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THE RANDOM MINIMAL SPANNING TREE
IN HIGH DIMENSIONS

By MATHEW D. PENROSE

University of Durham

For the minimal spanning tree on n independent uniform points in
the d-dimensional unit cube, the proportionate number of points of degree
k is known to converge to a limit «;, ; as n — . We show that «; 4
converges to a limit «, as d — o for each k. The limit «, arose in earlier
work by Aldous, as the asymptotic proportionate number of vertices of
degree k£ in the minimum-weight spanning tree on k vertices, when the
edge weights are taken to be independent, identically distributed random
variables. We give a graphical alternative to Aldous’s characterization of
the «a,.

1. Introduction. The minimal spanning tree (MST) on a set of n ran-
dom points in R? (say, the measurements of d variables on each of n objects)
has been used by statisticians as a means of imposing a structure on the
observations. The structure is summarized by the lengths of the edges of the
MST and the degrees of the vertices. A probabilistic literature on this
structure has been growing, especially for the case where the n points are
independent and identically distributed, and this is the setting of the present
paper.

Consider the Euclidean MST on a set of points 7;,...,n, in R, ii.d. with
common density f. Let V,(n) be the number of vertices in the tree with
degree k. Steele, Shepp and Eddy [23] showed that V,(n)/n converges almost
surely to a number «, ,; that depends on d, but not otherwise on f. Aldous
and Steele [2] showed that (e, 4, # > 1) can be interpreted as the probability
mass function of the degree of 0 in a sort of “MST” on a homogeneous Poisson
process in R? This characterisation is elegant, but does not lead immediately
to any simple formula for «,, ,. According to [23], “it is unreasonable to expect
any determination of «, ; for large £ and d.” One aim of the present paper is
to make some progress in this direction by describing the behaviour of «; ,
in the limit d — . In physics terminology, this is a “mean-field limit.”

One may also be interested in the lengths of the edges of the MST. For
example, much work has been done on the sums of various powers of these
lengths. For a discussion and references, see [22] and [13]. Our second main
result is concerned with the asymptotic empirical distribution of these lengths
in high dimensions. It is consistent with the result of [6] on the high-dimen-
sional behavior for the growth rate of the total length of the MST.
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Our limits for high dimension are described below in terms of a mean-field
weighted tree. This limiting system (described somewhat differently) has
arisen in [1], which is concerned with large-n asymptotics for the MST on n
points when the (g) “interpoint distances” are taken to be independent,
identically distributed random variables. A further reason for this study is to
demonstrate an explicit link between the Euclidean MST, which generally
tends to be less tractable, and the MST for independent edge weights, in the
spirit of [4].

One concrete application of our results is in the study of the multivariate
nonparametric two-sample problem: given samples of size n, and n, from
d-dimensional distributions with densities f; and f,, respectively, suppose
one wishes to know if it is reasonable to assume the distributions are the
same. The multivariate runs test of Friedman and Rafsky [9] goes as follows:
construct the MST on the pooled sample, and let R denote the number of
edges in this MST which have one endpoint from sample 1 and one endpoint
from sample 2. If R is small, reject the null hypothesis H, that f; =f,.
Using (14) of [9] or otherwise, one can obtain a distribution-free large-sample
asymptotic formula for the variance under H, of R, in terms of the numbers
a, 4 (we omit the details). Other nonparametric test statistics based on the
MST were proposed by Friedman and Rafsky [10], and similar formulae for
their asymptotic variance can be derived.

Another statistical application of the MST is given in [19]. The minimal
spanning tree also has applications in computer science, the physical sciences
and in biology. See, for example, [5], [12], [8] and other papers referred to in
[23].

In the next section we describe our main results in detail. In Section 3 we
describe detailed properties of the limiting mean-field tree. Sections 4 and 5
contain the proofs of the main results.

There are connections between the MST on random points and continuum
percolation. More details of this relationship are given in [17], which contains
complementary (but distinct) results on the high-dimensional behavior of
continuum percolation. Section 6 describes some analogues to the results of
the present paper, which are likely to be true for invasion percolation, a
lattice growth model which has some similarities to the construction of the
“MST” on the points of the Poisson process.

2. The main results. The MST on the random points 7,,...,n, is the
tree with vertex set {n,...,n,} and edges e;,...,e,_; chosen to minimize
Y, le;l, where || denotes Euclidean length. Recall that V,(n) denotes the
number of vertices of degree & in this tree.

PropPoSITION 1 ([23]). There exist numbers @, 4 depending on d but not
otherwise on f, such that
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For a countably infinite connected graph & with distinct finite weights
defined on its edges, the following analogue of the MST has been proposed by
Aldous and Steele [2]. An initial vertex x of & is specified, and an increasing
sequence (¢,) of trees (in £) is then generated as follows (we identify each
tree with its set of edges). Let e; be the edge with minimal weight out of
those edges of & with one end at x, and let ¢; be the single-edge tree {e,}.
Then recursively, given ¢,, let e, ,; be the edge of £ of minimal weight with
just one endpoint in ¢,, and set ¢,,, = ¢, U {e, . ,}. Set t(x, &) = U, _,t,, the
union of all the trees ¢, generated in this way starting from x.

Consider now the subgraph of & obtained by including every edge (x, y)
that is either in t(x, %) or in ¢y, %) (or both). The component of this
subgraph containing x is a tree, which we denote g(Z, x). See Lemma 1 of
[2].

Let £, denote a homogeneous Poisson process in R of density 1, with a
point added at 0. The construction above was applied in [2] to the complete
graph with the points of &, as its vertex set and edge weights given by the
Euclidean interpoint distances; we shall denote this graph £, as well. Define

(1) D,(d) =card{X €#,:1X|<t,(0,X) € g(%,;,0)},

where card denotes cardinality. Set D(d) = lim, ., D,(d), the degree of 0 in
g(#,,0).

PROPOSITION 2 ([2])). When fis the uniform density on the unit cube in R?,
E[V,(n)/n] - P[D(d) = k] as n — .

It is immediate from Propositions 1 and 2 that «, , = P[D(d) = k].

We turn now to the empirical distribution of the lengths of the edges of the
MST on n points. For ¢ > 0 let the random variable F (¢; /) denote the
proportion of edges e of the MST on {n,,..., n,} with |e| < ¢.

PRrROPOSITION 3. For t > 0,
(2) F(n Y9 f) - %/RdE[th(x)l/d(d)]f(x) dx asn — o,

where —;» denotes convergence in mean square. In particular, in the special
case where f is the uniform density on the unit cube, F(n Y %%;f) —>»
E[D,(d)]/2 as n — .

The proof of this result is an extension of the methods of [2], and is given
in the Appendix.

The above results indicate why «, , and ED,(d) might be of interest.
However, these quantities seem to be hard to evaluate; thus we consider their
limiting behavior for large d. To describe the limits, consider the complete
rooted N-ary tree .7, where N = {1,2,3,...}. We identify the vertex set of .9
with the set U,_,N" of finite sequences (words) of natural numbers (includ-
ing the empty word). If w € N" and v € N™ are words of length n and m,
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respectively, let w * v denote the concatenation of w and v, a word of length
n + m (e.g., 244+43 = 24443). We make 7 into a tree by including an edge
between w and w * i, for each word w € U,_,N" and i € N (viewed as a
one-letter word). The root of .7 is the empty word, denoted . For each word
w other than &, let e(w) denote the (unique) edge of .~ which has w as its
endpoint further from the root.

We give random weights to the edges of .9 as follows. On a suitable
probability space let #2(w), w € U, _,N", be independent homogeneous Pois-
son processes of rate 1 on (0,). For each w € U,_,N”", label the arrival
times of #(w) in increasing order as I'y(w), I'y(w), I'y(w), ... . For each i € N,
give the edge e(w *i) from w to w *i the weight W(w *i) = I'(w). With
probability 1, the weights W(w), w € U, _,N", are all distinct.

Our limits are described in terms of the weighted tree g(7, ), defined by
applying the construction above to the randomly weighted graph 7. For ¢ > 0,
let D,(«) denote the total number of edges from & in g(7, D) whose weights
are at most ¢. That is,

(3) D,(x) = card{i € N:e(i) € g(7,9), W(i) < t}.

Set D(«) + 1 == lim, _,,, D,(»), the degree of the root & in g(7, &). So D(x) + 1
is the number of one-letter words i such that i € ¢ (J,9 ) or & € t(i,7 ) (or
both).

We now state our two main results.

THEOREM 1. For each k € N, setting o), = P[D(») + 1 = k], we have

d— o

As we shall see in the next section, the structure of g(7, ) is equivalent to
that described in different terms by Aldous [1], and D(x) is the same as in [1]
(this is why 1 was added in the definition). Aldous derives a formula for the
«,, and evaluates it numerically; we have a; = 0.408, o, = 0.324, a5 = 0.171,
a, = 0.022, a5 = 0.006 and agz = 0.001.

Let v,(s) denote the volume of a Euclidean ball of radius s in R, and let
r,(¢) denote the radius of a Euclidean ball of volume ¢ in R¢. That is,

(5) va(s) = mys?, va(rq(t)) =t,

where 7, = 79/2/T'((d/2) + 1), the volume of the unit ball in R?. It turns
out to be natural to measure lengths on the “volume scale,” that is, to
transform edge lengths by the monotone function v,,.

Let (#) denote the extinction probability for a Galton—-Watson branching
process [denoted (G,, n > 0)] with a Poisson(¢) offspring distribution and
with G, = 1, that is, the smallest solution to

(6) Y(t) =exp(t(p(t) — 1)),
and let () = 1 — ().
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THEOREM 2. For eacht > 0,

(7 lim E[D, (d)] = E[D(=)]

(8) - fot(1 — (¥(s))) ds.

Here is a brief explanation of why the graph .9 might be expected to arise
in the large-d limit. Define points Y, of %, for each w € U, _,N”" as follows.
Set Y; = 0, and let Y; be the ith nearest neighbor of 0 in #,. Let Y;; be the
Jth nearest neighbor of Y;, not counting 0, and let Y;;, be the kth nearest
neighbor of Y;;, not counting its “parent” Y;, and so on. For each word w and
i€N,set X,,,,=Y,,;, —Y,. Then, for any finite collection 7 of words w,
for large d the vectors (X,, w € 7) are very likely to be approximately
(i) mutually orthogonal and (i) all the same length. This means there is
unlikely to be much “interference” between different vectors of the form X, .

Also, {v,(|Y;]), i > 1} are the arrival times of a Poisson process of rate 1 on
(0, ). If we identify each Y, with the vertex w of 9 and give a weight
W(w) = v,(1X,] to the edge e(w) of 7, it can be shown that the finite-
dimensional distributions of {W%(w)} converge to those of {W(w)} given by
independent Poisson processes as above. This suggests that the weighted
graph g(#,,0) [with each edge e given weight v,(|e)] might converge weakly
(in an appropriate topology on weighted rooted trees) to g(7, &). This conjec-
tured convergence would immediately give us (4) and (7), which are con-
cerned with particular aspects of these trees. The main source of difficulty in
proving this sort of result is the long-range dependence in the MST.

This interpretation can be used to understand (and presumably to re-
derive) other results on large-d limits, found in [21] and [15]. For example,
Theorem 4.1 of [21] is concerned with the large-d limit of the probability that
0 is the rth nearest neighbor of its sth nearest neighbor in .%,, and the above
discussion suggests that this limit ought to be the probability that there are
s — 1 points of Z(r) in the interval (0,T,.(&)). By considering the pooled
Poisson process 2(J) UP(r), it is easily verified that this probability is
indeed the limit in Theorem 4.1 of [21].

3. The limiting tree. The graph g(7,J) is closely related to a tree
described via a tree-valued Markov process in [1], as we shall now show. For
any vertex w of 7, let 9, be the subtree of 9 rooted at w (i.e., the full
subgraph on {w % v: v € U, _,N"}. Clearly, .7, is isomorphic to 7.

For s > 0, let £, denote the tree obtained from .7 by deleting all edges of
weight strictly greater than s, then taking the component of the resulting
graph that includes the root. Let £ be the tree obtained in the same way
from 7. Since the number of edges (w,w *i) of weight at most s from a
given vertex w is Poisson with mean s, the graph Z, is the family tree of a
Galton—-Watson branching process with Poisson(s) offspring distribution,
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with one progenitor. The graphs (Z,, s > 0) (with labels and weights ignored)

form a realization of the tree-valued Markov process described in [1], page

388, and also denoted (£,) there. This is because, given Z,, each vertex w of

Z, has probability ds of acquiring a new arrival [say I'(w), where i = i(w, s)

here] before time s + ds. Such an arrival will add an extra edge e(w = 1) to

Z.. ¢, together with the whole of £**‘, which is an independent copy of Z..
As in [1], define the random variable L by

(9) L = inf{s: |Z,| = »} = sup{W(w): e(w) € t(F,9)},

where the second equality follows from the definition of ¢ (7, 7). Then #; is
infinite by the second definition of L, and thus

(10) P[L <s] =P[lg]l=o] =1—¢(s) = ¢(s).

Thus P[1 <L < »] = 1.

As argued in [1], page 389, with probability 1, &, is infinite but &, _ (the
union of all &,, s < L) is finite. Therefore, since the edge weights W(w) are
a.s. distinct, there is a single (random) edge, e(w,) say, of &;, with weight
W(w,) = L. Moreover, &, _C t(J,7) Cc &, and e(w,) € t(J, 7).

For each vertex w of .7, define L, analogously to L on .7, by

(11) L, =sup{W(w+*v):e(w+v) €t(w,7,)}.

Clearly, L, has the same distribution as L, and the supremum is achieved at
a unique edge of 7.

Since %;,_ct(J,9)C ¥, the rooted trees &, and t(J,7), with the
branch containing w, deleted (i.e., with the first edge of the path from & to
w, deleted, along with the component of the resulting graph that does not
contain ), are the same tree, denoted .%° in [1] (and here).

To see which edges of weight greater than L are included in g(7,Q), let
#° denote the component containing & of the graph g(7, @) with all edges of
weight greater than s removed and with the branch containing w, removed.
Then % is as defined above. For s > L, if w €#Z° and W(w #i) = s, then
e(w=*1i) & tw,7), so e(w=i) will be included in g(7,d) if and only if
w € t(w =1i,9), which happens if and only if L, > s. Thus, if w €#° and
W(w *i) = s,

A if 22| = o,

20 = . .
Z0Ufe(w#i)}y Ugr i, if|gr < .

But if labels (except at the root) are ignored, this is equivalent to the
transition mechanism after time L of the tree-valued process denoted (%) in
[1]; thus the processes denoted #° here and in [1] are equivalent. Therefore,
the degree of & in g(7, ) is the same as D(«) + 1 in [1], and the calculation
in [1], page 395, of its distribution is also valid for the present interpretation.
Also, the limit @, of Theorem 1 is the same as the large-n limit established in
[1] for the proportion of vertices of degree £ in the minimal-weight spanning
tree on the complete graph on n points when all (’21) edge weights are taken
to be independent and uniform on [0, 1].
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We now prove (8) of Theorem 2.

PROPOSITION 4.
(12) E[D,(=)] = fot(1 — (¥())') ds.

Proor. We view 2(J) as a marked Poisson process in which each arrival
() is marked by the value of L, given by (11) (so the marks are indepen-
dent copies of L). For each i € N, define

13 L_. = inf T L.
(13) -+ = inf(max(T;(2), L;))
(note that L is given by the same formula with the infimum taken over all j).
The statement “e(i) € ¢,(0,.9)” means that, starting from 0, one cannot
continue indefinitely adding edges of length less than W(i), that is, L_;, > W..
Similarly, e(i) € (i, ) if and only if L, > W(i). Thus e(i) € g(7, ) if and
only if max(L_;, L,) > W(i), and so

(14) D,(>) = > l(max(Li,L_L-)> W(i:
i @)=t

If L’ is an independent copy of L, then, by (10), for s > 0,
(15) P[max(L,L') >s] =1 — y(s)”.

The formula (12) for E[ D,(«)] is now a routine application of Palm theory for
the marked Poisson process. A proof from first principles goes as follows.
Condition on the number N, of points of #(J) in the interval (0, ¢). Given
that N, =k, this point process consists of %2 unordered points, denoted
U,,..., U, say, independent and uniform on (0, ¢]. Let L, denote the mark at
U,andlet L ; =inf, ,, ., max(U, L)) (when k = 1 take L'_; = +). Then,
by (14) and exchangeability, for & > 1,

™M=

E[D,(»)IN,=k] = E

i

Limaxcz, > Uy
1

¢
= k/OP[max(L’l,L’_l) > st tds.

Since L'_; and L; are independent for £ > 1, with L, having the same
distribution as L, and L'_; having the conditional distribution of L given
N(t) = k — 1, we have that

E[D,(»)] kij:l (e_ttk/k!)kfotP[max(L’, L) >s|N, =k — 1]t 'ds

ftP[max(L’, L) > s| ds,
0

and (12) now follows from (15). O
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In connection with this proof, note that, by (15) and symmetry,
(16) (1/2)(1 - ¥(s)*) = P[L > max(s, L")],

which is the (Palm) probability, given that there is an arrival of #(J) at time
s, that the corresponding edge of 7 is part of the path from 0 to w, [defined
after (10) above]. Setting J to be the weight of the first edge from J in this
path, we obtain P[J < t] = [{ (1 — ¥(s)?) ds/2, which was obtained by other
means in (33) of [1].

4. Preliminaries. Before proving Theorem 1 we introduce some nota-
tion. For » > 0 and x € R?, define

(17) B (x)={yeR%|y —x|l<r},

the closed ball of radius r centred at x, and set B, = B,(0).

For any point process X in R¢, define an r-path in X to be a (possibly
infinite) sequence (X,,) of distinct points of X with |X, — X, , ;| < r for each
n.For x and y in RY, let {x ©, y in X} denote the event that either there is a
finite r-path (X;,..., X,,) in X with |[x — X | <r and |y — X,,| <r, or |x — yI
< r.Let {x <,%in X} denote the event that there is an infinite r-path (X)) in
X with |[x — X;| <7 and |X,| > « as n — «. For any sets A c RY, B c R¢,
define the event

{Ao,yinX} = |J {x o, yinX},
x€A
and define {A <, in X} and {A <, B in X} likewise.

The next two lemmas are slight modifications of Lemmas 3 and 4 of [17].

The proofs are virtually unchanged, and are omitted.

LEMMA 1. Let U(d) be a uniform random variable on the d-dimensional
unit ball B,. Then

(18) iimP[IU(d)|>3/4] =1
and

(19) (}Ln}o (sup{P[IU(d) — x| < 1.1]: x € R, |x| = 3/4}) = 0.

LEMMA 2. Define L: R —» R? by L(x,, x,, ..., x,) = Vd (x,, x,). The two-
dimensional random vector L(U(d)) converges in distribution to the bivariate
normal with mean 0 and the identity matrix I as covariance matrix.

We shall use the technique of comparison with oriented site percolation on
the lattice
(20) Z={(i,]j) €2*:i=0,ljl<i, (i +j)/2 € Z},

with oriented edges from (i,j) to (i + 1,j + 1). For p € (0,1), let 6,(p)
denote the probability that, for oriented site percolation on ¥ with parame-
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ter p (the probability each site is occupied), there is an infinite path of
occupied sites from (0,0). By a contour argument (see [7], page 86), there
exist constants ¢ > 0 and ¢, > 0 such that
(21) 1-0,(1—q)< ) 3" 1q"/* <cq forall g <q,.
n>4

We shall use procedures in which states of ¥ are examined in turn in the
order (0,0),(1, —1),(1,1),(2, —2),(2,0),.... Each site will be deemed “oc-
cupied” or “vacant” by a random mechanism that may depend on the earlier
sites but gives conditional probability of “occupied,” given the status of the
earlier sites, uniformly exceeding some value p. The probability of an infinite
path from (0, 0) of occupied sites will then exceed 6.(p). See, for example,
[11], Lemma 1.

For (i, j) €2, let B, ,(i, j) be the closed disk of diameter 1 in R? centered
at (z, j), and set
(22) Ai,sz_l(B1/2(i,j)),
with L as in Lemma 2. The A, ; are disjoint regions of R

Let 2! denote a homogeneous Poisson process of rate /7, on R Note
that &} +.2,. The point process £} arises naturally as a result of scaling;
see below. Our first use of oriented percolation is to obtain the following
uniform bound.

LEMMA 3. There exist constants c¢; > 0, ¢, > 0 such that, for some t, > 0
and d, € N,

1- P[O ©,%in 93’5] <ciexp(—cyt) foralld > d,,t >t,.

Proor. It follows from Lemma 2 that there is a constant » > 0 and some
d, such that, for d > d,,,
ir/;f {P[x+ U(d) €A1,—1]} >n and P[U(d) €A, ,]| > n.
xe 0,0
Put another way, the first of these inequalities says that, for d > d, and
x € A, ;, the proportion of the ball B\(x) lyingin A, ;. is at least n, and
therefore, for ¢ > 0 and d > d,,

(23) (t/m)dy =nt and [ (t/m;) dy > nt.

BiNAg,
Let }Yij be the union of those A, with (i’, j') €2 and (i’, j') preceding (i, j)
in the ordering described above. That is, either i’ < i or i’ =i and j' <. Let
Fi be the o-field generated by the positions of those particles of % lying in
A

i,J?

'/;gl(x)mAHl,jtl

and define the event
E;={3X e nA,witho o, Xin#,nA,}.
By (23), P[E§ ] <e . For (i, j) €\ {(0,0)}, the events E;, ; ;,, are in
&, ;, and it follows from (23) that
(24) P[E{|F;] <e™™ onE,_,; UE,_, ..
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If E; ; occurs for infinitely many (Z, j) €., then 0 <% in 2. The result now
follows from (24) by comparison with oriented percolatlon and (21). O

The following application of Lemma 3 says that edges of large length
(measured on the volume scale) are unlikely to contribute to the degree D(d)
of 0 in g(&#,,0), regardless of d.

LEMMA 4. There exists d, > 0 such that
(25) lim dsllpoP[ D, (d) <D(d)]| =
ProoF. The probability on the left-hand side of (25) is bounded above by

the expression

E[card{X ez, | X >r,u(t),(0,X) Eg(@dao)}]

_ P[(0,y) € g(2, U {»},0)] dy

yeRY: |yl>ry(t)

IA

j P|{0 <, winﬁd,yely‘ooinﬁd}c] dy
yilyl>rqg(®)

(26)

P[{0 &, =in )| dy

IA
<

Slyl>rg(t)

=2[ P[{0 o, =in2,)]ds.
t

The image of #;, under the scaling transformation x — x/r,(¢), is a Poisson
process on R? of rate (r,(¢))?, that is, of rate ¢/, by (5). With this scaled
Poisson process denoted %, the upper bound in (26) is equal to

2[ P[(0 = in #3)°] ds,
t
which converges to 0 uniformly in d by Lemma 3. O

The next lemma is based on the following idea. Given a point x € R,
viewed as “generation 0,” let the points of %} in B,(x) be thought of as its
“offspring,” a Poisson number of points with mean ¢. Each offspring would
itself have a Poisson(#) number of offspring and so on, were it not for the
overlap of the balls centered at x and at its offspring. However, this effect
becomes negligible for large d, and the sequence of offspring, grandchildren
and so on of x resembles a branching process with a single progenitor at x.
The result here says the same is true if one considers an initial set of %
progenitors, provided they are not too close together.

For K> 0and d, v € N, let Z(d, v, K) denote the set of subsets u € R?, of
cardinality v, such that |u| > 3/4 and |L(u)| < K for each u € u and such
that |[u — u’'| > 1 for all distinct u, ¢’ in u.
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LEMMA 5. Lett > 0, ve Nand K > 0. Let (p(d), d = 1) be a sequence of
nonnegative numbers with limsup, _, ., p(d) < 1. Then, with %, as in Lemma
3 and y(t) as in (6),

(27) sup P[u o 0in P} \Bp(d)] <1-y(t)" foralld,
uwe#(d,v,K)

while, conversely,

(28) Tim ue%%g,fy,mp[u o,%in PINByg)| =1 - w(t)".

REMARKS. In [17] we proved the special case of this result with v =1,
p(d) = 0. The proof here is based on a similar argument. The result is also
true with K = oo, but the proof is then more involved.

Proor oF LEMMA 5. The first inequality (27) follows from the continuum
FKG inequality (see [14]) and Proposition 1 of [17].

To prove (28), it suffices [by (27)] to prove that, for & > 0,

(29) inf  Plu oyoin Zj\B,,| =1 - y¢(t)" - 26,  dlarge.
ue#(d,v,K)

Assume ¢ > 1 (else there is nothing to prove). Define the lattice ¥ and the

regions A, ; as in (20) and (22). Choose 6 € (0, £/3) such that 6.(1 — 38) >

1 — &; this can be done by (21).

Let (Z¢, n=10,1,2,...) be a branching random walk (BRW) in R¢, in
which each particle gives birth to a Poisson number of offspring with mean ¢
and the positions of the offspring of a particle at x are uniformly distributed
over the ball B,(x). According to context, we shall regard Z¢ either as a
random subset of R? or as the corresponding point measure: for A c R?, let
Z%(A) denote the number of particles of the nth generation of this BRW in A.

Let (Z7) denote a BRW in R?, also with a Poisson(#) offspring distribution
and the offspring of a particle at x having a normal distribution with mean x
and variance matrix I. For A ¢ R?, let Z7(A) denote the number of particles
of the nth generation of this BRW in A.

By Lemma 2, the image under L of (Z%) has approximately the distribu-
tion of (Z7). Since ¢ > 1, by the proof of Lemma 2 of [16], there exist m > 0
and %k, > 0 such that, for sufficiently large d,

(30) P[{Z{(A,) >m)n{Zi(A, ) >m)|>1-6 ifZ{(Ay,) =m.

Write P, for probability referring to the BRW Z7 (or Z%) with Zj consist-
ing of a single progenitor at x. The proof of Lemma 3 of [16] can be used to
show that there exists £, > 0 such that, for any x € R? with |x| < K,

(31)  PJ{Zi (L(Ay1) <m} U {Z; (L(A, _y) <m}] < (1 +8)"p(t).

The argument in [16] refers to a BRW with bounded offspring distribution. To
use it here, truncate the two-dimensional BRW Z* by removing any child at a
distance greater than M, say, from its parent. This gives a BRW with a
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bounded offspring distribution, and, by the choice of M, the survival probabil-
ity of the underlying branching process for this truncated BRW can be taken
to be close to 1 — ¢(#) (by the continuity of /). The argument in [16] applies
directly to the truncated BRW, and if the statement (31) is true for the
truncated BRW it is also true for (Z) because it dominates the truncated
BRW.
By (31), for large enough d,

(52) P[{zi(A,,) =m) n{Zi(A, ) = m]]|

>1-y(t) -6 ifZ¢ew(d,v,K).

Let (G,, n > 0) denote a Galton-Watson process with a Poisson(¢) offspring
distribution. We can (and do) assume that %, is so large that

(33) P[G,, > 0lG,=v]| <1-y(¢)" + s.

Choose R to be so large that

max(kq, ko)

(34) P| Y Z(Bg,) >0|<8/m.
n=0

This implies that, for large enough d, if Z¢ consists of m points in A, ;, then
the probability that any of the first &, or the first &, generations of (Z%) lies
outside L™ '(Bg(i, j)) is at most §, where Bg(i, j) is the two-dimensional disk
of radius R centered at (i, j).

Choose k., so large that, for the Galton—Watson process (G,),

ky
Y G, > Ey)Gy=m

n=0

ko
Y G, > kylGy = v

n=0

(35) max|P , P <.

We now describe an algorithm consisting of a sequence of steps, indexed by
the sites (7, j) of Z, taken in the same order as in the proof of Lemma 3. In
step (i, j), first define finite sets S;; and ¢;; in R%; we set S, = I, the empty
set, and {,, = u, and define subsequent S;; and ¢;; later on. The set S,;
includes all points which have already been “examined” before step (i, );
roughly, the “examination” of a point corresponds to the observation of all
points of %! in its 1-neighborhood (by which we mean the translate of B,
centered at that point). Using ZJ = ¢, ; as the set of progenitors in generation
0, run the BRW Z¢, n =0,1,...,k(), for k(i) generations, where we set
k(i) = k, (defined above) for i > 1, and k(0) = %, as defined above. Order the
particles of the BRW as follows: the particles of an earlier generation precede
those of a later one, siblings are ranked in order of increasing modulus and
particles in the same generation with distinct parents inherit the ordering of
their parents (a procedure analogous to the class system in British society).
Points of ¢, are ordered by modulus.

Modify the BRW as follows. Consider successively each particle X after
generation 0 of the BRW, in the ordering given above (starting with the
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particle of smallest modulus of generation 1). Remove X (along with its
descendants) if it lies in the 1-neighborhood of any point of S;;, or in the
1-neighborhood of any unremoved particle of the BRW that precedes X in the
ordering, or if X lies inside B, or outside L~ Y(By(i, j). Finally, if there
are more than k, remaining particles in generations 0,1,2, ..., k(i), remove
all but the first £, remaining particles in the ordering.

Let o;; denote the set of all unremoved particles in generations
0,1,2,..., k(i). By construction, this set has cardinality at most k,. The set
0;; includes the set of points examined in the course of step (i, j) and also
unexamined points from the final generation, some of which may be exam-
ined later on.

Step (i,j) is deemed to be “successful” if () Z¢,(A;,; ;.,)>m and

Z{ (A, 1 ;1) = m; (i) no particle has cause to be removed; and (iii) no
particle of the final generation k(i) lies within a distance of 3 /4 of its parent
or siblings.

We need to initialize step (i, j) by defining the initial sets S, ; and ¢;; for
i >0 (we defined Sy, = and {,, = u earlier on). These definitions will
depend on the outcomes of earlier steps. Define S; ; to be the union of {0} and
all sets o; ;, with (i’, j') preceding (i, j) in the ordering on .#. Assume there
is an oriented path in . from (0,0)to (: — 1,7 — 1) orto (i — 1, j + 1) of sites
i’, j' for which steps (i’, j') were all successful [if not, nothing happens in step
(i, j), and o;; is empty]. If there is a successful path to (i — 1,j — 1), let {;
be the set of m points of smallest modulus which are both in A, ; and in the
last generation of the (successful) BRW run at step (i — 1, — 1) If there is a
successful path to (i — 1,7 + 1) but not to (i — 1, j — 1), define ¢;; similarly
using the last generation from step (i — 1, j + 1). Note that {;; consists of m
points in the region A, each of which is distant at least 3 /4 from all other
points in S, ..

For sufficiently large d, the probability that step (0,0) is “successful”
exceeds 1 — ()" — 38, by (32), (34), (35) and Lemma 1. For each (i, j) other
than (0,0) in ., the probability that step (i, j) satisfies conditions (i)—(iii) to
be “successful,” given that it is attempted at all, exceeds 1 — 35. Indeed, (i) is
likely to hold by (30). Also, the rule that each step has particles outside
L~ Y(Bg(i, j)) discarded means that only a finite number of previous steps
[namely, those (i’,j’) with |(i’,j) — (i, )l < 2R] can possibly affect step
(@, j), and all such (i’, j') satisfy card(o; ;) < k,. By this fact, (34), (35) and
Lemma 1, the probability that (i) or (iii) fails can be shown to be small for
large d.

Let S, denote the set of all points created (and not removed) during the
course of the algorithm, together with the initial set of points u. Then, for all
x,y €S, x <; yin S,. The algorithm is equivalent to the observation of the
points of 2! in successive disjoint regions of R \ B, (see [17], Section 4 for
more details), so S,\u may be viewed as a subset of #;\B,,,, and
card(S,) = « implies u ©,% in £/ \ B, ;. A comparison with oriented perco-
lation with parameter 1 — 36 shows that the probability that there are
infinitely many successful steps in the algorithm exceeds (1 — ()" — 368)
(1 — &); therefore, we have (29). O

ij?
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Let #'(d, v, K) denote the set of pairs (u, x) with u € #(d, v, K) and
u U {x} € #(d, v + 1, K). The next result says that, for such a (u, x), if there
is a 1-path from u to x there is also likely to be an infinite 1-path from u,
when d is large.

LEMMA 6. Lett >0, ve Nand K > 0. Let (p(d), d = 1) be a sequence of
positive numbers with limsup, .. p(d) < 1. Let E, , (resp. E, ) denote the
event that w <, x (resp. u &%) in #;\ B, ;. Then

(36) lim sup P[E, \E,.]=0.
A= (u x»)e¥'(d,v,K)

Proor. Let &> 0. Consider the same algorithm as in the proof of Lemma
5, again viewed as generating a random subset S, of 2} \ B, ) Step (0,0) of
this algorithm is a BRW running for %, steps, here denoted (Z§, Z{, ..., Z} ),
with Z¢ = u. Let E, be the event that step (0, 0) is “successful” in the sense
of the earlier proof. Then

< P|E, \(2¢, + @)| + P|{Z, + D)\ E,| + P[E,\E, .].

It suffices to show that each of the three terms on the right-hand side of (37)
is bounded by 2¢ for large d, uniformly on (u, x) € #'(d, v, K). First, by
Lemma 1, for d large,

ko—1
(38) P|E, \(zi +2)| <Plxe U U By(y)|<e.
n=0 yezd

As in the proof of Lemma 5, by (32), (34), (35) and Lemma 1, for large d we
have P[E,] > 1 — /(¢)” — &; therefore, by the choice of %, to satisfy (33),

(39) P[{z{ + DI\ E,| = P| 2}, + @] - P[E,] < 2e.

The comparison with oriented percolation in the proof of Lemma 5 shows
that, for large d, if step (0, 0) is successful, then, with probability exceeding
1 — &, there are infinitely many successful steps, in which case E, .. occurs;
thus P[E, \Eu’w] < g, which completes the proof. O

5. Proof of main results. List the points of 4,\ {0} in order of in-
creasing modulus as Y;,Y,,Y;,... . Fix £ € N and numbers 0 < ¢; <t; < -
<t, <s <o Let 0,...,0, be d-dimensional random variables, indepen-
dent of one another and of #2;, uniformly distributed on the unit sphere in
R Define the d-dimensional variables Y; = r,(¢,)0; and the point processes

(40) 7, ={Y{,..., Y/}, l1<i<k.
Define the modified point process

(41) ‘@!i = {O} U?k U (‘@d \Brd(s))‘
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The conditional distribution of ,, given that card{X €;: 0 <|X|<
r,(s)} = k and that |Y;| = r,(¢,) for 1 <i < k&, is that of .
For 1 < i < k, define the events

(42) B -{0e,=ing), F (¥ e,,%nP)
and
(43) H;= {0 <, @) Y/ in P}

If E,NF, occurs, then (0,Y/) is an edge neither of ¢(0,%,) nor of

tY/, 2,); in other words, E;, N F, c{(0,Y;) & g(%,,0)}, and we now show
that the probability that the inclusion is strict vanishes as d — ». If (0,Y}) &
g(#,,0) but E; N F, does not hold, then necessarily H; holds; therefore,

P[{(0,Y}) & g(#4,0)}\ (E; N F,)]
< P[Hi \Ei] + P[ H, \E]
<P[{% 1 ) (Z\%1) in Z,\B, )
\Zi1 @ @ in 2\ B, )]
+P[{Y! o, 0, (2 \ {¥/}) in Z,\ B, .}
\{Y; &, ¢, =in 2,\ B, ,,}]

We shall prove that this vanishes by using Lemma 6. First we introduce more
notation; define the numbers

(44)

(45) pi(d) =ry(s)/ra(t),

the vectors

(46) Wi =Y /rg(t;) = (ra(t,)/ra(t:))0;
and the sets

(47) ul = {W/,..., W},

Since the image of %%, under x — x/r,(¢,) is a Poisson process %} of rate

t;/ 7, the upper bound in (44) is equal to

(48) P[{ui‘—l < (ul}e \ ui—l) in 2y \Bp,j(d)} \ {ui—l ©,®in Zy \Bpi(d)}]
+P[{W; o, (w) \ {W}) in 75\ B, )} \ (Wi ©,2in 24\ B, ,}].

As d — o, all ratios r,(¢;)/r,(¢;) converge to 1. In particular, p,(d) — 1. Also,
Lemmas 1 and 2 still hold with the vector U(d) taken to be uniform on the
unit sphere {x € R?: |x| = 1}. Therefore, for K € (0, »),

(49) Plu, € #(d,k,K)| - (P[I1Z| < K])",
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where Z is a two-dimensional standard normal. This limit can be made
arbitrarily close to 1 by choice of K. Therefore, by Lemma 6, the expression in
(48) converges to 0 as d — o, and so

(50) (}ET}OP[{(O,Y/) ¢ g(%4,0)}a(E; NF)| =0,
where A denotes symmetric difference.

Clearly, E; c E, Cc E; C ---. Define the random variable
(51) I = max{i < k: E; does not hold}
and the random set
(52) S={ie{I+1,1+2,...,k}: F, occurs}.

By (50), except on an event of small probability, the set {1,2,..., 2} \ S is the
set of i < & for which (0,Y;) is an edge of g(#;,0).

Let i€{1,2,...,k} and o c{i+ 1,i + 2,..., k} with cardinality denoted
|o|. Write o ¢ for the set {i + 1,i + 2,...,k}\ o. Then

P[I=i,S=0]
(53) =P|E, ,NE;N (JDO.F}) N (jch}C)
ofsn(peol o] -z lnenl )]

By the inclusion—exclusion formula, the second of the two terms in (53) is
given by

(54) P

JEOo jeo€ TCo¢ JjETUT

en(nEln(n F)] - ¥ (-1l

Eim( N FJ”

Consider one of the terms in this sum. By the FKG inequality, writing ® for
the vector (0,...,0,),

Eim( N Fj)|®

JEGUT

(55) P > P[E|0] [] P[F|lO].

JETUT

By using the definition of E; and applying the map x — x/r,(¢,) to R¢, we

have

P[E|®] = P[% , ©,u,*in #,\B, 0]
(56) -
= P[ui—l 1% in Zy \Bp;(d)|]'

Therefore, Lemma 5 gives us, for all K > 0,

(57) liminf  inf  P[EJO] =1 - y(t) ",
d-» (@:ule#(d, k,K)}

and, similarly,

58 lim inf inf P[F1O| =1 — ¢(t;) = ¢(¢.).
( ) ILIZILIO? {@:u‘}e€17/n(d,k,K)} [J ] Ip( J) l//( J)
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Therefore, by (55), integrating over (®) and using (49),

E, N ( N FJ” > (1=w()"") TT (1)

JjEoUT JEo

(59) liminf P
d—

To get an upper bound on P[E; N (N;c,
1/r,(¢,) as in (56) to obtain

Ea( N F,-)}

JjEoUT

F)], first rescale Rd by a factor of

P

(60) <P {u‘éi1 ©,%in #%\ B L-(d)}
"N {Wf © rattp/ rate @ 0 %"\Bpxd)} N H]
JEOUT

where H' is the event that u’_, <, uk\u 1 in #iN\ B, 4, or, for some
jeo-ufandme{l,Z, k}\{]} Wl<—>W in 25\ B, (dy

Let (G], n = 0), j € {i} U o U T) be 1ndependent Galton Watson branch-
ing processes, such that each (G/, n > 0) has a Poisson(¢;) offspring distribu-
tion, with initial values G = i — 1 and G} = 1 for each j € 0 U 7. Let £ > 0.
Take &, so that

(61) P[{G,@O >0} N ( N {cl, >0}

JjETUT

<(1=w(t) )Tt +e

JEOT

For j € {i} U o, define “generations” ?{,...,?kfo of #;\B, 4 as follows:
initially set
gi=ui_,, Z={W}, jeounr

Then, recursively for n = 1,2,..., k,, let &/ ‘be the set of points of @d \ B,
which lie in B, 1)/ rat; () for some y € Z/_,, but which are not in any of
?0,...,3,{ N

If u,_; ;% in 52’d \ B, (4, it must be the case that ?k is nonempty;
s1m11arly, for each j€ o U 7, if W it ratty © N 23\ B, ), it must be

the case that f‘fk is nonempty. Thus by (60),

Eim( N Fj”sp[ n {6l +2)

JjEoUT jeliljvuour

(62) p + P[H"],

where we define H” to be the event that the connection in the definition of H
occurs before the k,th generation, that is,
# @}

ko
U u B, )/ raen(Y)

m=0 yEG,{z

ko
U U Bi(y)

m=0 yegril

H - {(uz\uz_n n

+ ).

v U {(uz\{W;‘}) n

JEOoUT
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We can generate a sequence of sets with the same distribution as the
generations (£7, n < k,) by branching random walks. For j € {i} U o U 7, let
(Z%J, n=0,1,2,...,k,) be a BRW in R, in which each particle gives birth
to a Poisson number of offspring with mean ¢; and the offspring of a particle
at x are uniformly distributed over the ball B, ) /rae)(X)- Let the initial
value Z$/ of this BRW be given by the set u:™! for j = i and by the single
point {Wf} for j € ¢ U 7. These BRW’s are to be run independently up to
generation k.

If these BRW’s (Z%/) are modified by removing some of the particles, in a
similar manner to the modification of the BRW’s in the proof of Lemma 5,
they generate sets with the same distributions as the generations %/ de-
scribed above, we omit the details. Thus each £/ has the distribution of a
subset of Z%/, and so, by (62), we have

(63) P

mo(nsll<r] 0 el

JjeEoUT jeliljuour

where we define the event H"” in the same manner as H”, but with each set
of the form G/ replaced by the set of points of Z%/.

Since each BRW (Z%/) runs for a fixed number of generations, the proba-
bility approaches 0 that it visits any given ball of radius close to 1, by Lemma
1; thus P[H"”] - 0 as d — «. Also, the population sizes of these BRW’s are
independent simple branching processes, so, by (61), for large enough d,

(64) P <(1=w(t)" ") TT o(t) + 2e.

JETUT

s0(,0.7

JEOoUT

Since £ > 0 is arbitrary, (59) and (64) together yield

(65) lim P

Eim( N b;)}=(1—w(ti)“) IT ¥()-

jEoUT JEoUT

By applying (65) to each term in (54), we obtain

En(nEln(nm

JEOoT JjEOoC

lim P

d—»

(66) = L0 -ew) IT u)
= (1= ) ) T3] TT(1-7(x)

By arguing similarly for the other term in (53) and using the fact that
1 — ¢(¢) = (¢), we may conclude

(67) lim P[I=i,S=o] = (w(t)"" = v(t0)) [19(4) TT w(t)).

jE€o jE€OC
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Let @, , denote the event that e(1),...,e(i) are the edges incident on & of
t(,9)and {e(j): i + 1 <j <k, j & o} are the remaining edges up to e(k)
incident on & in g(7, @). Write t for (¢,,...,t,) and write {T'¥() = t} for the
event that, for 1 <j < &, the weight I',() of edge e(;) is equal to ¢;.

Recall from Section 3 that L; is the maximum edge weight in the graph
t(i,7; ) and the L, are independent and identically distributed. By (10) and
67),

lim P[I=i,S = o]

d— ®©

=P|{ min L>t)n{minL <t

1<j<i-1 1<j<i

(68)

m( N {Lj<tj}) m( N {Lj>tj})

jEo jeo’

= P[Qi,(r|r1k(@) = t]'

Recall from (1) [resp. (3)] that D,(d) [resp. D,()] is the degree of 0 (resp. &)
in the graph g(#,,0) [resp. g(7, )] with all edges of length (weight) greater
than ¢ removed.

The variable card(#, \ {0}) N B, ,, is Poisson with mean s; conditional on
its taking the value %, the distribution of (v,(|Y;),...,v,(Y,]) is uniform on
A(s) ={t =(¢;,...,t,):0<t; < - <t, <s}. Therefore, by the remark fol-
lowing the definition (41) of %},

P[D,d(s)(d) = m]

o) e—ssk dt
_ ¥ [ = y P[I=i,S=0c]
em kU Nk G T e
(69) ) o
® e fs dt
> Y —/) = ¥ PlQ,rf©® =t
k=m : A(s) R {(i,0): k—i—|ol=m}

=P[Ds(oc) = m]

Thus D, (, converges weakly to D () as d — «. Also, D, ., < card(#; N
B,d(s)), a Poisson variable with mean s; thus P[Drd(s) > k] is uniformly
bounded by X,_,e"°s™/m!, which is summable in k. Therefore, E[ D, ,(d)]
— E[ D, ()], and Theorem 2 is proved.

The proof of Theorem 1 is completed by taking s — « in (69), using Lemma
4 and a routine argument.

6. Invasion percolation. In invasion percolation on the integer lattice
Z? (made into a graph by including bonds between all nearest-neighbor
pairs), independent random weights, uniformly distributed on [0, 1], are
assigned to the bonds of the lattice. A random sequence of subgraphs (C,) of
Z? (the “invaded cluster at time n”) is defined as follows. Initially, C, = {0}.
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Given C,_,, define C, by adding the edge of Z¢ with smallest weight out of
those edges not in C, with at least one end at a vertex of C,. If the added
edge has an end in Z?\ C,_,, it is denoted a breakout bond; otherwise, the
edge added is denoted a backfill bond; the terminology is from [3]. Let
C,=U,_,C,, and let C., denote the subgraph of C, obtained by deleting
backfill bonds. As pointed out by Alexander [3], this model is related to the
MST; indeed, C. is precisely £.(0,Z%), as given by the algorithm in Section 2,
applied to the graph Z? with the given edge weights. _

Let B, ; denote the probability that 0 has degree £ in C,, and let D(d)
denote the number of edges of weight at most s in C,. It seems likely that the
methods of the present paper can be adapted to prove the following state-
ments about weak convergence of the structure of C, to that of £(J,.9); let
D~ () + 1 denote the degree of 0 in that graph, and let D, denote the
number of i € N with e(i) € t(J,9) and w(i) < s.

CONJECTURE 1. For each k € N, lim, . B, ;, = P[D (*) + 1 =k]. Also,
lim, . E[D,;(d)] = E[D;(«)] for each s > 0.

To prove this, one might first consider C.. Arrange the 2d sites of Z¢
adjacent to 0 in order of increasing associated weight as Y;,Y,,..., and let
R; denote the weight of edge (0,Y)). It is a standard result in extreme value
theory (see, e.g., [18], Proposition 3.21) that the point process {2dR;, i > 1}
converges in distribution to a homogeneous Poisson process of rate 1 on (0, ).

The edges from 0 of C. are the I edges of smallest weight for some
(random) I; for fixed 2 € N, I > & if and only if there is no infinite path from
0 in Z? of edges of weight less than R,. By a similar argument to Lemma 5, it
should be possible to prove

lim P[I>EkRdR, =s] = ¢(s) ",
and this is the probability that e(k) is an edge of t(J,7), given that
I' () = s. Finally, it should be possible to prove that lim,_ . P[3 backfill
bond from 0] = 0.
The limits in the above conjecture are given by the formulae

(70) E[D; (=)] = [‘¥(s) ds
0
and
(71) P[D(») = k] =f01(e-h<u>(h(u))k/k1)du,

where we set

h(u)=(1;u)log(1iu).
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We omit the details of the proofs, but (70) follows from Palm theory for the
marked Poisson process, and (71) follows from the fact that, given L = s,
the conditional distribution of D~ () is Poisson with mean s(s); see [1],
Lemma 10.

APPENDIX

PrOOF OF PROPOSITION 3. First we prove (2) in the special case of the
uniform distribution on the unit cube, with probability density function
denoted f;;. Let M, ; denote the number of edges in the MST on {7,, ..., n,} of
length at most n~!/9¢ with 5, as an endpoint. Then

(72) E (w5 fy) = (1/29)(n = 1) L M,

Taking expectations, using the exchangeability of 7,,...,n

, and applying
Proposition 9 of [2], we obtain

(73) EF,(n"V%; fy) = ﬁEMn’l — (1/2)ED,(d).

By (72) and exchangeability,
Var(F,(n""; fy)
1
(74) T 4(n-1),

"M:v

2 (E[M, M, ] - ELM, ,T")

n

n
4(n - 1)2var(M”’1) T
By Lemma 2 of [2], the degrees of the edges of the MST are uniformly
bounded by a constant depending only on d, so the first term on the
right-hand side of (74) vanishes as n — «. We now show that the second term
also vanishes.

Let .# denote the space of locally finite subsets of R, with the (metrizable)
topology of vague convergence as given in [2] or [18], Proposition 3.13. A point
process is a random element of .#. Consider now the random element
(ﬂ/ 1,7, ) of the product space .# X.#, where, for i = 1,2, we define .7, ,
{n1 d(nj —m,), 1 <j < n}, the rescaled emplrlcal point process of the n pomts
centered at 7,. Let &, ; and £, , denote independent copies of the Poisson

process (with a point added at 0) #2,. By an easy generalization of Lemma 8
of [2],

(75) (M 15Mm,2) 2a(Pa15Pa2) asn >,

Cov[M, ,, M, ,].

where —, denotes weak convergence in .# X.#. Using the Skorohod repre-
sentation theorem, one may take versions of (.7, ,.7, ;) and (%, ,, #, ,) such
that (.7, ;,., ) converges almost surely to (%, ;, #; ,).
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Let C(L) denote the cube [ —L, L]¢. By a simple adaptation of the proof of
Proposition 9 of [2], given any increasing sequence n of positive integers,
there is a subsequence (n,) such that, as n — « along the subsequence, for
each rational L, and L,,

| T aeetn)) T deen)

e, ;NC(LyY e, ,NC(Ly)

(76) _)( Y d(£,8(244,8)),

éeP, 1NC(Ly)

D d(f,g(@d,z,g))) as.

E€P; aNC(Ly)

where d(&,%) denotes the degree of ¢ in a graph £ and g(.7; ;) is the
minimal spanning tree on the finite point process.#, ;. By Lemma 6(c) of [2],
it follows from (76) that with these realizations the graphs g(7, ;) and
g(/;, 5) converge a.s. to g(#, 1,0) and g(#, ,,0), respectively. Therefore,

M, M, ,—DJ(d,1)D/(d,2) as.,

where, for i = 1,2, we set D,(d, i) to be the number of edges of length at most
t from O in the graph g(@d i»0). Since the quantities M, ; and M, , are
uniformly bounded, it follows that E[M, M, ;] > ED (al)2 so that the
second term on the right-hand side of (74) converges to 0. Therefore,
F . (n~'/4¢; f,;) converges in mean square to E[ D,(d)]/2, as asserted.

The proof of (2) for general f is similar. With probability 1, X; lies at a
Lebesgue point x of f with f(x) > 0; see, for example, [20], Theorem 7.7. For
any such x, the point process {n'/?f(x)/%(n, — x), 2 <i < n} converges in
distribution to a Poisson process of rate 1 on R?; see, for example, [18],
Proposition 3.21. Therefore, E[ Mn,1|X1 =x] > E[Df(x)l/dt] as n — o, and so

E[M, ] - fRdE[Dﬂx)l/dt]f(x) dx.

Also, for distinct Lebesgue points x, y of f with f(x) > 0 and f(y) > 0, the
point processes {nY/ ?f(x)/4(n, — x), 3 < i < n} and {nY f(y) 4y, — x), 3 <
i < n} converge in distribution to independent Poisson processes of rate 1 on
R. Therefore,

E[Mn,an,2|X1 =X, Xz = y] - E[Df(x)l/dt]E[Df(y)l/dt] .

Integrating over possible values of X, and X,, we find that Cov(M, |, M, ,)
— 0, so that the expression in (74) vanishes as before. O
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