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CORRECTION

ASYMPTOTICS OF A CLASS OF MARKOV PROCESSES
WHICH ARE NOT IN GENERAL IRREDUCIBLE

BY RABI N. BHATTACHARYA AND OESOOK LEE

Ž .The Annals of Probability 1988 16 1333�1347
Ž .The set PP S of probability measures on the Borel sigma field of

every closed subset S of � k is shown to be complete under a Kolmogorov
type metric. An assertion in the 1988 article by Bhattacharya and Lee
that this completeness holds if S is merely topologically complete is false.

In this note we correct an error in the statement of Lemma 2.2 in the 1988
article by Bhattacharya and Lee. To state the original version and its
correction: let S be a nonempty Borel subset of � k. Let AA be the class of all
sets of the form

1 x � � k : � x � c � x � � x , . . . , � x , c � c , . . . , c ,� 4Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ž .1 k 1 k

where � : � k � � k is continuous and nondecreasing, c � � k and ‘‘� ’’ is the
Ž . Ž .usual lexicographic order; that is, � x � c for 1 � i � k. Let PP S denotei i
Ž . Ž .the set of all probability measures on the Borel sigma field of S. On PP S

define the metric

� �2 d � , � � sup � A � S � � A � S .Ž . Ž . Ž . Ž .
A�AA

Ž Ž . .Lemma 2.2 asserts that PP S , d is a complete metric space if S is topologi-
cally complete. The error in the proof of this lemma occurred in the statement
that the metric topology of d is stronger than the topology of weak conver-

Ž . � �gence on PP S . Professor B. V. Rao 2 has provided a counterexample to the
assertion in the lemma, in which S is the complement of a Cantor set. We

Ž Ž . . kwill prove that PP S , d is complete if S is a closed subset of � .

k Ž Ž . .PROPOSITION. If S is a closed subset of � then PP S , d is a complete
metric space.

� 4 Ž .PROOF. Suppose � : n � 1, 2, . . . is a Cauchy sequence in PP S in then
d-metric, that is,

3 d � , � � 0 as n , n� � �.Ž . Ž .n n�
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Let � be the limiting set function on AA. That is,�

4 � A � lim � A � S , A � AA,Ž . Ž . Ž .� n
n��

so that
� �5 sup � A � S � � A � 0 as n � �.Ž . Ž . Ž .n �

A�AA

Ž . ŽWe will now show that there exists a unique probability measure � on the
k. Ž . Ž .Borel sigma field of � such that � A � � A � A � AA. For this, extend �� n

kŽ . Ž .to the Borel sigma field of � and denote this extension by � : � A �n n
kŽ .� A � S for every Borel A � � . Then � converges weakly to a probabil-n n

k Ž .ity measure � on � . To see this, take � in 1 to be the identity map and let
kc vary over � , showing that the sequence of distribution functions of �n

converges uniformly in � k to the distribution function of a probability mea-
Ž . Ž .sure �. In particular, � converges weakly to �. This also shows � A � � An �

Ž � Ž � Ž .for every A of the form A � ��, c � ��� � ��, c � c � c , . . . , c . Nowc 1 k 1 k
�1 �1Ž .for every continuous nondecreasing � , i � �� converges weakly to ���n

�1 �1 kŽ . Ž . Ž Ž ..and ii � �� A converges uniformly to � � A for c � � . There-n c � c
Ž . Ž . Ž .fore, � A � � A for each A � AA. We now show that � S � 1; that is, the�

Ž . Ž .restriction � of � to S belongs to PP S , and d � , � � 0.˜ ˜n
From the weak convergence of � to �, it follows thatn

6 � S 	 lim sup � S � 1.Ž . Ž . Ž .n
n��

Ž .Thus for the restriction � of � to S, we have � � PP S and˜ ˜
� �d � , � � sup � A � S � � A � SŽ . Ž .Ž .˜ ˜n n

A�AA

� �� sup � A � S � � A � SŽ . Ž .n
A�AA

7Ž .

� �� sup � A � S � � A � 0Ž . Ž .n �
A�AA

as n � �. �

REMARK 1. Suppose S , S are two Borel subsets of � k such that there1 2
exists a strictly increasing homeomorphism of S onto S . Then, clearly, if1 2
Ž Ž . . Ž Ž . . Ž Ž . .PP S , d is complete, so is PP S , d . Thus it may be shown that PP S , d1 2

Žis complete for all open rectangles S with edges parallel to the coordinate
. kaxes , for such a rectangle is transformed into � by a continuous strictly

Ž Ž . .increasing map. A complete characterization of those S for which PP S , d is
complete is an interesting open problem. For a related but stronger metric d1
considered in the 1988 article along with d, some significant results have

� �been obtained recently by Chakraborty and Rao 1 .

REMARK 2. If the hypothesis ‘‘S is topologically complete’’ is replaced by
‘‘S is closed,’’ all the results stated in the 1988 article remain valid.

Ž . Ž .Finally, we correct a typo: on page 1343, in the definition of B y in 3.19 ,
max should be min.
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