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TO WEAK CONVERGENCE
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m-dependent stationary infinitely divisible sequences are characterized
as a class of generalized finite moving average sequences via the structure of
the associated Lévy measure. This characterization is used to find necessary
and sufficient conditions for the weak convergence of centered and normal-
ized partial sums of m-dependent stationary infinitely divisible sequences.
Partial sum convergence for stationary infinitely divisible sequences that can
be approximated by m-dependent ones is then studied.

1. Introduction. The literature on the Central Limit Theorem (CLT) contains
many extensions of the classical i.i.d. results to stationary sequences {X ;} jcz such
that Var(Xg) < oo. These extensions show that under various weak dependence
assumptions

S, —ES,
+/ Var(S,,)

One of the first dependent result of this type is due to Diananda (1955) who showed
that m-dependence is sufficient for the Central Limit Theorem to hold. Later work
further extends the CLT to stationary mixing sequences, and the reader is referred
to Ibragimov and Linnik (1971) and Peligrad (1986) for overviews of these results.
Typically, these theorems require Var(S,) — oo, a mixing condition and either
a sufficiently fast rate at which the mixing coefficients converge to zero or the
existence of a higher order moment.

In recent times heavy-tailed data have been collected from a variety of different
sources, and with this in mind, it is imperative to study limit theorems for
stationary sequences of random variables with possibly infinite variance. For an
iid. sequence {X};cz, if the sequence of (centered and normalized) partial
sums converges, then the limiting distribution is necessarily stable. The stable
distributions are indexed by four parameters. In particular, o € (0, 2] is called
the index of stability. The distribution of Xg is said to belong to the domain of
attraction of an a-stable distribution if the partial sums, properly centered and
normalized, converge to that «-stable random variable.

(1.1) = N, 1).
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When studying partial sum convergence to a stable limit for weakly dependent
stationary sequences, the main objective considered to date has been, by fixing
an asymptotic independence condition, to find additional requirements on the
distribution of the sequence which are sufficient for the stable limit to hold.
LePage, Woodroofe and Zinn (1981) used order statistics to give an alternative
proof of partial sum convergence for an i.i.d. sequence {X;};cz such that the
distribution of X is in the domain of attraction of a nonnormal stable distribution.
This type of argument has been further extended using point processes techniques
to obtain corresponding results for weakly dependent sequences. Davis and
Resnick (1985) showed partial sum convergence for the moving average of an i.i.d.
sequence {X ;} jez such that the distribution of X is in the domain of attraction of
a stable random variable. Heinrich (1985, 1987) gave sufficient conditions for the
convergence of the partial sums of both m-dependent and 1/-mixing sequences.
Heinrich’s results include rates of convergence, but his proofs require technical
assumptions that are not minimal. Davis (1983) showed partial sum convergence
for sequences { X} jc7, satisfying dependence conditions typically used in extreme
value theory (distributional mixing and negligible local dependence) and with the
distribution of X in the domain of attraction of a nonnormal stable distribution.
Jakubowski and Kobus (1989) showed partial sum convergence for m-dependent
sequences {X}jcz such that (Xo, Xy,..., X;,) is in the domain of attraction
of a multivariate stable distribution. The most general known formulation for
m-dependent sequences is as follows:

THEOREM 1.1. Assume {X}jcz is a stationary m-dependent sequence, let
Sy = Z?;(l) X and let 0 < o < 2 be fixed. Assume Sy 11 is in the domain of
attraction of a nondegenerate a-stable distribution with characteristic function
Om+1, and assume Sy, is in the domain of attraction of a nondegenerate «-stable
distribution with characteristic function ¢,,, with the same normalizing sequence.
Then S, appropriately centered and normalized converges in distribution to X
where X is an a-stable random variable with characteristic function

(pm-H(t)

E eizX — )
Pm (7)

With the additional assumption that Var X¢ < oo, Theorem 1.1 recovers the
result of Diananda (1955). Theorem 1.1 is conjectured and proved in the case
0 < @ < 2 under slightly stronger assumptions in Jakubowski and Kobus (1989). It
is proved by Szewczak (1988) when o = 2 and by Kobus (1995) when 0 < o < 2.
A one-dependent stationary sequence {X ;} ez such that X is in the domain of
attraction of an a-stable random variable, but X| + X» is not in the domain of
attraction of any nondegenerate a-stable law is constructed by Jakubowski (1994).
For this example, there is no normalizing sequence { B, } such that the partial sums
centered and normalized converge to a nondegenerate «-stable random variable.
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The present paper continues the study of partial sum convergence for
m-dependent stationary sequences, but considers the problem for stationary in-
finitely divisible (SID) sequences, that is stationary sequences such that all their
finite-dimensional marginals are infinitely divisible random vectors. In Section 2
we show that any such m-dependent sequence is equal in distribution to a certain
finite generalized moving average sequence. Partial sum convergence is considered
in Section 3. While Theorem 1.1 gives sufficient conditions for partial sum con-
vergence of m-dependent stationary sequences, using the characterization theorem
given in Section 2, it is easy to find necessary and sufficient conditions for such
convergence in the case of m-dependent stationary infinitely divisible sequences.
Partial sum convergence for a class of stationary infinitely divisible sequences that
can be approximated by m-dependent ones is briefly discussed in Section 3. Sec-
tion 4 concludes the paper with some final remarks.

We remind the reader that a sequence {X};cz is m-dependent if any finite-
dimensional marginals (X;,X,,..., X;,) and (Xg,, Xk,,..., Xk ), such that
k1 — j, > m, are independent. In particular, a (stationary) sequence is O-dependent
if and only if it is formed of independent (identically distributed) random variables.

The technique of proof that will be used throughout this paper involves
analyzing the Lévy measure of infinitely divisible vectors and sequences. Recall
that a vector X is infinitely divisible if its characteristic function admits the
representation

InEe X =i(b,t) — L(Zt,t) + , ("X — 1 —i(t, x) 1y <1) Q(@X),
RI\{0}
where b is a d-dimensional vector, X is a d x d positive definite matrix, and Q is
a Borel measure on R? such that

/ min(1, ||x]?) Q(dx) < co.
R\ {0}

This representation is unique, (b, X, Q) is called the characterizing triplet of X,
and Q is its Lévy measure. Furthermore, if a triplet (b, X, Q) satisfies the
restrictions given above, then it is the characterizing triplet of some infinitely
divisible vector [see, e.g., Sato (1999)].

For b e R; ¥:R — R, a positive definite function; and Q, a Borel measure
on R?%; we say that (b, T, Q) is the characterizing triplet of a stationary infinitely
divisible sequence {X j} j¢z if, for any A C Z,

((b,b,....b), (26 — }ijers Olra)

is the characterizing triplet of {X;};ca. It is implicit that each of the one-
dimensional marginals of Q are equivalent measures on R integrating min(1, x?).
Q is then called the Lévy measure of {X;};cz. Maruyama (1970) proves the
existence of a characterizing triplet for all stationary infinitely divisible sequences.
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2. Characterization of m-dependent SID sequences. Throughout this sec-
tion, by a finite moving average sequence, we mean a sequence of the form
{>ioak nj—k}jez, Where {n;} ez is any i.i.d. sequence and (ag, ai, ..., an) is
a vector of reals. It is then clear that a finite moving average sequence is station-
ary and m-dependent. Moreover, as detailed below, the Riesz factorization lemma
[see Pélya and Szeg6 (1978)] implies that all m-dependent stationary Gaussian
sequences are (up to a location parameter) finite moving average sequences. This
well known result is presented next for the sake of completeness.

PROPOSITION 2.1. If {X;}jez is a stationary m-dependent Gaussian se-
quence with EXo = u, then there exists {a}}'_, such that

m
£
{(Xj}jez = {M-i— E akﬂj—k}
k=0 jez

where {n;}jcz are i.i.d. standard normal random variables.

PROOF. Let R(j) = Cov(Xo, X;), for j € Z. R(j) is a positive definite
function on Z and R(j) = 0 for |j| > m. The Riesz factorization lemma implies
that there exists {ax}}-, such that

2

Y R(jeV =

j=—m

m

L Hij0
Zaje
Jj=0

By expanding the square and grouping the coefficients of ¢'/?, one sees that

m—]j
2.1) R(j)=) arars; for0<;j<m
k=0

Since the RHS of (2.1) is also the covariance function of the finite moving average
sequence

J€Z,

the proposition is verified. [

Although all m-dependent stationary Gaussian sequences are finite moving
average sequences, it is next shown that there are m-dependent stationary infinitely
divisible sequences that do not have the same distribution as any finite moving
average of i.i.d. infinitely divisible random variables.
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EXAMPLE 2.1. Let Q be the Lévy measure of a two-dimensional infinitely
divisible vector § = (§ O &1) and suppose that there exists an open set B C R?
such that Q is nonzero on B. Consider the sequence

L
(Xjtjez SE)+E]_\}jer
where {§;} jcz are independent copies of &. Note that {X;} <z is a one-dependent

stationary sequence with infinitely divisible marginals, and the Lévy measure of
(Xo, X1) is equal to

(01 x 80) + O + (310) x Qo).

where Qo and Ql denote the one-dimensional marginal distributions of Q
Therefore, the Lévy measure of (Xg, X1) is nonzero on B. Next, if

L
{Xj}jez =f{aonj +ainj_1}jez

for some i.i.d. sequence of infinitely divisible random variables {n;};cz and
ap, a1 € R, then

£
(X0, X1) =(0,aon1) + (aono, aino) + (ain-1,0).

Since the three pairs are independent, the Lévy measure of (X, X) is equal to the
sum of the Lévy measures of the three vectors. The Lévy measure of the first vector
is supported on one axis and the Lévy measure of the third vector is supported on
the other axis. The Lévy measure of the middle vector is supported on the line
aixo + apx; = 0 in R2. Therefore, the Lévy measure of (Xg, X1) is supported on
three lines in R? and is zero at some point in B. It must be that {X;} ;<7 does not
have the same distribution as any finite moving average sequence.

In an effort to characterize m-dependent stationary infinitely divisible se-
quences, we introduce the following definition.

DEFINITION 2.1. A sequence {X} ez is called a finite generalized moving
average sequence (of length m + 1) if

m
oL
2.2) (Xj)jez = { > éj-‘_k} ,
k=0 JEZ
where {§; = G R S;”)}jez is some i.i.d. sequence of (m + 1)-dimensional

vectors. The sequence {X ;} ¢z is then said to be generated by .

If £ is a symmetric «-stable vector, then the sequence generated by & according
to (2.2) is a particular case of the generalized moving average sequence introduced
by Surgailis, Rosifiski, Mandrekar and Cambanis (1993). Also, it is clear that
finite generalized moving average sequences, as defined here, are m-dependent and
stationary. In addition, it is next shown that all m-dependent stationary Gaussian
sequences are generated by some (m + 1)-dimensional Gaussian vector.
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PROPOSITION 2.2.  Let {X;} ez be an m-dependent stationary Gaussian se-
quence with parameters = E X and covariance sequence R(j) = Cov(Xo, X ;).
Then, {X j}jcz is a finite generalized moving average sequence generated by an

(m + 1)-dimensional Gaussian vector € = (§9, ..., &™) with parameters
(2.32) Eef=—2 fro<k<m
m—+1
and
(2.3b) CovEk eh=ara;  for0O<k,l<m,

where {ay )] is given in Proposition 2.1.

The proposition is clear since the generalized finite moving average sequence
has the same mean and covariance function as the finite moving average sequence
defined in Proposition 2.1.

One of the main results of this paper is that all m-dependent stationary infinitely
divisible sequences are generated by an (m + 1)-dimensional infinitely divisible
vector.

THEOREM 2.1.  {X} ez is an m-dependent stationary infinitely divisible se-
quence if and only if {X j} jcz is a finite generalized moving average sequence gen-
erated by an (m + 1)-dimensional infinitely divisible vector &€ = (£°, &1, ... &™).

We showed in Proposition 2.2 that if the m-dependent stationary sequence
is Gaussian, then the generating vector can also be taken Gaussian. There are
other classes of m-dependent stationary infinitely divisible sequences where the
generating vector £ can be taken from the corresponding class of the infinitely
divisible vectors. Some of these additional cases are given in Corollary 2.1.

COROLLARY 2.1. Let X ={X;} ez be an m-dependent stationary infinitely
divisible sequence. All finite-dimensional marginals of X are a-stable (or com-
pound Poisson) if and only if the generating vector & has distribution in the re-
spective class. All one-dimensional marginals of X are Poisson if and only if the
generating vector & is infinitely divisible and all the one-dimensional marginals
of & are Poisson.

The proofs of Theorem 2.1 and its corollary are presented in Section 2.2.
Preliminary results on m-dependent stationary infinitely divisible sequences are
given in Section 2.1. However, we first point out that Theorem 2.1 is not
necessarily true (for m > 0) if the hypothesis of infinite divisibility is omitted.
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EXAMPLE 2.2. Let {Y;};cz be an independent and identically distributed
sequence of Bernoulli random variables with

P(Yo=1)=P(Yo=0) =3,

and let X; =Y; 1Y;. Then {X};cz is a stationary one-dependent sequence but
is not a generalized finite moving average sequence of length 2. Indeed, for this

{Xj}jez
(2.4) [Eeit(X()-‘rX])]Z _ [EeilX()][Eeil‘(X(H-Xl-i-Xz)] — &(1 _ eit)3‘

Now, suppose there exists an i.i.d. sequence {§; = (§ 0, S})} jez such that

i
{(Xj}jez = {%“;) + 5}_1}jez-
Let ¢(s, t) be the characteristic function of &;. Then
Eel0XotnXi+0X2) _ p,ioE)+51 )+n ) +6)+0E+])

— Eol 081D i (050 +115) g i (15)+0E]) g ,i(0E)

= ¢(0, 10)p(to, 1) (11, 2)¢ (22, 0).

Thus  Ee™*0 = ¢(0,0)¢(t,0), Ee"X0FXD = ¢(0,1)p(t,)¢p(t,0) and
Ee'XotX1+X2) — 4,0, 1) (¢(t, 1))%¢(t, 0). Therefore, for all t € R,

[Eeil(X()+X1)]2 _ [EeitX()][Eeil(X()-i-X]+X2)] — 0
which contradicts (2.4). It must be that no such i.i.d. sequence {§;} ez exists.

2.1. Preliminary results. It is well known that if {X;};ez is independent
and infinitely divisible, then its Lévy measure is supported on the axes in R”
[see, e.g., Sato (1999), page 67]. Lemma 2.1, given below, is the corresponding
result for m-dependent infinitely divisible sequences. The proof of Lemma 2.1
uses the result for independent sequences. Actually, the proof only uses pairwise
independence of random variables more than m apart; however, for infinitely
divisible sequences, m-dependence and pairwise independence are equivalent
[this is given as an exercise in Sato (1999), page 67]. Lemma 2.2 shows that
the distribution of an m-dependent stationary infinitely divisible sequence is
uniquely determined by the distribution of an (m + 1)-dimensional marginal.
After presenting these two lemmas and their proofs, we conclude the section by
introducing some useful notation.

LEMMA 2.1. Let {X;}jecz be an m-dependent infinitely divisible sequence
(not necessarily stationary). Let Q be the Lévy measure of {X j} jcz. Then

[R\ {op* x (0},

is a disjoint partition of the support of Q, where A,, denotes the collection of
subsets of 7. such that the distance between any two elements is no more than m.
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PROOF. The sets are pairwise disjoint. It remains to show that Q(S¢) =0,
where

S= |J ®\{op* x (0},
Aeh,
Let

Tup={x e R | x, #0,xp #0}.
When |a — b| > m,
O(Tap) = Qlrian (R\ {0} x (R\ {0})) =0,

since X, and X, are independent, and thus the Lévy measure of (X,, Xp) is
supported on the axes. Now
S= | Tusp

la—b|>m

Thus
QS < > Q(Tup)=0.

la—b|>m O]

LEMMA 2.2. Let {X;}jez and {Y;}jez, be two m-dependent stationary
infinitely divisible sequences. If

£
{XjYizo =Yoo,
then

{Xj}jez é{Yj}jeZ-

PROOF. 1If {X;}jez is an m-dependent Gaussian sequence, then the dis-
tribution of both {X;};cz and {X j};f’:() are uniquely determined by E Xo and
Cov(Xp, X ) for 0 < j < m. Thus, the result is clear in the Gaussian case. There-
fore, assume that {X;};cz and {Y;} ez are infinitely divisible without Gaussian
component, and let A,, be as defined in Lemma 2.1.

Let QOx be the Lévy measure of {X};cz, and let Qy be the Lévy measure of
{Y;}jez. Foreach A € A, let Qx(A) and Qy(A) denote the restrictions of Qx
and Qy to (R\ {04 x {0}2\A, respectively. By Lemma 2.1, the Lévy measure of
{Xj}jeais

Oxlpa= ) Ox(B)lga.
gl

The Lévy measure of {Y;};c4 is similarly given, and since {X };cz and {Y;};cz

are stationary with {X j};.”:O £ {Y j};.”:O, the Lévy measure of {X;};ca restricted
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to (R \ {0})4 is equal to the Lévy measure of {Y;}jea restricted to (R \ {oHA.
Symbolically,

2.5) Y. Ox(B)lga= ) Qv(B)lpa.
BeApm, BeAp,

Note that the B’s in the summation index are either B = A or |B| > |A| where | - |
denotes cardinality. Thus, for A with |A| =m + 1, the above equation reduces to

(2.6) Ox(A)|ga = Qy(A)Iga.

Furthermore, if (2.6) holds for k < |A| < m, then (2.5) reduces to (2.6) for |A| = k.
Thus, it is inductively shown that (2.6) holds for all A € A,,. Finally, it is clear
that Qx(A) = Qx(A)|ga x {0}\4 and Qy (A) = Qy(A)|ga x (0}*\. Therefore,
(2.6) implies that Qx(A) = Qy(A),forall A € A,;; and thus Oy = Qy. U

We now introduce some notation that will be used in the proof of Theorem 2.1.
In the following J is an interval subset of Z and J# denotes the class of Borel
measures on R”.

DEFINITION 2.2. Fork € Z, let TF: R/ — R’ be defined by

Xi_k, if j—kel,
TFx)]: =17’
[Tl 0, otherwise,

foreach j € J and X = {x} </, where x; € R.
If J =7, then T and T~ are inverse functions and 75t = 7% o T,

DEFINITION 2.3. For k € R, let 7¥:  — £ be defined by
" P(A) = P(IxIT* (x) € A}),

for each measure P € P and A € B(R’).

2.2. Proof of the characterization theorem. In this section, we prove
Theorem 2.1 and Corollary 2.1. We start with the proof of Theorem 2.1.

PROOF OF THEOREM 2.1. Itis easy to check that if £ is an infinitely divisible
vector and {X};cz is generated by & according to (2.2), then {X} ez is neces-
sarily m-dependent, stationary, and infinitely divisible. Conversely, Proposition 2.2
implies that all m-dependent stationary Gaussian sequences are generated by some
Gaussian vector £. Now consider a general m-dependent stationary infinitely di-
visible sequence {X ;} jcz with characterizing triplet (b, X, Q). We will show that
this sequence is generated by £ = &g + £p where &g generates the Gaussian part
[the infinitely divisible sequence with characterizing triplet (b, X, 0)], and &p is



858 D. HARRELSON AND C. HOUDRE

the infinitely divisible vector with characterizing triplet (0, 0O, Q |rt0....m), where
Q is the Lévy measure of {X j}ﬁo restricted to

R{O,...,m—l} % (R\ {O}){m} % {O}{WI-‘rl,...,Zm}‘

To complete the proof of Theorem 2.1, we only need to prove the following:
LEMMA 2.3. The sequence generated by Ep has Lévy measure Q.

PROOF. As aconsequence of Lemma 2.2, it is sufficient to show that

2m

2.7) Olgwo.1,...2m) = Z %0,

k=—m

where the RHS is the Lévy measure of a (2m + 1)-dimensional marginal of &p.
O

The proof that (2.7) holds is most clear when m = 1. Lemma 2.1 shows that the
support of Q|p,1,2) can be partitioned into five subsets. Each subset is rectangular
with all cross sections equal to {0} or R\ {0}.P(0), P(1), P(2), R(1) and R(2) are
the Lévy measure of {Xg, X1, X} restricted to each of these subsets. This division
is illustrated in Figure 1.

Since the sequence is stationary, the Lévy measures of {Xq, X1} and {X1, X2}
are the same. These two Lévy measures are the projections of Q|p.1,2 onto
RO} and R1-2} respectively. Figure 2 shows where each of the sub-measures
of Qlgo.1.2 is projected to. Thus,

RQ2) |ty = R(D)|gio.y = [t R(D)]g0.2,

where the first equality is clear (see Figure 2) and the second equality follows
from the definition of t. Since R(2) and 7 R(1) are supported on {010} % RIL2Y ¢
follows that

(2.8) R(2)=1tR().

F1G. 1. Lévy measure of {Xo, X1, X»}.
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[P(l) + R(2)]|R{0,1} [P(2)]|R{1.2}
R(1)|Rion R(2)[Ri1.2»
P 0 0,1 P 1 R 1 1.2
P(2)|Rio.1y Ol P(0)|Rev2y [P + RO)]|Ra.»

F1G. 2. Lévy measures of {Xo, X1} and {X1, X3}.

Similarly,
P2)|gna =[P(1) + RQ2)]Igwoy
=[tP(1)+ tRQ2)]|gn2
= [t P(1) + T R(D]Ign.2,

where the last equality follows from (2.8). Since P(2), tP(1) and 72R(1) are
supported on {0}{% x R{-2} it follows that

(2.9) PQ2)=tP(1)+*R(1).
Finally,
P0)|gio.y =[P(1) + R(D]Igna
=[P+ t_lR(l)]|R{0.1},

and since P(0), t~'P(1),and t~'R(1) are supported on RO} 5 (012! it follows
that

(2.10) PO)=7t"'P(1)+ 7 'R(D).
In conclusion,
Qlro12 =PO)+P(1)+ P(2)+ R(1) + R(2)
1 2
= > P+ Y RO

k=—1 k=—1

where the second equality follows from (2.8)—(2.10). The last equality holds since
O = P(1) + R(1). Thus (2.7) is verified for m = 1.

For arbitrary values of m, (2.7) is verified by the same method as in the case
m = 1. Lemma 2.1 shows that the support of Q|p.1...2m} is partitioned into
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rectangular subsets, the cross sections of which are either {0} or R \ {0}. The
subsets are indexed in such a way that it is clear which subsets are shifts of each
other and so that Q can be easily identified. These facts are formally presented in
the following.

Let X be the collection of x = {xj}%’io such that x; is O or 1, for 0 < j < m,
xm=1,and x; =0, form < j < 2m. Define

L(x) =m —min{j | x; =1}.

For x € X and k € {L(x) — m,...,m}, let A(x,k) be the rectangular sub-
set of R{0--2m} quch that the projection of A(x,k) onto RUY is R \ {0} if
[Tk(x)]j =1 and {0} if [Tk(x)]j = 0, where T* is given in Definition 2.2.
{AX, k) }xeX ke{L(x)—m,..,m} 15 a disjoint partition of the support of Qlgo.1....2m,
and {A(x, 0)}xex is a disjoint partition of the support of Q . Let Q(x, k) be the re-
striction of Q|go.1....2n} to A(X, k). Using this notation, in order to show (2.7), one
must show that

m 2m
(2.11) Yooy oxbh=> Y Tox0.

xeXk=L(x)—m xeXk=—m

The above equality holds if and only if for each A(x, k), the measure on the
LHS restricted to A(X, k) is equal to the measure on the RHS restricted to A(x, k).
Therefore, (2.11) holds if and only if

ox.b=Y Mox.0),

' K)eXXZ,
T o)=Tk %)

for x € X and L(x) —m < k < m. More precisely stated, equality holds in (2.11) if
and only if for each x € X,

FQ(x,0), for 1 <k < L(x),
k—L(x) .
212) ok =]Tex 0+ 37 ( Y. T"YOK, 0)>,
j=1 ¥ eX,
/ Titm (x/fiTk ®)
for L(X) <k <m,

and
(2.13) 0k, k)= Z ‘L’kQ(X/,O) for L(x) —m <k < —1.
¥ eX,
Th =Tk (x)
Since the sequence is stationary, the Lévy measures of (Xg,..., Xgx4+m) are

equal for 0 < k < m. These Lévy measures are the respective projections of
Q|g0.1,...2m} Onto Rk ktm}
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RIK-k+m} is partitioned into rectangular subsets with cross-sections either {0}
or R\ {0}. For xe X and / € {L(x) —m,...,0}, let Br(x,/) be a rectangular
subset of Rk M} guch that the projection of By(x,!) onto R¥+7} is R\ {0}
if [T!(x)]; =1 and is {0} if [T'(x)]; = 0. Then, {Bx(x,D)}x € X,l € {L(x) —
m, ...,0} is a disjoint partition of R---k+m}\ (0},

Note that By (x,0) C RWE--ktm=1b s R\ {0+ When Q|go.1...2m is
projected onto R¥%--*+m} ‘the projection of the following is supported on By (x, 0):

m—L(x)
(2.14a) > > 0 k+)) if0 <k <L(x)
j=0 XeX,
Tm+j (x’):Tm(x)
and
m—k
(2.14b) > > 0xk+)) if L(x) <k <m.
j=0 ¥ eX,

Tm+j (x/):Tm x)

Also, Br(x, L(x) — m) C (R \ {0)¥ x RE+L-k+m} When Q|gio.1...om is
projected onto R--k+m} " the projection of the following is supported on
B (x, L(xX) —m):

(2.15a) > QX,L(x)—m+k) if0O<k<m—L(x)
x'eX,
L(X)SL(X/E)SL(X)+k,
TLX)—m (X,):TL(X)_m(X)

and

(2.15b) > Q. Lx)—m+k) ifm—Lx) <k<m.
X eX,
L®=L&)=m,
TL(x)fm (X/):TL(x)ﬂn %)

Expressions (2.14) and (2.15) guarantee that (2.12) and (2.13) hold as shown
below in Lemmas 2.4 and 2.5, respectively. [

LEMMA 2.4. For each x € X, the measures {Q(X,k)}1<k<m satisfy the
recursion equation

(t0(xk—1), for1 <k < L(x),
(2.16)  Qx. k)= {tQ(X,k 410K m),  for L(x) <k <m,

where X' is such that T" 1 (x') = T*(x). Furthermore, (2.12) solves this recursion
equation.
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PROOF. Lemma 2.4 is proven inductively. First, we show that (2.16) is
satisfied for x such that L(x) = m. When Q|g.1....2m) is projected onto Rk ktm)
only the projection of Q(x, k) is supported on By (x,0), for 0 <k <m [see (2.14)].
Since the sequence is stationary,

OX, k) |ptk,..ktm) = OX, k — D) |pte—1,..k=14m) = [TOX, k — D) Ipik,...ktm) .

The second equality follows from the definition of t. Since Q(X, k) and 7 Q(x,
k — 1) are supported in {OHO-K=1} 5 Rtk ktmb s goythtmtl,..2m} i follows
that

2.17) 0x, k) =10(x,k—1).

Next, fix x arbitrary with L(x) < m. We show that if (2.16) is true for all X" such
that L(x") > L(x), then it is true for x. The assumption that (2.16) is true for all x’
such that L(x’) > L(x) will be referred to as the induction hypothesis.

For 0 <k < L(x), when Q|R,1....2m is projected onto RiKkktm} (2 14) gives
that the restriction to By (x, 0) is

m—L(x)
Z Z Q(X/,k+j)|R{k ..... k+m)
Jj=0 X eX,

Tm+j &)=T" (x)

Since the sequence is stationary, for 1 <k < L(x)

m—L(x)
> S 0Okt gt
j:() ‘X/EX.
m+j x\=T™M (x
(2.18) e
m—L(X)
= > S O k= 1+ IRttt
Jj=0 ¥ eX,

Tm+j (x/):T’” ®)

Since 1 <k + j < L(x) + j = L(x'), the induction hypothesis implies that the
LHS of (2.18) is

O(X, k) |Rik,....k+m)

(2.19) m L&)
+ Z Z [tQ&X' k — 14 )Rk itm)
j=1 ¥ eX,
M+ (X )=T" (%)
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Moreover, the RHS of (2.18) is equal to

m—L(X)
(2.20) > Yo [TOK k= 1+ DRk dtm
j=0 ¥ eX,

M+ (X )=T" (%)
By canceling out the common terms in (2.19) and (2.20), the equation reduces to
OX, k) |ptk,..ktmy = [T OQX, k — D)]|pik,....ktm)

Since Q(x, k) and T Q(x, kK — 1) are each supported on

{0}{0,...,](—1} % R{k,...,k-i—m} % {0}{k+m+1,...,2m}

’

it follows that

@2.21) Ox, k) =70,k —1).

For L(x) <k <m, when Q|p.....2m is projected onto Rik-ktm} (2 14) gives
that the restriction to By (x, 0) is

m—k
Z Z o',k + TR tm)
Jj=0 X eX,

Tm+j (x/):Tm x)

Since the sequence is stationary, for L(x) < k <m,

m—k
> S Ok Dlpiteim
=0

XeX,
Tm+j (x/):Tm (x)

(2.22)

m—k+1
= Z Z O, k=14 )Iptk=1,...k=14m}
=0

XeX,
Tm+j &)=T"(x)

Since k + j > L(x) + j = L(x), the induction hypothesis implies that the LHS
of (2.22) s

m—k
2.23) 0K+ Y. > (tQX k—14j)+10x", m))
j=1 (X/.?(//)EXXX,
Tm+j (x’):Tm (x),
Tm-H (x”):Tk+j (x’)
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projected onto R%:--k+m} The RHS of (2.22) is

m—k+1
(2.24) 3 Yo o k—1+))
j=0 X eX,

7m+J (X )y=T" (x)

projected onto R{---k+m} By cancelling out the common terms in (2.23)
and (2.24), the equation reduces to

m—k
0x.k)+ Y > QK" m)
j=1 o x")eXxX,
(2.25) T+ (=T (x),

Tm+l1 (x//):TkJrj «)

—tQxk—D+ Y 10, m),
¥ eX,
72m—k+1 &)=T" (x)
where each side is projected onto R:--k+}  Equation (2.25) is further simplified
by carefully comparing the terms in the sums on each side. Recall that x is a vector
of length 2m + 1 of the form

0...0 |Tx---%x1 O...O‘
m—L(Xx)|L(x)+1

where 1 x---x 1 denotes the pattern of 0’s or 1’s in x [if L(x) = 0, then this pattern
is a single 1]. For the terms in the LHS of (2.25), x’ is a vector of the form

0...0 1%---%x1|0sorl’s|1]/0...0
m—Lx)—j| Lx)+1] j—1 ‘ ‘
and x” is a vector of the form
0...0 Ix---x1|0’sor1’s| 1 110.
k—Lx)—1| Lx)+1| j—1 ‘m k—]‘ ‘ ‘

For the terms on the RHS of (2.25), X’ is a vector of the form

0...0 l1%---%1|0°sorl’s 1‘0...0‘
k—Lx)—1| Lx)+1| m—k )

Therefore, the terms on each side are the same except for the additional term on
the RHS where X’ is

0...0 I%---%1]0...0 1‘0...0‘
k—Lx)—1| Lx)+1

Thus (2.25) further simplifies to
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where x’ is such that 7"*!(x') = T¥(x). Since Q(x,k), TQ(X,k — 1), and
7 Q(x', m) are each supported on

{0}{0,...,](—1} % R{k,...,k-i—m} % {0}{k+m+1,...,2m}

’

it follows that
(2.26) 0x,k)=1t0x,k—1)+10X,m).

Equations (2.17), (2.21) and (2.26) complete the proof of (2.16). It remains to
show (by induction) that since { Q(X, k)}1 <k <m satisty (2.16), {Q(X, k)}1<k<m also
satisfy (2.12).

For pairs Q(x, k) with 1 < k < L(x), the implication is clear. Fix k > L(x)
and assume that Q(x,k — 1) and Q(y,m) satisfy (2.12) for y € X such that
T+l (y) = T¥(x). Note that L(y) = L(X) + m —k + 1 = m.

If k=L(x)+ 1, then

O(x, k) =1Q(X,k— 1)+ 70(y,m) = t*Q(x,0) + " Q(y, 0),

which is equivalent to Q(x, k) satisfying (2.12). The first equality is the recursion
equation. The second equality comes from the induction assumption.
If L(x)+ 1<k <m,then

O, k) =10, k—1)+70(y,m)

k—L(x)
=" 0x, 0+ Y 3 " Q(x",0)
j=2 x’eX,
Tj71+m(x//):Tk71(x)
k—L(x) '
+"0G0+ Y Yoo " ow"0)
j=2 y'ex,
Tj71+"1(y//):T'”(y)
k—L(x) .
=" 0x,0+ > Y. oK. 0)
j=1 ¥ eX,

Tit+m (x/):Tk ®)

The first equality is the recursion equation. The second equality comes from the
induction assumption, and the change of variable j 4+ 1 — j. The last equality is
verified by comparing the terms in each sum. [

Lemma 2.4 verifies (2.12). The proof of (2.13) is now presented.
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LEMMA 2.5. For each x € X with L(X) < m, the measures
{Q X, k)}(x)—m<k<—1 satisfy the recursion equation

227) Ox k)=t '0xk+D)+1 QX k+1) forL(x)—m<k<-1,

where X' is such that T*(x') = T*(x) and L(x') = k +m + 1. Furthermore, (2.13)
solves this recursion equation.

PROOF. Lemma 2.5 is also proven inductively. First, we show (2.27) for x
such that L(x) =m — 1. When Q|go,1....2n) s projected onto RO} (2.15) gives
that only the projection of Q(x, —1) is supported on By(x, —1). When Q|r.1....2m)
is projected onto R{!--~1+7} (2 15) gives that the projections of both Q(x, 0) and
Q(x/, 0) are supported on Bj(x, —1) where X’ is such that 7~ (x') = T~!(x) and
L(x") = m. Since the sequence is stationary,

= [‘E_l 0(x,0)+17 0¥, 0)]|g(0.m).
The second inequality follows from the definition of t. Since Q(x,—1),
7 1'0(x,0) and 7' Q (X, 0) are supported in RI0--m} 5 {0}{"1“""’2’"},
(2.28) 0x, - =1t"10x,0+ 1710, 0).

Next, fix x arbitrary with L(x) <m — 1. We show that if (2.27) is true for all x’
such that L(x) < L(x") < m, then (2.27) is true for x. The assumption that (2.27)
is true for all X’ such that L(x) < L(x") < m will be referred to as the induction

hypothesis.
For L(x) —m <k <0, (2.15) gives that
Z o, k) |Rtk—L@0+m, ... k—Lx)+2m)
¥ eX,

TLX)—m (X/):TL(X)—m x),
LX)<L(x)<k+m

is supported on Bi_r (x)4+-m (X, L(X) — m). By stationarity, for L(x) —m <k < —1,

Z 0, k) |RUk=L )+, ....k—Lx)+2m}
/
TL(x)ﬂn (X/):T’L(x)fm x),
LX) LK )<k+m

= Z O, k+ D) |Rik+1-L@+m, ...kt 1= Lx)+2m) -
X eX,
TL(X)—m (x/):TL(X) M (x),
L) <L) <k+14m

The induction hypothesis implies that the LHS of (2.29) is
(230)  O(x, k) + > tOX k+ D+t Ok + 1),

(X/.X//)EXXX,
TL(x)ﬂn (X/):TL(x)ﬂn ),
L&) <L) <k+mTk " )=T* x'),
L(x")=k+m+1,

(2.29)
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projected onto R*—L&)+m....k=L(X)+2m} The RHS of (2.29) is

(2.31) Z [t~ "ok + D] |gk=z0tm. k=L 0+2m)

X eX,
TLX)—m (x/):TL(x)7m (),
Lx)<L(X)<k+1+m

By canceling out the common terms in (2.30) and (2.31), the equation reduces to

O(x, k) + > 'O k+1)
' x")eXxX,
TL(x)ﬂn (x/):TL(x)fm x),
L(x)<L(x/)§k+m.
Thah=Tk (),

(2.32) L )=k+m+1
=7t 'O k+ 1)+ > O k+ D,

¥ eX,
TL(x)ﬂn(x/):TL(x)fm(x)_
L(x)=k+m+1
where each side is projected onto RK=L®)+m...k=LG)+2m} The sum is further
simplified by carefully comparing the terms on each side. Recall that x is a vector
of length m + 1 of the form

0...0
m — L(x)

Ix---%x1 0...0‘
L(x)+1 m

For the terms on the LHS of (2.32), X’ is a vector of the form

‘0...0 L1 o...o‘
Lx)+1| m

at least one 1
k+m— L(x)

and x” is a vector of the form

0...0|1
—k—1

at least one 1
k+m— L(x)

Ix---%x1 0...0‘
L(x)+1 m

For the terms on the RHS of (2.32), X’ is a vector of the form

Ix---%x1 0...0‘
L(x)+1 m

‘ 1 ‘ O’sor 1’s
—k -1 k+m— L(x)
Therefore, the terms in the sums on each side are the same except for the additional
term on the RHS where X’ is

‘1‘ .0
—k—l k+m L(x)

Hence (2.32) further simplifies to

Ix---%x1 0...0‘
L(x)+1 m

O(X, k) |pik—Lx)+m, ... k—Lx)+2m)
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where x' is such that 7¥(x') = T*(x) and L(x') = k + m + 1. Since Q(x, k),
17 'Q(x, k+1)and 1~ Q(X', k + 1) are each supported on
(OO AL +m=1} o RUk=LOFm, . k=LX)+2m} s k=L (X)+2m1...2m)

it follows that
(2.33) o(x, k)=T_1Q(X,k+1)-}-1'_1Q(X/,k+1).

Equations (2.28) and (2.33) complete the proof of (2.27). It remains to
show that since {Q(X, k)} L (x)—m<k<—1 satisty (2.27), {Q(X, k) } L. x)—m<k<—1 also
satisfy (2.13). Once more, this is done by induction.

For pairs Q(x, k) with k = —1, the implication is clear. Fix L(x) —m <k < —1
and assume that Q(x,k + 1) and Q(y, k + 1) satisty (2.13) for y € X such that
T*(y) = T*(x). Note that L(y) =k +m + 1 > L(x).

Then

Ox,k)=1t'0xk+D+7'0@y.k+1)
- > dox o+ Y owo

x"eX, "eX,
TR+ )=k +] (x) Tht1 (1= h+1 (y)
k /
= Y 1fox,0.
X eX,
Thx)=T* x)

The first equality is the recursion equation. The second equality comes from the
induction assumption. The last equality is verified by comparing the terms in each
sum.

This concludes the proof of Theorem 2.1. [J

REMARK 2.1. In the proof of Theorem 2.1, a § with a particular Lévy
measure Q is shown to generate {X;};ez. Instead, let QO be the Lévy measure

of {X;}7__,, restricted to

and let & be the infinitely divisible vector with characterizing triplet (0,
0, Q1lg...my). Then & also generates {X;}ez.

We now come to the proof of Corollary 2.1.

PROOF OF COROLLARY 2.1. The classes of «-stable and compound Poisson
vectors are closed under linear combinations. The class of infinitely divisible
vectors such that all the one-dimensional marginals are Poisson is also closed
under linear combinations. Therefore, if £ is in one of these classes, all of the finite-
dimensional marginals of the sequence generated by £ (and thus the sequence
itself) are in the same class of distributions.
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To prove the converse, we assume that the stationary m-dependent sequence
{X;}jez 1s a-stable, compound Poisson, or infinitely divisible with Poisson one-
dimensional marginals, and we show that there exists a & from the same class of
distributions such that & generates {X ;} 7.

If {X;} ez is a-stable, then {X; }?":10 has characterizing triplet (11, 0, Q) where
W is the location parameter of Xo,1=(1,1,...,1), and Q is a Borel measure on
R?>"+1 given by

1
Q(dx) = mr(ds),

where I' is a measure on the unit sphere in Sy,,41 [see, e.g., Samorodnitsky and
Taqqu (1994)]. Let

~ 1 ~
Q(dX)=mF(dS),

where
I(ds), fors € Som+1 N(R™ x (R\ {0}) x {0}™),
0, otherwise.
Then (0,0, Q) is the characterizing triplet of (£°, ..., £%") where (£°,..., &™)
is an a-stable random vector in R™*! and (£™*!,...,£%") = 0. Lemma 2.3
shows that (£°, ..., £™) generates an m-dependent stationary infinitely divisible
sequence with characterizing triplet (0,0, Q). It thus follows that the «-stable
vector (04, L, ... &™) generates {Xj}jez.

If {X;} ez is compound Poisson, then {X j}§'§0 has characteristic function

exp(A(p(t) — 1)),

where A > 0 and ¢(t) is the characteristic function of a vector Y with P({Y =
0}) = 0. Moreover, {X j}§":10 has characterizing triplet (b1, 0, Q) where Q is given
by

Q(A) =1P(Y € A),

b= ) x11x<1 Q(dXx)

R2m+l\{ }
and1=(1,1,...,1). Let Y be (Yo, Y1, ..., Y, conditioned on

Y #0,
Y. =0, form+1<k<2m,

and let
0 =1P(YeR" x (R\{0}) x {0}") P(Y € A).
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Then (0, 0, Q) is the characterizing triplet of a vector (€9, ..., &™) in R™H,
Lemma 2.3 shows that (£°, ..., &™) generates an m-dependent stationary infinitely
divisible sequence with characterizing triplet (0, 0, Q). Thus, the compound Pois-
son vector with Lévy measure 0 generates a stationary m-dependent compound
Poisson sequence. Hence, this sequence is {X};cz, since a compound Poisson
sequence is uniquely determined by its Lévy measure.

If {X;}jez is infinitely divisible and all the one-dimensional marginals are
Poisson, then {X ;} ;<7 is compound Poisson where the Lévy measure of {X j}§'§0

is supported on the points {0, 1}>"*!, In this case Q is the restriction of Q to
{9, 1} x {1} x {0}, and the unique infinitely divisible vector with Lévy measure
O generates {X};cz. All of the one-dimensional marginals of this vector are

Poisson. [

3. Weak convergence of partial sums for stationary infinitely divisible se-
quences. Partial sum convergence for m-dependent stationary infinitely divisible
sequences is studied next. These results are extended to stationary infinitely divis-
ible sequences having a form of asymptotic independence in Section 3.2.

3.1. m-dependent sequences. Let {X;};cz be an m-dependent stationary se-

quence with partial sums S, = Z;f;(l) X j. While Theorem 1.1 gives sufficient con-
ditions for the distributional convergence of the partial sums properly centered and
normalized, the following theorem provides necessary and sufficient conditions.

THEOREM 3.1. Let {X}cz be an m-dependent stationary infinitely divisible
sequence with generating vector & and partial sums S,. Then the characteristic

function of 37} S(])‘ is equal to
EeitSm+1
Moreover, there exists a centering sequence {A,} and a normalizing sequence { By, }

with B, — oo such that S” o Ay converges in distribution to a nondegenerate

S« (0, B, 1) random variable if and only if Y} “;‘(’)‘ is in the domain of attraction
of the same Sy (o, B, 1) distribution.

PROOF. Let & be the generating vector of {X}ez. Then

’ m m
Smit =YY &4,

j=0k=0

m m m m—i

> DL AP AL

i=—mk=—i i=1k=0
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The sum of the first and third term is equal in distribution to

m—1 m m—1lm—1—i
IED ST 3 3 I 3 Sl
j=0k=0 i=—mk=—i i=0 k=0
and is independent of the second term. Thus,
EeltSm+1

is the characteristic function of »_}" S(])‘.

Let {X j}jez be an ii.d. sequence with Xo £ Yo S(’)‘ and partial sums S,.
Then, for n € N,

P n—1 m
k
Sn =202 &
j—Ok—O
n—1 m
=ZZ€+ZZ€—Z > &
i=—mk=—i i=0 k=0 i=n—mk=n—i
P -1 m - n—1 m
= Z Zéik—i'sﬂ_ Z Z Sik
i=—mk=—i i=n—mk=n—i
and
Sn m . n 1 "= 1 L
73 —B—ZZSHF -z 2 25~
Ni=—mk=—i N i=n—mk=n—i
If B, — o0, then
-1 m
P( Z Z $l~k>eBn_1)—>0,
i=—mk=—i
m m
k -1
P(Z Z st—&—n—l—m >8Bn )
i=1k=m—i+1
m m
= P(Z Z & 1_m >an_1> —0
i=1 k=m—i+1
and therefore S A
———— = Su(0, B, 1)
By,
if and only if -~
Sn— Ay
- 5 :>SO[(67/37 lu/)v
By,

which is equivalent to ;" S(’)‘ being in the domain of attraction of the Sy (o, 8, 1)
distribution. Since the limiting distribution is nondegenerate, the classical theory
implies that B, — co asn — oco. [J
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itS,,
REMARK 3.1. It follows from Theorem 2.1 that the ratio Ege”s;l

characteristic function. This is not necessarily true for noninfinitely divisible
sequences of stationary m-dependent random variables.

is a

REMARK 3.2. Itis easy to check that the assumptions of Theorem 1.1 imply

that the random variable with characteristic function Eg ,;;;1 is in the domain of

attraction of a Sy (o, B, u) distribution. An example of an m-dependent stationary
infinitely divisible sequence that satisfies the assumptions of Theorem 3.1 but does
not satisfy the assumptions of Theorem 1.1 has not been constructed.

3.2. Approximation of infinitely divisible sequences by m-dependent ones. We
extend the weak convergence results of the previous section to a larger class of
stationary infinitely divisible sequences. In particular, we study the class of such
sequences that can be weakly approximated by m-dependent ones in a particular
way.

Note that all stationary infinitely divisible sequences can be approximated
weakly by m-dependent stationary infinitely divisible sequences as shown in the
following proposition.

PROPOSITION 3.1. Let {X;} ez be a stationary infinitely divisible sequence.
Let

oo R SR
denote the characteristic function of (Xo, X1, ..., Xn). Let
{X;j(m)}jez

be the m-dependent stationary infinitely divisible sequence generated by the
(m + 1)-dimensional vector with characteristic function (¢,)"/™. Then

{(Xjm)}jez = {X;}jez,

as m— 00.
PrOOF. Fixn e Nand (1,11, ..., 1) € R" arbitrary. Then

n
3.1 E ¢! toXotm)+11 X1 (m) 4+, X (m)) _ 1_[ ng/m(lj
. m

sEjtls ey bjm)s
j=—m
where 1; =0 for j ¢ {0, 1, ...,n}. Since {X} ez is stationary, when m > n (3.1)
reduces to
n—m—1 0
32 ] entitoitiom) T 0™ 0... tn) ]‘[ oul" ).

j=—m j=n—m
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Note that

n—m—1 1/m
( l_[ (pm+j(to,...,tj+m)> — 1,

j=—m

since the product does not depend on m, does not vanish and its absolute value
is bounded by 1. Hence the first product in (3.2) goes to 1 as m — oco. The third
product in (3.2) goes to 1 as m — oo by a similar argument. The second product
in (3.2) simplifies to (¢, (fo, . .., 1,)) ™" +D/™ which converges to @, (fo, . . ., ty),
as m — oo. Thus

mli—I>noo E et toXotm)+1 X1 (m) -t X (m)) _ On(to, 1, ... 1),

which completes the proof. [J

This proposition does not really help in the study of partial sum convergence for
the original sequence {X ;};cz. Thus, we turn our attention to stationary infinitely
divisible sequences that can be approximated by m-dependent sequences in such a
way that the results of Section 3.1 can be extended.

We assume that

o
{Xj}jez = > {Yj(m)}jez,
m=0
where for each m € N,{Y;(m)}jcz is an m-dependent stationary infinitely
divisible sequence and the collection is independent in .
For each m, let £(m) = (é (m), ..., &M (m)) be the infinitely divisible vector
that generates {Y;(m)} )} jez_ accordlng to Theorem 2.1. Suppose that £(m) has

characterizing triplet (bm, Em, Qm) where
b = (b (0), by (1), ..., by (m)),

im = {8m (k, l)}k,le{O,l,...,m},

and Qm is a Lévy measure on RIO-L...m} The characterizing triplet of {Y;(m)} ez
is given by

Z b (k),

(/) = I;)om(k,j—i—k), for0<j<m,

0, for j > m,

and the Lévy measure Q,, on RZ is defined by

e o~
Om = Z Tka,oo,

k=—00



874 D. HARRELSON AND C. HOUDRE

where /Q\m,oo is a Lévy measure on RZ given by
Note that

o0 m

: 2N kA . . oA
(gm0 Onn@) =3 ([, mindl B 2a@n)

Thus the sequence { X} jcz is well defined if and only if

o Z ng(k) < 00,
m=0 k=0
(3.3b) Z Zﬁm(k,k) .
m=0 k=0
and
3.3 33 in(1,x?) O (d ) .
- n;n;)(/ﬂw“\m}mm( Xi) Om (dx) | < 00

Although all stationary infinitely divisible sequences can be approximated
weakly by m-dependent ones, not all stationary infinitely divisible sequences can
be approximated by m-dependent ones in the cumulative manner just described. In
fact, sequences that can be approximated this way are strongly mixing in the sense
of ergodic theory.

THEOREM 3.2. Foreachm € N, let £(m) Qe a;i(m + 1)-dimensional infinitely
divisible vector with characterizing triplet (by, X, Om). Let the sequence of
characterizing triplets satisfies the conditions (3.3). Also let

o
L
XjYjez = D) _(Yim)}jez.
m=0
where {Yj(m)}jez is the m-dependent stationary infinitely divisible sequence
generated by &(m), and the sequences {Y;(m)}jcz are taken to be independent
inm. Then {X j} ez, is strongly mixing in the sense of ergodic theory.

PROOF. Assume that the Lévy measure of Xy has no atoms in 2w Z. This
assumption is without loss of generality since there exists a € R such that the
Lévy measure of aX( has no atoms in 277, and {X j} jcz is mixing if and only if
{aX;} ez is mixing. Rosinski and Zak (1996) showed that a stationary infinitely
divisible sequence is strongly mixing if and only if Cod(Xo, X ;) — 0 as n — oo,
where Cod denotes the codifference function, that is,

Cod(Xo, X ;) = In E¢/X0=X)) _1n E¢'X0 —In Ee™%,
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To show that this last condition is verified, note that

Cod(Xo, X ;) = Cod(Z Yo(m), > Yj(m)>

m=0 m=0

I
WE

Cod(Yo(m), Y;(m))

3
Il
~.

8

3.4)

od(Z g em), Y s}‘_km))
j k=0 k=0

m=j

3
J

§M8 iMe

Cod(£X(m), £/ (m))

0
—J

5

ixg iXjvk _ 1\
= 3 dnk )+ Lo € = D = 1O,

j k=0
This is shown to go to zero in two steps. First,

m—j m—j
S 1Btk j+ 01 < Y (Guk.5) P @i +k.j+5)")
k=0 k=0

1/2

m—j 1/2
(Za‘m<j+k,j+k>)

k=0

( Z om(k, k))

k=0

m
<> Gulk, k),
k=0

where the first inequality holds since for each m, S is a positive definite matrix,
while the second inequality is Cauchy—Schwarz. Thus,

oo m—j oo m
(3.5) DY Gk j+ | < DY Gk, k) — 0,
m=j k=0 m=j k=0

as j — oo since Y oo j Y ho0m(k, k) is the tail end of the convergent sum
in (3.3b). Also, the Cauchy—Schwarz inequality implies that
m—j

Z (/Rmﬂ\ |(elxk 1)(eixj+k _ 1)|Qm(dx))

k=0
ixg
< ( > ( Lo € = DPOutav)

k=0

m—j
iXjtk _ 1 2 Am d )
x ];) <v[l\§m+l\{0} |(e )l Q ( X) )

1/2
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This last expression is no larger than

m

Y ( forus 1€ = DF Qi)

k=0

which is no larger than

m ) ) .
42 (A.Qm“\{O} min(1, x;) Qm(dx)>.

k=0
Thus,

oo m ) ) R

2.2 ( / (e = 1(eitt — 1) Qm<dx>)

m=n k=0 Rm+1 \{0}

(3.6) ~ m
. 2NA
=42 ( /Rmﬁ\m} min(1, xk)Qm(dX)> -0,

m=j k=0

as j — oo since

D3 ( /R - min(1,x,§)§m<dx)>,

is the tail end of the convergent sum in (3.3c). Now, (3.4) follows from (3.5)
and (3.6). O

In order to extend Theorem 3.1 to stationary infinitely divisible sequences
{X} ez that can be cumulatively approximated by m-dependent ones, additional
restrictions on the sequence of characteristic triplets (Bm, S, Om) are required.
These are as follows:

> (ZEm (k)
m=0 \ k=0

(3.7a)
,/Rm+1\ (Zxk> e ()xk)2§1 - 1||X||§1)QM(dX)) <00
(3.7b) > Gk, 1) < oo,

m=0k,l=0

o0 m 2
(3.7¢) 2:: /R i) m1n<1, (g%)xk> )Qm(dx) <00
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and
o0 m m
> 3 (Lhw
m=0i=1 \k=
(3.82)
/Rmﬂ\ o (I;Xk) L w2<1 — 1||x||51)Qm(dX)) <00
o0 m m
(3.8b) DYDY Gk, 1) < oo,
m=0i=1k,l=i

m 2
(3.8¢) Z Z/m+1\{0} min(l, (/;xk> )Qm(dx) < o0.

m=0i=
While these conditions look intricate, they are exactly what is required so that
all the limiting random variables in Theorem 3.3, below, have a well-defined
characterizing triplet. Necessary and sufficient conditions for the partial sum
convergence of such sequences are now given.

THEOREM 3.3.  Foreachm € N, let&(m) be an (m + 1)-dimensional infinitely

divisible vector with characterizing triplet (bm, S, Om). Let the sequence of
characterizing triplets {(bm, Em, Qm)}°° o satisfy (3.3), (3.7) and (3.8). Let

o
{Xj}jez £ > {Yj(m)}jez,
m=0
where (Y;j(m)}jez is an m-dependent stationary infinitely divisible sequence
generated by &(m) and where the sequences {Y;(m)}jcy are taken to be
independent in m. Consider S, = Z”_l X . There exists a centering sequence

{A,} and a normalizing sequence {B,} with B, — oo such that " —An converges
in dzstrzbutzon to a nondegenerate Sy(o, B, 1) random variable zf and only if
0 D0 £ (m) is in the domain of attraction of a S (o, B, ) distribution.

PROOF. Let § be a random variable with the same distribution as the
sum of n 1ndependent copies of > 07 o> 7L OS (m). Note that (3.7) implies
that Y o > 7L OS (m) is a well defined random variable. Now consider the
convergence of

(3.9) Z(Z Zsm)nffsw) Z Zsm))

m=0 \i=—mk=—i i=0 k=0 i=n—mk=n—i

to an infinitely divisible vector in R3, say with characterizing triplet (b’, =/, Q'). It
is clear that b’ is finite if and only if each coordinate is finite. Also X’ = {0} 1}2, =1
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is finite (and positive definite) if and only if ak ¢ < oo for each k € {1,2,3}.

Finally, Q’ assigns values, possibly infinite, to each Borel set in R3. Thus Q' is

a Lévy measure if and only if each one-dimensional marginal is a Lévy measure

on R. Therefore, (3.9) is a well defined infinitely divisible vector if and only if each

one-dimensional marginal is a well defined infinitely divisible random variable.
The marginal

n—1

igisﬂm

converges since it is equal to n independent copies of Y>> 050 (m), which
converges by (3.7). The marginals

oo —1 m
22 X Em
m=0i=—mk=—i

and
oo n—l1 m
Y Y EHm
m=0i=n—m k=n—i

converge since each limit is equal in distribution to > o> (> 7 | > 7L lS (m),
which converges by (3.8).
Therefore, (3.9) is a well-defined infinitely divisible vector. Moreover,

oo n—1 m

SiE Y Y S ek )

m=0 j=0k=0
[e's) m n—1 m n—1 m

= Z[ D IEAOED I NACOIEED SED'S s{‘om}
m=0 Li=—m k=—i i=0 k=0 i=n—mk=n—i

(3.10) . |

iZZ SEmeY YN Em-3 T Y
m=0i=—m k=—i i=0 m=0k=0 m=0i=n—m k=n—i
oo —1 m oo n—1 m

Y Y YHEm+s -2 X Y g
m=0i=—mk=—i m=0i=n—m k=n—i

The first and last terms have distributions that do not depend on n, thus for
B,, — 00, those terms divided by B,, converge to zero in probability. Thus

Sp— Ay

= Sa(0, B, 1)

n

if and only if
Sy — An

= S«(0, B, ).

n
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Since the limiting distribution is nondegenerate, the classical theory implies that
B, —>occasn—o0. O

REMARK 3.3. It would be interesting to know conditions on the stationary
infinitely divisible sequence {X} ez that are sufficient for the sequence to admit
a decomposition

Xz 2 ) Y 65 m),

m=0k=0

that satisfies (3.3), (3.7) and (3.8). We point out that all three sets of conditions are
guaranteed by the following:

(3.11a) max{z > bw(k), Y Zki;m(k)} < o0,

m=0k=0 m=0 k=0
o0 m
(3.11b) Y omm+1)) Gk, k) < oo
m=0 k=0
and
o0 m 2 R
3.11¢) m(@m 4+ 1) min| 1, Xk O (dx) < o0.
Zroren ol (En) )

4. Concluding remarks. A stationary sequence of the form
{fY, Y, Yiem)ljez,

where {Y;};cz is ii.d. and f:]Rm+1 — R, is called an (m + 1)-block factor.
Sequences that are (m + 1)-block factors are clearly m-dependent and stationary.
Ibragimov and Linnik (1971) state that there exist m-dependent stationary
sequences that are not (m + 1)-block factors. Examples of one-dependent
sequences that are not two-block factors are constructed by Aaronson, Gilat,
Keane and de Valk (1989). Examples of one-dependent sequences that are not
k-block factors for any k are constructed by Burton, Goulet and Meester (1993).
It is then natural to try to characterize m-dependent stationary sequences which
are (m + 1)-block factors. Aaronson, Gilat and Keane (1992) show that every
one-dependent Markov chain of no more than four states is a two-block factor.
Theorem 2.1 is another result in this direction.

Many weak dependence conditions for stationary Gaussian sequences have
been characterized in terms of the covariance function or the spectral measure
of the sequence [see, e.g., Bradley (1986), Cornfeld, Fomin and Sinai (1982),
Ibragimov and Rozanov (1978)]. For Gaussian sequences, Theorem 2.1 follows
from the characterization of the spectral measure for m-dependent stationary
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Gaussian sequences and the Riesz factorization lemma. For infinitely divisible
sequences without Gaussian component, Theorem 2.1 is proven by a different
technique. However, it should be noted that Rosiiski and Zak (1996, 1997)
characterized ergodic properties in terms of the positive definite codifference
function and its spectral measure. (For a stationary Gaussian sequence, the
codifference function and the covariance function coincide.) A direct consequence
of their work is that a stationary infinitely divisible sequence is m-dependent if
and only if Cod(Xo, £X;) = 0 for | j| > m. Characterizing the spectral measure of
the codifference function of m-dependent stationary infinitely divisible sequences
is an open problem. Also, the characterizations for mixing stationary Gaussian
sequences in terms of the spectral measure of their covariance function have not
been extended to the general infinitely divisible case. Since the codifference is
only a parameter and does not characterize an infinitely divisible distribution, it is
unclear if these extensions are possible.

Finally, we also remark that all the results of the present paper have natural
extensions to stationary sequences of d-dimensional infinitely divisible vectors.
The proofs follow from the same techniques as used here. However, extending the
results of this paper to stationary infinitely divisible random fields require different
techniques. We say that an infinitely divisible random field is generated by & if

(4.1) (X} ez £{ 3 gjk_k}

ke{0,1,...,m}4 jezd,
where § = {Sk}ke{o, 1.....m)¢ 1s an infinitely divisible vector and &5 = {Sjk}ke{o’l’m’m}d
are independent copies of &. It is clear that all random fields given by (4.1) are
stationary and m-dependent. Moreover, the techniques used in the present paper
can be extended to show that a stationary m-dependent infinitely divisible field
without Gaussian component is necessarily generated by some infinitely divisible
vector £ without Gaussian component. However, in the absence of a multidimen-
sional Riesz factorization lemma, the stationary m-dependent Gaussian results of
Section 2.1 cannot be directly extended to fields. This problem deserves further
attention.
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