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FINITE APPROXIMATIONS TO THE CRITICAL
REVERSIBLE NEAREST PARTICLE SYSTEM

By THomAs MouNTFOrRD! AND TED SwEET ?

University of California, Los Angeles

Approximating a critical attractive reversible nearest particle system
on a finite set from above is not difficult, but approximating it from below
is less trivial, as the empty configuration is invariant. We develop a finite
state Markov chain that deals with this issue. The rate of convergence for
this chain is discovered through a mixing inequality in Jerrum and
Sinclair; an application of that spectral gap bound in this case requires
the use of “randomized paths from state to state.” For applications, we
prove distributional results for semiinfinite and infinite critical RNPS.

1. Introduction. We consider attractive reversible critical Feller near-
est particle systems (NPS). Nearest particle systems were introduced by
Spitzer (1977). They are spin systems on {0, 1}* with transitions as follows:
if £(x) = 1—that is, if site x is occupied—then the flip rate c(¢, x) is 1; if
£(x) = 0—that is, if site x is vacant—then

c(&,x)=1(l,r)),
where

I, =x—sup{y <x: &(y) =1}
and

r,=inf{y > x: £(y) =1} — x.

We are interested in processes that are reversible, attractive, Feller and
critical. We now explain what each of these properties requires of the flip rate
function f(I, r).

Reversible. A NPS is called reversible if f( I, r) is of the form

_B(HB(N)
 B(l+r)

with f(e, r) = f(r,) = B(r). Notice that if our initial configuration &, has
Yso0&o(X) =X, o&(X) =, then f(x, r) and f(r,«) are irrelevant and
requiring the reversibility condition (1.1) does not fully specify 8(-).

Attractive. It is easily seen that our process will be attractive iff g(n)/
B(n + 1) is a decreasing function on n and it decreases to a limit greater
than or equal to one.

(1.1) f(l,r)
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1752 T. MOUNTFORD AND T. SWEET

Feller. For an attractive reversible NPS to be Feller (for {0, 1}* equipped
with the usual product topology), it is necessary and sufficient that
B(n)
— N L
B(n+1)

Critical. Under the above conditions, there exists a nontrivial stationary
distribution for the NPS if and only if either X,,_, B(n) > 1or X,., B(n) =1
and X, . ,nB(n) < . In the former case, the NPS is called supercritical, while
in the latter case, it is called critical. In the critical case, the upper invariant
measure is the renewal measure on {0, 1} associated with the probability
density g and will be denoted by ;.

Detailed discussion of the above issues can be found in Liggett (1985). To
summarize, we will consider spin systems on {0, 1}* with the following flip
rates: if £(x) = 1, then c(¢, x) = 1; if £&(x) = 0, then

B(1)B(ry)
(£, x) = B Tr)
where
B(n)

(1.2) m N1
(13) ¥ a(m -1
and

; nB(n) < c.

In addition, we will impose a strong regularity condition on B: there exists
an increasing function L(n) such that

_ n B(n)
(14 A '—(n)(B(n+1) _1)21
and
L(1) > 5.

The condition L(1) > ¢ implies the moment condition Yn®~’8(n) < «. Notice
that requiring such a function L(n) with L(1) > ¢ is the same as requiring
such an L(n) with lim,_ . L(n) > c. We denote the limit of L(n) by L.
Condition (1.4) is by no means the weakest to allow our arguments to work,
but it is natural, as it includes the cases 8(n) = A/nP (for large enough p),
and it allows a clear exposition of the underlying ideas.

It is natural to consider critical NPS as Mountford (1997a) provides a
complete convergence theorem for supercritical reversible attractive NPS,
while Mountford (1995) shows that subcritical attractive reversible NPS
converge exponentially in distribution to §,, where 0 is the null configuration
given by 0(i) = 0. For the critical case, long term distributional behavior was
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unresolved in the case where &, is Bernoulli( p) for small p, for instance. Our
finite approximations allow one to prove (under strong moment conditions
on g) that the limiting distribution is »; in that case [Mountford (1997b)].

In considering a NPS £, on the a site interval (—n, n), one can make a
simple comparison with a finite state Markov chain Z; whose initial state is
given by

N 1, if x| > n,
Zo(x) = &(x), iflxl <n
and where the evolution proceeds according to the Harris construction of ¢,
subject to the values of Z{(x) remaining fixed through time for |[x| > n. By
the Harris construction of the process, we mean the following: each integer
has a Poisson process of rate 1 corresponding to deaths at that site if a
particle is there at the time. Each integer has an independent Poisson process
of rate B(1)? /B(2)—the maximum flip rate—or of rate 1, whichever is larger;
each integer also has an independent sequence of uniform i.i.d. r.v.'s over
[0, 1]. If, at the ith point of the Poisson process, the site is vacant and the ith
uniform r.v. is less than the ratio between the flip rate at that site and the
Poisson process rate, the site becomes occupied. By attractiveness, the pro-
cesses are coupled in this standard construction so that & < Z [in the
pointwise sense that &(x) < Z['(x) for all x] for all t.

For a fixed finite interval | we can take n so large that the stationary
distribution of Z", restricted to I, is as close to »; as required. The natural
question “For fixed n, how large does t have to be so that Z" has distribution
close to its stationary distribution?” was essentially answered in Sweet
(1997).

To meaningfully approximate & on | from below by a finite state NPS is
not so easy since §, is invariant. To create such a finite system, we must keep
the nearest particles to points in the interval inside the interval. To do this,
we fix particles at —n and n. In creating Z", this is all that is done. It has the
effect of “moving the nearest particle closer” which leads to an upper approxi-
mation. What we would like to do here is “move the nearest particle further
away” which would lead to a lower approximation. To do this, we ignore
the particles near the boundary on the inside of the interval. That is, while
we ignore deaths on —n and n, we also ignore births on (—n, —n + n%) U
(n — n* n).

Specifically, the approximation that we explore here is the following [for
lc(—n/2,n/2): fix a € (0,1/2) (we will discuss this parameter shortly)
and let X" be given by:

1. X(x) =1forall [x| > nandall t>0;

2. X(x)=0forall xe(—n,—n+n*)U(n—-n*n)andall t > 0;

3. Xg(x) = &(x) forall xe[—n+ n* n—n“];

4. X evolves on [—n + n% n — n®] according to the Harris construction of
& for t > 0.
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At times, it will be convenient to regard X" (or Z") as a process on
{0, 1}t~ ™" which we will do without further comment. Obviously, we cannot
make the global statement X" < & [on (—n, n)] for all t because the flip
rates become better for X" if, for example, & becomes empty on [—n, n].
However, attractiveness does tell us that the processes are coupled so that

X{t<é onl
for t < 7 where

= inf{t: & = Oon either [-n, —n + n*) or (n — n*, n]}.

To see this, simply notice that no jump before time r can make a nearest
particle to a point in I closer under X" than under &,. In other words, for
t < 7, the process does exactly what we wanted: it “moves the nearest
particle” of a point in |1 to n from somewhere inside (n — n%, n] (if the
nearest particle was there). Once there are no particles to “move,” which
happens at time 7, this breaks down.

Of course, if X" gives away too much, then it will not be very useful.
Detailed balance tells us that the invariant measure is simply renewal
measure conditioned on the particular occupancies and vacancies that have
been enforced. If « is too large, then we are conditioning on too many
vacancies to expect this invariant measure to look like the »; near the origin.
Specifically, if « > 1/2, then the conditioning may persuade the renewal
measure to simply makes one very big jump from —n to n rather than two
big jumps of size at least n®. We choose « < 1/2 to avoid this problem.

So, the key now is whether the coupling holds long enough, that is,
whether 7 is big enough, for X" to serve its purpose. While we need a < 1/2
for the stationary measure to be useful, we want o« as large as possible so
that the coupling will hold for as long as possible. Take &> 0 and let
a=1/2 — &. In the proofs, we will choose ¢ as small as is necessary.

We will actually require an auxiliary chain to analyze X". Let X" be a
similar Markov chain on the state space {0, 1))~ ™"\ {0} where (in a minor
abuse of notation) the null configuration 0 here is given by 0(i) = (i) +
5_,(i). Then X" has identical flip rates to X" subject only to the conflgura—
tion 0 being forbidden. This process is introduced because it has good spectral
gap properties (Proposition 3.1), which is vital for a (temporary) lower ap-
proximation to be useful. However, X" does not behave as well; it takes a
long time to leave O since the sites that would flip relatively quickly are
forced to remain vacant.

Before ending the section with an outline of subsequent sections, we make
a couple of definitions. Given a configuration n and site x, we let n* be the
configuration obtained by changing the value of n at x: n*(y) = n*(y) for
y # x while n*(x) = 1 — n(x). We write f(n) < g(n) iff there exists a con-
stant k such that f(n) < kg(n) for all n. We define f(n) = g(n) similarly.
Finally, we write f < g iff f(n) < g(n) and f(n) = g(n).

The next section contains a couple of lemmas that relate the finite state
processes to the particle system on Z. Section 3 contains the main result of
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the paper; we will prove that the spectral gap for X" is at least of order n~2.
The given order is the correct one; the proof of the converse—the gap is at
most of order n-2—is in Sweet (1997). This means that if the distribution of
Xg' is not too extreme, then X::. should be very close in distribution to 7",
which is itself (by Proposition 2.3 in Section 2) close to vz In Section 4, we
justify the use of X" instead of X" by establishing that the chance of X
hitting the null configuration 0 in time n?* ¢ (starting from stationary) is very
small. This and the preceding work will allow us to conclude that X .. is
close to y; in distribution when starting from a “reasonable” configuration.

The last two sections each contain an application of this finite state
approximation and its rate of convergence. It is here that we state results
dealing with how long the coupling will hold (i.e., lower bounds for 7 in
probability). We wait until the application sections to do this because the
particular manner of dealing with this issue will depend on the application at
hand. In Section 5 we use the preceding results to prove the following result.

THEOREM 1.1. Let &, be a critical attractive reversible Feller NPS satisfy-
ing (1.4) with L(1) > 6. Let &, be distributed by renewal measure (with 8) on
(—o0,0] [with £,(0) = 1] and let £, = 0 on (0, ). Then, as t — o,

1 1
& ~p 200 t+ 275

This result was conjectured by Schinazi (1992) (though we have made
large assumptions on the regularity of g and the corresponding moments).
With ¢, distributed as in the theorem, Schinazi (1992) proved that (if 8 has
a finite second moment) the rightmost particle of the process started from &,
renewal measure on the half line, has Brownian fluctuations; that is, ryz;/N
converges in distribution to a Brownian motion, where rg = sup{x: £(x) = 1}.

From this fact it is clear that any limiting measure u of & must be
stochastically less than 38, + 3. The difficulty lies in establishing that if
r. > 0 then ¢ looks like v, around the origin. Since renewal measure on the
half line is invariant for the process seen from the right edge [Schinazi
(1992)], attractiveness implies that on {r, > 0} the configuration &(x) = &(x
+ r,) should be at least renewal measure. However, we are interested in the
behavior of £, around the origin, that is, the configuration &, shifted a
random amount relative to r,. To put this another way, we are interested in
&, given that r, = x; this conditioning event is no longer increasing (and
hence the attractiveness argument does not apply).

A second use in applying our comparison methods is to establish that for
yg-almost all £,, & —p 1. In Section 6, we sketch a proof of the following.

THEOREM 1.2. Let & be a critical, reversible, attractive, Feller NPS
satisfying (1.4) with L(1) > 5. Then for almost all &, (with respect to ),

S(t)é —p -

where S(t) is the semigroup for the process.
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If, instead of S(t)¢,, we considered t '/;S(s)¢, ds, then soft ergodic
arguments yield the desired convergence without the added conditions on .
Theorem 1.2 is similar to Theorem 1.13 of Liggett (1991). Our moment
conditions are weaker and we do not require that B be totally positive of
order 3, but apart from this we require more regularity for B.

2. The finite processes. In this section we present some elementary
calculations concerning the stationary distributions 7" and 7" for X" and
X", respectively. First we require a few definitions. Given a sequence of
B-renewal points 0 =z, <z, <z, < +--, let A(i))=P(3 m, z,, = i). Itis well
known that lim,_, ., A(i) = u~* = (EnB(n))~* and therefore that sup A(i) < 1
and inf A(i) > 0. Let

B(m) = X B(i).
i=m
This notation is useful since

v (£(0) =1, &(x) =0for x € [1, m — 1]) = u 'B(m).

Notice that if L < «, then

(2.1) m- (-2 < g(m) < m~ (-2
and
(2.2) m-(L+=D < g(m) x m~ (-9 D

for any & > 0, while if L = o, then

(2.3) B(m) < mM

for any M > 0.

As noted in the Introduction, a configuration ¢ can be identified with its
occupied sites. In the following, given a configuration &, —n = x, < x; < -
< X, = n will denote the occupied sites of ¢.

LEMMA 2.1.

l r
c(n) iljlﬁ(xi = Xj_1)

where C(n) < B(n*)2. A similar statement holds for 7"(&).

m"(§) =

Proor. That (C(n) I1/_, B(x; — X;_,) is a stationary distribution
[where C(n) is the normalizing constant] follows simply from the detailed
balance equations. It only remains to show that normalizing constant C(n) is
of the order claimed:

C(n) = B(2n) + Y B(l+n)A(r—1)B(n—r).

-n+n%<l<r<n-—n¢
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Now the second term on the right-hand side is clearly of order B(n®)? and so
we must show that

B(2n)
= > >0 asn-
B(n%)
We will actually prove
B(an)
24 — <
24 B(n“)°

for any fixed a. For simplicity, we will show this for g(n)/g(n*)? (though the
proof for general a is essentially the same).
Now there exists some y so that
(1-y)?1-a)—a(l+7vy)>1-2a—9/5=¢/5.
Clearly there exists a positive integer N such that

(1 - y)L(m) B(m) (1+vy)L(m)
+ < < RS A S

! m T B(m+1) m

for m > N. Since L(n)/n — 0 [as B(n)/B(n + 1) — 1], we can further as-
sume that

CL(m(@-y)
2m

>1 -

and

(1 +y)L(m) <
m

1

for m > N. Now, let B(0) = 1 for temporary convenience and let K be the
constant 2= In[ (i + 1)/B(i)]. Then for n > N,

W TSt B+
In B(n®) = i:Z In—,B(i)
S S SRR AL RN
"' (1 +y)L(i)
z—(1+y)L(n“)riZ_l%+K
> —a(l+y)L(n*)In(n) + K,
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while
Iwﬁmwﬁmﬂ]s—éiMCil?igz+ﬁ
nl(A-y)L(i) 1@ -y)L(i))’
—-‘iZ}a{““T““ "5(““?““)\
n 1-— L(i
< — __Za%(l — 7)
< —(1 = ¥)’L(n*)(In(n) — In(n®))
= —(1 - ¥)’(1 - a)L(n%)In(n).
Hence
In[ B(n)/B(n*)°] < =K = L(n*)In(n)[(L = ¥)*(1 — a) — a(L + )]
< In(n~tMe/3) — K

<In(n™?) - K

and so (2.4) follows. This proves the result for #" and the proof for 7" is
similar. O

LEMMA 2.2. As n goes to infinity, the probability of {£: (—n, —n/3) is
&vacant} converges to 0 under #" and under 7".

ProoF. Notice that the result for 7" immediately implies the correspond-
ing result for 7". Now by Lemma 2.1,
B(2n) + T2 4 B(n + )R]

7"((—n, —n/3) is vacant) = c(n) ,

where
R = X
n“>r

n—

IA(r— 1)B(n—r) < B(n%)

and C(n) = B(n%)?. So,

p2m | B(n)ZIZ" 5B(n + 1)
B(n*)® B(n*)”

_ B@n) | np@2n/3)
= E(na)z E(na)

X

7"((—n, —n/3) is vacant})

which converges to 0 by (2.4).

ProprosiTION 2.3. Let f be any cylinder function. Then both (7", f) and
(m", f) converge to (y, f) asn — =,
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Proor. We only write out the proof for {«", f). It is only necessary to
prove this result for f increasing with f(0) = 0. If »;™ " denotes the measure
on {0, 1}"™™ given by y, conditioned on £(n) = ¢£(—n) = 1, then by attrac-
tiveness,

<7Tn! f> S <V[S§_n'n! f> d <Vﬁl f>-
So it is sufficient to show that
liminf{a", f) > <VB' f).

n— o

Let
I(¢) =inf{i > —n:n(i) =1},
r(¢) = sup(i < n: (i) = 1},

(w", ) = [7"(dg) ()

. Z Z f1|(§)=|,r(§)=r7Tn(d§)<Vﬁ|,rf>
I<-n/2r>n/2
> a"({& 1(&) < —n/2,r(&) >n/2}) y, )

= (1 +0(1))(w,, ),

where the third step follows from attractiveness and the last step follows
from Lemma 2.2. O

PRrRoPOSITION 2.4.  Consider »; restricted to (—n, n), which we now denote
(abusing notation) also as v;. We can couple 1, and #" as the law of
(&,m) €{0,) "™ x {0,1}"™™ so that there is a set B c {0,1}"™™ with
v;(B) < n~'/2 such that £ > n when & ¢ B.

Proor. Recall that u~! = lim A(i). The chance under vz that the interval
[—n, —n + n*] is unoccupied is equal to

1 _ -n-1 e

— ; B(—n+n*—x+1) =< ; N Zﬂ B(i)
- T (- (1))
< B(n*)n®

< na(—L+1+ S)na

<n 12
where the second to last step used (2.2) and (2.3) and the last step is valid
using § =L — 5and & < 1/4, for instance. Let B ={&: 1(£)> —n+n*or
r(¢§) < n —n}. By the above calculation, »,(B) < n~*/%. As before we can
write v, conditioned on B® as the convex sum 12N EN_ Ly 2t vie)or
By attractiveness, y31)_| ¢, Can be coupled stochastically above =" and
so the result follows. O
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3. The spectral gap estimate. In this section, we establish the spectral
gap estimates for the Markov chain X". Recall that X" is obtained by
permanently fixing ones at —n and n, permanently fixing zeros on the
intervals (—n, —n + n%) and (n — n%, n) and letting the sites in [—n + n?,
n — n®] behave according to the nearest particle system, subject to the null
configuration O never being hit. Further recall that

7M(m) =cyt i_lillﬁ(xi ~ Xi1),

where —n = x, < X; < -+ <X,_; <X, = n are the occupied sites of n and c,
is the appropriate normalizing constant which satisfies

¢, < B(n*)%
ProPOSITION 3.1. Let Gap(X") be the spectral gap of the chain X". Then
Gap(X") =n~2,
As was mentioned in the introduction, the easier upper bound of Gap( XM

< n~? when L <  can be found in Sweet (1997). It uses the well-known fact
[see Diaconis and Stroock (1991), for example] that

T x(F(1) = F(0*))°F"(n)c(n, x)
2Var( f) ’

where the infimum runs over nonconstant f. This paper will only be con-
cerned with the more significant (and difficult) bound: Gap(X™") = n~2. Before
discussing that proof, let us make two remarks. One is that the rate n? for
the chain X" to reach stationary matches the intuition coming from the
following result of Schinazi (1992): starting from renewal measure on the half
line, the edge has Brownian fluctuations (and, in particular, the time for
particles to reach sites beyond n is of order n?). The second remark is that
Gap(X") can be much smaller than n~2, which is why we had to introduce a
process which does not hit the null configuration. To see this, take B(|) =
A/1 7 apply (3.1) to X" with f =1 then

Gap(X") =< c({0},{0}")="({0}") " = B(n®),
where c({0} - {0}°)~* is the rate of leaving the null configuration.

Returning to the method of proof for the lower bound, we use the abstract
canonical paths technique for reversible chains of Jerrum and Sinclair (1990)
as found in Diaconis and Stroock (1991). In considering critical NPS, it is
natural to make use of this approach. For example, Griffeath and Liggett
(1982) used the Dirichlet principle for reversible Markov chains and clever
comparison arguments to show that a finite reversible NPS dies out almost
surely iff ¥ B(n) < 1. This approach has also been very successful in yielding
results for the stochastic ising model [see, e.g., Schonmann (1994)] where
dynamics are hard to describe but the invariant measures and invariant
measures with boundary conditions are known.

(3.1) Gap(X") = inf

-1
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The path argument technique has been around in some form for many
years, but the paper of Jerrum and Sinclair (1990) has recently made its
usefulness clear. The idea is to create a path from 7 to ¢ for every ordered
pair (n, &) of states in the state space. By a path from 7 to £ of length m, we
mean a sequence of states n = n,, ny,..., My, = § such that q,;_q),;, > 0 for
all i < m. We say that an edge (A, A%) is in the path if A = n,_; and A* = x,
for some i. If paths which do not create many “bottlenecks” can be chosen,
then the chain should be able to converge quickly. This is formalized into our
setting by the following theorem, one of many similar results, where the
aforementioned paths are randomized.

Treorem 3.2 (Jerrum and Sinclair). For each pair of configurations in
the state space of X", choose a set of paths y,(n, ¢) from 7 to ¢ and as-
sign probabilities P, ,(i). Then the spectral gap is bounded below by
(max, , k)71, where

7"(n)7"(£)
k0 =30 v €)=y P (1),
i 77_n(/\)c(/\,x) ™, &)
with |y| denoting the length of the path and with the sum running over
(n, &, 1) such that n # ¢ and that (A, A*) is in the path y;(n, &).

So, provided that the paths are chosen to have lengths bounded uniformly
by a constant multiple of n, the task here is to show
7"(n)7"(£)
3.2 su =——————P A, X) <N,
(32) (A,)E)) (,Ec) 7"(A)c( A, x) o oA %)
where P, (A, x) is the probability that (A, x) is used in a randomly chosen
path from 7 to &.

Before starting the proof by explicitly describing the paths to be used, let
us take a moment to compare this situation to an easier one. In Sweet (1997),
similar analysis is done to the Markov chain Z" that just fixes particles on
—n and n and allows (—n, n) to evolve. There, the paths from n to & are
deterministic and easily described: move from left to right on the interval of
sites, changing the value of a site if its values on n and ¢ differ.

Such an approach cannot work on X". First, such a path may pass through
the “forbidden” null configuration. Furthermore, the distance between the
leftmost occupied site of ¢ and that of 5 can be large for typical n and ¢. So it
is likely that a “naive” path from n to ¢ will pass through an edge (A, A*)
with a configuration that has a single isolated site far to the left of the other
occupied sites. This would cause 7 "(A)c(A, x) to be small and the sum in (3.2)
to be larger than order n for that edge.

In fact, any method which fixes the sites in some order will potentially
have an edge that changes around a large gap (i.e., a large vacant interval
between two occupied sites) next to the boundary. To prevent this, we
temporarily “fill the gap” with occupied sites (that exist in neither n nor &)
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until the gap is no longer a problem. It seems reasonable to expect that the
best way to fill the gap is to place particles according to renewal measure
(conditioned on particles at the endpoints).

ProoF oF ProprosiTION 3.1. We begin by describing our method of (ran-
domly) selecting a path from 7 to £. There are three cases to consider. In each
case, the path is formally described and an illustrated example of a sample
path is given. (See Figures 1 and 2; the second case does not have an
associated figure as that case is similar to the first case.)

Case 1. Each occupied site of 7 lies to the left of the occupied sites of &.
In this case, let

x = sup{u < n: n(u) =1}
and

y =inf{lu> —n: £(u) = 1}.
By assumption, x < y. Let the occupied sites of  in (—n, n) be x; < x, < -
< Xj = X. Let the occupied sites of ¢ in (=n,n) be y=y, <y, < =+ <VY,.

Now, to choose a path, we first use renewal measure (with B) to pick a
sequence of points

X=2,<2, < <2,_,<2, =Y
with probability

Ay —x) ! i_ﬁlﬁ(zi 2 ).

Me=n 1 |

n, £ v
n, oy

n, [ |

n, T

n, T T T
n, I
n, | (R N R B
n, N
n [ O

=]

Xp X2Zp 22 XYrY2 Y3

Fic. 1. A realization of a path between two configurations of (—n, n); the vertical lines indicate
occupied sites. All the variables are as they appear in the description of Case 1. In particular, the
sequence z; is a realization of the sequence of renewal points between x =x, and y =y,
conditioned on points at x and y.



FINITE APPROXIMATION TO PARTICLE SYSTEMS 1763
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Fic. 2. A realization of a path between two configurations on (—n, n); the vertical lines indicate
occupied sites. All the variables are as they appear in the description of Case 3. In particular, the
sequence z; (resp. Z;) is a realization of the sequence of renewal points between y; and x (resp. y
and x,), conditioned on points at y, and x (resp. y and x,). In this realization, phase (a) ends
with 7y and phase (b) ends with 7, ;.

Given this selection, the path n = mg, ny, ..., M4 j k-2 = & is as follows:
ni_, Y {z}, ifl<i<r,
Moy U {Yi_ri1)s ifr+l<i<r+k-1,
A AN ST ifre-k<i<r+k+j—1,

ot \{Zis1i—ewsp)y fr+k+j<i<sr+k+j+r-2

Caste 2. Each occupied site of 7 lies to the right of the occupied sites of &.

Not surprisingly, the paths in this case are chosen in a manner similar to
Case 1: A sequence of renewal points is added (from right to left) between the
leftmost site of n and the rightmost site of ¢; then the sites of ¢ are added
(from right to left); then the sites of n are removed (from left to right); finally,
the sequence of renewal points is removed (from right to left).
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Case 3. Some occupied sites of n lie to the left of some occupied sites of ¢
and some occupied sites of i lie to the right of some occupied sites of ¢.

In this case, the construction of a path from »n to £ proceeds in three
phases.

Phase a. This phase only takes place if there exists occupied sites of ¢ that
lie to the left of all occupied sites of 7. In this phase, a sequence of renewal
points is added (from right to left) to “move from leftmost site of 1 to those
sites of £ to its left.” Then those sites of ¢ are added (from right to left) and
the sequence of renewal points is removed (from left to right). Specifically, let
X be the leftmost occupied site of  and denote the occupied sites of ¢ lying to
the left of x by y, < -+ <y, <x. Randomly select a sequence of renewal
points y, =z, <z,_, < -+ <z, <z, =x (as in Case 1). Then the configura-
tions n = my, My, ..., M5, that begin the random path from n to ¢ are
given by

ni-1 Y {z;}, ifl<i<r,
=M1V {Viirsa), fr+l<is<r+s—1,
o1 \{Zorse 1 i), Hfr+s<i<2r+s-2

Phase b. In this phase, the sites from the leftmost site of n to the rightmost
site of & are considered (from left to right) and are changed if necessary.
Specifically, let x be the leftmost occupied site of n and let y be the
rightmost occupied site of £. Notice that x <y in this case. Let x < w; < -+
<w, <y be all those sites w [x, y] such that n(w) # £&(w). Let =
Mo, ..., Nk Dbe the configurations in our random path already obtained from
phase (a). Then the path continues with n., ,..., nc. defined by 7, =
MKhio1

Phase c. Let n = 7,,..., 7« be the configurations in our random path
already obtained from phases (a) and (b). If n = ¢, then we are done and do
not require this phase. If 7 # &, then there exist y <x, < -+ <X, such
that y is the rightmost occupied particle of ¢ and x; < --- < x, are all those
sites x such that n,(x) = 1 and £(x) = 0; further, there are no sites where ¢
is occupied and 7, is not. To continue our path, randomly select a sequence of
renewal points (as before) y =7, < -+ <Z, = x,. Then our path ends with

Mkt1re-0 Mk 2rek—20 Where
Merio1 Y{Z), ifl<i<r—1
Meri = Mkrion \ A Xesk—i)s ifr<i<r+k-1,
T’K+i—l\{2l2r+k—l—i}’ ifl"+k$i£2r+k—2.

IA

With the paths now specified, note that their lengths are indeed bounded
uniformly by a constant multiple of n. So, as mentioned before, the task here
is to show (3.2). In fact, the following reasoning reduces the supremum in
(3.2) to only those (A, x) with A(x) = 1. For the moment, consider a second
choice of paths formed from the above method with all notions of “left” and
“right” (and, technically, of “<” and “> " as well) switched. The proof
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provided below for the given choice of paths [for A(x) = 1 only] will naturally
work for the second choice of paths. But the second choice of paths can also be
described as stepping through the given choice of paths backwards (i.e., a
given path from 7 to £ corresponds to an alternative path from ¢ to n). From
this point of view, if a path from n to ¢ uses the edge (A, A*), then the
alternative path from ¢ to n uses (A%, A). As reversibility tells us that
7" )F(ET (VD) (A, X)) = FUET " (T "(A) " e(AX, x)7L, it is now
clear that the supremum over A(x) = 1 is the same as the supremum over
A(x) = 0.
We fix a A and x with A(x) = 1 and proceed to bound

N N £

(3.3) Y

(n, &)

noting that our bounds will not depend on the choice of A. It is sufficient to
separately consider the sum over (n, £) when using the edge (A, A*) in Cases
1, 2 and 3 [and phases (a), (b), and (c)].

Case 1. If edge (A, A%) is used in getting from 7 to £ in Case 1, then there
exists y € (x, n) such that

£(y)=1 and ¢=0on(-n,y)
and there exists z € (—n, y) such that
n(z)=1 and n=0o0n(z,n).

To analyze the quantity (3.3), fix —n <z <y < n, consider the sum over
(0, &) corresponding to z and y as above, and sum over z and .

We deal separately with z < x and x > z. (See Figures 3 and 4.)

Subcase 1. If z < x, then denote the occupied sites of A on [Xx, y] by

X=Xqg<X; < v <X,_; <X, =Y
and denote the occupied sites of A on [y, n] by

Yy=Yq <Yy < <Yys=n.

N

A { ot b |

z x X Xy y

Fic. 3. A pair (n, &) that uses the edge (A, A*) in its corresponding path with probability
Aly — x)7IA(x — 2)B(x; — x)B(X, — x.)B(y — X,). The variables are as they appear in Sub-
case 1 of Case 1. The vertical lines indicate occupied sites, while the horizontal lines indicate a
contribution to the right-hand side of (3.4).
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Jre

A —_ | o !

Fic. 4. A pair (n, &) that uses the edge (A, A*) in its corresponding path with probability
Aly — 2)718(z, — 2)B(z, — z,)B(y — z,). The variables are as they appear in Subcase 2 of
Case 1. The vertical lines indicate occupied sites, while the horizontal lines indicate a contribution
to the right-hand side of (3.5).

Notice that there is only one ¢ in the sum and that its occupied sites are
given by {y;}. Then we have the following:

7"(§) = E(na)z( B(y + n) il_i[lﬁ( Yi — yil))v

#(n(2) = 1,m = 0on (z,n))

- E(nﬂ)‘Z( Y B(w+ n)A(z - w)B(n - z))

w=-—-n+n¢

< B(n*) "B(n—2),
7"(A) < B(na)_z( B(x + n)i:r[lﬁ(xi - Xi—l)il:[lB(Yi - yil))

and
P, (A, A%) = Ay — Z)_l( A(x —z) |:1—[1'B( Xj — Xi—1))
= i_IL[lB(Xi — Xj_1)-
So
o LA G TN VA Y: ikt

me TN B(x +n)B(n*)

where the sum runs over (7, &) associated with z and y. As B(y + n) <
B(x + n) and ¥ B(n — z) < B(n%), we have our bound.
Subcase 2. If x < z, then denote the occupied sites of A on [z, y] by
2=2,<2z, < <2,_,<2z,=Y
and denote the occupied sites of A on [y, n] by
Yy=VYo <Yy < <Yys=n.

Notice that there is again only one ¢ in the sum and that its occupied sites
are given by {y;}. Also notice that any n in the sum is not only fixed on [ z, n]
as before, but is also fixed on [ x, z] since n = A on [ X, z]. Denote the occupied
sites of n on [0, x] by

—N =X, <X; < 0 <X =X,
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Then we have the following:

7"(€) = E(na)z(ﬁ(y +n) il_ill.g()’i —Yi-1) |

7"(n(z) =1,np=0o0n(z,n),n=2ro0on|[0, x])

k
< B(na)_l il:[]_B(Xi — Xi_1)B(n —2),
Kk
7"(A) < B(n“)_z(ilj[lﬁ(xi — Xi_1)B(2z; — Xx)

X _:l_IZB(Zi —Zi_4) _:1_[1/3(Yi —VYi_1)
and
P(nyﬁ)(’\’ ) = i:r[lB(Zi —Zi_4).

Case 2. The argument here is the same as in Case 1.
Case 3 (phase a). If edge (A, A*) is used in getting from n to ¢ in phase
(a), then there exists y > x such that

n(y)=1, mn=Aon(y,n], and n=0o0n(-n,y)
and
E=Aon[—n,z] and ¢=0o0n(z,vYy),

where z = sup{i < x: A(i) = 1}. See Figure 5. To analyze the quantity (3.3),

fix y € (x, n), consider the sum over (5, ¢) corresponding to y as above, and

sum over Y. It suffices to show the following: the quantity (3.3), where the

sum is over (7, &) corresponding to fixed y as above, is less than a constant.
Denote the occupied sites of A on [—n, z] by

—nN=w, <w; < <Wg=2Z;

n Lo I
3 —_— 1
A L o Lo L

X Xy |

Fic. 5. A pair (n, &) that uses the edge (A, A*) in its corresponding path with probability
Aly — 2)7IA(x — 2)B(x; — x)B(y — x;). The variables are as they appear in phase (a) of Case 3.
The variable | is the dummy variable for a sum in (3.5). The vertical lines indicate occupied sites,
while the horizontal lines indicate a contribution to the right-hand side of (3.5).
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denote the occupied sites of A on [x, y] by
X=Xy <X, < v <X, =Y
and denote the occupied sites of A on [y, n] by
Yy=Yo <Yy < <yg=n

Then

7"(&é=Aron[—-n,z),é=00n(z,Y))

<B(n) " TT8(w, - w_y) ¥ (1~ 2),
i=1 =y
k
#M(n) < B(n*) *B(y +n) TTA(Y: =y,
770 = B(n") [ TT 80w~ w1 B(x—2)
r k
X i:rlzﬁ(xi - Xifl)il:[l:B(yi —VYi—1)
and
Pa, ey(A, AY) = il:llﬁ(xi = Xi_1).

So
(3.5) > 7" (m)7"(§) P (A ) < B(y + mXi,B(1-72) |

7"(A) B(x —z)B(n*)
where the sum runs over (7, ¢) associated with y. As B(y + n) < g(x — z)
and X7_, B(| — z) < B(n®), we have our constant bound.

Case 3 (phase b). If edge (A, A%) is used in getting from 7 to ¢ in phase
(b), then

(n, &)

n=A on[x,n],
E=A on[—n,x),

and ¢ has at least one occupied site on (x, n). [Also notice that every possible
path from n to ¢ must use (A, A*) in phase (b).] We seek to show that the
qguantity (3.3), where the sum is over (n, £) corresponding to A and x as in
this phase, is less than a constant multiple of n. This is the most standard
phase and case and so the proof here follows a standard path argument
technique. Since A tells us what ¢ looks like below x and what 7 looks like
above x, we can encode (in an injective manner) the pair (), £) into a single
configuration w, defined as follows:

w=mnon[—-n,x) and o= ¢on[x,n].
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Then
~n/\=n B(I+r)B(l ) 0 yzn B(L . .,
BNF(E) = L W) £ G R ),
where
I'=x - sup{y <x: £(y) =1},
r,=infly > x: o(y) =1} —
and
I, =x—sup{y <x:w(y)=1}.
So

I
P(n,g)(/\' Z%n(w)((—)

7 () 7"(£)
LRy ir,)’

mo TN
where the left-hand sum runs over (n, £) whose paths use (A, A*) in phase (b)

and where the right-hand sum runs over o with at least one occupied site on
(x, n). But

o B(D_meene ()
% ()B(|+r)_ rgl Igl B(|+r)77(w hro=1)
n-n“=x  B(x+ n) ~n
+ rgl B()(+—r]-|-|’) (I —x+n,rw=r)
<nfi:fxx nXSn B( ) B(|+r)

r=1 I=1 B(I+r)

n-ntex o B(x+n) B(x+n+r)
"R BGornen B
<% 2
r=1
<n.

Case 3 (phase c¢). The argument here is similar to that of phase (a). So
(3.2) has been justified and Proposition 3.1 follows. O

This section concludes with a few corollaries. The first corollary is a direct
application of typical spectral gap bounds on convergence rates. The other
two corollaries adjust the first one to suit the needs of the application in
Section 5; it is Corollary 3.5 that will be used in the proof of Theorem 1.1.
In what follows, E denotes expectation under the Markov chain X.
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CoroLLARY 3.3. Let f be a cylinder function, that is, assume f depends on
only finitely many sites. Then

JENAE|GEN, £) = EPf(&,2)| < exp(—cn)
where ¢ > 0 is independent of n.

Proor. We know that the spectral gap has the following property:
~n ~n —n 2 2 N\ n2+e
frr (dg)(<7r f) — EQf( §n2+5)) < |Ifll2 exp(—Gap( X")n?**).
By Proposition 3.1, we have
~ 2
[FNAE)(FE) - EPf(&yee)) < exp(—cn®)

for some T > 0 independent of n. The result now follows from Cauchy-
Schwarz. O

Let (6,),c, be the shift operators on {0, 1}*. For f: {0,1}* — R, define
0, T(&) = 1(6, ).

CoroLLARY 3.4. Let f be a cylinder function. Then for sufficiently large n,
the chance under 7" that there exists |t| < 2n/3 such that

~ 1
EP[0,1(£e )] = BP0 — =
is less than K exp(—cn®/2), where ¢ is as in Corollary 3.3.

ProoF. The probability of the event in the corollary is bounded above by

Z f%n(dg)ll/ngﬁ“,9‘f>—€g[9‘f(§nz+,.~)]-
[tl<2n/3
However,

Z f%n(df)ll/ng<%",elf>—€g‘[elf(§nz+e)]
[tlI<2n/3

IA

no Y [FENAE|GE 68 - EP[0:F ()]

[tl<2n/3
n ) exp(—cn®)
[tl<2n/3
exp(—cn®/2). |

A

A
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The next corollary is the same as the previous one except that the
probability is_under », instead of 7". This creates a potential technical
problem as E(';() has no meaning. However the chance of this problem
occurring is small and so we simply define Eg( -) arbitrarily, bound the event
that it comes up, and avoid dealing with that event thereafter.

CoROLLARY 3.5. Let f be an increasing cylinder function. Let £ on (—n +
n% n — n%) be chosen according to 1. The probability that for some [tl <2n/3,

Er[6,f(&pee)] < (F", 6,f) —1/n

is less than K/n? (where K is independent of n).

Proor. Let (£, 7) be a coupling of v, (on ( n,n)) and 7" as in Proposi-
tion 2.4 and let B be the event with 1,(B) < ~1/2 gch that &> nfor £ ¢ B.
Let ¢ be distributed according to 7" and coupled with 7 so that n = ¢ unless
n=0. So ¢> ¢ outside of probability P(B) + P(n = 0). By attractiveness,
the probability of the event in Corollary 3.5 is bounded by the probability of
the event in Corollary 3.4 plus P(B) + P(n = 0). However, [by Lemma 2.1
and (2.4)] P(B) + P(y=0) < n" Y2 4+ n=¢ < n"* The result now follows us-
ing Corollary 3.4. O

4. Hitting the null configuration. As the section title suggests, the
next proposition bounds the chance that X" = 0 for t < n?**. The reason for
wanting to stay away from O is as mentioned before: it takes a long time to
leave 0. But it is exactly that fact that we will use to prove that with huge
probability we do not hit it. If we hit the null configuration in some interval,
then a significant portion of that interval will be spent there; but the
expected amount of time spent there is low. The proof below makes this
precise.

ProprosiTION 4.1, If X§' =5 7", the stationary distribution, then the proba-
bility that X" =0 for some t € [0, n?"¢] is less than K/n® (where K is
independent of n).

Proor. The mass assigned to 0 by the stationary distribution 7" is
(by Lemma 2.1) less than KB(2n)B(n*)~2 (where K is independent of n).
Consequently, the expected total amount of time spent by X" at 0 during the
time interval [0,2n?"¢] is less than Kn?*%8(2n)B(n®)~2

Let 7=X" "3 (I + n)p(n — 1)B(2n)~! be the total flip rate of X" at
the null configuration 0. Once X" hits O it will remain there for an exponen-
tially distributed amount of time with mean 1/7. Consequently if X" hits O

in the time interval [0, n2*¢], then the conditioned expected amount of time
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spent at 0 in the time interval [0,2n?" ¢] is at least C min(n®* ¢, 1/7) (where
C is independent of n). Therefore by Markov's inequality,
P™"(X™ hits 0 in time interval [0, n?*¢])
B(Zn) 2+ ¢ 1
< —= 2 n max i 7
B(n®) n

( B(2n)  n?te  n-n-1
< max

gen v 1)g(n - 1.
B0 B 1B, P DA

We have already seen in (2.4) that

B(zn) 1
B(n)? Tt
Meanwhile
2+¢ n—n®—1 2+¢
T 1 B PR <
If L = o, then by (2.4) and (2.3),
n2+gﬁ(n)

_ < nZE(na) < nflOOO,
B(n)
while if L < oo, then by (2.1) and (2.2),

2+ ¢
n_ B(n) =< n2+‘9n7("75)n“("+5’1)< n71/2,
B(n%)
using 8 = (L — 5)/3 and ¢ < 1/4 for instance. O

CoroLLARY 4.2, If Xg' is distributed as y; restricted to (—n + n®, n — n%),
then the probability that X" = 0 for some t in [0, n?*¢] is less than K/n?.

Proor. This simply follows from Proposition 2.4 and the fact that P.(X"
hits 0 in [0, n?* ¢)) is a decreasing function of & O

5. Proof of Theorem 1.1. This section contains the first of two applica-
tions of the work on X". Recall Theorem 1.1 appearing in the introduction (as
well as the two subsequent paragraphs). The proof considers the event where
the edge r, has moved far to the right. Under this (increasing) event, various
copies of X" are started on various intervals of the integer line, relative to r,.
One copy—we don’t know which one unless we condition on the location of r,
—will be centered near the origin. The starting configuration of this version
of X" will be very close to y, since y;, and the invariant measure for the
process seen from the edge look arbitrarily alike far away from the edge
[Schinazi (1992)]. So, Corollary 3.5 and Corollary 4.2 will imply the following:
under “most” starting configurations, the expected behavior of this process at
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time n?*¢ should be close to what we want, even when the starting configu-
ration is conditioned on this copy of X" being the relevant one.

The sketch given above ignores one key issue: Will the coupling hold long
enough? We begin this section with a proposition that answers that question
affirmatively. Proposition 5.1 considers the probability that there is a large
gap of vacancies in the process & “close” to the rightmost particle r, = sup{x:
n(x) = 1}. After the proof of the proposition (and a lemma it requires), we
prepare for, and then provide, the proof of Theorem 1.1.

ProposiTiION 5.1. Let y, M be constants strictly greater than zero. Let
3/(2L) < p < 1/2. The probability that in time interval [0, t] that there exists
a £,-gap of size (at least) t” intersecting the interval [ry — MtY/?, r, — yt*/2]
tends to zero as t tends to infinity.

Proor. Case 1. L = . In this case we bound the probability that for some
s € [0, t] there is a gap of size t# in the interval [r, — MtY2, r, — yt/?] by

X P(AL,

n>p log,(t)

where

A, ={3se[0,t], & hasagap with size in

[2", 2" 1) intersecting [r, — MtY/2, r, — yt'/2]}.

For fixed time s, the probability that a gap with size in [2",2""1) intersects
[r, — MtY2, r, — yt¥/?] is less than the probability that such a gap intersects
[r, — MtY/2, r.]. That probability is bounded by Mt*/22"3(2") since renewal
measure on the half line is invariant for the process seen from the edge
[Schinazi (1992)]. Thus if

In,t —

t+1
];) 1there is a gap with size in [2",2" " 1) intersecting [r— Mt1/2, r(] ds,

then E(1™Y) < t3/2273(2").

Let 7 be the infimum of times where a gap with size in [2",2"*1)
intersects [ry — Mt'/2, r,]. Then after 7 such a gap will continue to exist at
least until:

(a) there is a flip from 0 to 1 within the gap;
(b) there is a flip from 1 to 0 at boundary of gap;
(¢) or rg changes.

Now, the total flip rate for (a) is less than 2"*( 8(1))? /B(2), the total flip rate
for (b) is 2 and the total flip rate for (c) is 1 + ¥ 8(m) = 2. So the total flip
rate is less than C2"*! for some C. We conclude E[I"Yr < t] =2 ("D,
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Thus by Markov's inequality and (2.3),
t3/22n’8(2n)

3/25—1000n
2—(n+1) /2 .

P(A, ) =P(r<t) <

S

Case 2. L < «. We define

t+t”
l. = 1 ; P o i _ 1/2 ds.
t o ¢s has agap of size t? /2 intersecting [rg— (M + y)t*/ %, rq]

Notice that, similarly to 1™ in the first case, E(1%) < t3/28(t*). Let 7 be the
infimum of times where a gap of size t” intersects [r, — MtY?, r, — yt'/2].
Now on {r < t}, £ has a gap of size t” intersecting the interval [r. — Mt*/?,
r.— yt'/2]. For s > 7, & will continue to have a gap of size t*/2 intersecting
[ry — (M + y)tY? r] at least until:

(a) sites in the gap become sufficiently occupied to reduce its size;
() or [rg —r| > yt'/2/4

provided t is sufficiently large. We wish to analyze the chance that 7 < t. We
deal with possibility (b) first. Let B be the event {sup{|r, — ryl: |s — s'| <t*,0
<s,s <t} > yt2/4}. Then by the Brownian behavior of the right edge
[Schinazi (1992)], lim,_, . P(B) = 0. Hence the expected time for possibility
(b) to occur is greater than t”/2. For possibility (a), we use the following
lemma, which is proved below.

LEmMmA 5.2. Assume L <. Let J, be a stochastic process on intervals
coupled with our nearest particle system in the following way: let J, = (0, m)
and if lim, ., J;=(u,v) and there is a birth in the particle system at
w € (u,v), then J; is equal to the larger of (w,v) and (u,w) (or a random
choice if they are equal in size). Let o be the expected time for the size of J to
be smaller than m /2. Then

Eo = m.

Compare the event in (a) with ¢ in the lemma; clearly the expected time
for possibility (a) to occur is at least Ec where m = t”. Now on {r < t}, 1! is
at least the time for (a) or (b) to occur. So

E(1Y) L, Bt

P(rst) x —— <t
t? t?

0
by (2.2) and since 3/(2L) < p.

Proor. Let J, and o be as in the statement of Lemma 5.2. Let u, < v,
denote the endpoints of J,. Then u, jumps to u, + a at a rate B(a)B(v, —
u, —a)/plv, —uy) for a<(vy—uy)/2 [and half that amount for a =
(vg —u))/2]. Let K =sup g(m)/B(2m). As L < », K < o, Then

B(a)B(Vs —Us — a)
ﬁ(vs - us)

<Kpg(a)
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for a < (v, —uy)/2. That is, u, is stochastically less than a process that
increases at rate K by a random amount distributed according to 8(-) (and
similarly for —v,). So the size of J, is stochastically greater than a process
that decreases at rate 2K by an amount given by g(:), from which the result
follows. O

In preparation for the proof of Theorem 1.1, fix 0 < y < M < o, Given t,
choose n to be the largest integer such that t' 2 > n?"® where a =
g/4(e + 2). The exact value of a is irrelevant; the point is that n~@ *t1/2
converges to 0, while n~@*#t converges to «. We introduce random intervals
I;, i € Z (though we really only care about i > 0), defined by

Ii = [rt—nz” - (I + 2)nl rt_n2+8 - in]

We are interested in the random interval that contains the origin “reasonably
close” to its center.

Let A(t,i,n) = {i = min{j: Ir,_ - — (j + Dn| <2n/3}}. Fix § > 0 suffi-
ciently small. Let

on
G = {i: in € (yt¥/%2/2,2Mt"/?), P(A(t,i,n)) > t17}
From this definition, the following lemma is obvious.

LeEmmA 5.3.  For sufficiently large t,
P(re_nee- € (yt¥2, Mt*?), A(t,i,n) occurs fori & G) < (2M — v/2)6.

This means we can neglect the event U,.gA(t,i,n) for r,_.. €
(yt¥2, Mt?/2). Its importance is that when conditioning on A(t, i, n) for
i € G the distribution of ¢ around the origin cannot deviate too extremely
from ;.

For i € G we define the Markov process X!'", 0 <s < n?*¢ on {0,1}" as
follows:

1. X3 "(re_peee — in) = X§$(ry_2ee — (i + 2)N) = 1;

2. X{'™ = 0 within n® of the endpoints of I;;

3.on(r_ e — (i + 2N+ N% F_poee— iN—NY), XE" =& 2ee

4. X" evolves on [0, n?*¢] according to the Harris construction of & over
the time interval [t — n?™ 2, t].

It follows that X" < &_nerers ON I at least until there is a & gap of size
n¢ intersecting 1;. So X&'" < &,_,2+-, 5 ON |; at least until either:

LoIr eeyy — Mool = ytY2/4, or
2. &_,2+-4, has agap of size n® intersecting

[Fmeresy — M+ Y)2 0 ove,, — ytY/2/4].

Just as we defined X" from_ X", we now define processes X" to be X 00
conditioned off 0. Of course, XJ'" could itself be O; that is, & _,2+- could be



1776 T. MOUNTFORD AND T. SWEET

null on (r(i + 2)n + n% r, —in — n%), which creates a potential problem
similar to the one mentloned before Corollary 3.5. Again we arbitrarily define
X' " where X(; " = 0 in the same way we did there. Notice that the distribu-
tion of X" X(; " is arbitrarily close to »; (despite the randomness of the
interval on which it lives) and that the evolutlon of X" (resp. X"") has
the same behavior as X" (resp. X™).

ProoF oF THEOREM 1.1. It is sufficient to show the convergence with an
increasing, cylinder function f satisfying f(0) = 0. Using the Brownian be-
havior of the right edge, it is easy to see that

limsupE[ f(&)] IimsupP(rt,‘/;< —k\/f)E[f( ENIre_ i < —k\/f]

to > t—o>x

+ P(r i > —KVT)E[ (&) ;i > —kit]
0+ Zlimsup E[ f(&)Ié k(X)) =1,V x|

to >

IA

= %(VB, f).
So we seek to prove
iminfE[ f(&)] = 3(y. ).

tox

By the above discussion

Ef( &) )y E[f(ft)lA(t,i,n)]

ieG

"

\

)y E[ f( Xy )AL B, )| P(A(t, i, n))
ine(«/ile/?,'Mtl/z)
- ||f||ocP( SUP  [r_2eeny — Fe_p2eel = yt1/2/4)
ve[o, n2*¢]
— || fll.P (there exists a gap of size n® intersecting
(rs = (M + 1)tY2 r, — yt'/2/4) for some s € [0, t]).

By Schinazi (1992), the second term converges to 0 as t — «. For the third
term, we will apply Proposition 5.1 to say that it converges to 0. The condition
3/(2L) < p in that proposition corresponds to the condition «/(2 + &) >
3/(2L) which is true if

L-6
< .
2L + 3

The condition & < (L(1) — 6)/100 A 1/4 guarantees the above inequality
and so Proposition 5.1 does apply.

It remains to examine E[ f(X,:".)IA(t, i, n)] for i € G. By our definition of
G, the conditioning event A(t, i, n) has probability at least 6n/ Vt. Thus by
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Corollary 4.2, the probability that X" hits 0 in time [0, n?* ] [conditioned
on A(t, i, n)] is less than Kn=¢yt(8n)~* = o(1) for large t. Therefore,

(5.1) E[ f(Xp")ACt, i, n)| — E[ f( X )AL, i, n)] = o(2)

ast — oo,
By Corollary 3.5, conditioning on A(t, i, n),

S Mf(x(; ") =7 f) ~ 1/n,

outside of probability Kn~ “t(n)~t = o(1) where S'" is the semigroup for
X" and 7" is the stationary distribution for X" ". It follows from Proposi-
tion 2.3 that

E[ f(Xae™ )IACE, i, n)]

%

(3, £)(1 +0(2))
and so by (5.1),

Y

E[ f(Xp" )ACt, i, n)] = (o, £3(1 + 0(1)).

Thus
Ef(&) = Y P(A(t,i,n)){y, f) +0(1)

ieG,
ine(yt¥/2, M{/?)

> (P(ry_peee € (Y2, MEY2)) = (2M = 7/2)8)(y;, ) + 0(1),

where the last step uses Lemma 5.3. This is enough by the Brownian
behavior of the right edge and as 6, v and M are arbitrary. O

6. Proof of Theorem 1.2. In this section we consider the NPS starting
with initial configuration ¢, distributed according to ;. We wish to show
Theorem 1.2: for almost all ¢, (with respect to 1) S(t)¢, —p ;. Since the
space of continuous functions on {0, 1} is separable it is suff|C|ent to show
that, for any fixed continuous function f, S(t)f(¢,) — (, f) for almost all
&, Obviously it is sufficient to restrict attention to a fixed increasing cylinder
function f. For such f, S(t)f(&,) < S(t)f(1) where 1 is the completely
occupied configuration given by 1(i) = 1; therefore, as S(t)f(1) converges to
(g, T, we need only show that for almost all &,

(6.1) liminfS(t)f( &) = (y, ).
tox
In this section we consider Y," = X2" and Vt“ = 5(?". As before we have
YI(X) < &(X)
for |x| < 2" and for t < g, A 7,, Wwhere
= inf{t: & = Ooneither (—2", —2" + 2*") or (2" — 2°",2")}
and
=inf{t: Y"=0o0n (-2",2")}.
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We now present two propositions. The first deals with the time 7, before
which the coupling between Y " and ¢ will hold. The second deals with the
time g, before which Y " and Y " are the same. They are analogous to earlier
results and so one proof is merely sketched and the other is omitted.

PropPosSITION 6.1. The random time 7,, satisfies

PY(7, <2@"9") < 27N,

SKETCH OF PROOF OF PROPOSITION 6.1. First suppose L < . (This proof
follows the proof of Proposition 5.1 closely; the case L = « follows it even
more closely and so we do not address it here.) The probability under v, that
either

J=(=2"+ (1/3)2%", —2" + (2/3)2°")
or
J = (2" — (2/3)2%",2" — (1/3)2%")

bounded by K2~ (¢™(L=2-%) ysing (2.1) where & > 0 will be chosen later. Let |
be the expected Lebesgue amount of time (under VB) in the time interval
[0,2-2G*2)"] that ¢, spends with J or J’ completely vacant. Then

E(l) < 2K 2@+eng—(anyL-2-5)

is completely vacant is bounded by kXy_ Y7 ,u 5 B(i — x), which itself is

On the other hand, we can apply Lemma 5.2 to conclude
E[llr, <2@+en] » 2an,
Hence
2(2+a)n2—(an)(L—2—3)
20{”

By choosing 8 and & appropriately[§ = (5 — L)/2and e < (L —5)/4(2 + L)
will suffice] and recalling that « = 1/2 — &, we have

2+e—al+1/2+6/2 < —¢,

PY(m, <2¢79") <

which certainly implies

P¥(r, <2379") < 27°n, o
The next proposition is similar to Proposition 4.1.

PrROPOSITION 6.2. The random time o;, satisfies

P¥(0, < 209N < 27°n,

Just as the propositions in Sections 4 and 5 led to the proof of Theorem 1.1,
the above propositions lead to the proof of Theorem 1.2.
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PrROOF OoF THEOREM 1.2. Define B, c {0, 1}* by
B.{&: PE(0, A T, <2279 > 1/n).

By the preceding propositions, VB(Bn)s n2-¢". On the other hand, our
coupling of ¢, and Y," tells us that

S(t)f(&) = Sga(t) F(V) = 2l flPfo(r, A g, < 2@ "),
where Sy denotes the semigroup for Y™ So
(6.2) A1, S(t) (&) < Sea(t) F(VQ) — 2l fll./n = & € B,,.
Now, define times t' by
tg — 2(2+£/2)n
and for i = 1,2,..., n(2@+an _ p@+e/2nmy
th=t",+1/n.
Let mygn = 72" be the stationary distribution for Yy By Corollary 3.3 and
since Yq'(&,) is stochastically larger under »; than under 7., we have that
for each fixed t,
(6.3) vB(Sqn(ti”)f(VO“) <(mgn, ) — 1/n) < knexp(—c2°"),
where k is independent of n and i.
Therefore, by (6.2) and (6.3) (and letting a = 2|/ f|l.. + 1),
VB(H t, S(t") (&) <(mygn, ) — a/n)
n(2(2+s)n_2(2+e/2)n)

<P(B,) + Y nexp(—c2°")
i=0

<n2-°" 4+ n22(2+s)ne7c28”_
Now, choose t € [2* /2" 2G@+2N] Then for some i, t € [t",t" + 1/n] and

[S() 1) = S(VT(£0)| =| [ S(5)21(&) ds

<1/n,
where () is the generator for S(t); notice that Q f is bounded as f depends on
only finitely many sites. Therefore
S(t)f(&) = (mgn, f) —c/n foreach t € [2@*+e/2n 2@+en]

outside of », probability kn27°" + kn?2@* )" exp(—c2°") (where k is some
constant independent of n and c = 2[/fll. + 2). Since lim,_ {7¢n, f) =
(3, ), (6.1) now follows from Borel-Cantelli. O
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