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SELF-NORMALIZED LARGE DEVIATIONS

BY QI-MAN SHAO!

University of Oregon

Let {X, X,, n > 1} be a sequence of independent and identically dis-
tributed random variables. The classical Cramér—Chernoff large deviation
states that lim,_, ., n~1 In P((X; X;)/n > x) = Inp(x) if and only if the
moment generating function of X is finite in a right neighborhood of zero.
This paper uses n(P~V/PV, = p(P=D/P(y1 | X,|P)YP (p > 1) as the
normalizing constant to establish a self-normalized large deviation with-
out any moment conditions. A self-normalized moderate deviation, that is,
the asymptotic probability of P(S,/V, , > x,) for x, = o(n(P~V/P) is
also found for any X in the domain of attraction of a normal or stable law.
As a consequence, a precise constant in the self-normalized law of the iter-
ated logarithm of Griffin and Kuelbs is obtained. Applications to the limit
distribution of self-normalized sums, the asymptotic probability of the ¢-
statistic as well as to the Erd6s—Rényi—Shepp law of large numbers are
also discussed.

1. Introduction. Throughout this paper, let (), X, P) denote a probabil-
ity space, and let { X, X,, n > 1} be a sequence of independent and identically
distributed (i.i.d.) nondegenerate real-valued random variables on the proba-
bility space. Put

S, =YX, Vi=Y Xl n=12...
=1 =1

The classical Cramér—Chernoff large deviation [Chernoff (1952)] states that if
(A) EeX < oo for some t, > 0,

then for every x > EX,

limn=tIn P(i > x> = In p(x),
n

n—o0o

or equivalently,

S 1/n
(1.1) lim P(—" > x) = p(x),
n—oo n
where p(x) = inf,.qe *Ee!X.
Roughly speaking, this type of large deviation shows that the convergence
rate in the law of large numbers is exponential if the moment generating
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function is finite in a right neighborhood of zero. The latter is also necessary
for an exponential scale [Petrov and Sirokova (1973)]. Essentially built on
condition (A), the area of large deviations in finite-dimensional spaces and
even in abstract spaces has been well developed, and various applications in
statistics [cf. Bahadur (1971)], engineering, statistical mechanics and applied
probability have been found in recent years. We refer to de Acosta (1988),
Stroock (1984), Donsker and Varadhan (1987) and Dembo and Zeitouni (1992)
and references therein for more details.

On the other hand, the so-called self-normalized limit theorems put a totally
new countenance upon classical limit theorems. In contrast to the well-known
Hartman-Wintner law of the iterated logarithm (LIL) and its converse by
Strassen (1966), Griffin and Kuelbs (1989) obtained a self-normalized law of
the iterated logarithm for all distributions in the domain of attraction of a
normal or stable law.

1. If EX =0 and EX2I{|X| < x} is slowly varying as x — oo, then

. S
limsup

z =1 as.
n—oo Vn(2 IOg IOg n)1/2

2. If X is symmetric and in the domain of attraction of a stable law, then there
is a positive constant C such that

(1.2) limsup S

MSUP v Zloglogn)iz ~ C &S

It should be noted that under (2),

limsup ﬂ =0 or ooas.
n—oo Qp,

for any sequence {a,, n > 1} of positive numbers with a, — oo (Lévy and
Marcinkiewicz [see Chung (1974), page 131]). So, the significance of the above
result is obvious. It shows that when the normalizing constants in the classical
limit theorem are replaced by an appropriate sequence of random variables,
a similar result to the classical limit theorem may still hold under less or
even without any moment conditions. This naturally leads to the exploration
of the feasibility of a self-normalized large deviation, which should be inter-
esting within the probability theory itself as well as for applications to other
fields. The main aim of this paper is to establish such a self-normalized large
deviation for arbitrary random variables without any moment conditions.

THEOREM 1.1. Assume that either EX > 0 or EX2 = co. Then

_ S, 1/n _
(1.3) lim P(W > x> = supinf Eexp(t(cX — x(X? +¢?)/2))

n—o00 >0 =

for x > EX/(EX?)Y/2, where EX /(EX?)%? is interpreted to be zero if EX? = oo,
and 0/0 to be oo.
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More generally, using (37, |X;|?)YPnl~YP, p > 1 as normalizing con-
stants, we have the following.

THEOREM 1.2. Let p > 1. Assume that either EX > 0 or E|X|? = co. Then
: S, yn
Jim P(vn’p nip = x)

1 -1
=supinfEexp(t<cX—x<—|X|P+ P cP/(P1>>>>
=0 £20 p p

forx > EX/(E|X|P)YP,where V, , = (X1, |X;|?)Y? and EX/(E|X|P)/P =0
if E|X|? = oc.

(1.4)

From Theorem 1.1 the corollary follows immediately.

COROLLARY 1.1. Assume that either EX = 0 or EX? = co. Then

) S, Ln _ cX — x(X?2 4 ¢?)
(2.5) lim P(W > x) = supinf Eexp(t( > ))

n—o00 >0 t>0

for x > 0.

REMARK 1.1. Note that for any random variable X either EX? < oo or
EX? = co. If EX? < oo, which obviously implies E|X| < oo, the assumption
that EX > 0 in Theorem 1.1 is reasonable. In other words, Theorem 1.1 holds
without assuming any moment conditions.

REMARK 1.2. If EX? < oo and EX < 0, one can see from the proof of
Theorem 1.1 that (1.3) remains valid for x > 0.

REMARK 1.3. From the Cauchy inequality, it follows that
S,/(V,nt?)<1 ifV,>0

and it is easy to see that both sides of (1.3), (1.4) and (1.5) are equal to
P(X =0) for x > 1.

We will give proofs of these results in the next section. Based on similar
ideas, Section 3 presents self-normalized moderate deviations (Theorems 3.1—
3.3), which, in turn, enable us to get the exact constant C in (1.2) (Theorem
5.1). As another application of Theorem 3.2, Section 6 settles a conjecture
of Logan, Mallows, Rice and Shepp (1973). Application to the ¢-statistic is
discussed in Section 7. As a direct application of Theorem 1.1, Section 8 deals
with a self-normalized Erdés—Rényi—Shepp type law of large numbers without
any moment conditions (Theorem 8.1).
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2. Proofs of Theorems 1.1 and 1.2.

PROOF OF THEOREM 1.1. The main idea of the proof is to reduce the prob-
lem to that of Cramér—Chernoff large deviation, by using the following well-
known fact: for any positive numbers x and y,

1 /«x? 2
(2.2) xy—;,ggE(?—Fy b).
By (2.1), we have

(2.2) V,nt? = Lm; %(V% +nb?) ifV,>0
and

Sn H 1 2 2
23 = P((sup 3206 X, ~ (X7 + 8)/2) = 0 or V, = 0)

b>0 ;_1

= P(sup i(b X, - x(X?+b%)/2) > o).

620 ;=1
Note that for x > EX/(EX?)'2 (> 0) and for b > 0,
Eexp(t(b X — x(X?+b%)/2)) <oo forallt>0
and
E(bX — x(X?+b%)/2)
_{_oo, if EX? = o0,
—(x/2) (b — (EX)/x)? — 3(xEX? — (EX)?/x) <0, if EX? < oc.
Thus, by (2.3) and (1.1),

) ) Sn 1/n
|Irrl1llorgf P(W > x)

n 1/n
(2.4) > liminf sup P(Z(in —x(X?+bz)/2)20)

n—0o  peq izl

2 2
> supinf Eexp(t(bX - M))

b>0 t>0 2

To finish the proof of (1.3), it suffices to show that

x(X2+b2)))'

] Sn 1/n )
(2.5) limsup P(W > x) < supinf Eexp(t(bX — >

n—00 p>0 =0
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Recalling (2.3), for A > 2

S n 2(X? + b?)
pl2r P X _22iT7)
(7 =) = P(sup (6 - *557) 20

(2.6) +P< sup i(er@)zo)

0<b<4A;_1
= Il + 12.
Notice that

I, = P(sup Z(inI{|Xi| <xA}+bX,I{|X;|>xA}

b>4A ;1
 x(X? +b2)> N 0)
—2 s

X242
<P supZ(be+bXI{|X|>xA} w)zO)
b=4A | 2

b>4A ;1

_ i x Z?lef bn
=P ;XI{|X|>xA}> b|>n41;< b + >

(

@2.7) P( sup Z(bX I{|X,| > x A} — w) . o)
(
(

n n 1/2
X

N X IH{| X >x Ay > — <n ZX?) , V, > o)
\/E i=1

i=1
< (LXZ:I{|X | >x A} > x—2n>

by the Cauchy inequality. Applying the Chernoff large deviation to the bino-
mial random variable B(n, p), it follows that for all a > 0,

(2.8) P(B(n, p)>an) < (%)an.
Therefore
P(S 101> xay= 5 n) = (SPUXLZ20) ™
=1
which together with (2.7) yields
n _ (6 P(X|> «x A))’CZ/2

(2.9) limsup I3 >
X

n—-oo

We next estimate I,. Take A > 2 such that
(2.10) P(|X|<A)>1/2.
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Let
82
0<d6<1 A=AA,8)= ————
=05 (4:0) = G0 60m) A
and let Y be a standard normal random variable independent of X. We have

I,<P max su bX;—x(X?+b? 2>O>
z <1<J<l+4A/A(J 1)A2,<JA§( ( )/2)

§P< max Z(JAX x<X§+<<j—1>A>2>/2>zo)

1<]<l+4A/A

IA

> P( SUAX, — (X2 +((j—DAP)/2) = o)

(211) 1<j<1+4A/A i=1

(lnf Eexp(t(jAX —x(X?+((j - 1)A)2)/2)))n
1<]<1+4A/A

( inf exp(262/2) E exp(t(jA X — x(X2 + ((j — 1)A) )/2)))
1<]<l+4A/A t20

_ ( nf Bexp(t(jA X +8Y - x(X? +((J - 1)A)2)/2)))".
1<]<1+4A/A

IA

IA

Put
&= jAX +8Y — x(X%+(jA)?)/2, 1<j<1+4A/A.

It is easy to see that P(¢{; = y) =0and 0 < P(¢; < y) < 1for any y and that
—oo < E¢; < 0. Therefore, in terms of Lemmas 1 and 3 of Chernoff (1952),
there is 0 < #; < oo such that

(2.12) Eexp(t;¢;) = 223 Eexp(té;) < 1.

As to ¢, by (2.12) and (2.10),
1> Eexp(t;(jA X +8Y — x(X? + (jA)?)/2))
> Eexp(t;(JA X +8Y — x(X? + (jA)?)/2)I{| X| < A}
= exp((8¢;)%/2)E exp(t ;(jA X — 2(X? + (jA)?)/2))I{| X| < A}
> exp((8¢;)%/2) exp(—t,;(jA A+ x(A% + (jA)?)/2) - 1)
> exp((8¢,)°/2)exp(—t (4.5 + 30x)A% — 1)
> exp(1{(5¢, — (4.5 +30x)A?/5)” — ((5.5 + 30x) A?/5)%})
for 1 < j <1+ 4A/A, which yields immediately
(2.13) t; <(10+60x)A%/6° for 1< j<1+4A/A.
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Therefore, by (2.11), (2.12) and (2.13),
L=< Y (Eexp(t;(jAX +8Y —x(X?+((j —1)A)%)/2)))"

1<j<14+4A/A
= Y (exp(t;x (57— (j—1)?)A%/2) Eexp(t, &))"
1<j<1+4A/A
. 2 - n
< X (exp(r; jA%) inf Eexp(té)))

(2.14) 1<j<1+4A/A

(1+ 4A/A)(exp(A (1+4A)(10 + 60x)A?/8?)

IA

x supinf Eexp(t(b X +8Y - x(X + 52)/2)))”
b>0 =

<@+ 4A/A)<exp(5/A) supinf Eexp(t(b X +38Y — x( X%+ bz)/Z)))
b>0 =

It follows from (2.6), (2.9) and (2.14) that

) S, Ln
“Tjol:p P<W > x)

<6 P(X| > xA)>x2/4

x2

<

2 2
+exp(5/A)supinf E exp(t(b X +8Y - M))
b>0 =

for any 0 < 6 < 1 and for any A satisfying (2.10). Letting A — oo leads to

n—o00

] Sn 1/n
lim sup P<W > .')C)
(2.15)
2(X2 + 52)))

< supinf exp((t6)?/2)E exp<t(b X - 5

b>0 t=

forany 0 < 6 < 1.
Clearly, (2.5) will be an immediate consequence of (2.15) and the following
Lemma 2.1. This completes the proof of Theorem 1.1. O

LEMMA 2.1. For any random variable X we have

lim sup inf exp((¢8)?/2)E exp(¢(b X — x(X? + b%)/2))
810 b>0 t>0

(2.16)
= sup itng Eexp(t(b X — x(X? +b%)/2))
b>0 1=

for x > EX/(EX?)Y2. Moreover, the convergence is uniform in x ¢ [a, 1] for
any EX/(EX?)'? < a < 1.
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The proof is given in the Appendix.
From the above proof of Theorem 1.1, one can obtain the following more
general result.

THEOREM 2.1. Let u and v be two real numbers. Assume that either EX > u
or EX? = co. Then

. Yic(Xi —w) L
i PG, = =)

it oo <t <C(X R (6. c2>>>

=0 t= 2

(2.17)

for x > (EX — u)//E(X —v)2.
PrROOF OF THEOREM 1.2. Let p > 1. It is well known that

1 -1
(2.18) xV/P y1-YP = inf <—f + p—= ybl/(p_l)) forany x >0, y > 0.
>0\ p b p

The remaining part of the proof is along the same lines as that of Theorem
1.1, just by using (2.18) instead of (2.1), so the details are omitted here.

3. Self-normalized moderate deviations. Let {x,, n > 1} be a se-
guence of positive numbers with x,, — oo as n — oo. Essentially, Theorem 1.1
gives us the asymptotic probability of P(S, > x,, V,,) when x, < \/n. A natu-
ral question is whether we have an analogous result for general {x,, n > 1}
without any moment conditions. The following theorems give an affirmative
answer to this question.

THEOREM 3.1. Let{x,,n > 1} be a sequence of positive numbers with x, —
oo and x, = o(y/n)asn — oo. If EX =0and EX?I{|X| < x} is slowly varying
as x — oo, then

(3.1) lim ;2 In p(% . x) _ _;

The result is closely related to the Cramér (1938) large deviation. It is
known [cf. Petrov (1975)] that

1
lim x,2 In P('S"l > xn> =_=
n—00 \/ﬁ 2

holds for any sequence of {x,} with x, — oo and x, =o(y/n) if and only if
EX =0, EX?=1 and Eexp(ty|X|) < oo for some #,>0. Theorem 3.1 shows



SELF-NORMALIZED LARGE DEVIATIONS 293

again that the situation is quite different in the self-normalized limit theo-
rems. It tells us that the main term of the asymptotic probability of P(S, >
x, V) is distribution free as long as X is in the domain of attraction of a nor-
mal law and x,, = o(4/n). Our next theorem demonstrates that P(S, > x,V,,)
has the same exponent power up to a constant when X is in the domain of
attraction of a stable law.

THEOREM 3.2. Let {x,, n > 1} be a sequence of positive numbers with
x, — oo and x, = o(y/n) as n — oo. Assume that there exist 0 < a < 2, ¢; >
0, ¢, >0, ¢; + ¢, >0 and a slowly varying function A(x) such that

P(X >x)= h(x) and

Cq + 0(1)
(3.2) Xt

P(X <—x)=

%’S(l)h(x) as x — oo.

Moreover, assume that EX =0 if 1 < a < 2, X is symmetric if « = 1 and that
¢y > 0if 0 < a < 1. Then, we have

(3.3) lim x,2 In P<% > xn> = —B(a, c1, C2),

n—oo
n

where B(a, ¢4, ¢,) is the solution of I'(B, a, ¢;, ¢;) = 0 and

F(B7 «a, Cq, CZ)
© 14 2x —exp(2x — x?/B)
clf poree) dx
© 1 —2x —exp(—2x — x%/B .
+02/0 xa(+1 )dx, ifl<a<?2,
(3.4) 00D _ —x2/B8) — o a2
_ 01/ 2 —exp(2x — x /[3)2 exp(—2x — x</B) de. if a=1,
0 x
1 —exp(2x — x%/B)
Cl/ xat+l dx
© 1 - —2x — x?
+ 02/0 eXp(ani */B) dx, if0<a<l
In particular, if X is symmetric, then
(3.5) lim x,2 In P<% > xn> = —B(a),
where B(«) is the solution of
oo D _ 2 _ _ a2
/ 2 —exp(2x — x°/B) — exp(—2x — x°/B) dx =0,
0 xa+l
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More generally, corresponding to Theorem 1.2, we have Theorem 3.3.

THEOREM 3.3. Assume that thereexist0 <a <2, ¢; >0, ¢, >0, ¢;+¢, >0
and a slowly varying function i(x) such that (3.2) holds. Moreover, assume
that EX =0ifl <a <2, X issymmetricifa=1and thatc; >0if0 <a < 1.
Let p > max(1, @), and let {x,,, n > 1} be a sequence of positive numbers with
x, — oo and x, = o(nP~Y/P) as n — oo. Then, we have

/(D= S
(36) lim xnp/(P Y In P(V_n = xn) = _(p - 1)Bp(a, C1, 02)9
n— o0 n,p
where B ,(a, ¢1, ¢;) is the solution of ' ,(8, @, ¢4, ¢;) = 0 and

Fp(B’ «, cl7 CZ)

> 1+ px —exp(px — xP/BP~)
01/ anrl dx

ifl<a<?2,

> 1 — px —exp(—px — xP/BP1)
+ 02/0 o+l dx’

(3.7) _Ja /Ooo 2 —exp(px — xp/ﬁpfllz— exp(—px — xp/Bpfl)

dx,
if a=1,

00 1 _ xP/BP-1
Cl / 1—exp(px —xP/BPY)

0 xotl

00 1 _ _ xb/Bp-1
bo, [ LZORCRE B

il if 0<a<1.
0 o

In particular, if X is symmetric, then

(3.8) lim 2,”/* Y In P(VS” > xn> = —(p-1)B,(w),
n—oo n’p

where g ,(«) is the solution of

=0.

* 2~ exp(px — x7/B" ) —exp(—px — x/B"Y)
_/0 xotl x

REMARK 3.1. Itiseasy to see thatI' (B, a, ¢4, ¢;) is strictly decreasing and
continuous on (0, oo) and by the I'Hépital rule that

limI’ = and |imTI' (B, «a,cq, = —00.
810 p(Baa) 01’02) 00 Btoc p(B a, Cy CZ) 00

So, the solution of T',(B, @, ¢, ¢;) = 0 exists and is unique.
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4. Proofs of Theorems 3.1, 3.2 and 3.3. Recalling that a positive func-
tion A(x) defined on x > a for some a > 0 is said to be slowly varying (at oo)
if for all ¢ > 0,

. h(tx)
xll—>rgo h(x) =1

The following properties of a slowly varying function A(x) are well known
[cf. Karamata (1933), Feller (1966) and Bingham, Goldie and Teugels (1987)]
and will be utilized in the following proofs.

(H1) A(x) is representable in the form h(x) = c(x)exp(/; (a(y)/y)dy),
where ¢(x) — ¢ > 0, for some ¢, and a(x) — 0 as x — oo.

(H2) For 0 < ¢ < C < oo, lim,_,  (h(tx))/h(x) =1 uniformlyinc <t <C.

(H3) V&>0, lim,_,  x¢h(x)=0and lim,_,  x°h(x) = oco.

(H4) For any ¢ > 0, there exists xy such that for all x, xt > x,,

(1- 8)<t\/ %>_ < };L((t;)) <(1+ s)(t v %)

‘};L((tg) ~1f=2((ev %> -1).

(H5) Forany 6 > —1, [~ yh(y)dy ~ (x""*h(x))/(6 + 1) as x — oc.

PROOF OF THEOREM 3.1. It suffices to show that

S 1

(4.1 limsup ., In P(V—z > x) <2
and

. S 1

(4.2) liminf % In P(V_z > xn) > -3

The idea of the proof of (4.1) comes from Griffin and Kuelbs (1989). Put

I(x) = EX?I{| X| < x}, b =inf{x > 1: I(x) > 0},
(4.3)

By an elementary argument and the assumption that x2 = o(n), it is plain to
see that

2
n

44) z,—>o00 and nl(z,) = xfl z¢ for every n sufficiently large.
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Since EX?I{|X| < x} is slowly varying,

(4.5) P(|X| = x) = o(l(x)/x%), E|X|I{|X| > x} = o(l(x)/x)
and
(4.6) E|X|*I{|X| < x} = o(x*72I(x)) for each k& > 2

as x — oo. Forany 0 < ¢ < 1/2, we have

P(% > xn> < P(i >x,, V, > 0) +P(V,=0)

n

I A

(i X 22} = G- om, V)

IA

i=1 =1

@) P L HIX| > 2,) = 242 + PX =0y

i=1

IA

P(( XXX =20} = (L= 0P nl(z,)

i=1

+P( LXK <) = (- oGz

i=1
+ P<Zl{|Xi| >z,} > ezxi) + P(X =0)"
i=1
From the elementary inequalities
2 | |3 2
V x € R, e” <1+x+?+?e and e* <1+x+2 el*l,

it follows that for arbitrary bounded random variable ¢,

EZ E 3,¢
(4.8) Eef <1+ E¢+—+ |§;|e

and

E &2 elél
(4.9) Bef <1+ Ee+ 28

(Z XX, > 22) = 62, V, V= 0) 4 P(X =

P(i XX, <2} > (1 s)xn{ Y X2I{|X,) < 2,)

o)y

)
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By (4.4), (4.5), (4.8) and (4.6),

J, < exp(—%(l — &)z, \/n l(zn)>Eexp< S X, I{|X,] < zn})

n =1
= exp(—(1 - o222 Bexp( S X141X] <2} ) )

EXI{|X| = 2} EX?I{|X] < 2,}

n

< exp(—(1— s)2x§)<l +

n 22,21
L eEIXPH|X]| < zn})”
623
X
= exp(—(1 — s)zxg)<1 _EXHIX| >z} léz’;)
(4.10) n 22
L eEIXPH|X] < zn})”
623
l l n
< exp(—(1— a)2x§)<1 + 2(22) 4 O( (Zzg)))

< exp(—(1 - g)zxi)EXp( 21( 2n) o<n %))

— exp(—(1 - e)x Z)exp( o2 ))

= exp(— ((1 — &)’ — ;)xz + o(xi)).

As for JJ,, similar to the proof of (4.10), using (4.9) instead of (4.8), we get

Jo = P(ZEX?I{IXiI <z - XIH|Xi|<2,} > snl(zn)>

1=1

< exp(-nl(e)/Eep( Y EXPIX| < 2) - XX, < 2,))

n ;=1

_ exp(_xfl)<Eexp<8iZ (EX2I{|X] < 2,} - X*I{|X| < zn})))n

EX*I{|X| < z,}
2622%

LIS n)/zn))

< exp(—x;,) eXp(O(nl(Zn)/zn))
= exp(—a, + o(x7,))-

< exp(—xi)(l + eXp(l/é‘))n

< exp(—xi)<1 +
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We next estimate /5. Recalling that }_7 ; I{|X;| > z,} has a binomial dis-
tribution and applying (2.8) again, we obtain from (4.5) and (4.4) that

£2x2
J, < <3nP(|X| > zn))

= 2,2
£2x2

- <°<l(5_2)) 82,,;6%>er£ = (0(?)

Now (4.1) follows from the above inequalities and the arbitrariness of ¢.
To prove (4.2), we need the following two lemmas.

LEMMA 4.1. Let {¢, &,, n > 1} be a sequence of independent random vari-
ables, having the same nondegenerate distribution function F(x). Assume that

H :=sup{h: Ee"* < 00} > 0.
For 0 < h < H, put
m(h) = E¢e"* JEe™, o?(h) = Eg2e™ JEe — m?(h).
Then

@11) P(S 6= nx) = HEew(he))" exp(-nhm(h) — 2ho(h)A)
i=1

provided that
(4.12) O<h<H and m(h)>x+20(h)/Vn.

ProOOF. Let
— 1 C oy
V(x) = 3 Lwe dF(y).
Consider the sequence of independent random variables {7, n,,, n > 1}, hav-
ing the same distribution function V(x). Denote by F,(x) the distribution

function of the random variable (X", (n; — En;))/y/nVar n. In terms of the
conjugate method [cf. (4.9) of Petrov (1965)], we have

o0}

n
P( E > nx) — (Eehé)rg—nhm(h) e ho(WtVn g7 (4.
i:zl ‘ (Ee™) Lm(h)—x)ﬁ/n(h) (0

By (4.12) and the Chebyshev inequality,

00 2
/ e MMV GR,(8) = [ e M MVT AR, (2)
—(m(h)=x)V/7/ (k) -2

Xn:(ni — En;)

> e—ZhU(h)ﬁP(
i=1

< 2\/n Var n)
3 —2ho(h)Jn
> e ( )«/7

This reduces to (4.11). O
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LEMMA 4.2. Let
O<e<1/2, b,=1/z,, ¢=¢(,=2b,X—-b2X% h:=h,=(1+¢)/2,

where z,, is defined as in (4.3). Then, under the condition of Theorem 3.1,

(4.13) Ee" =1+ &(1+ &)x2/(2n) + o(x2/n),
(4.14) Egeht = (14 2¢)x2/n + o(x2/n)
and

(4.15) E&%e" =442 /n + o(x2/n)

as n — oo.

PrOOF. Note that
(4.16) hé=h(1-(b,X-1)°)<h <1l
In terms of (4.5), we have
Eeht = EeMI{|X| > z,} + Ee" I{|X| < z,)}
(hf)2
(4.17) =0(l(2,)/22)+ E( 1+ hé+ ~— ) I{|X| < 2,}
+ E<eh§ —1—hé— (h§)2>1{|X| z,}.

From (4.4) to (4.6) it follows that

<1 + hé+ (h§)2>l{|X| <z,}

=1-P(|X|> z,) - 2hb, EXI{|X| > z,} — hb3l(z,)
+ 2262 1(z,) — 2R*b3EX3I{|X| < z,}
RPO2EXAI{|X| < 2,}
(4.18) 2

= 1— hB2l(z,) + 2h2B21(z,) + o< (Z")> +hb, ( (Zn))

n n

+ 122 0(2,1(2,)) + h?b20(221(2,))
=14+e(1+ s)bfll(zn)/Z + O(bfll(zn))
=1+ e&(1+ &)x%/(2n) + o(x%/n).
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Similarly, by using the inequality |e* — 1 — x — x?/2| < |x|3el*l,

2
'E(exp(hg) —1—hé— @)I{IXI <2z,}

< E|héP exp(h|EDI{|X]| < 2,}
4.19) < A4RPEexp(h(1+ (b, X — 1)?))(8by| X |° + b5 X)I{| X| < 2,}
<4hPexp3E(8b3|X[° + b3 X°)I{|X| < z,}
< 4h®exp3(b5 0(2,1(2,)) + b, 0(2,1(2,,)))
= o(b% U(z,)) = o(x3/n).

This proves (4.13), by (4.17), (4.18) and (4.19).
To estimate E&e"¢, write

Ege" = E&eMI{|X| > 2,} + EE(L+ héE)I{|X| < 2,}
+Eg(e" —1- h)I{|X| < 2,}.
Noting that sup_.,_,-; |x|e* = e, we have
|E£e" I{|X| > 2,}| < h ' Eh|é[™I{|X]| > 2,}
<heP(X|> 2,)
= hto(U(2,)/27)
= o(x3/n)
by (4.16) and (4.5). Similar to (4.18),
E£(1+hOI{| X < 2,} = (1+2e)a7/n + o(a} /).

In terms of the inequality that |e* — 1 — x| < x2e!*l, along the lines of the proof
of (4.19), one can get

Eé(e" —1 - hO)I{|X| < z,} = o(x5/n).

This reduces to (4.14). The proof of (4.15) is similar to that of (4.14) and
so is omitted here. O

We are now ready to prove (4.2). Let b,,, h and ¢ be defined as in Lemma
4.2. Put

& =2b,X,; —b2X2, i=1,2,....
By (2.2) we have

P(i > xn) > P<Sn > %(bﬁvﬁ + xi))

P<Xn:§i = x,%)
i=1

(4.20)
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Let
m(h) = E&e"*JEel, o?(h) = E&%e" /Ee" — m?(h) and x=x2/n
in Lemma 4.1. From Lemma 4.2 it is clear that

m(h) = (1+2¢e)x3/n + o(x3/n),

Ege" — (x5 /n)Ee" = 26 x%/n + o(x%/n)

and

o(h)(Be")Y?  2(1+0(1)x, /A <x2>
N B ND S\ n )
Therefore, (4.12) is satisfied for every sufficiently large n. By Lemma 4.1 and
(4.13),

P( i - xi) > 3(E exp(h¢))" exp(—nhm(h) — 2ho(h)v/n)

> Sexp(e(1 + €)22/2 — h(1+ 2¢)22 + o(22))
= 3exp(—(1+ £)%x% /2 + o(x?)).

This proves (4.2) by (4.20) and (4.21) and the arbitrariness of . The proof
of Theorem 3.1 is now complete. O

REMARK 4.1. Along with the above proof we have actually proved that the
convergence in (3.1) is uniform: for arbitrary 0 < ¢ < 1/2, there exist 0 < é <
1, xo > 1 and ng such that for any n > ny and x; < x < §/n,

exp(—(1 + £)x?/2) < P(% > x) < exp(—(1 — £)x?/2).

n

REMARK 4.2. By using the Ottaviani maximum inequality and according
to the above proof, one can obtain that under the condition of Theorem 3.1, for
any 0 < ¢ < 1, there exist 0 < 6 < 1, x5 > 1 and ngy such that for any n > n,
and x, < x < 8/n,

— — 2
P(ng‘gén ‘S,—}; > x> < em(%)

To prove Theorem 3.3, we start with some preliminary lemmas. For the sake
of convenience, statements below are understood to hold for every sufficiently
large n. Let

(4.22) gq=p/(p—1), y,=x]/n
and let z,, be a sequence of positive numbers such that

(4.23) h(z,)z,* ~y, asn— oo.
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LEMMA 4.3. Under the conditions of Theorem 3.3, we have

(4.24) E|X|PI{|X]| < x} ~ wxp—“h(x),
—
(4.25) XX > o0~ X4t aapy it 1caxo,
1
-

(4.26) E|X|I{|X] < x} ~ Mxl—ah(x) if0<a<l,

—
(4.27) P(X]| 2 x) ~ 2 ()
as x — oQ.

The proofs are straightforward and so are omitted here.

LEMMA 4.4. Let 2? < D < oo. Under the conditions of Theorem 3.3, for any
2P <t < D and every sufficiently large n

(4.28) Eexp(—tz;?| X |P) < exp(—(c; + ¢,)t*/?P)y, /150).
PrROOF. Integration by parts leads to

1 Eexp(—t2,7|X|?) = p [ x"Lexp(—x?)P(|X| = x2,t7)dx
0

t1/p

> p/l xPLexp(—xP)P(|X| > x 2, t ¥/?) dx.

By (4.27), (H4) and (4.23),

ti/p

p/ 2P Lexp(—xP)P(|X| = x 2, t V/P) dx
1

t1/p

> (1/2)p(c1 + ¢5) / xPtexp(—xP)(x 2, t VP) “h(xz,t V/P)dx
1
ti/p
= (1/2)p(cy + cy)t*/ P2 / xP 1 h(xz, tYP)exp(—xP) da
1
2
> (1/2)p(ey + )Pz, *h(z, t_l/p)/ xP~ 17 2% exp(—xP) dx
1

2

> (1/32)(cy + ¢)t* Pz “h(z, t’l/”)/ pxPtexp(—xP)dx
1

> (1 + ¢)tY Pz *h(z, t+/P)/140

> (c1 + )t/ PP 2 h(2,)/145

> (1 + ¢)t¥@P)y /150,

Now (4.28) follows from the above inequalities. O



SELF-NORMALIZED LARGE DEVIATIONS 303

For ¢ > 0, put

o 1 4 ptx —exp(t(px — x?
cla/ anr(l ))dx

1 — ptx — t(—px — xP
e [ LRI

porr , Ifl<a<?2,

0 2 —exp(t(px — xP)) — exp(t(— px — x?
4.29) (t) = 01/0 (t(px —x )362 (t=px=x") ,
ifa=1,

oo 1 — — xP
Cla/ 1 —exp(t(px —xP)) .

xa+1

if0<a<1.

o 1 —exp(t(—px — xP
+czaf0 (iaﬂ ) dx,

Clearly, we have

Gl poe

/°° (p+ xP 1) exp(t(—px — xP)) — p I
0

/°° p—(p — xP H)exp(t(px — xP)) da
0

+C2a
x* ]
ifl<a<?2,

[ (xP~1 — p)exp(t(px — xP))
o [ [

(4.30) Y(1)= x

R xP~1) exp(t(—px — xP))

dx, ifa=1,

x
00 p-1 _ — 4D
cra / (x p)exp(t(px — x%)) .
0 x®
00 p-1 _ ]
—i—cza/ (p+xPHexp(t(—px — x ))d
0 x

x, If0<a<l1

and

oo _ b 1)2 — 4P
_cla/ (p—xP7%) effl(t(px ) 1o
0 X

~epa /0°° (p + xP~ 12 exp(¢(— px — xP)) 4

pors x, ifl<a<?2,

—ar [ [Pt = pexp(e(pr — 37))
+ (2 + x)? exp(t(— px — x*))] dx, ifa=1,

(2771 — p)® exp(¢(px — xP))
—cla/O por dx

4.31) y'(t) =

o0 p—1)2 _ — xP
g [T B O pr=a))
0

, fO0<a<l.
xa

The next two lemmas play a key role in the proof of Theorem 3.3.
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LEMMA 4.5. Let
£:=¢& =pbX — |bX|P, b>0

and let 0 < d < D < oco. Under the conditions of Theorem 3.3, as b | 0,

(4.32) 1— Ee' = y(t)b*h(1/b) + o(b*h(1/b)),
(4.33) E¢e'® = —b*h(1/b)Y/(t) + o(b*h(1/b))
and

(4.34) Eg% e’ = —b*h(1/b)y"(t) + o(b*h(1/b))

for any d <t < D, where y(¢) is defined as in (4.29) and the constants implied
in o(-) do not depend on ¢.

PrROOF. We divide the proof into three different cases.
Casel. 1<a<2. Since EX =0,
1-Ee' = pt/ P(X > x/b)(1 — (1 — xP ) exp(t(px — xP))) dx
0

(4.35) +pt /OOOP(X < —x/b)(—1+ (1 + 2P VY exp(t(—px — xP))) dx
=1, + 1,
Let 6 = (1+ « max(1/2,1/p))/2. Then
amax(1/2,1/p) <6 <1

and
I, = pt /Obe P(X > x/b)(1 — (1 — xP Y exp(t(px — xP)))dx

+ pt [:o P(X > x/b)(1 — (1 — xP Y)exp(t(px — xP))) dx
b
= Il,l + 11’2.
It is easy to see that for ¢ > 0 and x > O,
11— (1 - x”"!)exp(t(px — xP))|
< |1 —exp(t(px — x))| + 2P~ exp(t(px — xP))
(4.36) < min(1+exp(¢(p — 1)), x K ,exp(tp))
+min(x? L exp(t(p — 1)), K ,(1 + £*7) exp(¢(p — 1))
< K, (1+t""P)exp(tp)min(1, x + xP71)
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for some constant K, depending only on p. From (4.36) we obtain

bH
Liyspt| Kye?(1+87)(x+xP ) dx
0
< pK,D(1+d*P)ePP(b?" + bP") = o(b*h(1/b)).
In terms of (3.2), (4.36) and (H4), we get

Lo=pt [ SR G 1 vty exp(epx - 7))

c, 6% h(x/b)

+o) [ 1= (1 - x")exp(t(px — x7))| dx

°° 1-(1—xP"h)exp(t(px — 2P))
xa

h(x/b)  \1— (1 xP)exp(t(px — xP))
(h(l/b) 1) x d

= ptc,b*h <

)

+ ptc b*h ( )

T o(1)bh <Z>(1+t1 Pyexp(wp) [ h<x/b)r2(a:§;;+ 1)
1
)

— pte,b®h ( /Ooo 1- Q- hexppr—a) ;o o(1)bah<%)

xa

ap (L h(x/b) 1—(1—xP)exp(¢(px — xP))

+ ptesd <b> (h(l/b) 1) xe o
ap (L 1-

+o(1)b <b>(1+t ) exp(tp)

00 min(p—a,a—1,2—a)/2 min(1 p—1
xf (x—i——) (Lt )d
b? x

-
— ey ) [ HEE SR v oy
epren() [(MGlD) ) Im Ao Dol m ),

by an integration by parts. Use (H4) and (4.36) again, for any 0 < e < min(2—
a,a—1,p—a)/2,

/‘X’ h(x/b) 1| ‘ 1—(1—xPYyexp(t(px — xP)) 4
b | R(1/D) X

%) & i p-1
<2K,(1+ tl_P)exp(tp)/bH ((x v %) - 1) min(1, ;‘j ) da

<2K,(1+ dl_P)exp(pD)/ooo((x v %) - 1)

min(1, x + xP~1) 4
xa
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Since

00 € i p-1
lim ((xv%) _l>m|n(1,x+x )dx=0,

£l0 Jo x“

the above inequalities yield

437) I,= aclb"h<l) /oc 1+ ptx —exp(t(px — xP)) et o(l)b“h(i).
b)Jo b

xatl

Similarly, we have

(438) 12 — aczbah<%> AOO 1- ptx — eXp(t(_px — xp)) dx + O(l)bah<%>

xat+l

This proves (4.32), by (4.37) and (4.38).
As for E&ett, notice that

Ege't — p/OOO P(X = x/b)((1 — 2P Y)(¢(px — xP) + 1)
x exp(t(px — xP)) — 1) dx
(4.39) N
+ p/o P(X < —x/b)((1+ xP Y)(t(px + xP) — 1)
x exp(t(—px — xP)) + 1) dx.

Similar to (4.37) and (4.38), one can obtain that the right hand side of (4.39)
is equal to

X
xo

peten(2) [ xP7)(t(px = x7) + D exp(t(px — a7) -1

dx

) /°° (14 2P H)((px + xP) — 1) exp(¢(—px — xP)) +1
0 x“

+ pczbah<%
) /000 % ((px — xP)exp(t(px — xP)) — px) dx

1 © 1
T epb®h —) [ 2 ((=px— ) exp(t(—px — x7)) + px) dx
b)Jo x-

wy  wo(a(2))
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ar (L) 2 (p—xP ) exp(t(px —xP)) — p
— acyb h(g> /0 dx

+ aczb“h<%) fo‘” (—p - xp‘l)x:Xpii(—px —NFP 4y
(o)
o)

as desired.
The proof of (4.34) is along the same lines as that of (4.32). One has

Bee = [ P(X = 3 )(px — " Poxp(e(px — 7)) da
+ /OOO P(X < %x)((px + xP)2 exp(t(— px — 7)) dx
_ clbah@) i T (px — xPY2 exp(t( px — xP))Y dx
+ czb“h<%> /OOO 2 ((px + xP)? exp(t(— px — xP))) dx
o)
acirn(1) [ PR,

xa—l

smar(2) [ 0 ()

xa—l

= —b"h(%>7”(t) + o<bah(%>>,

as desired.

Case 2. «o = 1. Since X is symmetric,

L- Eexp(t¢) = - [ (1— exp(t(px - x7))) dP(X = x/b)
~ [T (@ exp(t(~ px — £)) dP(X = —x/b)
= — /000(2 —exp(t(px — xP)) — exp(t(— px — x?)))dP(X > x/b)

= /OOOP(X > x/b)(2 — exp(t(px — xP)) — exp(¢(— px — xP))) dx.

The remainder of the proof is almost the same as in Case 1.
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The proofs of (4.33) and (4.34) are similar and so the details are omitted
here.

Case 3. 0 < a < 1. In this case, note that

1— Eett = — /0°°(1 — exp(t(px — xP)))dP(X > x/b)
— [T @ = exp(t(—px — x°)) dP(X = —x/b)
_ /O Y P(X > x/b)(1 — exp(t(px — xP))) dax

+/ P(X > x/b)(1 — exp(t(—px — xP))) dx.
0
The rest of the proof is along the same lines as in Case 1. O

LEMMA 4.6. Let 0<d <D < oo. Then, under the conditions of Theorem 3.3,

sup infexp(—tcy,)Eexp(t(pbX — [bX|?))
(441) 0<b<D/z, >0

S exp(_Bp Cyn + O(yn))

for every d < ¢ < D, where B, := B,(a, c1, c;) is defined as in Theorem 3.3,
z, and y, are as in (4.22) and (4.23) and the constant implied by o(y,) is
uniform in ¢ € [d, D].

PrROOF. Let O < 6 < d. From (4.32) it follows that for 0 < b < §/z,,
Eexp(3B,(pbX — [bX|P)) =1 —v(3B,)b"h(1/b) + o(b"(1/b))
< exp((|7(3B,)| + 1)b*(1/b))

< exp(cBpya),
provided that é is chosen to be sufficiently small, and that »n is large enough;
here and in the sequel K and K,, K,, ... denote positive constants which
depend only on «, p and other given constants, but may be different from line
to line. Therefore, there exists 6 > 0 such that

sup infexp(—tcy,)Eexp(t(pbX —|bX|?))
0<b<b/z, t>0

(4.42) < sup exp(—S,Bp cy,)E exp(3ﬁp(pr —16X1|7))
0<b<d/z,

<exp(—=2B,cy,).
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Next estimate sup,,, -p<p,., iNf.oexp(—tcy,)Eexp(¢(pbX —[bX]P)). Let
v(t), ¥'(t) and y"(¢) be defined as in (4.29), (4.30) and (4.31), respectively. In
view of (4.31) and the fact that

Y'(t) <0 fort >0, limy(¢)=o0c and limy/(¢) = —oo,
t|0 ttoo
there exists a unique ¢, such that
/ YnC
4.43 t) = — )
( ) Y (2) bah(z,)
Since

dynzy _ _YnC _ Dynzy _

D*h(z,) ~ b*h(z,) ~ 6*h(z,) ~
for §/z, <b < D/z,, we have

0<Kl§ K2<OO

K, <t, <K,
Applying (H2) and (4.32) again, we obtain

sup infexp(—tcy,)Eexp(t(pbX — |bX|P))
8/z,<b<D/z, t>0

< sup exp(—tycy,)Eexp(f,(pbX —[bX|"))
8/z,<b<D/z,

< sup exp(—tycy, — ¥(t,)b"h(1/b) + o(b"h(1/b)))
8/z,<b<D/z,

< S exp(—t 3 = V(BB h(z) + V(1) R(z)0() + 0(7,)
/an = Zn

< sup exp(—tycy, — v(t,)b*h(z,) + o(y,)).
8/z,<b<D/z,

Let
8(b) = —tycy, — v(8p)b"h(z,)
and b, be such that ¢, = B,. Noting that y(¢) = at*I',(¢, a, ¢, ¢;), We have

¥(t,) = 0.
By (4.43),
>0, ifb<by,
g'(b) = —y(t,) ab* *h(z,){ =0, ifb=by,
<0, ifb> by,

for ¢, is a decreasing function of b, and y(t)/¢t* is a decreasing function of
t. Thus, g(b) achieves the maximum at b = by and g(by) = —B,cy,. Conse-
quently,

sup infexp(—tcy,)Eexp(t(pbX — |bX]|P))
(4.44) 8/2,<b<D/z, >0

= EXp(—Bp CYn + O(yn))
This proves (4.41) by (4.42) and (4.44). O
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PROOF OF THEOREM 3.3. Let B, = B,(a, ¢y, c;). We first show that for any
O<e<l1/2,

S —
(4.45) P(V > xn> <exp(—(L—&)(p—1)B, xi/ ")

n,p

provided that n is sufficiently large.

Letg = p/(p—1), y, and z, be defined as in (4.22) and (4.23), respectively,
and let0 < 6 < A < oo. The values of § and A will be specified later on; & will
be very small, while A will be sufficiently large. Similar to (4.7),

S
o5 =)
Sy
>x,, 8x9Pz, <V, < Ax¥Pz,
V » n s D n
S,

n,p

> %y Vi p> Ax‘}/p zn> +P(V, , < sz/” z,)

q
< p(Sn> o BV, P+ xi/q)

i b ,0x8/P 2z, < Vop < Axy/P zn)
b= xnp/V

n q
> XX < Az} = 25

(4.46) <
“#(x

n %
> XX = Az = 5 ) 4 PV, < 0517 2,)

<P

. ((BV1, )" + (P~ Daf)
pS, 1/(Az,)<b=<1/(52,) b

n q
P L XHIX < Az 2 2552)

i=1

+ P<ZI{|X |> Az} > <x2 )q) +P(V, , <8287 2,)

=1
From (2.8), (H4), (4.27) and (4.23) it follows that

q xh /29
T, < (2 enP(|X| > Azn))

X9

_ (A(er + c)h(Az,) )
- Avzdy
4.47 .
A < 5q<c1+cz>h(zn> /2
- Aa/ZZoz
< (6%(cy + )/A“/Z)’“Z/”
< exp(—2(p — 1)B, x9),
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provided that A is large enough. Let

—1+a/(2p)

600(p — 1 2p/a ¢
t, = max{2?, 600(p ~ 1B, and 8”7 = (e + ca)tp
Cq + Co 300

From (4.28) it follows that
T, < exp(tyz,” o6 x} 20 )E exp(—t,z," V] ,
= exp(t, 87 xu)(E exp(—t,z."| X|P))"
(449) < exp(t,87x) — (cy + c)n ty ?Py, /150)
< exp(=2(p — 1)B,x]

by the choice of £, and §7.
We next estimate T',. It is easy to see from Lemma 4.3 that

Y |EX {|X;| < Az,}| = n|EXI{|X| < Az,}|

=1
nE|X|I{|X|> Az,}, ifl<a<2,

<130, if a =1;
nE|X|I{|X| <Az}, if0<a<l,
(4.49) 2naey + ) (Az)' “HAzm)/(@=1. fl<a<2
— ) a = ,
2na(c, + ¢,)(Az,) " “h(Az,)/(1—a), ifO0O<a<1;
2na(e, +cp) AT 22 () /(a = 1), ifl<a<2,
=< 07 |f o = 1,
2na(ey +cp) A2 (2,) /(1 — @), ifO<a<1;
<Axlz, /A

Similar to estimating J; in (4.10), by (4.24) (with p = 2 there), (H4) and (4.9)
we have

n Axlz,
T,<P| Y X;I{|X;| <Az,} - EX,I{|X,| < Az,} > 2

i=1

<exp(—4(p —1)B,x]

x (E exp(%<X1{|X| < Az} — EXI{|X| < Azn}>>)n

<exp(—4(p—1)B,x}

_ 2
(4.50) x (1 + (16(’;—21)[3‘) exp(32(p — 1)B,) EX2I{|X| < Azn}>
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= exp(_4(p - 1)ﬂpxg

y (1 + (%)2 exp(32(p — 1)B,)

n
% Za(Cl + Cz)
2—«

< exp(—4(p —1)B,x]

(Azn>“h<Azn>)n

x (1 +(16(p — 1)B,,)’ exp(32(p — 1)B,)

22—«
<exp(—4(p —1)Bpx)(1+2(p —1)B,y,)"
<exp(—2(p —1)B,x}),

provided that A is chosen sufficiently large.
Finally, we consider T';. Let

0=(1—-¢/2)""% and b;=0'/(Az,), j=0,1,2,....
It follows from Lemma 4.6 that

Ty=P( sup  (pbS, bV ,)= (p—1)xi)
1/(Az,)<b<1/(8z,) ’

x 201(01 + CZ)A_a/ZZ,_Lah(Zn)>

<P max su bS —bPVP )> —1)x4
< (0<j<IOgH(A/5)bj§b£M(p n np)=(p-1) n)

. _ p p _ 2
= P<Osjsrpnga:((A/a)(pb”18k biVy) = (p 1)xn>

IA

> P(pob;S,—bIVE = (p—1)xi)

0<j<log,(A/3)

= . IZ(A N P(p(b;/67 )8, — (b;/67 )PV |, = (p—1)(x,/6)7)
<j=log,(A/

(451) < (1+logy(A/8)) up )P(pbsn —bPV? > (p—1)(x,/6)%)
0<b<1/(6z,

< (1 +1logy(A/5))

x sup infexp(—t(p —1)(x,/0))E exp(t(pbS, — b*VE )
0<b<1/(8z,) >0 ’

< (1 +log,y(A/5))

x ( sup infexp(—t(p — 1)y,/09)E exp(t(pbX — |bX|P)))"
0<b<1/(8z,) >0

< (1 +logy(A/8))exp(—(p — 1)Bpny,/0% + o(y,)n)
= (1+log,(A/8))exp(—(p — 1)B,x7/67 + o(x7))
= (1+log,(A/8))exp(—(p — 1)B,(1 — &/2)xf + o(x})).
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Putting the above inequalities together yields (4.45) immediately.
Based on the same idea as in the proof of (4.2), we next show that

(4.52) P(VS” > xn> > exp(—(1+&)(p —1)B,x}).

n,p
Recalling that y(¢) = at*I',(¢, «, ¢1, c;), we have y(B,) = 0. Since y(¢) is
concave on (0, co) and lim, o y(¢) = 0, it follows from y(g,) = 0 that y'(8,) <
0. Let 6 = ¢/3 and vy'(¢) be as in (4.30). Put
1+ ¥)(p - 1)yn>1/“
Y (Bp)h(zy) ’

¢=pbX — |bX|P, & =pbX,—|bX,)P, i=1,2,....

b:zbn’az(

Applying (2.18) again, we have

pyP _ q n
Vn,p bp i=1

Below we verify the condition (4.12). Let m(-) and o(-) be as in Lemma 4.1.
From (4.23) it follows that

1 @A+ -D\Y

e ) I
By Lemma 4.5, (H2) and (4.23), we obtain

Eexp(By¢) =1+ 0(y,),

E&exp(Byé) = (1+8)(p — 1)y, + 0(¥y),
(E&%exp(B,£))"%/Vn = O(/¥u/Vn) = o(y,)
and hence
m(Bp) = (l + 6)(p - 1)yn + O(yn)7

U(Bp)/\/ﬁ = O(yn)
Thus, the condition (4.12) is satisfied with 2 = B,,. Therefore, by Lemma 4.1,
P( Z fi zn (p - 1)yn> = %(E eXp(Bpg))n exp(_nﬁpm(ﬁp) - Zpr U(:Bp)\/ﬁ)
i=1
= Jexp(o(y,)n —n(1+8)(p—1)B,¥,)
> exp(—=(1+&)(p — 1)B,x7),
as desired. O

REMARK 4.3. Similar to Remark 4.1, the convergence in (3.6) is uniform:
for arbitrary 0 < & < 1/2, there exist 0 < 6§ < 1, x4 > 1 and ng such that for
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any n > ng and xg < x < 84/n,

exp(—(1+ &)(p — 1)B (e, c1, c3)xP/(P~D)

<P( Sy >x>
< Vn,p =

<exp(—(1—&)(p —1)B,(a, c1, c;)aP/(P7D).

5. Self-normalized law of the iterated logarithm. As we mentioned
in Section 1, Griffin and Kuelbs (1989) established an amazing self-normalized
law of the iterated logarithm for any i.i.d. random variables in the domain of
attraction of a stable law. Equation (1.2) quoted in Section 1 is just a special
case of their general result. But, the constant C in (1.2) is unknown. Applying
Theorem 3.3, we are able not only to compute the precise constant C but also
obtain a law of the iterated logarithm for S,, normalized by V,, .

THEOREM 5.1. Under the conditions of Theorem 3.3, we have

S
(5.1) limsup L
n—oo (loglogn)(P=V/PV,

=((p = VBpla, c1, )PP as.
In particular, if X is symmetric, then

(5.2) limsup

n—00 (IOg |Og n)(;fl)/l’vn p - ((p N ]_)pr(a))(l*P)/p a.s.,

where B ,(a, ¢;, ¢;) and B(«) are defined as in Theorem 3.3.
To prove the upper bound of the lim sup, we need a strong version of (4.45).

PROPOSITION 5.1.  Under the conditions of Theorem 3.3, forany 0 < & < 1/2
there exists 0 > 1 such that

S —
(5.3) P( max - xn> <exp(—(1—&)(p—1)B,(a, ¢y, cy)al/? l))
n<kr<bn k p

for every n sufficiently large.
PROOF. Letg= p/(p—1)and n=(1-(1— &/2)/(9)/3. Clearly,

P( max VSk > xn> < P<Vsn >(1- 377)xn>

n=k=6n Vg, p n,p

(5.4)

S, - S
Pl max ——2>3 .
+ <n<k§6n Vk, p - nxn)

By Theorem 3.3, we have

65) P57 = (L-3n)x,) = (-1 - e/2)(p - Dy(a e o)),

n,p
provided that n is sufficiently large.
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Below we estimate the second term on the right-hand side of (5.4). Let z
be as in (4.23) and let § > 0. Write

P( max k= 5n > 3nxn>

n<k<6n B p
X, {|X;| <
< P( max Eionsa Xl Xi] < 20} 277’“”)
n<k<6n Vk p
X | I{|X;| >
+P( max i [ X1 X5 = 2} nxn>
n<k<6n Vk p

k
< P( max Z X, {|X;| <z,} > 21)836%2”)

n<k<6n imnl

[6n]
# PV, <oaflrz) + P( X HIXI= 2 = (1)),
i=n+1
By (4.48), there is 6 > 0 such that
P(Vn,p = sz/pzn) = exp(—2(p - 1)Bp(a’ €1, CZ)xg)'

Similar to (4.47), we have

[6n] -
>z} > (6 — D)nP(|X| > z,)
P(i:%;rl H|X;| > z,} > (nxn)q) ( e )
< 26(01+02)(0—1)nh(z ) (nx,)?
- ( (nx,)iz¢ )
< (6(9 - 1)(01 + 02)>n xf
<eX ( 2(p 1)B (a c1, Cz)xn)

as long as 6 is very close to one. In view of the proof of (4.49),if 6 —1> 0 is
chosen to be sufficiently small,

[6n]
Y BXI{X;| < 2,} < K(0 - D)alz, < indxlz,
i=n+1
and

[6n]
3 Var X, I{|X;| < z,} < (0 — D)nEX?I{|X| < z,}

i=n+1
< 2(60 — Dna(e, + cZ)zi_“h(zn)
2—«
1
< K(0-1)x%22 < —ndéxiz2,

OO
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where K is a constant depending only on «,c; and c,. Therefore, by the
Ottaviani maximum inequality and (4.9),

k
P< max >3 X, I{|X;|<z,}> znaxgzn>
n<k<6n i1

[6n]
2P T XI(Xi| = 20} - EXI(X] < 2,) = noxgz,
i=n+1

< 2exp(—4(p —1)B,(a, c1, cp)x])

« (E exp<4(p - 1)’851;(0[’ €1, CZ)
mnoz,

[6n]—n
< (XI{|X| < 2} - EXI{|X] < zn}>))

< 2exp(—4(p — 1)B,(a, ¢, ¢)x0) (1 + Kz, EX?I{| X| < z,})" "
< 2exp(=4(p — D)B,(a, c1, ¢)x)(1 + Kz, h(2,)) D"

Kxg (071)77,
-)

<2exp(—4(p — 1)By(a, c1, cz)x;{)<1 +
< 2exp(—4(p — 1)B,(a, ¢1, ¢2)xd + K(0 — 1)x])

<2 eXp(—z(p - 1)Bp(a7 C1, CZ)xZ)’

where K stands for a constant depending only on «, p, ¢4, ¢c», n and 8. Putting
together the above inequalities yields

S,—S
(5.6) P< max — "1 > 3nxn> <4exp(—2(p — 1)B,(a, c1, ¢3)xd).
n<k<6n Vk,p

This proves (5.3), by (5.5), (5.4) and (5.6). O

ProOOF OF THEOREM 5.1. By the subsequence method, it follows from Prop-
osition 5.1 that

(5.7) limsup S

- - (1-p)/p
n—soe (loglogn)P-1/PV, = ((p—1D)By(a,c1,¢3)) a.s.

To prove the lower bound of the limsup, let ¢ = p/(p — 1), 7 > 1 and
n,=[e*], k=1,2,.... Note that

. S,
“Ezn_iljp (loglog n)t/av, ,

S
;
=" SP Goglog ny) eV,

g

S, -8 S
58 I ny ~ Snyy lim inf v
(5.8) = 5P {log log YV, i (log log n;)taV

np, p
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14 p 1 —
— Iimsup (Vnk,P B Vnk—lap) /P Snk Snk—l
k—o00 Vﬂk, p (lOg |Og nk)l/q(V,};k’ p V’l;k—l, P)l/p
S
+ liminf 2P = .
koo V, o, (loglogn,)¥eVv,

Since {(S,, — S,, )/ (V3 p — Vi, p)*P), k> 1} are independent, it follows
from Theorem 3.3 and the Borel-Cantelli lemma that

li Snk — Snk 1

Imsu —

5.9) 5P (oglog mp)a(VE, , — VI )07
| ) )

- 1
7-2((p - 1)Bp(aa C1, 02)) a
On the other hand, by Proposition 5.2 of Griffin and Kuelbs (1989),

|4
(5.10) lim —%2 = as.
k— o0
Np—1, P
Hence, by (5.8), (5.9), (5.10) and (5.7),
S 1

511) i 3
(5.11)  limsup (loglogn)¥eV,, , = 2((p - 1)B,(a, 1, ¢2))9

This proves (5.1), by (5.7), (5.11) and the arbitrariness of 7 > 1. O

a.s.

6. Limit distribution of self-normalized sums. Self-normalized sums
have been studied previously in connection with weak convergence [see Dar-
ling (1952), Logan, Mallows, Rice and Shepp (1973), Csorgdé and Horvath
(1988), and Hahn, Kuelbs and Weiner (1990)]. Logan, Mallows, Rice and Shepp
(1973) proved that all limit laws of S,,/V,, for X in the domain of attraction
of a stable law have a sub-Gaussian tail which depends in a complicated way
on the parameter a.

THEOREM 6.1* (Logan, Mallows, Rice and Shepp). Under the condition of
Theorem 3.3, the limiting density function p(x) of S, /V, exists and satisfies
as x — oo,

1/2
(6.1) p(x) ~ 1 (E) To exp(—iszﬁ)
a\ T 2

for some 7, > 0.

On the basis of both mathematical simplicity and numerical evidence, they
conjectured [cf. pages 799-800 in Logan, Mallows, Rice and Shepp (1973)] that
7, Is the solution of

1D (—7) + 2 Do(7) =0, ifa#1l,
6.2) exp(72/2)

T

/T exp(x?/2)dx =0, ifa=1,
0
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where D (x) is the parabolic cylinder function [cf. pages 795 and 807 in Logan,
Mallows, Rice and Shepp (1973)].
Applying Theorem 3.2, we can determine that the above conjecture is true.

THEOREM 6.1. Let B(«, ¢4, ¢p) be as in Theorem 3.2 and let 1, be the solution
of (6.2). Then 7, = \/2B(a, ¢1, ¢,) and (6.1) holds.

PrOOF. By Theorem 3.2 and Theorem 6.1* it suffices to show that
V2B(a, ¢4, c,) is the solution of (6.2). Recalling the following properties of
D, (2):

_exp(—2z?/4)

D,(z)= exp(—zx — x%/2x " Y)dx forv <0,
I'(—v) 0

D,.1(2)— 2D, (2) +vD,_4(2) =0 for ve R,

we have

ae 22 /00 1 —exp(—zx — x2/2) dx.
F'l-a)lo xotl

if0<a<l,

(6:3) Da(2) =1 a(1 — a)exp(—22/2) [ 1 — zx — exp(—zx — x2/2)
I'2-o) ./

dx,
ifl<a<?2.

0 xotl

Let I'(B, a, ¢4, c,) be defined as in (3.4). It is easy to see that
c1Da(—v/2B) + 2 Do(/2B)

ae P B /2 _

(64) _ m(g) F(B; a, Cq, C‘z), if0<a< 1’
B 1-— -B a/2 -

%(§> I'(B,a,c1,¢y), ifl<a<2

This proves that \/2B(a, ¢4, c,) is the solution of (6.2) for « # 1.
We next deal with the case of « = 1. Write g = 72/2. Since

[ 2 — exp(2x — x?/B) — exp(~2x —«?/B)
0

x2

>

T /00 2 —exp(x7 — x2/2) — exp(—x71 — x2/2) dx
2 Jo x2
it suffices to verify that

/00 2 —exp(xt — x2/2) — exp(—x1 — x2/2) dx
(6.5) 0 x?

_ @(exp(rz /2)—r /0 "exp(x?/2) dx>.
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One has
/00 2 —exp(xt — x2/2) — exp(—x1 — x2/2) d
0 x?

_ /00 (x — 7)exp(x1 — x%/2) + (x + 7) exp(—x7 — x?2/2) 4
x

= /Ooo(exp(xf — x%/2) + exp(—x1 — x%/2)) dx

B T/OO exp(—x?/2)(exp(x7) — exp(—xT)) d

0 X

= exp(t /2)(f exp(—(x — 7)%2/2) dx +/ exp(—(x + T)Z/Z)dx>

o) x2l 7.2L+l

_27/0 exp(—x /Z)Z(2L+1)Id

=exp(72/2)</OT exp(—xz/Z)dij/O exp(—x2/2)dx
+ ” exp(—x2/2)dx)

00 (2i)|7_2i+1
_ Tx/_Z < (2i + 1)| i12i

= @(exp(rz/Z

2i
17 dx)
- «/E(exp(TZ/Z) — 7/07 exp(x2/2)dx),

as desired. This completes the proof of Theorem 6.1. O

7. Asymptotic probability of the t-statistic. Consider Student's ¢-
statistic T, defined by

T, leX/( _1Z(X X))l/z.

Clearly, T, and S,,/V,, are closely related via the following identity:

S, n—-1 12
(7.1) o= V_n(n - (Sn/vn)2> '

Since x/(n — x%)%/? is increasing on (—+/n, v/n), it follows from (7.1) that

g 12
(7.2) {T,=t}= {V_n = t(ﬁ) }
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The above fact was pointed out by Efron (1969), who studied the limiting
distribution of S, /V, for X in the domain of a stable law. Hotelling (1961) also
studied the asymptotics of T, for long-tailed X and has additional references.

With the help of (7.2), the following large deviation type results as well as
the laws of the iterated logarithm for ¢-statistic are immediate consequences
of Theorems 1.1, 3.1, 3.2 and 5.1.

THEOREM 7.1. (a) Assume that either EX > 0 or EX? = oco. Then
i . X%+ ¢?)

lim P(T, > x/n)"" = supinf E ex <t<cX— x(—>>
n—>00 (T = xv/n) cz(? >0 P 21+ x2

for x > EX/(Var X)/2.
(b) Under the conditions of Theorem 3.1, we have

lim x,?In P(T, > x,) = —1/2

for every sequence {x,,n > 1} of positive numbers with x, — oo and x, =
o(4/n) as n — oo, and

limsup

—" =1 as.
nooo (2 loglogn)i/2

(c) Under the conditions of Theorem 3.2, we have

lim x,2In P(T, > x,) = —B(a, ¢y, ¢;)

n—o00o
for every sequence {x,, n > 1} of positive numbers with x, — oo and x, =
o(y/n) as n — oo, and

= 1/\/,8(01, c1,Cp) as.

“Elnjolcjp (log log n)1/2

8. Erd6s-Rényi-Shepp law of large numbers. Let ¢ > 0. We are con-
cerned with the limiting behavior of
U,= gg?s)fl(si-k[clogn] - S;).
The classical Erd6s—Rényi—Shepp law of large numbers [see Erdds and Rényi

(1970) and Shepp (1966)] says that if EX = 0, EeX < oo for some ¢, > 0,
then

. u,
(8.1) JI_)H;]O [clogn] ~ Ale) as,

where A(c) = sup{x: inf,oexp(—tx)Eexp(tX) > exp(—1/c)}. The result
was refined by S. Csorg6 (1979) and M. Csorg6é and Steinebach (1981), while
the exact rate of convergence of U, /[clog n] was determined by Deheuvels,
Devroye and Lynch (1986). We remark that the condition E exp(t,X) < oo is
essential for an (8.1) type result. Motivated by the self-normalized law of the
iterated logarithm of Griffin and Kuelbs (1989), Csérg6 and Shao (1994) were
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the first to consider a self-normalized Erd6s—Rényi—Shepp type law of large
numbers and obtain the following result.
Assuming EX > 0, we have

S -8
lim max k+[clogn] k

nmoeoskan g (X2 + 1)

=A(c) as,

where A(c) = sup{x > 0: inf,_o Eexp(#(X — x(X?+1))) > exp(—1/c)}.

Applying Theorem 1.1, we are able to establish another self-normalized
Erdés—Rényi—Shepp type law of large numbers, which may be of more interest
from a statistical point of view.

THEOREM 8.1. Assume that either EX > 0 or EX? = co. Then
Sk+[c|og n] = Sk
[clogn] Zfii'fg"] X?

for any ¢ > 1/In(1/P(X = 0)), where «(c¢) = inf{x > 0: f(x) < exp(—1/c)}
and f(x) = supy.qinf,.o E exp(¢(bX — x(X? + b%)/2)).

(8.2) lim max

n—o000<k<n

=k(c) a.s.

Let x, = EX /v EXZ. If one could prove that f(x) is continuous and strictly
monotone decreasing for x, < x < 1, then the proof of (8.2) would be quite
standard [cf., e.g., S. Csorgd (1979) or Csorg6 and Révész (1981)]. However, we
are unable to verify the strict monotonicity, so we have to use the next lemma
instead. Its proof is given in the Appendix.

LEMMA 8.1. Let 0 < 6 < 1/2. Define

f5(x) = supinf exp((¢8)%/2)E exp(t(bX — x(X? + b%)/2)).
b>0 t=
Then,
(8.3) f(x0) = fs(x0) =1,
(8.4) f(1)=supP(X =b) and f(x)=P(X =0) forx> 1.
>0

Also, fs(x) is continuous and strictly monotone decreasing for x > x,. More-
over, f(x) is continuous for x > x.

PrOOF OF THEOREM 8.1. Let0 <68 <1/2,{Y,Y,,n > 1} bei.i.d. standard
normal random variables independent of {X,, n > 1}. Define

(8.5) ks(c) = inf{x > 0: f5(x) < exp(—1/c)}.
From the proof of Theorem 1.1 we obtain that

m (X, +8Y; 1/m
tim p(HEEEED - 1) = o)
\/m2i=1Xi
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for every x > EX /v EX?2. Therefore, by Lemma 8.1 and a general version of
Erdés—Rényi—-Shepp laws due to S. Csorg6 (1979) [cf. Steinebach (1980)]

k+[el
Ziilii-:fg n](Xi +8Y;)

(8.6) lim max

n—oo00<k<n

= K&(C) a.s.
[clogn] Zf:,gilfg "] Xl2

for every ¢ > 1/In(1/P(X = 0)). To finish the proof of (8.2), we only need to
prove that

(8.7) |6IH)1 ks(c) = k(c)
and
k+[clogn]
\ y.
(8.8) lim sup max | Xickia d <D, as.
n—oo 0<k<n \/[clog n] Zlgjﬁg n] Xlz

for some finite constant D,. Clearly,
8.9 liminf
(8.9) iminf xs(c) = x(c)

for f5(x) > f(x) for any & > 0. On the other hand, by the definition of «(c)
Ve>0, 30<n<e, f(k(c)+n) < exp(—=1/c).
From Lemma 2.1 we find that
lim £5(x(c) +m) = f(x(c) +m) < exp(=1/c).
Therefore, there exists §, > 0 such that
fs(k(c)+m) <exp(—1/c) forevery0 < éd <3§d,.
Thus, in terms of the definition of «4(c),
VO0<6<§d,, ks(c) < k(e)+1n < k(e) + &,
which together with (8.9) implies (8.7).
As to (8.8), letting p,, = e™/¢, we have
k+[clogn
lim Suporrl?;); | Zi:k[aﬂzﬂ]cigil]
noe 05kSn fletog ) it ielon] x2

k+[clogn] Y
- | Zi=k+1 i|
<limsup max max -
Pm=n<ppy1 0<k< +[clo
m—00 +10=<k=n \/[C Iog n] Zi:]£i—1g n] Xl2
k+m
T | Zi=k+1 Yl|
= lim sup max maX ————
M—00 Pm=<R<Dpi10=k=n \/m Zl{e;r];rjrl X2
k+m
. > Y.
< limsup Lickia Vil

m— 00 05k5exp((m+l)/c)\/ k+m 2'
m; X:
i=k+1 “*1i
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Since lim, o inf,.o E exp(¢(d? — X?)) = P(X =0) and P(X = 0) < exp(—1/c),
choose d; > 0 such that

(8.10) inf Eexp(t(di — X?)) < exp(—1/c).
Put D, = 2/(dg+/c). Observe that

k+m

P( . m(?x » |Zl k+1 | >D0>
O<k=<exp((m+1)/c k+ 2
mzl IZLH X

< exp((m + 1>/c>P(

i)

> Y, >2m/f>+P<ZX2<md2>>

i=1 i=1

< exp((m+ 1ye)( P( |3

< exp((m + 1)/0)(2 exp(—ZTm) + (Itr;g E exp(t(d3 — X2)))m),

which is summable over m, by (8.10). This proves (8.8).
The proof of Theorem 8.1 is now complete. O

Applying Theorem 1.2 instead of Theorem 1.1, along the same line of the
proof of Theorem 8.1, one can obtain a more general result.

THEOREM 8.2. Let p > 1. Assume that either EX > 0 or E|X|? = oco. Then
S -S

(8.11) lim max ktlclog n] — nf =«(p,c) as.
Pk [elog - Yp(SISE X Py

for any ¢ > 1/In(1/P(X = 0)), where
. . 1 -1

k(p,c) = mf{x > 0: supinf Eexp(t(bX - x<—|X|p + p—b”“’"”)))

b p

b>0 20

< exp(—l/c)}.

APPENDIX

PRrROOF OoF LEMMA 2.1. We first show that

lim supinf exp(t?/2)E exp(t(b X — x(X? + b%)/2)) =
(A.1) k=00 b2k 120

uniformly in x € [a, 1].
Let {m,, k> 1} be a sequence of positive numbers such that as £ — oo,

(A2) my,— oo, exp(my/a)P(|X|>VE)—0, my,=o( k).
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Notice that by (A.2)
lim sup inf exp(t?/2)E exp(t(b X — x(X?% 4 b?)/2))

k—o00 b>k t>

< limsup supexp((m,/b%)?/2)E exp((m,/b*)(b X — a(X? + b?)/2))

k—oo  b>k

< lim sup sup exp((m,/b%)?/2)(E exp((m,,/b)(b X — ab?/2))I{|X| < vk}

k—oo  b>k
+ Eexp((my/b°)(—a(X — bja)’/2 + b7 /(2a))) I{| X| > VEk})
< limsup sup(E exp((m,/b)Vk —am,/2) + Eexp(m,/(2a)I{|X| > \/_})

k— o0

< limsup(E exp((m/v'k) — am,/2) + exp(m/a)P{|X| > VEk})

k— o0

-0,

as desired.
Put

ra(b, x) = inf exp((¢8)%/2)E exp(t(b X — x(X? + b%)/2)).
We next prove that (b, x) is a continuous function of (b, x) over [0, k]x][a, 1]

for every fixed 0 < 6 < 1 and for any £ > 1. Let Y be a standard normal
random variable. Put

&y =&y p 5 =bX +8Y —x(X*+b%)/2.
Take A, > 1 such that P(|X| < Ay) = 1/2. Then, we have
ra(b, x) = inf E exp(té, ).

Similarly to (2.12), there is 0 < ¢, , < oo such that
rs(b, x) = Eexp(ty, . &, ») < 1.

Along the same lines of the proof of (2.13),
(A.3) ty x < (2bAg + xAd + xb® +2)/6° < 6k*A]/5”
forO<b<kanda <x <1 Put

T :=T(k,5) =6k*A5/8°.
By (A3),forany0<b,d<k,a<x,y<1l,0<é<land A>1,

rs(b, x) < Eexp(tq, y&p, )
=exp((8¢4,,)°/2)Eexp(ty, ,(bX — x(X? +0%)/2))[{| X| < A}
+exp((8tq ,)?/2)Eexp(ty ,(bX — x(X?+b%)/2)I{| X| > A}
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< exp((|b—d| + |x — y|) T(A® + k) exp((8 ¢4, ,)?/2)
x Eexp(ty (d X — y(X?+d?)/2))
+exp(T? + T k?/a)P(|X]| > A)
=exp((|b — d| +|x — y[) T(A* + k?*))r5(d, ¥)
+exp(T? + T k?/a)P(| X| > A)
<rs(d, y) +exp((|b—d| + |x — y|) T(A? + £?)) - 1
+ exp(T? + T k?/a)P(|X| > A).
Therefore
rs(b, x) — r5(d, y)| < exp((|b - d| + |x — y|) T(A® + ¥?))
—1+exp(T? + T k?/a)P(|X| > A),

from which the continuity of r5(b, x) follows, by the fact that lim,_, , P(|X| >
A) = 0. Hence, in terms of Dini’s theorem [cf. Royden (1968), page 162] and
Lemma 4 of Chernoff (1952),

lim (b, x) = inf Eexp(¢(bX — x(X* +5)/2))

uniformly in (b, x) € [0, k] x [a, 1].
Consequently,

lim sup inf exp((¢8)%/2)E exp(t(b X — x(X? + b?)/2))
810 g<p<p 120

= sup inf Eexp(t(b X — x(X?2 + b?)/2))
0<b<k t=0

(A.4)

uniformly in x € [a, 1] for any k£ > 1. Equation (2.16) now follows from (A.1)
and (A.4). O

ProOF OF LEMMA 8.1. Clearly,
f(x) < fs(x) <1 forevery x>0.
Consider EX? < oo first. Put b, = v EX?2. It is easy to see that

%E exp(t(by X — xo(X? + b3)/2)) o= 0.

Recalling that E exp(t(byX — xo(X? + b3)/2)) is a convex function of ¢, we
have

f(xo) = Inf Eexp(¢(bo X — xo(X? +b5)/2))
= Eexp(t(byX — xo(X* + EX?)/2))|,_, = 1.
This proves (8.3).
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If EX? = oo, then x4 = 0 and
f(0) =supinf Eexp(tbX) =1,
b>0 t>0
as desired.
Observe that
f(1) = supinf E exp(—t(X — b)?/2) = sup P(X = b).
b>0 =0 b>0
So, (8.4) holds.

To prove the continuity and monotonicity of fs(x), let Y be a standard
normal random variable and independent of X. Then

f5(x) = supinf Eexp(t(3Y +bX — x(X? +0%)/2)).
b>0 =

For every x > xg, from the proof of Lemma 2.1,

lim inf E exp(¢(8Y +bX — x(X%+5%)/2))=0

b—oo t

and inf,.o Eexp(¢(8Y + bX — x(X? + b2)/2)) is a continuous function of &.
Therefore, for xy < x < y, there exists b, > 0 such that

(A.5) f5(y) =inf Eexp(t(8Y +b,X — y(X? +6%)/2)).

Since 8Y +b, X —x(X?4b3%)/2 is a continuous random variable, and E(8Y +
b, X — x(X? +b2)/2) < 0, there exists ¢, , > 0 such that

inf Eexp(t(8Y +b,X — x(X? +b%)/2))
(A.6) =0
= Eexp(t, ,(8Y +b,X — x(X? +b2)/2)).

A combination of (A.5) and (A.6) yields
() < Eexp(t,, ,(8Y +b,X — y(X? +1b))/2))
< Eexp(t, ,(8Y +b,X — x(X? +b3)/2))
=inf E exp(¢(8Y + b, X — x(X? +b3)/2))
< supinf Eexp(t(8Y +bX — x(X? 4+ b%)/2))
b>0 =
= [5(x).
That is, fs(x) is strictly decreasing for x > x.

We finally prove the continuity of fs(x). Given x > x, From the proof of
(A.1) it follows that

lim supinf exp(t?/2)E exp(t(bX — y(X? 4 b%)/2)) = 0,

k—o00 b>k t>
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uniformly in y > (x + x4)/2. Also, there are 0 <b, < k and ¢, , > 0 such that

sup inf exp((t8)%/2)E exp(t(bX — x(X? + b%)/2))
0<b<k 1=

= inf exp((£8)*/2) E exp(t(b, X — x(X* +57)/2))

= exp((t,, ,0)?/2)E exp(t,, ,(b, X — y(X? +b%)/2)).
It follows from (A.3) that
0<t,,<T:=kAj3+x)/8° forall|y—x|<1
and henceforx < y<x+1
Fs(y) < Fs(x)
< exp((ty, ,8)*/2) Eexp(t, ,(b, X — 2(X? +b7)/2))
= exp((ty, ,0)*/2)E exp(t, (b, X — x(X* +b%)/2))[{|X| < A}
+exp((t,, ,8)°/2)Eexp(t,, (b, X — x(X? +b3)/2)I{|X| > A}
< exp(t,, ,(y — x)(A% + k%)) exp((t,, ,6)*/2)
x Eexp(t, ,(b,X — x(X*+b%)/2))
+exp((T'8)%) exp(Tk?/x)P(|X| > A)
< exp(T(y — x)(A? + k%)) f 5(y) + exp((T8)*) E exp(Tk*/x) P(|X| > A)
< fs(y) +exp(T(y — x)(A% + k) — 1
+exp((T'8)%) exp(Tk?/x)P(|X| > A).

This proves lim, . f5(y) = fs(x). Similarly, one has lim,,, f5(y) = fs(x).
This proves the continuity of fs(x). Also, one can prove the right continuity
of fs(x) at x = xy. The continuity of f(x) is a direct consequence of Lemma
2.1 and the continuity of fs(x). O
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