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ASYMPTOTICS FOR THE PRINCIPAL EIGENVALUE AND
EIGENFUNCTION OF A NEARLY FIRST-ORDER
OPERATOR WITH LARGE POTENTIAL

By WENDELL H. FLEMING! AND SHUENN-JYI SHEU?

Brown University and Academia Sinica

The asymptotic behaviors of the principal eigenvalue and the corre-
sponding normalized eigenfunction of the operator G°f = (¢/2)Af + gVf +
({/e)f for small & are studied. Under some conditions, the first order ex-
pansions for them are obtained. Two applications to risk-sensitive control
problems are also mentioned.

1. Introduction. The theory of diffusion processes with small noise by
now is well developed and is still a good source for interesting problems. See
[20]. In this paper, we will consider operators which arise by adding a potential
function to the generators of such diffusion processes and study the asymptotic
behavior of their principal eigenvalue and eigenfunction. More specifically, let
the diffusion process in R" satisfy the following stochastic differential equation

(1.1) dx, = g(x,)dt + 2 db,,

with initial state x, = x, where b_is an n-dimensional Brownian motion. We
assume that the noise intensity ¢ is small. Here g: R™ — R"™ will be chosen
so that the process x, is ergodic. Some conditions will be given in Section
2. These conditions are motivated by questions in risk-sensitive stochastic
control, considered in [12] and [14]. We will consider the following operator:

e l
(1.2) GefzzAf+g-Vf+—f.
P

Here [: R — R. Under some suitable conditions, this operator possesses
the principal eigenvalue A with eigenfunction #(-) in the sense that the
spectrum of G¢ is contained in {A € C;RA < A°}. We have Gey® = A%, f°
is an everywhere positive function and ¢ becomes unique when we require
$?(0) = 1. In order to make this rigorous, we have to specify the space that G°
acts on. This will be discussed in Section 2. In the particular case, which will
be referred to as the gradient case in this paper, g = —VU for some smooth
strictly convex function U satisfying some growth conditions; G¢ is self-adjoint
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as an operator in the space L2(R", du®) with
2
duf(x) = exp(——U(x)) dx.
&

Therefore, ° is required to be in L?(R", du®). In this case, A° also has the
following variational expression:

e 1
- inf —foz——le2x>d‘9x.
N | LGOI TR E e
In the general case, we may establish the following:
1 17T
1.4 = lim = log E - .
(1.4) A Ter;O T og x[exp(g/O l(xt)dtﬂ
That is, A determines the rate of growth of the expectation in (1.4). Relation
(1.4) holds when the process is in a compact state space and satisfies a strong
kind of ergodicity condition. See [6, 7, 16, 41]. Donsker and Varadhan ([5])

deduce the following variational formula for A¢ as a consequence of the large
deviation principle:

(15) A‘E:Sl:p{/éd,u—f(#)},

(1.3) A® =

where I(u) is the large deviation rate function. Equation (1.5) reduces to (1.3)
when g = —VU. See [8]. On the other hand, denote by ¢(T, x) the expectation
in (1.4). The following result, which relates the exact asymptotics of ¢(T', x)
and ¢, ¢, was mentioned in [16]:

&(T, x) =~ cexp(A°T)P®(x) as T — oo,

where c is a constant and ¢ is uniquely determined from this relation. The
last relation also holds in our case.

The control interpretation of A¢ and ¢ is useful and worth mention. The
idea was first given by Holland [24] (see also [1, 2, 27, 37]). Write

(1.6) At =er®,  We(x) = elog ().

Then As, We(x) satisfy formally the dynamic programming equation for a
stochastic control problem with expected average cost per unit time criterion.
This will be explained in Section 2. The scaling chosen in (1.6) will also be-
come clear there. In [14], by considering the corresponding infinite horizon
discounted cost control problem in the small discount factor limit, an a pri-
ori bound for its value function is found under suitable conditions. Then the
existence of A?, W#(x) as well as an a priori bound independent of & can be
deduced by letting the discount factor go to zero. This in turn implies the con-
vergence of A%, W#(x) to the limit A°, WO(x) as &£ — 0. Then A°, WO(x) satisfy
the dynamic programming equation for a deterministic control problem with
average cost per unit time criterion. This result will be generalized in Section
2 under slightly weaker conditions. Some study has been made in [14] where
a conjecture also was mentioned.
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In Sections 3 and 4, the uniqueness of the Lipschitz solution for (2.9) is
proved under conditions (3.3) or (4.1), (4.6). This implies the convergence of
We(-). We remark that in [10] a similar result for a different model in discrete
time is obtained. A PDE argument to prove the uniqueness of the solution
for equations similar to (2.9) can be found in [25]. We next study more accu-
rate asymptotics of A%, W#(x). More precisely, the limit of (A — A°)/s, (W?(x)—
WO(x))/e will be shown to exist under suitable conditions. Section 3 considers
the gradient case. For the “general” case considered in Section 4, the strictly
convex function U(x) is replaced by a large deviations quasipotential func-
tion I(x). Here we remark that in the gradient case, G® in L?(R", du?) is
equivalent to the operator H® in L?(R", dx) by the transformation:

L?(R",du?) — L?(R", dx)

f—rew(-7)

i -eol-2)o 1l

VS
= SAf+—,

&

(1.7)

Here

with Ve =1 — %(|VU|2 — ¢AU). This transformation enables us to apply the
result in [39] and obtain the asymptotic expansion for A%, *(\/ex). Here we
shall rederive a weaker form of this result using a simpler argument. The
asymptotic behavior of W¢ has also been studied in the literature and relates
to the semiclassical rate of degeneracy of the lowest eigenvalues of the op-
erator H¢. See [26] and the references therein. The behavior appears to be
very unstable with respect to perturbations of V. We refer to [14] for further
examples. The conditions we pose are motivated by the study in [12], which
reveals interesting connections between risk-sensitive control and H ., con-
trol. Our condition implies that A° = 0. Then a dissipation inequality, which is
familiar in robust control, holds. The statements of the conditions include: O is
the unique stable point for % = g(x) and [ behaves quadratically near 0. See
Sections 3 and 4 for a more precise statement. The argument for the gradient
case is rather easy compared to the general case. It will be treated separately.

In Section 5 two applications are given to robust and risk-sensitive control.
The first of these provides asymptotics for A* and W¢(x) considered in [14].
These results can be interpreted as more precise statements about the stochas-
tic risk-sensitive approximation to the deterministic robust control limit, as
the noise intensity parameter ¢ tends to 0. The second application is an ex-
tension of results in [12] to a particular class of controlled dynamical systems.
In this case two small parameters u and & are considered, where u=! = 2
and vy is a H_-norm bound parameter. The asymptotic results are as ¢ tends
to 0 and u = Be with B a constant. A different model closely related to ours is
also studied in [25]. We finally remark that from the viewpoint of H*-control
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and risk-sensitive control, it is important to allow [ to be of quadratic growth,
which, however, is excluded in this paper. We mention that McEneaney [33]
has some new results in this case.

2. Associated control problem and preliminary results. In this sec-
tion, we shall give conditions and specify the space that G* acts on. We show
that on this space there exists the principal eigenvalue A¢ and eigenfunc-
tion ¢°(-) in the sense that G*y* = A®Yy®, A — G° has an inverse on this
space if A > A®. The eigenfunction ¢ is everywhere positive and is the
unique one satisfying ¢(0) = 1. The existence of * will be proved through
¢ = exp(We/e) with We defined using a control problem formulation. Some
estimates for W# can also be derived. Then the uniqueness of * follows easily.
This approach is taken from [12, 13, 14].

Another goal of this section is to discuss the convergence of A* and W¢
as ¢ tends to 0. This problem has been studied in [14] where a conjecture
of our main result was also made and a proof for the one-dimensional case
was given. The basic approach is similar to that used in that paper. We will
regard A¢, W¢ as objects satisfying the dynamic programming PDE for the cost
per unit time control problem. By first considering the corresponding infinite
horizon discounted cost control problem instead and deriving an a priori bound
for its cost function, then letting the discount factor go to zero, an a priori
bound for VW* can be obtained. Convergence of A and W¢ can be achieved
by the compactness argument and the uniqueness of viscosity solution for the
limiting PDE. We first introduce the conditions used in this section.

Assume that [ € C3(R"), g € C3(R"). Let g, denote the matrix of partial
derivatives of g. We assume the following conditions.

CONDITION 2.1.

(8) The first and second partial derivatives of g are bounded;
(b) There is ¢y > 0 such that

2+ gx(x)z < —col2|?

for x outside a bounded set, say {x;|x| > Ry} , and all z;
(c) [ and its partial derivatives up to second order are bounded.

A condition such as (c) can be weakened. We leave this for the interested
reader. We first describe the spaces that G¢ defines.
For any nonnegative c, define

B, =A{f € C(R");|f(x)| exp(—c|x]|) is bounded}.
Then B, is a Banach space with the norm defined by

[71l5, = sup |f ()] exp(—clx]).

The term B, is just the space of bounded continuous functions defined on
R™ Under Condition 2.1, G* generates a semigroup 75 on B,. Some basic
properties for T'; will be given in Appendix 4. Let ¢° = exp(W?/e) with W#, A®
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defined in the folllowing. By Theorem 2.2, ° isin B, , ¢, = c¢/e. Here c is the
constant appearing in the theorem. In fact, we will show in Appendix 4 that
@ is of polynomial growth; therefore, it is in B;. Since By is a natural domain
for G#, it is an interesting question if ° is in By. However, if we allow [ to
be of linear growth, then ° in general is not in By. This can be seen, for
example, by taking g(-), /() to be linear.

We now assume that ¢ is a positive function satisfying

Gslps — )\slﬂs.

Let A¢, W¢ be defined by (1.6). In the next paragraph we briefly sketch a formal
procedure to derive a control problem associated with A¢ and W<. See [15, 17]
for the details.

Now, A¢ and W¢ satisfy the equation

(2.2) A% = & exp(—e TW?)G®(exp(e 1 W?).

Then the generators G' and function k(x, v) can be chosen so that (2.2) can
be rewritten as the dynamic programming equation

(2.3) A® = sup {G*W*(x) + k(x, v)},

where
G'f = SAf +(g+v)- Vf,
k(x,v) =1(x) — %|v|2.

The associated stochastic control problem can be described as follows. The
admissible control class 7 consists of processes which are bounded and pro-
gressively measurable with respect to some reference probability system [17].
For each v_in 7/, the controlled Markov process ¢ is governed by the stochastic
differential equation

(2.4) dé, = (g(&,) + v,)dt + &% db,.
The criterion is given by an expected average cost per unit time
1 T
(2.5) J(v) = lim supTEx[/ k(E,, vt)dt]
T— 00 0

The goal is to find a v, in 7 which maximizes J and we have

A% = sup J(v).

ve?

The corresponding infinite horizon discounted cost control problem with
discount factor p > 0 uses the following as the criterion instead:

(2.6) J(x,v) = E, [/OOO e R(E,, vt)dt]
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The value function is denoted by

(2.7) W, (x) =supdJ,(x,v).
ve?
Then W, is in C?(R") and is a solution of

(2.8)  pW,(x) = gAWp(x) + g(x)- VW, (x) + %|va(x)|2 +1(x).

As in [14], we will obtain an a priori bound for VW , independent of p. Then

we can conclude, as there, that pW ,(x) and W ,(x) — W ,(0) converge to A¢ and
We(x) as p — 0. Note that W#(0) = 0. We now state our main results.

LEMMA 2.1. For every p > 0, x € R",
pW, <||l]l and |VW (x)|<c

for some constant ¢ independent of p and e. The function —AW , is bounded
above, independent of p, &.

The following results are direct consequence of this lemma as mentioned
earlier.

THEOREM 2.2. We have the estimates
A° < ||l]] and |VW?®(x)| <c.
The function —AW?¢ is bounded above independent of .
Moreover, possible limits of A¢ and W#(x) will be shown to satisfy the dy-
namic programming PDE of a deterministic control problem with averge cost
per unit time criterion. To describe this, we need some notation.

Let the control class 7° be the set of bounded Lebesgue measurable R"
valued functions on [0, co). For each v € 79, the state dynamics is

f? = g(f?) + U

with intial state x . The criterion is

JO(v) = |imsupi/T (€2, v,) dt.
T— 00 T Jo Bt

THEOREM 2.3. Let A° and WO(x) be the limit of a subsequence of A° and
We(x), as € tends to 0. Then WO(-) is a Lipschitz continuous viscosity solution
of the following first order PDE:

(2.9) A% = sup{(g(x)+v) - VW°(x) + k(x, v)}.

veR"
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See (4.8) for A¢ and W*. Equation (2.9) is the dynamic programming equation
for the control problem mentioned above. Moreover, A° is unique and is given
by the following

A° = sup J(v).

ve?©

For every T < oo, WO(.) satisfies the following relation,

T
(2.10) WO(x) = sup[/o k(& v,)dt + Wo(f‘%)} — AT

ve?©

The argument which leads to Theorem 2.2 and Theorem 2.3 by using
Lemma 2.1 can be found in [14] and is omitted here. We only remark that
the uniqueness of the solution of (2.9) is not known in general. Therefore, we
cannot conclude the convergence of W¢ as in [14]. In Section 3 and Section 4
we will see some cases where (2.9) has a unique solution.

In the rest, we shall prove Lemma 2.1. The following notation will be used.
For a function f on R", f; = df/dx;; [;; = azf/axiaxj. The sup norm of f
is [|£]-

ProoOF OF LEMMA 2.1. The first inequality is immediate. We shall show
that [VW ,(x)| < ¢ with ¢ independent of &, p. Since the boundedness of the
function [VW ,(x)|, with a bound which may depend on &, p, is needed in
several places in the following argument, and we remark that this can be
proved without too much difficulty, a proof for this fact will be sketched at
the end. Therefore, it shall be assumed for what follows. The regularity of
solutions of (2.8) can be found in [22]; see Chapter 17 therein in particular. In
the rest of the proof we omit p as index.

We differentiate (2.8) with respect to x;:

(2.11) PWi(x) = SAW;(x) + (g(x) + VW () - VW;(x)

+ g (x)VW(x) + L;(x).

Let x; be the process generated by the following stochastic differential
equation:

dxi = (g + VW) (x})dt + /2 db,.

This process does not explode, since |[VW]| is bounded as mentioned earlier.
Then by 1t6’s differential rule, after a simple calculation using (2.11),

d[VW(x})?

(2.12) c
= 2[—VngVW — VI VW 4 S W+ p|VW|2](xj)dt +dM,,
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where M, is a local martingale. By considering |[VW (x})|? exp(—2cyt) and us-
ing (2.1) with a stopping time argument, we obtain

VW (x)] + E, [ /0 exp(—2¢ot)s W2 (x}) dt}
(2.13) A
< B [ exp(-2eot) (VW ()P gon + 191D |

where R, is given in Condition (2.1)(b), x is the indicator function and c is a
positive constant.
From (2.13),

(2.14) [[VW]? < c(||Vl|| + sup |VW(x)|2).

[x|<Rq

Therefore, it is enough to obtain a bound for [VW(x)| in {x;|x| < Ry}. By
(2.8), this will follow if we can show —AW to be bounded above. The idea of
proving this interesting result, which will be presented in the following, has
been used in [32]. Related to this, we mention also the method of Krylov in
[30] which gives a lower bound for W, . for the cost functions of some finite
time horizon control problems. See also Section 4.9 in [17]. The method can
also be applied here under stronger conditions.

Write h = AW. We differentiate the equation (2.8) with respect to x; twice
and sum over i:

(2.15) gAh +(g+ VW) - Vh=—2g,- VW, — g;; - VW — 3" |VW,|2 — Al + ph.

We use F' to denote the right-hand side of (2.15). Let « be a positive constant.
Then by It6's differential rule,

(2.16) —h(x)=E, [/w e *(F — ah)(x}) dt].
0
Here we use the property that

(2.17) E [h(x))]e™ -0 ast— cc.

The last result can be proved as follows. Equation (2.8) and the boundedness
of |[VW|, which is mentioned earlier, implies that

|A(x)] < e(|x|+1)

for some constant ¢, which possibly depends on ¢ and p. By a routine argument
using the boundedness of |[VW| and (2.1)(b), we can prove the existence of ¢
such that

E.[lxill<c
for all ¢ > 0. These imply (2.17).
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We now estimate the integral on the right-hand side of (2.16). The following
are observed: (AW)? < n Y |[VW,|?; for |x| < Ry, there is ¢ > 0 such that

1/2
VWP < 5n 2 SIVWi@F) e

by (2.8). From these together with (2.13),(2.16) we can easily show that —A
has an upper bound, independent of p and e.

In the rest, we will sketch a proof for the result that |[VW]| is a bounded
function for any ¢ and p.

We may assume ¢ = 1. As in [14] Lemma 4.1, we need to estimate

[ e BEn - ueh)at

where £* is the solution of (2.4) with initial state x, and similarly for &Y. This
can be done as follows.

It is not difficult to see that we can choose vector fields gy, g, such that
g(x) = go(x) + g1(x) for all x, g; has compact support and (2.1)(b) holds for
g, for all x. Consider the processes n¥ and n; which solve the equation

dn, = (8o(m;) +v,) dt + db,

with initial states x and y, respectively. We then use the Girsanov theorem to
get the following expression:

BII(ED) - 160 = B[ (D) ~ 10 exp( [ sy db, — 4 [ leaCr)ds) |
+ B[ exp( [ sy db, ~ 4 [ lan(n)? ds)
 (exp( [ st - man)) b,

4 [P~ )P ds - 1) |

Using |nf — m;| < exp(—cot)|x — | for all ¢, Holder's inequality and tedious
calculation, we can get the following estimate

BUI(ER) ~ 16))] = exp(—con) V1]l = 51+ el exp 5l221P(a - 1)

exp(clx —y|)—1

(c| ) >|x_y|
lx — |

forany q, p > 1with 1/ p+1/qg = 1. We then choose g such that %||g1||2(q—1) <

p. With these, a uniform bound for [;° e P’ E[I(£}) — I(£])] d¢t can be derived
which implies the boundedness of [VW]|.

x exp(cep|x — y|)<l +t+

3. Finer asymptotics: the gradient case. In the last section we have
proved that {A?, W¢} forms a compact family with limit satisfying (2.9). In
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this and later sections, further conditions will be assumed such that (2.9) has
a unique solution. This implies the convergence of {f\s, We} as € — 0. Finer
asymptotics for A*, W¢ will also be studied in this and the next section. In
this section we consider only the gradient case, that is, g = —VU. Although
this can be regarded as a special case, the treatment is less technical and is
interesting on its own. Let us first give a remark. Recall G*¢ given in (1.2).
After the transformation (1.7), the variational formula (1.3) for A can be
rewritten as

& 1
1 A= inf EIVFIZ+ ZVer?
(31) we— it [(SI9FE 4 Tver) s,
where
Ve =V - 2AU,
(3.2) 2
V= LVUP -1

Note that A¢ = A?. Then we have the following.

LEMMA 3.1. Assume that V(x) and V(x) — AU(x) tend to oo as |x| — oo.
Then
lim A¢ = A°
e—0

=— mxin V(x).

This follows easily from (3.1) by using suitable test functions. We omit the
proof (see also [44]). The conditions ensure that G* has discrete eigenvalues.
See [35]. In the rest we will assume the following. The functions U and [ are
smooth.

CONDITION 3.3.

(@ U(x)=0,(0)=U(0)=0, VI(0)=0.

(b) U is convex and there are ¢y, ¢, > 0 such that ¢; < ((9?U)/dx;9x ;) < ¢3,
U has bounded third-order derivatives.

(c) Up to third order, I and its derivatives are bounded.

(d) There is 3 > 0 such that V(x) = 3|VU(x)|? — I(x) > c3]x|%.

The inequalities in (b) are meant for nonnegative matrices. These conditions
imply (2.1). Therefore, A¢ converge to A° by Theorem 2.3. According to Lemma
3.1, A° = 0. Moreover, we will show that the Lipschitz solution of (2.9) is
unique. Therefore, W# also converges to W°. This result will be stated in the
following theorem. Some additional properties of W° will also be mentioned.
We denote

(3.4) A= (ﬁZU(O)), B= (M), D= (M)

where A, D are positive definite and D = A% — B.
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THEOREM 3.2. As & tends to 0, W# converges to W°(x), which satisfies the
following equation:

(3.5) HIVWO(x)]> — VU(x) - VWO(x) + I(x) =0,
in viscosity sense and almost everywhere. It has the following expression:

Wo) = sup [ (e = 3o+ VU (@) d

®oo=0

=U) - int [ Gled* + V(e de.
$0o=0

(3.6)

We have the estimate: there is ¢ > 0 such that
(3.7) WO(x) — U(x) < —c|x|?.

The smooth region for WO is connected, of full Lebesgue measure and contains
a neighborhood of 0. Moreover,

(3.8) AW®(0)=Tr A — Tr D2 = 2«.

PROOF. The first statement follows from [14], Section 5 and A° = 0. Equa-
tion (3.6) will be proved in Appendix 3. To obtain (3.7), we use (3.6) and replace
V(e,) by csle,|? [see (3.3)(d)]. Then (3.7) is well known. We prove (3.8) in Ap-
pendix 1.

We now state our main results.

THEOREM 3.3. Asssume (3.3). Then

lim A% = k,

&—0

as « is defined in (3.8). Moreover, there is ¢ > 0 such that

[A® — k| < cs'/?.

THEOREM 3.4. Assume (3.3). Let W° be smooth at x. Then

lim V() = Wo) _ /OOO<K _ %AW())(goj)dt,

e—0 &

where ¢} is the unique minimizing curve of the variational problem in (3.6).
The limit exists uniformly for x in compact subsets of the smooth region of W°,

REMARK. Here ¢} satisfies

(3.9) o7 = =VU(¢}) + VW(¢)).
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This is also a solution of the following characteristic system for a Hamitonian—
Jacobi equation

¢ =H (¢, p),
Here H(x, p) = %|p|2 - V(x).

We begin the proof of these results.

PROOF OF THEOREM 3.3. In (3.1) we use the scaling x — £¥2x. Then we
can get the following expression:

3.10 A= — inf LV +VeErd)d
(3.10) Hggx:1/<2| 2+ Vef?)dx,
where
e 1 1/2 1 1/2
(3.11) Vi(x)==V(e x)—EAU(s x).
&

Therefore, A® formally converges to the right-hand side of (3.10) with Ve re-
placed by V° =1 < Dx, x > —2AU(0). The last number is exactly equal to «.
For a proof we proceed as follows. First, we get a lower bound. Let

f(x)= (L)m (det D)4 exp( - %(Jﬁx, x)).

NeZ
Then
N = = [QIVFR+ Vo f?) da
(3.12) — k- /(Vs(x) - VO(x)f?(x) dx

> Kk — ci/e.

The last step is by the expansion of V(&'/2x) and AU(&'/2x) at e = 0 using
Taylor’s formula and bounded third-order derivatives of U and /.
To get an upper bound, let inf in (3.10) be attained at /. Then f*° satisfies

(313) %Af“l _ VSfE — )\afs
and
(3.14) N == [GIVFR + Ve(f*)?) do.

An easy argument (see Appendix 2) shows

(3.15) f#(x) < cyexp(—colx[?)
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for some ¢4, ¢, > 0. Then
2 == [GIVFR+ VO dx+ [(V = VO () dx
< k= [(VF = VO)(f*)2dx
< k + ce'/?.
This completes the proof. O
PROOF OF THEOREM 3.4. The argument sketched as follows is taken from

[38]. Remark that we may also use the arguments in [18] to prove the result.
We consider the function

Rt = exp(l(wa — WO)).
&
It satisfies
1
(3.16) gAR"" +(-VU +VW?).VR? = (/\"" - EAW(’)RE

in the set where W° is smooth. Moreover, R*(0) = 1.

The following fact will be needed. See the argument in Appendix 1 and [4],
Theorem 6. Let W° be smooth at x. Then ¢}, the solution of (3.9), has the
properties: ¢} tends to the origin as ¢ — oo; there is § > 0 such that W° is
smooth in a 6 neighborhood of {¢}: 0 < ¢ < oo} denoted by G.

Let { be the diffusion solving

di, = (=VU + VWO)(Z,) dt + Y2 db,
with initial state x until £, hits the boundary of G. Fix R > 0. Define
™ =inf{t;|{,| = eY’R or ¢, € IG}.
Then

(317) R*(x) = Ex[RS(ZTs)exp{/OTE(%AWO _ )\s)dt”

=E, [RS(gTs)exp{/T (%AWO —K) dt} exp{—(\° — K)'Ta}:|
0
As in [38], we can prove the following.

PROPERTY 3.18.

(a) For any positive §; > 0, R%(x) < exp(8;/¢) uniformly on compact sets;
(b) There is 6, > 0 such that P, {{,- € G} < exp(—8,/¢);
(c) There is ¢ > 0 such that for any r > 0,

BJexp( [ laldt) ] < expler(@) - W) )
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For example, (c), as in [38], Lemma 3.3, can be proved by applying Itd's
differential rule to exp{cr(U — W°)¥2(¢,)} and by choosing ¢ large enough.
Further, (b) is a consequence of large deviation properties of ¢, and (a) follows
from the convergence of W¢ to W° uniformly on compact sets as ¢ — 0.

Since |%AW°(x) — k| < c|x| holds in a neighborhood of origin, by using W°
being C2 near origin, JAW®(0) = «, and [\*—k| < ce'/? and by (3.17), (3.18), we
can prove the convergence of R?(x) if we can show that R®(s'/?x) converges
uniformly on compact sets. Recall that /¢ > 0 is the unique function attaining
the inf in (3.10). We observe

1
12(0)

Since f*¢ satisfies a uniformly elliptic equation (3.13), the estimate in (3.15)
implies {f¢} is a compact family of functions. Therefore by a routine argument,
they converge to /9 as ¢ — 0. In fact, f° is Gaussian and is given by

£O>x) = (%)n/z(det D)Y/4 exp(—%(«/ﬁx, x)).

Remark that exp((1/¢)(U — W°)(&%/2x)) converges to exp(3(+/Dx, x)). This in
turn implies the uniform convergence of R*(¢'/?x) to 1 on compact sets.

R*(s"%x) =

Fo@ e (LU - WOH2)).

4. Finer asymptotics: general case. In this section, we consider the
general case when g is not a gradient. We will see that the “gradient part”
of g plays a crucial role. That is, g has an orthogonal decomposition: g =
—VI+(g+VI) for afunction I, where I is the Wentzell-Freidlin quasipotential
function. See [20]. Some interesting properties of this function are given in [4].
The function I also relates to the asymptotic behavior of the invariant density
of the process in (1.1). See [3, 20, 34, 38]. Results concerning this will be
reported in the following lemma. We assume the following condition:

The function g is smooth with bounded first-order and
(4.1) second-order derivatives; g(0) = 0. There is ¢y > 0 such
that z- g, (x)z < —cg|z|? for all x, z.

LEMMA 4.1. Assume condition (4.1). Then the process in (1.1) has a unique
invariant density p®. The following limit exists

(4.2) Iirra—s log p®(x) = 2I(x).

Here I has the following properties. It satisfies the following equation in the
viscosity sense and also almost everywhere
(4.3) |VI(x)]* + g(x) - VI(x) = 0.

It is a classical solution in the smooth region of I, which is an open set contain-
ing the origin with complement of Lebesgue measure 0. The following expression
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holds for I:
H 1 Rl 2
(4.4) 21(x) = inf 3 [ |+ g(d)Pdt.
bo=x, 0
$oo=0
Moreover, we have the estimate: there are positive constants cy, ¢, such that
clx|? < I(x) < cp|x|?,
(4.5) ! Yser
clx| < [VI(x)] < cplx].
The last inequalities hold when I is differentiable at x.
We remark that (4.3) is the the dynamic programming equation for the
calculus of variations problem in (4.4). Equation (4.2) can be found in [3, 34,
38]. A related result can be found in [20], Chapter 4. A proof of (4.5) will be

given in Appendix 3. After this preliminary result we now state assumptions
for 1.

ASSUMPTION 4.6.

(@) The function [ is smooth with bounded derivatives of all orders and
1(0) =0, VI(0) =0.
(b) Thereisc >0, V(x) = %|V1(x)|2 —1(x) = c|x|?.

Here (b) holds at x where I is differentiable.

Recall that ¢, A are the first eigenfunction and eigenvalue of G* normal-
ized by ¢(0) = 1,

(4.7) G®y® = A%,
with
£ l
G°f=ZAf+g-Vf+=f.
2 e
Let A° = gA*, W¢ = elog ¢*. Then W#(0) = 0 and
(4.8) gAW‘E +g-VW° + %|VW‘9|2 +1=2A%

Some properties of W#, A¢ will be stated in the following. Some of these have
already been mentioned in Section 2. See also [14].
THEOREM 4.2. We have the estimate
|As] < |12ll,
(4.9) L
IVWe < o~ IV

with ¢, as in (4.1). Then W¢, A¢ converge to W°, A° as ¢ — 0, A° =0 and W°
satisfies

(4.10) g - VW + 3|[VW°? +1 =0,
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in the viscosity sense and almost everywhere and has the expression

(4.12) W) = sup (U0~ 31b. — (@)t
$..=0

The smooth region for WP is connected, of full Lebesgue measure and contains
a neighborhood of the origin. Moreover, we have the estimate

IVWO < eIV,
I(x) — WO(x) > c|x|?.

Here ¢ is some positive constant.

(4.12)

These results will be proved in Appendix 3. The following are statements
corresponding to Theorems 3.3 and 3.4.
THEOREM 4.3. Assume (4.1), (4.6). Then
lim\° =k
e—0

exists and is finite and « can be defined explicitly; see (4.20). There is a positive
number ¢ such that

IA® — k| < cs'/?.

THEOREM 4.4. Assume (4.1), (4.6). Let W° be smooth at x. Then
. WeE(x) — WO(x) o 1.0\, .
lim === = [ (<= 3AW° )eh .
where ¢} is the unique minimizing curve of the variations problem in (4.11).
The limit exists uniformly on compact subsets of a smooth region of W°.

In the rest, whenever no confusion will arise, we will drop ¢ as an index.
We denote

. 1
&°(x) = ﬁg(al/zx),
~e 1
I (x) = =1(sY%x),
&
£ 1 1/2
We(x) = —W? (e x),
&
e (x) = P (V)
Gof = 3Af + &°Vf +1.
Let x{* be the diffusion generated by the stochastic differential equation

dxt* = (g + VW®)(x*) dt + £/2 db,.

The unique invariant density of this process is denoted by p*®*.
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Reexamine the proof of Theorem 3.3. The following play a role: variational
formula (1.3) , using a suitable test function and properties of p®*. Here the
situation is more complicated: p®*, depending on W#, cannot be directly ana-
lyzed. On the other hand, (1.5) should be used instead of (1.3), which, however,
is not rigorously established. The following are some technical results we need
to solve these difficulties.

LEMMA 4.5. There is ¢ > 0 such that
VW (x)| < c(1+]|x|) for all x.
LEMMA 4.6. Thereis § > 0 and ¢4, ¢, > 0 such that
I(x) — Wo(x) > ¢1]x]2 — cpe, |x| < 6.

LEMMA 4.7. There are ry, ¢ > 0 such that

| 2

/exp(c'%)ps*(x) dx < exp(r—so).

LEMMA 4.8. We denote pi*(x, y) to be the transition density of x{*. Then

lim elog py*(x, y) = WO(y) — W(x)

413 . ¢ ;

(@1 —inf [ Gl - (@)F ~ Us.) ds.
b=y

Moreover,

(4.14) Iirras log p®(x) = —I'*(x)

holds uniformly on compact sets with

I'(x) = =WO() + nf [~ Gl + g6~ Udo) dt.
$.,=0

Let P#* be the invariant measure of x{*. Then

(4.15) lim & log P**(D) = — inf I*(x)
e—0 xeD

for any region D with smooth boundary. In particular, for any positive r there
is positive ¢(r) such that

(4.16) P*{lx| = r} < exp(—cTr))
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LEMMA 4.9. Let w(-) be a smooth function such that

0<wm(x)=<1,
- {1, if |x| < 5y,
T =0, if x| = 8,

for small 6,, 6, with §; < 8,. Then the integral

& &
is uniformly bounded.

w(x) exp(

Lemma 4.8 says that the process x{* has quasipotential function I'*. In the
proof, we also see that x{* satisfies, in finite time intervals, the large deviation
principle with rate function

T
Ii(9) = WOdo) = Wr) + [ Glebe — g(@0) — L) dt.

We shall postpone the proof of these lemmas.

PROOF OF THEOREM 4.3. Let g°, 1° be the limit of g%, ° as & — 0. Then

8(x) = Ax, 1" =1(Bx, x),

21(0)
A— B= (220,
50, B=(70))
Denote
(4.17) GO =LAf+8° -V +1°Ff.

The first eigenvalue and corresponding eigenfunction of G° are denoted by
K, J°. Then

(4.18) §°(x) = exp(3 (Dx, x)),

where D is a symmetric matrix and satisfies the following Riccati-type equa-
tion:

(4.19) D*+ ATD+ DA+ B=0,
such that D + A is stable. Here AT is the transpose of A:
(4.20) k=1TrD.

The equations (4.19), (4.20) follow by formally plugging (4.18) into
(4.21) GO0 = kij°.
The existence of D satisfying (4.19) follows from [45]. See also [9, 19, 23].
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The convergence of i, A® to §°, k is expected since §*, A satisfy
(4.22) Go® = A°°,
with
Gf =iAf+ 85 -VF+If,

which has (4.21) as the limiting equation. A rigorous proof will go as follows:
let y7 be the diffusion with generator %A +(g°+ VW?) .V and let p° be the
invariant density for y;. We first observe that

1/1 1/1 . .
(4.23) /;<§Au+gr-w)ﬁdx5/$<§Aw+g-v¢)ﬁdx

for any smooth positive function u such that log « has bounded derivatives of
any order. Equation (4.23) also holds for more general » by using approxima-
tion argument.

Equation (4.23) can be proved as follows. It is easy to see the following by
differentiation:

v

1/1 A
— (—Aev +(&+VW). Ve”)
e’ \ 2
1 N N
> EAU +(&+ VW) Vu.

We integrate the above inequality with respect to p. Notice that the right-
hand side is zero and
1/1 . A v

1 /1 . N 11 ..
- 27 (Fawhy+ 8- vedy) - < (Gai+ 2 Vi)

We obtain (4.23) by taking u = e”ijs.
Now in (4.23) we take u = e* and use (4.22) and an integration by parts to
obtain

A = [ BGIVUP + (& — Viog ) - Vo + 1) dx.

Let I(x) = (1/&)I(y/ex). If we formally choose v = I + 1 log p, after using the

relation vi(g + Vf) = 0 and an integration by parts formula, the right-hand
side in the last relation becomes

J@=3IVIP - 3| Vlog pP? - 3 div @) pdx.
Therefore,
(4.24) A8+[(V+§|V|ogp|2+%divg)ﬁdx50.

A rigorous proof of (4.24) can be done by an approximation argument. Indeed,
let us choose v = f + %Iog p, where f is smooth and has compact support.
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Then, after some simple calculations and using an integration by parts, the
integral we consider is equal to

[@=31V10g p? — idiv(&) + 3IVFIP + & V)b dx,
Now we can choose a sequence of f approximating I and we obtain (4.24).
Equation (4.24) implies, with ¢ = | div(g)l|,
A <ec.
Note also, by
IAW® + g2 VW + LIVWe )2 417 = e,
we have
A® = AW?(0) + VW (0) 2.

Here AWE(O) has a lower bound, independent of &, by an argument in Sec-
tion 2. Therefore, A¢ is bounded from below by a constant. From this, we can
conclude the following: there is a constant ¢ such that

[A%] < e,
(4.25) f pVdx <c,
/ﬁ|vlog p2dx < c.

We remark that (4.25) is enough to deduce the convergence of A¢ to k by a
compactness argument. We need a further argument to claim that /¢ is an
upper bound for the rate of convergence. Let p° be the invariant density for
the diffusion with generator %A+(Ax+Dx)-V. An inequality similar to (4.23)
holds with p°, g° replaced by p°, g° . Recall (4.18). Then

(e Lar0, 20 wio  3970) 1
Ae 1 70 ~g 20 , 5870 1

= [ B*(5A0°+ &° - VO +17° ) = dx

(4.26) Y
nE A ~E 70 5¢
+ [ 518"~ &) Dx+ ("~ 1)) da
> A+ [ p1(&°— 9 Da+ (1" = 1)) dw.
Here we use (4.23) with u = }°. After a simple calculation, we obtain
K>\ — cﬁ/ﬁ€|x|3dx
> A% —cy/e.
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The last inequality follows by the fact that [ p¢|x|* dx is uniformly bounded.
This is a consequence of Lemma 4.6 ~ Lemma 4.9 for the following reason:
first, notice that

p°(x) = (Ve)" p*™(Vex).

We consider the integral in two regions: {x: |x| < 8//¢ or |x| > M/./¢} and
its complement. Here we choose a small 6 and large M. From Lemma 4.6 and
4.9, there is a positive constant c¢; such that

2 2
&% y y
f p (y)uexp<clu) dy
|y]<é & 4
is bounded if we choose 6 < 8,. This implies the boundness of the integral

p(x)|x|* dx.
/Ix\sﬁ/ﬁ

On the other hand, by Lemma 4.7, it is easy to deduce the boundedness of the
integral

p°(x)|x|* dx.
/Ix\zM/ﬁ

Finally, using (4.16), we have the boundedness of the integral

/ P°(x)|xf da.
8/J/e<|x|<M /7

Similarly, we can prove A® > k — ¢/e. Here we use Lemma 4.5. This com-
pletes the proof.

PROOF OF THEOREM 4.4. The proof is exactly the same as that of Theorem
3.3. We also consider the function

1
R® = exp(—(Wg - W°)>,
&
which now satisfies the equation
1
gARS +(g+ VW% . .VR® = (/\8 — EAW())RS.

We then consider this function along the diffusion ¢, defined by
di, = (g + VWO)(&,) dt + Ve db,.

This again gives the expression (3.17). Property 3.18 holds in our case except
for a minor change. Estimation in Property 3.18(c) is replaced by the following:
there is ¢ > 0 such that for any r > 0 and if ¢ is small enough we have

BdJoo(r [ 1aldt) | = expler(re) - o))

This can be proved by applying Itd's differential rule to exp(cr(I — W°)Y2({,)).
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In the rest, we will prove Lemmas 4.5-4.9.

PrOOF OF LEMMA 4.5. By
IAW? + g5VWe + LIVWe 2+ 17 = a2,
the required estimate for [VW<(-)| follows from a uniform upper bound of A*
and —AW¢. Here we note that
18° (%) + 11" (x)] < c|xf?

for some ¢ > 0. Estimation (4.25) gives a uniform bound for A®. On the other
hand, we can derive a uniform upper bound for —AW? by using the argument
in Section 2. This completes the proof. O

PROOF OF LEMMA 4.6. Let
A 1
I°(x) = = I(Vex).
€

Again, in the following we will omit & whenever it is convenient and does not
cause confusion. We fix a positive § such that I(-) is smooth in the region
{x; [x| < 8}

We consider the function W — I in the set {x;|x| < 8/./}. By some calcu-
lations,

AW = D)+ (& + VI)V(W = D) + 3IV(W — )2
(4.27) = VI — 14+ 2e - LAT
=V +2as— 1AL
Let z, be the diffusion governed by the stochastic differential equation
dz, = (g + VI)(z,)dt +db,

before the exit time

T= inf{t > 0|z, = %}
if z; = x with |x| < §/./e. Applying Itd’s differential rule,
N N INT 143
exp{(W — D(z40s) — /0 (V 4 A° = 3AD)(2,) ds}

is a martingale. Therefore, for |x| < §/./¢,

E, [exp{(W —D(z) — fOW(V + A% — LAT)(z,) ds”

— exp{(W — D)(x)}.

(4.28)
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By (4.25), |A%| is bounded. Note that this part of proof of Theorem 4.3 did not
depend on the lemmas which follow it. Since V + A¢ is bounded from below
and A7 is bounded for |x| < §/4/e, we have

exp{(W — I)(x)} < E [exp{(W — I)(2,.,)}]e"!
(4.29) = E [exp{(W — I)(2,)}; t < 7]e*
+ E [exp{(W — I)(z,)}; ¢ > 7]e*".

The second term on the right has an upper bound P, [t > 7]e‘“e®®/. Here we
use (4.9). To get an upper bound for P, [t > 7], we apply Itd’s differential rule
to I(z,) and use (4.3),

(4.30) dI(z,) = 3A1(2,)dt + VI(z,) db,.
Using
f(z)~1(x) = [ 38Rz de + [ Viz)db,,
0 0

as well as the fact that

TAL R N

E[exp( / avi(z,)db, — %a2|VI(zS)|2ds>] =1,
0

then by choosing a = ¢1/t for some suitable ¢ and using

TAL N A
E[exp(/ aVi(z,)db, — §a2|v1(zs)|2ds), T < t} <1,
0

we can prove
8%\ . o

(4.31) P {r <t} <exp|—-c—) if|x|]=<—,
te e

where §; < ¢ is sufficiently small. We conclude that the second term on the
right of (4.29) is bounded by 3 exp(W — I)(x) if |x| < 8;/e and ¢ is small.
Therefore, for such «, ¢,

exp{(W — I)(x)} < 2E [exp{(W — I)(z))};t < 7]e”

1\" PN
(4.32) <o( %) [, et = Doy
=cf Pl =D}ay

if we fix . Here we use the fact that the diffusion z, stopped before = has
transition density bounded by c(1/+/¢)". See [31], Corollary 3.9. This is little
different from the estimate cited above where the constant is found to depend
on x. The dependence of ¢ on x comes because the diffusion coefficient may
grow linearly at infinity. A careful reexamining of the proof, in particular
Lemma 3.2 and Theorem 3.5 (refer to [31]), assures us that in our case we
may choose ¢ which is independent of x. We note that the constant depends
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on the derivatives of the drift up to the second order. See also a related result
in [40], Corollary 3.37.
Let
. 8,
T, = mf{t >0z, = —=1.
Ve

Another positive number is 8, < 8, which is sufficiently small. For |x| < §,//e,
repeat the above argument, and note that we now have (4.28), (4.32),

exp{(W D sc[ exp{(W-Dy)}dy
(4.33) -

t A A
x Ex[exp{—/ (V+ % — %AI)(zs)ds};t < Tl]
0

For a fixed ¢, the expectation in (4.33) is bounded by c; exp(—c,|x|?) which can
be proved by estimating the expectation in the sets {a|x| < |z,| < a7!|x| for
all s € [0,¢]} and its complement. Here « is a very small positive number.
The expectation in the first set has an upper bound exp(—c|x|?) if we use the
property V(x) > c|x|2. Using a similar argument for (4.31), the expectation in
the complement also has the same upper bound. We thus conclude:

exp{(W — I)(x)}

(4.34) n R
<cop(—clsP) [ ep{(F = D)bdy. s < 5—}

Let B be a small positive number. Theorem 4.2 implies, for any M > 0,
p >0,

. . M
W)= (- Bi(x) < —clx?+ 2, x| = =,
£ Je
if & is small. Therefore, the maximum of the function W(-) — (1 — B)I(:) in

{|x] < 8/4/¢} is attained in {|x| < &y/+/¢} if B is small enough. We fix one
such maximal point x*. Similarly to (4.27),

AW — (1= B)]) + (& + (L - B)VIY(YW — (1 - B)VI)
+ VW — (1 - B)VIP
=11 - B)IVIP -1+ r° - 11— B)AL
Then
(3= BAIVIP ~1+4° — (1~ PAD(x") <O,
which implies |x*| < r for some positive r independent of . Here we use
A= BHIVIP —1=clx

for some ¢ > 0 if B is small.
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From
W(x) - I(x) = W(x) - (1 - B)I(x) - BI(x)
< W(x*) — (1 - B)I(x*) — Bl(x)

for x in {|x| < §/4/¢} and (4.32), we obtain

c1 exp(W(x")) < / exp(W — 1)()) dy < ¢, exp(W(x")).

lyl<8/ve

Then by (4.34) we have

exp((W — I)(x)) < ey exp(W(x*)) exp(—claf?), |« < 57
which implies the result.

ProOF OF LEMMA 4.7. Recall that x{* is the process satisfying
dxt* = (g + VW®)(x5*) dt + Y% db,.

Applying Itd's differential rule to exp{c|x¢*|?/&},
d exp{ §|xf*|2} - §[2c|x;*|2 + 255 g(x5%) + 225 - VW (x*) + nel
x exp{£|xf*|2} dt + dM,(t).
Then
dexp{g|xf*|z} exp{ct} = §[2c|xf*|2 + 205 g(2%) + 205t - VWO (%) + ne]
x exp{§|xf*|2 + ct} dt +dM,(t).

In the above, M,(t), M,(¢) are local martingales. By using (4.9) and condition
(4.1), the coefficient of the d¢ term is bounded by exp{ct + c¢;/&} for some ¢; if
c is sufficiently small, say, we may take ¢ = %co with ¢q in (4.1). Therefore

E, [exp{£|x;‘|2” < exp{§|x|2 - ct} +c exp{%}.

Letting ¢ — oo, we have

/ps*(x) exp{E|x|2} dx < e“/?,
€

which implies the result.
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PRrROOF OF LEMMA 4.8. First we observe, with x, defined in (1.1),
[ pitx. »f()ay
= E.[f(x))]
— E,| f(x,)ex i/tvws( )db, — iftwwa( )P d
- x Xy p \/E 0 Xs s 2¢ 0 X S

_ Ex[f(xt)exp{%(W‘g(xt) — We(x)) + %/Ot I(x,)dt — w”.

Note that here the drift of the process x, does not depend on ¢ and W# con-
verges uniformly on compact sets. This implies the large deviation properties
for the process x#*. The result, (4.13), follows from this also by using the ar-
gument in [36] (see also [29, 43]).

Equation (4.15) can be proved by using the argument in [20]. See Chapter
4, Theorem 4.3 therein in particular. Here we only add a few words for the
convenience of the reader. The estimate (4.20) in [20], page 131, follows from
the large deviation properties and still holds in our case. The estimate (4.19),
in [20], page 131, can also be proved since it only uses the following: large
deviation properties of the process, the estimate (4.20) there and condition A in
[20], page 128, which follows from condition (4.1), and Theorem 4.2 in our case.

Finally, (4.14) can be proved by adopting an argument of Day [3], page 133
and using properties (4.13) and (4.15). We only mention that estimate (5.2) in
[3] has to be verified in our case. Instead, we will give an upper bound for the
integral

[ p(@)pf(z %) dz.
|z|>M

This is enough for our purpose. For this, we use the relation

pi*(x, y) = q; (x, y)exp<—/\st + w>

x E, [exp(% /Ot l(xs)ds>ixt - yi|

and the boundness of [ and A¢ to obtain

pi(x, y) < c<%>n exp(%) exp(M)

&

for some ¢ > 0. Here we use the property

qi(x, y) < c(%)n

For the process x,, gi(x, y) is the transition density. See [31], Corollary 3.9
and some explanation after (4.32). By the semigroup property

piia(x, ) = [ (%, 2)pi (2, 9) dz
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and the boundness of |[VW?|, we have

piii(x, y) < c(%)%xp(%) exp<c|%|> /pf*(x, z)exp(c%) dz.

To estimate the last integral, we use
dx® = (g + VW?)(x2*) dt + Y% db,

and apply 1to's differential rule to exp(c(1 + |x5*|?)Y/2/e) . After some simple
calculation, using condition (4.1) and the boundedness of VW#, we have

1 2\1/2 1 2\1/2
/pf*(x, 2) exp<0ﬂ> dz < exp(_clt) exp(cm> + exp<c_2>
& & &

for some positive constants c4, c¢,. Therefore, we obtain, for some ¢ > 0,

ps* (x y)<c i nexp E exp CM)
t+1\"> — \/E e £

By the above argument we can also get the following estimate. For any ¢; > O,
there is ¢, > 0 such that

/p”(z)exp(cg%) dz < exp(%).

We take c3 = 2¢. Then

pT(2)piii(z,x)dz
[ CTAEED

() oof2) ool
c(%)n exp(%) exp(—c%) exp(c%) /leM p7*(2) exp<2c|—i|) dz
2 (o))

for all ¢. This is the estimate we need in order to apply the argument in [3].
This completes the sketch of the proof of the lemma.

A

IA

PROOF OF LEMMA 4.9. Let

g(x) = p”(x)exp{— W) }

Then

ZAq —div(gq) + (5 - /\g)q —0.
2 e
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By a simple calculation using integration by parts,

0= /wexp(£)< Aq —div(gq) + (— — )\£>q
(4.35) =/qwexp<;>( AI——|VI|2 L )dx

I
+/qexp<;> (gAw + gVw + EVIVw) dx.

Equation (4.14) implies that the second term is bounded above by a constant.
In fact, by an argument in Appendix 3, we can show

I'(x) = (I(x) = WO(x)) = clxf?

for some ¢ > 0. Using the property of @, we can easily prove the boundedness
of the second term in (4.35).
From (4.35),

I IN/1
/qwexp(—)zdx < c—i—/qwexp(—) (—AI— )ﬁ") dx
& &
<c+c/qwexp( )dx

To estimate the last term, let M be a large number and be fixed. The integral
is evaluated separately in two regions: {|x|] < M./e} and the complement.
Here we choose a large M. The integral in the first region can be bounded by
a constant for the following reason: (I(x))/e is bounded above by a constant
in this region. Also by Lemma 4.5, [VW?#(x)| < c4/e holds in this region. By
the mean value theorem, we have |W¢(x)| < ce in this region. These imply
the result.
For the integral in the region {|x| > M./e}, we remark that

V(x)

&

(4.36)

> cM?

holds in this region. Therefore, this integral can be dominated by the half of
the integral on the left-hand side of (4.36) if M is large enough. Then the
left-hand side of (4.36) is bounded by a constant. This completes the proof of
the lemma. O

5. Robust and risk sensitive control. We recall the definition of the
H_, norm of a nonlinear system. As in Section 2, consider £2 satisfying

(5.1) Q=g(E)+v, t=0

with initial state §8 = x. The function v_is interpreted as a disturbance
entering the dynamical system (5.1). Let z, denote a state dependent output,
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z, = h(&?), with values in R? for some d. System (5.1) has H,-norm < vy if
and only if there exists W(x) with W(0) = 0 such that

T T
(5.2) |1zt =92 [ v de+ W(x)
0 0

for every T > 0 and v, € L,([0, T']; R™); W is called a storage function [45].
Let

(5.3) l=y2, I =23inp

Assume that g satisfies (2.1)(a) and (4.1) and that [, satisfies (2.1)(c) with
I,(x) > 0, 1,(0) = 0. This guarantees the existence of A° > 0 and Lipschitz W°
as in Theorem 2.3. The lower bound on |VI| in (4.5) implies that there exists
y, such that V., = $|VI|? — y~21, satisfies (4.6) for all y > y;. If y > y,, then
A% = 0. Moreover, W° is a storage function. This follows from (2.10) and the
fact that Wo(g‘}) > 0. The nonnegativity of W° follows from an easy argument
using (4.1). See the proof of [12], Corollary 3.3. Thus vy, is an upper bound for
the H_, norm. In the gradient case g = —VU with U satisfying (3.3)(a), (b),
the H -norm < y if and only if V., > 0, that is,

v|VU(x)| = |h(x)] for all «x.

The exponential in (1.4) can be interpreted as a risk-sensitive cost criterion
and ¢ represents a long-term growth rate of expected exponential cost. The-
orems 4.3 and 4.4 are more precise approximations for A¢, W¢(x) than those
in [14]. Theorem 4.4 states that

(5.4) We(x) = Wo(x) + eZ(x) + o(&),

where Z(x) is the integral in this theorem. However (5.4) holds only in the
region where W° is smooth.

In the case of controlled dynamical systems, instead of (1.1) let the state
dynamics be governed by

(5.5) dx, = f(x,, u,)dt + €2 db,,

where u, is the control applied at time ¢, with u, € % (the control space).
We consider state feedback (complete state information). For a more precise
formulation, see [17]. Let

p=—.
'YZ

The risk-sensitive control problem considered in [14] is to find a stationary
feedback control policy u, = u(x,) for which a criterion of the form

1 T
(5.6) £ lim sup — log E, exp[E / L(x;, u;) dt}
Mt T T € J0
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is minimized. The counterpart of the linear eigenvalue problem for A%, ° in
Section 1 is a nonlinear eigenvalue problem considered in [14] by stochastic
control methods. The solution depends on finding A% *, W& * satisfying

(57%) A% = ZAWSH 4 min[f(x, W) VW + L(x, w)] + S [VWoHP.
ue«
In the cases without control, A># = (g/u)A%*, W& # = (g/u)log = * where
NP = NG 4 gVt By,
&

Under suitable assumptions on f, L and compact %, A%*, W # exist, with
A&k VWe # uniformly bounded. As ¢ — 0 and u fixed, they tend to A%, W°
satisfying (5.7°) in the viscosity sense. See [14], Sections 7, 8. Moreover, A% is
the value of a differential game with average cost per unit time payoff and with
(5.7°) as the Isaacs PDE. In this game, the minimizing control corresponds to
u, and the disturbance v, has the role of a maximizing control.

It is of interest to seek more precise asymptotic results like Theorems 4.3
and 4.4 for controlled dynamical systems. This can be done in the following
special case. Let

f(x,u) = g(x)+bu, b#1,b>0,
L(x,u) = ly(x) + 3lul?
and = R™. Assume that g, [, are as above. If we impose the artificial bound
|lu| < M, then (5.7¢) has a solution A*#, W## with
0<A™ <[],  [[VW"|] < co|| VL]

with ¢, as in (4.1). See [14], Theorem 7.1. Let M > c¢;||Vl,||. Then the mini-
mum in (5.7¢) is the same as the minimum for z € R™. Thus in this special
case,

a _ b2
(5.87) Rott = ZAWS 4 gVWot 4 1+ B jvwen 2

Assume p = 1. If we let
=1-0)r>  We=@1-H)Wl,  I=(1-0b%)I,

then this reduces to (4.8) and Theorems 4.3 and 4.4 apply. Note that in
Assumption (4.6) we have not required [ > 0, so that both b <1 and b > 1 are
allowed.

In [12] the asymptotic behavior of A** and W##* was considered as ¢ —
0,y — oo so that y%¢ is constant. The asymptotic series obtained involve
both H, and H_, formulations of the disturbance attenuation problem. The
results of [12] are for the uncontrolled system with dynamics (1.1). It would
be interesting to find corresponding results for controlled dynamical systems,
governed by (5.5). We consider this special case with

= Be,
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where B is a constant. Let
X = (Be—bHAFe, W= (Be—b)W=Pe, 1" =(Be—bA)L.
Then
xe = gAW"‘ +gVWe 4+ L vWeR 17
The same argument can be applied and we have the following asymptotic

result.

THEOREM 5.1. Assume condition (4.1) and let [ satisfy (4.6)(a) and [ > O.
Then W2 #2 converges to W° given by

1 . 1
W) = g it [ (16, a(@)F + 210, ) .
$o0=0

Moreover, we have
Xa, Be
lim
e—0 For
If WO is smooth at x, then
. WeBe(x) — WO(x
iy WP () = Wo(x) _ B

e—0 & - b2

=Kk= %AWO(O).

WO(x) + /000<%AW°(¢>§‘) - K) dt,

where ¢7 is the unique minimizing curve of the above calculus variations prob-
lem, which defines W°. The limit exists uniformly for x in compact subsets of
the smooth region of W°.

APPENDIX 1

The purpose of this appendix is to sketch a proof of (3.8) following the
argument in [4]. The interested reader should consult [4] for the details. Recall
the conditions in (3.3).

The calculus of variations problem

(AL1) Cx) = int [ (g + V(e dt

has Hamiltonian

H(x, p) = 3|pI* = V(x).
An optimal trajectory of (Al.1) satisfies the equation

(AL2) ¢ =H (¢, p),
p = _Hx(QD’ p)
That is,
¢ =p,

p=VV(ep).
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As in [4], they also have the property
¢, P —> 0 ast— oo.

For discussing the property of the system (A1.2) near the origin, we linearize
the system (Al.2) at (0, 0). We have the matrix

A_O,I
| D, ol

It is not difficult to see that eigenvalues of A are given by +,/u, where u is
an eigenvalue of D. The eigenvectors of A corresponding to —,/u and ,/u are

given by
_t 1.
) )

with v being an eigenvector of D corresponding to w. Therefore, the stable
manifold of (A1.2) near (0,0) is given by

p=o(x), @,0)=-vD.
Moreover,
P(x) =-VC(x)

for x near 0. Since W° = U — C, the above relation implies (3.8) after an easy
computation.

APPENDIX 2

In this appendix we will prove (3.15).
By (3.13) and Itd’s differential rule, we have

21 @ =B reeef(- [(7e)+a9ds)]]

where b, is a Brownian motion. It is easy to see that —A¢ has a uniform upper
bound by (3.10). Also, — V¢ < (¢/2)AU, which is bounded above. Therefore, f*

is bounded by
cf(%)n exp(—%)fa(x) dx

which in turn is bounded by a constant, since [(f?)*dx = 1.
Using (A2.1) again and Condition (3.3)(d),

fé(x) < cE, [exp( - cfol |, |2 ds)].
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Note the following identity,

1 1
A2.2 E. |lexpl —c | |b 2ds>] = exp(—an)u(x Ex|:—:|,
(A2.2) oo~ [ P(-amu(0)Ey|
with
u(x) = exp(—alxl?),  a= \/ >
where y, is the Ornstein—Uhlenbeck process satisfying

dy, = —2ay,dt + db,

with initial state y, = x. This is an easy consequence of the Girsanov theo-
rem. Finally, by some computation, the expectation in (A2.2) is bounded by a
constant. Thus, (3.15) is proved.

APPENDIX 3
In this appendix, we prove (4.5), (3.6) and Theorem 4.2.

PROOF OF (4.5). Let ¢y =x, po, =0,u, = d, + g(¢,). Then

d
78 = —2¢8(¢) +2¢u

> c|p|? + 2¢u
2
=c

1 1
b+ =u| — =|ul
c c

Here ¢ = 2¢, with ¢, in (4.1). It is easy to deduce I(x) > ¢;|x|? from this.
On the other hand, using ¢, as a test function, where

qb:g(d))’ ¢0:x7

then, for some constant c,
1 0o 2 . 00 2
s 16 +a@)Pdi=2] |a(o)dt

o0
=c[ lgPat
0
< clx|?
which implies I(x) < c,|x|? for some constant c,. Here we use

|b:| < |bol €XP(—Cpt)

by an easy argument.
Let I be differentiable at x. We first prove that

IVI(x)] = c|x|
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holds for some positive constant ¢ which is independent of x. We know from
[4] that there is a unique minimizing curve of (4.4) which satisfies

D= 8.(¢)p,
with
$o = x, Po = —2VI(x).
By (4.1),
|p:| < exp(—cot)|pol-
Then

1 o .
21(x) = 5 [ 16+ g(¢)Pdt
1 poe
=5/ Ipat

1 2
< —
= 4co|p0|

1
= Z|VI(x)2.
Co

This implies the result with ¢ = ,/2c;c,.
On the other hand, we have |VI(x)| < ¢|x| for some constant ¢ which follows
easily from

|VI(x)]? + g(x)VI(x) = 0.
PrOOF OF (3.6) AND THEOREM 4.2. Since (3.6) is a special case of (4.11), we
only prove Theorem 4.2.

We first prove that A° = 0. Following the same calculation for (A3.2) below,
we have

T
[ @) = o,y de < I(x)
if oo = x, ¢, = g(¢,) + v,. In particular,
T
[ @) =3l Pyde <0

if g0 =0, ¢, = g(¢) + v R
From relation (2.10) with x = 0, v = 0, we have A\°T > 0 for all T'. Therefore,
A° > 0.

On the other hand, there is an optimal trajectory of (2.10) with ¢, = 0,
satisfying

(A3.1) d’t = g(¢,) + vy, ¢y =0.
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such that |v,| < M, 0 < ¢ < T, for some M which is independent of T'. See [14],
Section 5. Then we can use this property to deduce that |¢,| <r,0<¢ < T,
for some r > 0 independent of T'. From

0= WO(0) = WOdr) + [ (U6y) — Hlofyde — T

< Wo%(¢r) - A°T,
we have

A°T < sup WO(x)

|x|<r

for any T' > 0. Then A° < 0, that is, A° = 0.
We now prove (4.11). First, we remark that there is w < 1, u near 1, such
that

T
[ Wb~ Fulvyde < wI(x)
if o =x, ¢, = g(¢,) +v,. This follows by noting that (4.6) still holds for u =1/
and using an inequality above with [, I replaced by w17, u=11.

Fix T > 0. Let ¢ be an optimal trajectory of (2.10). Let ¢, = g(¢,) + v,.
Then, as above, there are M and r independent of T' such that

lvel < M, [ <,

for all 0 < ¢ < T. By assumption,
T
Wo(x) = WO(br) + | (1) - Fluif?) de
0 T 1 2 1 T 2
= Woor) + [ (Ub) — Fulo)di =3 - w) [ v dt
0 1 T 2
< WOdr) +ul(x) = 3@ —p) [ o dr.
From this, there is ¢ independent of T such that
T
/ v,2dt < c.
0

From

¢"t = g(¢,) + v,
and (4.1),

d
a|¢t|2 = 2(dy, () + 2(bs, vy)
= _200|¢t|2+2|¢t||vt|

1
2 2
< —col,] +g|vt| )
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we have
T 1 c
[ o ar< (100 + £).
0 Co Co
This implies, for any 8 > 0, if T is large enough there is S < T such that
|pg| < & for ¢, an optimal trajectory of (2.10). Remark that we have

S
Wo(x) = Wo(os) +fo (Uby) = 3lv,?) dt.
Denote ¢ by
5t - Ut’ t S S,
=0, t> S,

and ¢ the solution of

<£t = g(d;) + 0;.

Using (4.1), we can prove that there is ¢ independent of § such that

[ bt < es.
S

Therefore,
Wox) < [ ()~ 315, di +ed

<sup [ (Ude) — 31d, — g(@)P)di +co.
bo=x, 0

Since § is arbitrary, we have

W) < sup [ (Uo,) — Hds — g(@)P)dr.
do=x, 0
$=0

The reverse inequality is obvious by using (2.10) and the properties that A° = 0
and W°(0) = 0. Thus we have the equality which is (4.11) as claimed. This
completes the proof. O

PROOF OF (4.12). Given ¢ with ¢y = x, ¢, = 0. We may assume that ¢,
is in the smooth region of I for almost all ¢. In general, we can approximate a
given curve by those satisfying such property for the following reason. Let A be
the complement of the smooth region of I. We know A has Lebesgue measure
zero. We take smooth a: [0, c0) — [0, 1] such that a(¢) — O as ¢ — oo, (0) =0
and a(t) # 0 for ¢ # 0. Since [ x4(¢; + a(t)y)dy = 0 holds for all ¢ # 0, by
Fubini's theorem, we have [;° x4(¢, + a(t)y)dt = 0 for almost all y. We can
take ¢, + «a(t)y as an approximation for ¢, by choosing y with |y| small and

satisfying [;° xa(¢, + a(t)y)dt =0.
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Now observing the relation

U($)—Ld— g(d)P =-V(d)— 1ld — 0(d)? — $pVI(),

where 6(x) = g(x) + VI(x) and V = 1|VI|? — [, we have

1989

(A32) [P - Hd - g(@P)dt = 1(x) = [ (V(#) + 31— 0()P)de.

Let
Uy = b, — 0.
Then
dI(¢
;t 2 =u,VI(¢,).

Here we use VI = 0.
@)= [ —u Vi) ds
2 o0 2
< [ lwlPdet [ VI(o)Pdr.

Since [VI(,)| < ¢l

calel = 1) = [ | + 2V (8 | at

with ¢ as in (4.6)(b) and hence

claf? < [T+ V(o)) de

with another c¢. This gives the second inequality in (4.12). Note that ||[VW]|| <

cot||VI|| was proved in [14]. See also Section 2.

APPENDIX 4

In this appendix, we shall derive some estimates for the process defined
by (1.1) under condition (2.1), from which we can deduce that the semigroup
generated by G¢ is bounded in B, for each ¢ and the eigenfunction ¢ is of
polynomial growth, therefore is in B;. The uniqueness of ° can be proved
using an argument in [12], Theorem 3.1. In the following, we shall assume

e=1
Let x(¢) be the process defined by (1.1).

LEMMA A4.1. Assume (2.1). Let ¢y be the constant in (2.1). Then for any

¢y > 0 there is ¢, such that

E  [exp(cq|x(2)])] < exp(cq|x| exp(—cot) + c2).
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PRrROOF. Let
¥(t) = x(t) exp(cot).
Then
dy(t) = (coy(t) + exp(cot) g(exp(—cot) y(2))) dt + exp(cot) db,.
Therefore, by applying I1td’s formula to the function

f(y) = exp((1+|y[)"?),

we have
df (y(1)) = (co|y<t>|2 T exp(cot) yg(exp(—cot) (1))
()P
+ hexp(2aat) ~ hexp(2eot) i ) s F(0(0) de
2
+3 exp(ZCOt)% f(y(t))dt +dM(t).

Here M(¢) is a martingale. Since
lexp(—cot)y(t)| = Ro
implies
exp(cot) y() g(exp(—cot) y(1)) < —col ¥(t)?
by (2.1), we have
df (y(t)) < cexp(2cot + Ryexp(cot)) dt + dM(t).
for some constant c. This implies
t
E [f(y(@)] = f(¥(0)) +/0 cexp(2cos + Roexp(cos)) ds
c
= F(3(0)) + 5 exp(cot + Ro exp(cot))
0
< exp(|x| 4 cot + Ry exp(cot) + c¢).
Here ¢ can be a different constant. Thus,
E [exp(exp(cot)|x(t)])] < exp(|x| + cot + Roexp(cot) + ).
By Hdolder’s inequality,
E [exp(ci|x])] < (B [exp(exp(cot)|x(t)[)]) P~
< exp(cq|x|exp(—cot) + cocy eXp(—cot)t + Ry + cexp(—cot))
< exp(cy|x|exp(—cot) + ;)

for some constant c,. This completes the proof. O
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Let G be the operator in (1.2) and with ¢ = 1. The space B, is defined by
B, = {f € C(R"); f(x) exp(—c|x|)is bounded}

COROLLARY A4.2. The operator G generates a semigroup 7', on B,.

Proor. T, is given by

T, (0) = B faen e [ Wao)ds) |
by the Feynman—Kac formula. See [28]. Therefore,
IT:f ()| < exp(IIE)E[If (x(@)]]-

The result follows from Lemma A4.1 immediately.

COROLLARY A4.3 Let ¢ be the principal eigenfunction for G with (0) = 1.
Then there are m, cq, ¢, such that

P(x) < cg|x™ + .

PrOOF. By Theorem 2.2, there are ¢, r such that
¥(x) < exp(clx| +r).
Since  satisfies
Gy(x) = Ao,

we have
00) = B i exp( [ (o + 1x(e) ds ) |
Therefore, with é = ||| + | Al

P(x) < exp(ét + r)E [exp(c|x(?)])]
< exp(ét + c|x|exp(—cyt) + 7).

Minimizing this w.r.t. ¢, we get the result with

CoC . 5 é .
m = 5 c1 = (%)c/co eXp<c— +7")
0

§|Q>

for |x| > é/cye. Since ¢ is continuous, we have

W(x) <c, if|x|< é

The lemma is proved with this choice of m, ¢4, c,.
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LEMMA A4.4. Let A > Ay; Ag is the principal eigenvalue for G. Then the
inverse of A — G exits on B, and is given by

(=G @) = [ e N fdr.

PROOF. We only need to prove that the integral defined by the right-hand
side of this equality converges.
Let W = log ¢. Then,

IAW + g - VW + 2IVW [P + 1 = ).

Now,
T, () = B sty exp( [ 1x(s0) ds )|

=E, [f(x(t)) exp(/ot — (AW + g - VW + 2|[VW|?)(x(s)) ds>i| exp(Agt),

by I1td’'s formula and we have
T,f(x) =exp(Aot)E, [f(x(t)) exp(—(W(x(2)) — W(x)))

x exp< fo "W (x(s)) db, — ! /O YW x(s)) P ds)]

= exp(Aot) B [f(x*(2)) exp(—(W(x*(2)) — W(x)))],
where x*(t) is the process defined by
dx*(t) = (g + Vlog ¥)(x*(t)) dt + db,.

Here we apply the Girsanov theorem for changing the measure. We remark
that Lemma A4.1 also applies to x*(¢). The assertion follows from these easily.

Acknowledgment. The authors thank the referee for useful comments.
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