1)

PROOF. ForanyO<r <t <Tandu e L?(2;C([0,T]; E)), we set
t
vy (u)(t) ::/ eU=9AG (s, u(s))B dw(s).
r
For any é > 0 and k € N we have
k—1
P(e]vor )y WD e 0.7y 1) = 8) < ZP(g‘)/ozc(d(”g)‘C(li,k;E) > 8)
i=0

gk' Osup P(e |V6k()(” )|C(1k E)>8)
i=0,...,
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Note that if t € [; , we have oy (t) = iT/k. Then, according to (3.9), since
i k| =T/k we get

8%k*
X
]P)(‘g’yak(‘)(ue)’C(li,k;E) >8) <ci exp(— SZCZT)W]T>‘
This implies that

P(e| Vo, () W) lcqo, 11 E) = 8)
82kk 52kk
< kCl exp(—m> = eXp(—m —+ logk —+ 10gC1).
Now, if we fix kg € N such that, for any k > ko,
82k*
— > 2a,
o T*nr

and in correspondence to each k > kg we set

( o >1/2
gpi=—-—""— ,
logk +logc;

we obtain (6.12). 0O

LEMMA 6.6. Forany a, 8, R > 0 there exists ko € N such that for any k > kg
we can find e > 0 such that, for any |x|g < R and ¢ < ¢,

(04
(6.13) (It~ wlilcqorie = 9) <ep(~ 5 ).
where

ul () ="YX (o (1)),

PROOF. Clearly we have
t

w0 =l + [ QAR () ds

ok (1)
t
+8/ eU™DAG (s, u (5)) B dw(s).
o (1)

Thus, according to the growth condition on F, as |t — ox(t)| < T/k for any
t €0, T], by (2.6) we obtain

t
(1) — ()] < cT/ (1+ 12 5)[) ds + €] Yo (0 ) )

k(@)

CTT
= T(l +lug ¢ qo.r1:E) + 8|y0k(‘)(uif)|C([0,T];E)

= Ji,1(8) + Ji 2(8).
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This means that
P(luz — uy i lcqo.r1:E) = 8) < P(Jk1(e) = 8/2) + P(Ji2(8) = 8/2).

Concerning the first term we have

5 ks
P(Jk,l(s) > 5) =]P’<|“§|r3<[o,T1;E> = 2T 1)

and then, if k is large enough we obtain

]P’(J ( )>8> ]P’(| x| >< ké 1>1/m>
&> |=Pllu ; — .
k1) = 5 clcqo,rE) = 26, T

Due to (3.7) this means that once we fix o’ > o we can find k; € N such that

§ o
]P’(Jk,l(S) > 5) < eXP<—8—2>,

forany k > k;, e <1and |x|g < R.
Concerning the second term, due to (6.12) we can find k> € N such that for any
k > ky there exists g > 0 such that

8 o
P(Jk,z<e>z§ <exp —8—2),

for any k > kp, ¢ < & and |x|g < R. Thus, if we take kg := k| V kp and o’ :=
a +log?2 we obtain (6.13). [

LEMMA 6.7. Forany «, §, R > 0 there exists ko € N such that for any k > kg
we can find some g > 0 such that, forany ¢ < g, |x|p < Rand0<t1 <tp <T,

(6.14) P(e]yn (ug) (12) — v (g ) (12)| p = 8) < exp(—:—z).

PROOF. If we define
T (9) :=1inf{r > 0:|uj () —ug  (D)|g =V},
we have
Plelyy (ug)(t2) — vy (ug ) (02) | E = 8)
<Pt (0) < T) +Plelys, ) (t2) — vy (g ) () |E =8, 72, (9) > T).

If ‘rg’ () (w) > T, as g is Lipschitz-continuous in the third variable, uniformly for
(s,€) €[0, T] x O, there exists L > 0 such that

sup |g(s, &, uz (s, ) (@) — g(s, &, uz 1 (s, 6)(w))|p < LY.
(5,6)€l0,T1x0O
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Then, according to Theorem 3.2 applied to
hs = g(s, - uz(s)) — &(s, - up 1 (8)) ALYV (=LD),
if we fix o’ > o and if we take ¥ small enough for any k € N we have

P(elyn W) (t2) — v (i ) (@) =8, 15,) > T)

82 o
<c1€ex — = <ex — .
= p( 8202(t2 — tl))‘LzﬁanHg) - P( 82>

Concerning the other term, thanks to (6.13) in correspondence to such ¥ there
exists kg € N such that for any k > kg there exists e > 0 such that

— - a/
P2 ) < T) <P(lug — uz gleqorye =) < eXP(—8—2>,
for any ¢ < g; and |x|g < R. By taking o’ = o + log2 we get (6.14). O

LEMMA 6.8. Forany a,8, R >0and 0 <t <ty <T there exist n € N and
B, & > 0 such that

— o
(6.15)  Plelyy (" ult))®)|z = 8. elPawleqn.nym < B) < GXP<_8_2>,
forany e <égand |x|g <R.

PROOF. We fix o’ > . By using Theorem 3.2 we can find ] <t} <, <1t
such that, for any x € E and ¢ < 1,

(e

15}
/ ¢G5, AN (11)) B dw(s)
(6.16) §

/

t
—/ze(tz_s)AG(s,e(s_”)Auif(tl))B dw(s)

!/
1

> 3) <en(-53)
- expl ——= |-
E_4 - P 82

Since by (2.2) and the Sobolev embedding theorem there exists 6 > 0 such that,
for any s € [11, 151,

|l (1) co @y < € — 1) TPk ) e < c(t) — 1) P ueqo.11 ),

due to (3.7) there exists K > 0 such that by setting
J = {u e C(r]. 51 CP(O: RN): Nuleqer y.c0 @y < K
for any |[x|g < Rande <1,
P(e" AU (1) ¢ K) = P(’e(~—t1)Au§(t1)’C([zi’zé];cg(@;Rr» > K)

/

K o
= P<|”§|C([0,T];E) > ?(Ii — t1)9/2) < exp(—g—z),
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Now, since the set JC is compact in C ([t{, té]; E), for any fixed p > 0 there exist
21, ..., 2ig € C([t1, 15]; E) such that K can be covered by the union of balls in
C([t}, 1;]; E) of radius p and center z;. This implies that, for any n € N,

£ =3)
g 4

l,/
/2e(t2_s)AG(S, eCSTAYT (1)) (I — Py)B dw(s)

!
h

a/
ool

io

+ Z]P)<|e(-—l‘l)Aug(tl) —Z; |C([fiaté];E) =< P,
i=1

t/
€ /2e<l2—S>AG(s, eSTAYT (1)) (I — P,) B dw(s)

!/
h

o i0
= exp<—8—2> + Z Ii .
l

—1

)
> _
g 4

Foranyi =1,..., iy we have, for B, := P, B,
‘ (=1)A ‘
lin < P<|€ ! u{cf(tl)_zl|C([l{,t£];E) =p,

£ //[2 e(tz_s)A[G(s, eSTAYT (1)) — G (s, zi(8))]Bdw(s)

&
1

>)

> _

g 12
—1)A

+]P><\e( WAL (1)) —Zi’C([t{,tél;E) =P,

€ /tz eIAG (s, e AU (1)) — G (s, 2i(5)) ] By dw(s)

!/
h

>)
>
12

/ 2 (9AG (s, 20(5)) (I = Po)B duw(s)

!
h

—HP’(s

2)
>
g~ 12
= Jil + Jz?n + ‘Il‘?n‘

If |e(“_“)Au§(t1) — zi($)|E < p, for any s € [t],1}], as g(s,&,-) is Lipschitz-
continuous, uniformly with respect to s € [0,T] and £ € @, we can apply
Theorem 3.2 to the function Ay (&) := g(s, &, e(s_”)Auf;(tl, &) —g(s,&,zi(s,8))
and we can find some constants ¢y, ¢ > 0 such that

2
J+ I <2¢ exp(—g—),
T e2cap(ty — 1)*
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for any n € N. Then, if p is sufficiently small we have
/
1 2 o
Ji +Jin = eXP<—8—2>,

for any ¢ < 1. Concerning Ji3n, with the notation introduced in the proof of
Theorem 3.2 we have

/@ 294G (5, 2:($)) (I — P,)Bdw(s)
l,/

1
) ,
=cp. [ =5/, ) ds

1

where
o0 s ,
P p (5, E) =D di | (s —0) PrelmDA2TDAG (0, 2i(0))er](€) dBi (o).
k=n+1 1

As in the proof of [4], Theorem 4.2, it follows that, for alli =1, ..., ip,

o0 s
sup Z )L% /t/ (s —o) 2

(s.6)€[t]. 151X O k=n+1 1
X |e(S—O')A[e(l2—lé)AG(O_’ Zl(a))ek](€)|2 dS < N,

for some 7, which goes to zero, as n goes to infinity. Hence, by using the same
arguments as in the proof of [4], Theorem 4.2, and that of Theorem 3.2 we can find
some constants ¢y, ¢ > 0 such that

52
I3 <ci exp(—2—>.
’ gccon,(ty — 1)

This means that for some 7 sufficiently large

Therefore, collecting all terms, in correspondence to n we have

l/
Ple /ze(tz_s)AG(s,e(s_”)Auj(tl))(l — P;)Bdw(s)

!
1

)
> _
g 4

(6.17)

/

< Bip+ 1)exp(—j—2>.

According to (3.7) there exists 8’ > 0 such that, for any [x|g < Rand e <1,

(6.18) P(lu* (1) = &) fexp<—j—2>.
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Next, we fix any partition 7 = {09 = 1] <01 < --- < oy =13} of the interval [¢{, 1}]
and we set w(s) = 0y, if s € [0}, 0+1). We have

|

5
/ [e(zz_S)AG(s, e(s_”)Au’; (1))

’
1

— e(zz_”(s))AG(n(s), e(”(s)_”)Aug(tl))]Bﬁ dw(s)

3
>_7
E_48

q
>
E_48

/t e""IAH (5) By dw(s)

!
1

g{ sup

tef],4]
where
H(s) = e(tz_té)AG(s, e(s_”)Auif (1))
— e(lz—lﬁ)Ae(s—n(S))AG(n(s)’ e(”(s)_tl)Au)gf ().

We remark that, since the mapping (0, 7] — £L(E), s — esA

the mapping g fulfills Hypothesis 3, if |u} (11)|g < &, we have

, 18 continuous and

sup |e(t2_t£)AG(s, eCTIAYT (1))
selt], 1]

_ e(tz—té)Ae(s—ﬂ(s))AG(n, s), e(ﬂ(s)—tl)Auif )|

< sup ]G(s,e(s_”)Au’g‘(tl))—e(s_”(s))AG(n(s),e(”(s)_”)Aug(tl))\E
seft], 1]

S cﬂ,8/7

for some constant ¢, s going to zero, as || = max{o;;| — 07} goes to zero. By
using once again Theorem 3.2 this implies that there exists some partition g
sufficiently small such that for any x € E and ¢ <1

P(mzmnE <,

t/
. 2[€(t2_s)AG(S, e(s—tl)Auif(tl))

!/
4

(6.19)
_ e(fz—ﬂ()(s))AG(n-O(s)’ e(m)(s)_tl)Auif (tl))]Bﬁ dw(s)

a/
< exp(—s—z).

Therefore, combining all together the estimates (6.16)—(6.19), for any 8 > 0 we

)
> _
g 4
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obtain

P(e|ys ("4l (1)) )|z = 8, el Pawlcqo.ry ) < B)

a/
< (4+3iop) eXP<—8—2>

//
1

[/
2 e(tz_”‘)(s))AG(n'o(S), e(”()(s)_tl)Auif (1)) Bidw(s)| > -

E

’

+P<s

elPwlcqo,11;H) = ﬂ)-

If we determine B > 0 such that the last term above is zero, by taking ¢ small

enough, we have
o o
(4 + 3ip) exp(——2> < exp(——z),
I3 &
so that (6.15) follows.

If |Pawlcqo,r1:m) < B/€ and if mo = {t] =0 < --- < o, = 15} is the partition
which realizes (6.19), we have

l/
// 2 e(tz—ﬂo(s))AG(no(s)’ e(ﬂo(s)—fl)Aug(tl))Bﬁ dw(s)
1

E
k()—l
< 214G (01, TV u (1)) B(Prw (0i41) — Paw (o) |
i=0
—0i)A i—1)A
<2|Pawleq 1 m) ZO |2 DAG (07, €TV AUL (1)) B 411 )
1=
Now, due to (2.3), for any x € H we have
le'"xlg <ct A x|p, >0,

and then, as 1 —0; >t —t; > 0 and 0; — 1] > 1| — 11, for any o; € 7o, we have

t/
) / ? e(tz_”O(S))AG(JTO(s), e(NO(S)_Zl)AMf;(Il))Bﬁ dw(s)
l/

1

E
<2e|Piwlc (.0 H)Cry < CmoB-
Hence, we can find 8 small enough such that
]P’(e /
n

[/
2 e 27TOONAG (o (s), eTOOWAY (1)) Bdw(s)| > -

E

’

elPswlcqo,11:H) = ﬂ) =0.
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LEMMA 6.9. Forany «, 8, R > 0 there exist n € N and B8, € > 0 such that

o
Plely wlcqo.ri e = 8, elPawlcqo, i) < B) < exp(—8—2>,

forany e <¢ and |x|g < R.

PROOF. Leta’ > «. Due to (6.12) there exists kg € N such that, for any k > ko,

P(ely @ lcqo.r1:E) > 8, &|Pawlcqo.r): 1) < B)

a/
ool )

+ P(s sup

ok (1) 4
/ UG (s, ut (s)) Bdw(s)
1€[0,711J0

=

)
E 2

elPawlcqo, 11 H) < ﬂ>'

Now, if we set ti" =1iT/k, forany t € [0, T] we have

ok (1) A
/ UG (s, ut (s)) Bdw(s)
0

E

= ‘/ok(t) e ~HIALODDAG (5, Ul (s)) B dw(s)
0

E
k

I
< sup / e(tik_s)AG(s,ujﬁ(s))Bdw(s)
i=0,....k—11J0 E
k=1 B ok
fz'/tk e(’i+1_s)AG(s,uif(s))Bdw(s) )
i=0'"1i E
This implies that
ok (t) 4 S
]P’(s sup / UG (s, u (s))Bdw(s)| > =,
1€[0,771J0 E 2

elPawlcqo,11:H) < /3)

.
/ ! e(’ik+1_s)AG(s, uy($))Bdw(s)| > —,
£~ 2k

k
I

k—1
< Z]P’(e
i=0

8|Pﬁw|C([l{‘,l!‘+l];H) = ﬂ)
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According to Lemma 6.7, for large enough k there exists g > 0 such that for any
e <é&g

P(e

:
/k - e(tikH_S)AG(s, uy (s))Bdw(s)

5

§P<8

1)
. = ﬂ’ 8|Pﬁw|C([r{‘,t{‘+l];H) =< :B)

>

tf
/ T ethTIAG (s, ut () Bdw(s)| > —,
£ 4k

k
A

/

o
8|PﬁW|C([tl]<’ll[c+1];H) =< ,3) + exp(—g—z).

Therefore, since

R k
[ et TG (s ) Bdw(s) = yg (D) afy ),

4

we conclude by applying Lemma 6.8. [

Conclusion of the proof of Theorem 6.4. Now we can prove (6.11). If w? is the
Wiener process on the space (2, F, P?) introduced in (6.2), we have to show that
if we define

e = {luy — 25 (@)lcqo.r1:E) = 8; elPaw’lcqo,11: 1) < B}

for some positive constants 8 and £ we have that

P(A) < exp(—j—z),

for any ¢ < ¢. If we set

£, :=exp(—§ [ T«p(s),dw(s)m),

for any A > 0 we have

ra=e{anfezon(2)]) o -eo(2))

Due to (3.1) we have

P& > exp@)) < P(]/OT<<p<s>,dw<s>>H] > %)

A2 A2
§3exp(——> §3exp(— )
62|97, 0.7 1) 12¢2r

Hence, we can find A large enough such that, for any ¢ < 1,

(6.20) IP’(ES > exp<3—2>> < %exp(—%).
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In correspondence to such A we have

#(aenfe <on(3)]) = (7 40 fe <o)

)_\, |(p|L2(0 T:H)
< e)(p(g—2 - T)PE(As)
con(E)can

Thus, to conclude, we have to show that there exists € > 0 such that

1 A
(6.21) P (Ag) < EGXP< )exp( 02) £ <E.
P

For any K > 0 we have
P*(Ae) < P*(luglcqoriE) > K)
+PE(Juy — 2 (@)|cqo.11:E) = 6,
luzlcqo,r1:E) < K, el Paw®|cqo,11,H) < B)-

In the proof of the lower estimates we have seen that u} solves problem (6.3).
Then, if we set v :=uy — Y (uy) — ey ®(uy), with ' defined in (6.5), we have that
v solves the problem

dv
E(t) = Av(t) + F(r,u; (1)), v(0) = x.
By using the same arguments as in the proof of Theorem 3.3, we have
|M§|C([O,T];E) = €CT(|X|E +CT(1 + |V<p(u§)|’g([oj];)5) +8m|V€(u§)|’E‘1([0,T];E)))'
Note that as we are assuming g to be bounded, due to (4.2) we get
1Yo @ lcqo.11:E) < (D@l 200,75y < €TV 2r
and hence

utleqo.r:e) < e (1xle + c(T)(1+ @) + ™y @) 0.1 5))-

This allows us to repeat the arguments used in the proof of Theorem 3.3 and to
conclude that for any @ > 0 and R > 0 there exists K > 0 such that, for any ¢ < 1
and |x|g < R,

o
P*(luglcqo.r1:E) > K) < eXp<—8—2>'

Therefore, if we fix o’ = A + « + log4, we can find K such that

& X > o 1 )_\ o
(6.22)  P*(luzlcqo.r1:E) > K) <exp —= ) =700~z )exp(—3)
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If we fix K, due to (6.8) we can find some constant ¢ > 0 such that

P (luf — 25O lcqo.rrE) = 8, [ullcqo.re) < K, elPawlcqo.r1: 1) < B)
)
<P* <8|)/€(M§)IC([0,T];E) z elPaw®lcqo,1): H) < ﬂ>,

and then, due to Lemma 6.9 applied to w® and P instead of w and PP, we can
conclude that there exist €, 8 > 0 such that

Pe(luf — 25 (@) |cqo.t:E) = 8, [ullcqo.r:E) < K, €| Paw®|cqo.11: 1) < B)

(6.23) | 3 o
< Z exp<—8—2> exp<—8—2> .

By (6.20), (6.22) and (6.23) we obtain (6.21). [
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