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In this paper we show that the variational representation

—log Ee~TW) = inf E{%flllvs\lz ds + f(W + f'vs ds)}
\ 0 0

holds, where W is a standard d-dimensional Brownian motion, f is any
bounded measurable function that maps C([0,1]: RY) into R and the
infimum is over all processes v that are progressively measurable with
respect to the augmentation of the filtration generated by W. An applica-
tion is made to a problem concerned with large deviations, and an
extension to unbounded functions is given.

1. Introduction. In this paper we prove the following variational repre-
sentation formula. Let W be a standard d-dimensional Brownian motion.
Then for functions f: C([0, 1]: RY) — R that are bounded and measurable,

—log Ee~fW) = im‘E{%/lllvsll2 ds + f(W + f.vs ds)}.
\% 0 0

In this equation E denotes expectation with respect to the probability space
on which the Brownian motion is defined, and the infimum is over all
processes v that are progressively measurable with respect to the augmenta-
tion of the filtration generated by the Brownian motion. (The definitions of
progressive measurability and of the augmented filtration are recalled in the
next section.)

Our main interest in this representation is due to its usefulness in deriving
various asymptotic results of a large deviations nature. As is well known,
large deviation theory allows one to characterize the behavior of certain
exponential functionals (which include probabilities as a special case) as
various parameters tend to their limits. The asymptotic behavior is shown to
scale exponentially in the parameter, and usually with the coefficient C that
multiplies the parameter represented as the solution to a variational prob-
lem.

The representation stated above can be used to prove such results when-
ever the functional of interest can be expressed as a measurable functional of
a Brownian motion. Examples are integrals of small noise diffusions, inte-
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1642 M. BOUE AND P. DUPUIS

grals against the occupation measure for reflected diffusions and so on. All
that is required to prove such a result, once one has such a representation in
hand, is the convergence of the variational problems appearing in the repre-
sentation to the limit variational problem that defines C. This can often be
carried out efficiently using weak convergence methods [2], and an example
that shows how easily one can obtain standard large deviation results is
provided in Section 4. A large number of examples involving various classes
of processes in the discrete time setting are given in [9].

While the representation formula provides an elegant method for deriving
known results under weak assumptions, the primary motivation for its
development comes from a desire to analyze problems for which the standard
discretization methods of large deviation are awkward. An illustrative exam-
ple is the derivation of large deviation properties of a small noise diffusion
with discontinuous drift [5]. Standard methods for treating such problems
generally rely on discretizing time. This can cause a number of difficulties,
since it is difficult to approximate the continuous time process accurately by a
discrete time analogue in a neighborhood of the discontinuity. The approach
based on the representation given above bypasses the time discretization step
and thus avoids this difficulty.

A second class of problems where standard large deviation methods are not
convenient involves the asymptotic analysis of risk-sensitive stochastic con-
trol problems. Such problems are currently of significant interest (see [1],
[11], [14], [17], and the references therein). The presence of a progressively
measurable control process makes the burden of detail that results from
discretization rather onerous. Such problems were in fact the main motiva-
tion for the development of the representation, and applications to such
problems will appear elsewhere [4].

The connection between exponential functionals and variational represen-
tations has been exploited in a number of contexts. The first results in this
area appear to be due to Fleming [10], who considered functionals of nonde-
generate diffusions that satisfied certain parabolic partial differential equa-
tions and applied a representation to study certain large deviation problems.
Extensions to more general classes of processes were given by Sheu [15].
More recently, Dupuis and Ellis [9] have obtained representations under very
weak assumptions in discrete time and have applied these representations to
study a variety of large deviation problems. Representations for continuous
time Markov chains were developed in [8] and applied to problems of large
deviations for queueing networks. Also, see [6] for representations for certain
jump processes.

A summary of the paper is as follows. The second section is devoted to
preliminary results and notation. In the third section we state and prove the
representation for bounded functionals of Brownian motion on bounded time
intervals. In Section 4 we specialize the result to the case where f is of the
form g(X), with g a bounded measurable functional of X, and where X is
the sample path of a strong solution to a stochastic differential equation
driven by W. We also show how one can derive the standard large deviation
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asymptotics for small noise diffusions using the representation. In the last
section we show that the representation continues to hold if f is bounded
from above. This extension is especially useful for problems from risk-sensi-
tive control [3].

2. Preliminaries. Throughout the sequel we shall consider the canoni-
cal probability space (2, F, 8), where Q = C([0, 1]: R?Y), F = B(C([0, 1]: R?))
is the Borel o-algebra and 6 is d-dimensional Wiener measure. Under 6 the
coordinate mapping process W = {W,(w) = w(t), 0 < t < 1} together with the
filtration {F"} = {o(W,; 0 <s < 1)} is a d-dimensional Brownian motion
starting at the origin. We construct the augmented filtration {F.} by consider-
ing the collection of null sets N = {N < C([0,1]: R): 3 B € B(C([0, 1]: R%))
with N € B and 68(B) = 0} and defining

F=c¢(RYUN), O0<t<l.

Relative to the continuous filtration {F}, W is still a d-dimensional Brownian
motion.

REMARK. For notational simplicity, we consider only the time interval
[0, 1]. All the results in this paper carry over with only notational changes to
an arbitrary interval [0, T] with T < o,

We begin by introducing some basic definitions and notation.

DerFINITION 2.1. A stochastic process X on (), F) is progressively measur-
able with respect to the filtration {F} if for every t the map (s, ) —
X{w): ([0,t] X Q, B(0,tD) ® F,) - (RY, B(RY)) is measurable.

DerINITION 2.2. We denote by A the set of all vectors of F-progressively
measurable processes v = {v, = (v, ..., v{?); 0 < t < 1} which satisfy

1 .
/ [[ (v§'>)2dt]d9<w, 1<i<d.
C(0,1: RN 0
Further, we denote by A, the set of all vectors of bounded F-progressively
measurable processes, in the sense that there exists M < o such that [v,|| < M
for all t € [0, 1] with probability 1.

DerFINITION 2.3. A stochastic process X on (Q, F) is simple if there exist
C < =, a strictly increasing sequence of real numbers {t;,i =0,..., j} with
t, =0 and t; = 1, and a sequence of random variables {&, i =0,...,j — 1}
such that & is F -measurable for every i, sup, c o max;c  j_y)ll&(w)ll < C
and

i-1
Xi(w) = &(@)lg(t) + X &( @)Ly, (1), 0<t<l 0.
i=0

The class of simple processes will be denoted by A,.



1644 M. BOUE AND P. DUPUIS

Note that simple processes are progressively measurable and bounded, and

thus A, CA,.

DerFINITION 2.4. Let (X, F) be a measurable space, and let P(X) denote
the set of probability measures defined on it. For § € P(X), the relative
entropy function R(-|| 8) is the mapping from P(X) into the extended real
numbers given by

R0 0) = [ [10g j—Z(x))ﬂdx)

whenever y € P(X) is absolutely continuous with respect to 6 and
log((dy/d6)(x)) is y-integrable. In all other cases, we set R(y || §) = c.

The following proposition is the starting point for the representation
derived in Theorem 3.1. It states a variational formula involving the relative
entropy function (see, e.g., [9], Proposition 2.4.2 for a proof).

ProposiTION 2.5. Let (X, F) be a measurable space, let f be a bounded
measurable function mapping X into R and let 6 be a probability measure on
X. The following conclusions hold:

(a) We have the variational formula
1 —log [ e T™g(dx) = inf {R Il 6) + [ f( x)y(dx }
1) gfe ' o(da) = inf {R(YI0) + [ F(x)y(cx)

(b) The infimum in (1) is uniquely attained at the probability measure vy,
which is absolutely continuous with respect to # and has Radon—Nikodym
derivative

_° e fO, 00000
(X) € /X eff(x)a(dx) )

We next state two approximation results which will be used in the sequel.
The first result concerns measurable functions as approximated by continu-
ous functions ([7], Theorem V.16a), and the second concerns progressively
measurable processes as approximated by simple processes ([12], Lemma
3.2.4).

THEOREM 2.6. Let (X, F, A) be a probability space, with X a Polish space
and F the associated Borel og-algebra. Let f be a Borel-measurable function
from this space into R. There is a sequence of continuous functions {fj, je N}
from X into R with

lim fj =f, A-a.e.

jo»
If the function f is bounded in absolute value by B, then all the approximating
functions can be taken to be bounded by B as well.
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ProprosiTION 2.7.  Let X be a bounded progressively measurable process, in
the sense that || X,(w)ll < B for all w € Q and t € [0, 1]. Then there exists a
sequence {X", n € N} of simple processes such that sup, |l X )l < B for
every w € ) and t € [0, 1], and also

lim Ef XD — X )12 ds = 0.
n— o«

The final result in this section will be needed to justify interchanges of
limits and expectations in several places. It is related to the fact that the level
sets of R(-|| ) are compact in the =topology.

LEmmMA 2.8. Let (X, F) be a measurable space, with X a Polish space and
F the associated Borel o-algebra. Let 6 be a probability measure defined on it
and let f: X - R be a bounded Borel-measurable function. Consider a se-
quence { u,, n € N} of measures in P(X) satisfying sup,cn R(p, Il 0) < @ <
o, Assume pu, converges weakly to a probability measure u. Then the follow-
ing hold:

@ lim, . [y fdu, =y fdu;
(b) if {f,, n € N} is a sequence of uniformly bounded functions converging
f-a.s. to f, then
r!mf)(fn du, = fxfd/u.
PrRooF. As a first step we verify that the limit measure p is absolutely
continuous with respect to 6. Indeed, by the weak convergence of u, to u and
the lower semicontinuity of R(-|| 0) (see, e.g., [9], Lemma 2.4.3),

R(ull ) <liminfR(p, Il 6) < a < oo,
n— o

From the definition of relative entropy, this implies that wu is absolutely
continuous with respect to 6. Theorem 2.6 enables us to find a sequence
{fj, j € N} of bounded and continuous functions such that lim;_. f; =T,
6-a.e. Since u < 6 the limit also holds u-a.e. By the dominated convergence
theorem [y f, du converges to [y fdu. For each fixed j €N, [ f; du, con-

verges to [y i‘: du because of the weak convergence of w, to w. Hence to prove
part (a) of the lemma it only remains to verify

(2) lim sup/|f — fldu, =0

i== nenN
Fix & > 0. Define || f|l.. = sup, . x|f(x)|and let M be such that || f|.. < M and
supjeNIIfII, < M. Then

If — fldu. = If — fldu + If. — f| d
fx’ o f{\f}f|>s}' o fuf}f\sa' i

<[ _ |fj—f|d/.Ln+8
(F—f1> e}

SZMMH{Iﬂ—f|> 8} + &.
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Since ¢ is arbitrary, (2) will follow if we can show that

lim supun{lﬁ—f|> g} = 0.

17% neN

For any ¢ € (1, %) we have

d du,
sup uilfi = fl> e =sup [ _ de
nenN n{ ! } neN'/;\fj—f|>a} de
du
<sup | _ % de
neN 0f—fl>e}n{dp,/do<cy dO
du
+ sup " de.

neN f-fl>e)n{du,/do>cy do

The first term in the last expression converges to 0 as j — « since it is
bounded above by cé{|f; — f| > £}. Convergence of the second term to O
follows from the upper bound

sup du,
neN {If—f\>s}n{dun/d9>c} de

du,
0 de
‘/;dun/d0>c} de g de

de

IA

IOg c nEN
dun,

do
foge 0 (¢ + G5 1

(e‘l + sup R( p,, | 9))

neN

I/\

log ¢

el +a
S—
log ¢

Since ¢ can be taken arbitrarily large, (2) is established and the proof of (a) is
complete.
To prove (b), observe that we may write

i = [ i+ { [ f0 g — [ 1.

Since convergence of the first term to [, fdu is a direct consequence of (a), we
only need to show convergence of the second term to 0. This is done just as in
the proof of (2) but replacing f by f, [note that the proof of (2) does not use
continuity of f . O

3. The main theorem. We are interested in a representation formula
for the quantity

—log Ee~ W),
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where f: C([0,1]: RY) -» R is a bounded Borel-measurable function. This
formula will be stated in the next theorem. The boundedness assumption is
stronger than needed, but it is included here to simplify the proof. An
extension will be given in Section 5.

THeorem 3.1. Let f be a bounded Borel-measurable function mapping
C(0,1]: RY) into R. Then

_ —fW) _ 1y '
log Ee V|21;\E{2f0||vsll ds +f(W+f0vs ds)}.

PROOF OF THE UPPER BOUND. Consider any v € A,. Since v is bounded, for
each 1 < i < d the stochastic integral (5 v{" dW/ " is well defined and is a
square integrable martingale. If we define R, by

d
@ R =g £ [0 w3 ) |
i=1°0 0
then R, is a martingale. We define a probability measure v, on F, by
(4) Y (A) = fARl do for AeF,.

By Girsanov's theorem the process W = {W, = (W®,..., W®); 0 < t < 1}
given by

(5) W, = W, — ftvs ds
0
is a d-dimensional Brownian motion under v,. Let T, be the map defined by

. t
T(®) = ¢ — [ V() ds.
0
Then, for any Borel set A c C([0,1]: R%), 8(A) = (T, *(A)).
Using the definition of R(y, Il #) and substituting (3) and (4), we obtain

R(w 11 6) = f(log ?;W))%(d(ﬁ)

d 1 . . 1 1
= f{ Y fovg') dw,(® — E/O||vs||2 ds}yv(d¢).
i=1

Thanks to (5),

R(y Il 0) = E"{

d d
y folvgi) AW + ¥ [Ol(vg”)2 ds — gfolnvsu2 ds}
=1 i=1

1
EV{%fO v, |12 ds},

where the last equality uses the martingale property of the stochastic inte-
gral and EY denotes expectation with respect to the probability measure .

(6)
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Consequently,
1 ~ .
R(% 110) + [f($)%(d¢) = E"{%f lIvlI? ds + f(W + [ v, ds)}
0 0
and from (1) we obtain
1 _ .
_ ~f(W) i v]1 2
(7) log Ee < Vlen):bE {2/0 Ivell* ds + f(W + /Ovs ds)}.
We now use (7) to show that, for any v € A,
(8) —log Ee~fW) < E{%fl||vs||2 ds + f(W + f'vs dS)},
0 0
where expectation is with respect to Wiener measure 6. The proof proceeds in

three steps.
Step 1. Simple v. Suppose v can be written as

-1

V(@) = &o(P)L(t) + ; ()l ¢, (1), O0<t<1, o€ C([O’l]: Rd)a

where ¢§; is F,-measurable for i =0,..., ] — 1. We define a new family of
random varlables {g,, i=0,...,j— 1} as follows:

Eo($) = (),
and fori=1,..., j—1,

E(d) = &),
where ; is any function which agrees with

i—1

= 2 (D) (L — t)

k=0

up to time t;. Each g, is F -measurable, so the process V given by
j—-1

Vi(@) = &o(D)Lpy(t) + _Z ()l ¢, (), O0<t<1, o€ Cc([0,1]: [Rd),
is simple, and thus an element of A,. Moreover, V satisfies V(¢$) = v(T{¢))

with probability 1. This relation implies that, for W(¢) = W(¢) — o V(o) ds
and A € B(C([0,1]: RY), B € B(L?2([0,1]: R%)),

(W € A, ¥ € B) yv({q,’): ¢—fo'vs(¢) ds € A, V(o) € B})

= %w({¢: Te(¢) €A, v(T(¢)) € B})
0({y: v A v(y) € B})
O6(W € A, v eB),
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which establishes that the distribution of (W, ¥) under the measure v, is the
same as the distribution of (W, v) under 6. We use this equivalence and (7) to

obtain
71 (Yo 2 vl =
E {zfollvsll ds+f(W+/0v,5 ds)}

1 (Y2 '
E{Zfonvsn ds+f(W+fovS ds)},

which implies (8) for all v € A,. Let L, (W + [; v, ds) denote the measure on
C([0,1]: RY) that is induced by W + [; v, ds under 6. Using (6), the equality
(9) R( LH(W + [ v, ds)

0

in the last display implies that
1
e) = E{%/O v, |12 ds}
for all v € A,.

Step 2. Bounded v. Let v e A, so that |[v(w)ll <M <o for 0 <s <1,
o € . According to Proposition 2.7, there exists a sequence of simple pro-
cesses {v", n € N} such that [[v(w)| <M <= forall 0 <s<1and o€,
and

f(w)

—log Ee™

IA

n—o

1
lim E/ Ivd — v |2 ds = 0.
0

It follows that (W, [; v ds) converges in distribution to (W, [; v, ds) in
(C([0,1]: R%)?.
By virtue of Step 1, for every n € N,

(10) —log Ee~'™) < E{%flllvs[‘ll2 ds + f(W + f'vsf1 ds)}.
0 0

It remains to show that the inequality above continues to hold in the limit as
n — «. To this end, let u, = L,(W + [; v ds). Then (9) implies that

1 M?2
supR(u, Il 6) = supE Efo”VS” ds s 5 <=

neN neN

Hence we can apply Lemma 2.8(a) to obtain

lim Ef(W SR ds) - Ef(W + [ v, ds).
0 0

n— o

Letting n — « in (10) we conclude that (8) is valid for the limit process v, and
thus for any v € A,. Using the lower semicontinuity of R(-|l §), we also

obtain
(11) R( LQ(W + fo'vs ds) 0) < E{%folllvsllz ds}

for all v e A,.
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Step 3. General v € A. We define
V(o) = Vs(¢)1{\|vs(¢)||5 ny 0<s<1, ¢ C([0,1]: Rd).

Then v" is bounded for every n € N and thus Step 2 guarantees that (10)
holds for each v". Let u, = L,(W + [; v.' ds). Then (11) implies that

1 1

supR( u, Il 6) < sup E{%f l[vo)2 ds} < E{%f lIvI? ds} < .
neN neN 0 0

As in Step 2, Lemma 2.8 and the dominated convergence theorem yield (8) for

any v € A, which in turn implies the desired upper bound. For use in Section

5, we note that the lower semicontinuity of R(-|| #) implies that, for all v € A,

(12) R( L(,(W + fo'vs ds) 0) < E{%folllvsllz ds}.

PrROOF OF THE LOWER BOUND. Consider the measure y, which infimizes in
the variational formula (1). Then vy, is not only absolutely continuous with
respect to 0, but it is in fact equivalent to 6 on F,. It follows that, for each
t € [0, 1], the restriction of y, to F, is equivalent to the restriction of 6 to F,.
Let R, be the corresponding Radon—-Nikodym derivative. Then R, =
El(dy,/d6) | F], and the process {R; 0 < t < 1} forms a #-martingale that is
bounded from below and above 6-a.s. by constants exp(—2]|fl.) and
exp(2] f|l..), respectively. Moreover, since R, is a martingale with respect to
the augmentation under 6 of the filtration generated by a Brownian motion,
it can be represented as the stochastic integral R, = 1 + [ u, dW,, where u,
is progressively measurable ([12], Theorems 3.4.15-16). Thanks to the bound-
edness from below of R, we can define V, = u,/R, and write

(13) R, =1+ fOtVsRs dw,.

The process R, is uniformly bounded, and thus ER? < «. This and (13) yield
E /¢ IVJI°R2 ds < . Because R, > exp(—2[fl.), 6-as. this implies
E /& IIV,]I” ds < e, and since dy,/d# is also bounded,

1
14 I¥,]1> dsdy, < .
(14 '[C([O,l]: [Rd)/o ® Yo
These bounds and (13) give ([12], page 191)
t t
(15) R, = exp[/ovs dw, — %follvsllz ds}.

Since R, is a martingale, Girsanov's theorem identifies y, as the measure
under which the process W = W — [; ¥, ds is a Brownian motion. Using (14)
and (15) as in (5)—(6) to evaluate R(y, || #), we obtain

—log Ee"W) = E”{%flllvsll2 ds + f(VT/ + f'vs ds)}.
0 0
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Assume for a moment that f is continuous. Let {V", n € N} be a sequence
of bounded simple processes such that

1
lim Evo{/ [PARERAR ds} - 0.
n— o 0

Then given & > 0 there exist n <« and C < « such that V()| < C for
0<s<1 we Q,and

1.0 -
Yol — v v
E {2f0||vs|| ds+f(w+/0vsds)}

1 1 2 ~ . &
Yol — vn (VAL - —
>E {Z/OIIVSII ds+f(W+vasds)} >

Let us write V" in the form

(16)

-1
V(@) = §()1g(t) + r &i( @)L, v, (1), O<t=<1l weq,
i=0

where 0 =1t, <t; < -~ <t =1 and § is F,-measurable for every i=
0,....(1=1. For i=1,....1 let M =C(0,t; —t;_,]: R?) and define mea-
surable maps Z(V: QO —» M, by

ZO(0) =W, g(@) =W, (©), 0<s<t—t_,.

The continuity of f implies that there exist continuous functions F: (R%)' —
Rand F,: (RY)' x (IT}_, M) — R such that, 6-as.,

1~n
Fi(éo,. v &21) = %'[0 V¢ I ds

and
Fz(go----v §io1 Z(l),---,z(l)) = f(Vv + fVS" ds).
0

Define &= (&,...,&_,) and, for i=1,...,1, let Z' =(Z®,..., Z®). with
this notation, (16) can be rewritten as

1 o
EVO{E/OHVSII ds+f(w+fovs ds)}

~ &

> EY{Fy (&) + F(¢,2") - >

Let us observe that each &; can be written as a bounded measurable function

of ZW, j <i. A construction that makes use of the independence of incre-

ments of Brownian motion, this F -measurability of ¢ and the smoothing

allowed by Theorem 2.6 gives the existence of a continuous mapping
T, M — (RY)' such that the following conclusions hold:

(i) T(z") can be written in the form (I, I'y(zY), ..., [}(z"), where z' =
(23, 2) € T}y M;:

(17)
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(i) Ty € R? is deterministic with [IT,[ < C;
(i) for i=1,...,1, T;: TIj_, M; » R satisfies [[I;(wll<C for ue
i M."
i=1 M
(iv) we have the inequality
~ ~ ~ ~ &
EV{Fy(¢) + Fy(¢.2")} = EX{R(1(Z") + F,(T(Z"),Z")} - 7
Details of the construction are given in the Appendix. Now define measurable
maps ZV: Q — M, by setting
ZO(w) =W, (@) =W, (o), O0<s<t—t_,,i=1,..,1,
and let Z' = (zW, ..., zM). Finally define
I-1
V(@) =Tl (1) + L T(Z' ()1 4(t), O0<t=<l,
i=1

By construction, v is a simple process in A which satisfies
1 4 ~ .
Evo{ — [TV ds + f(W + [ WD ds)}
(3 [ [

1 1 _ 2 -_ &
> E{E/OIIVSII ds+f(W+ /Ovs ds)} -3
Combining this inequality with (17) yields

—log Ee~"™) = EVU{%flll'\?’SIIZ ds + f(v'\7 +[¥ ds)}
0 0

el o o 1w ]
E{zfolleII ds+fW+vaSds e,
which proves the lower bound for continuous f.

If f is not continuous, let {f;, j € N} be a sequence of bounded and
continuous functions such that | fll. <|Ifll. < and lim;_. f;=f, 6-as. The
preceding argument applied to each of the functions f; implies that there
exists a sequence {V!, j € N} of processes in A such that V! satisfies (18) for
each j but with f replaced by f;; that is,

(18)

— ®

(19) —log Ee~fi") > E{%flll\‘/stz ds + fj(W + f'vg ds)} - .
0 0
Thanks to (9) we have
sup R( LQ(W + /i\‘/sj ds) 9) = sup E{%flll\‘/sjll2 ds} < | fll...
i 0 i 0

It follows from this bound that the pair (f; V! ds, W) is tight. Hence there
exists a subsequence such that (/; V! ds,W) converges in distribution to
(f4 Vods, W). It follows from (19), the dominated convergence theorem and
Lemma 2.8 that, for all sufficiently large j,

—log E~fW) > E{%/l||\'/._;j||2 ds + f(W + /'vg ds)} - 2e.
0 0

Since each ¥/ is in A, this completes the proof of the lower bound. O
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4. An application to diffusions. In this section we specialize the result
of Theorem 3.1 to the case of bounded measurable functionals of strong
solutions to stochastic differential equations (Theorem 4.1). We then apply
this formula to prove a well-known result about large deviations for small
noise diffusions.

4.1. The representation formula. Let by(t, x) and o;;(t, x), 1 <i<m,
1 < j < d, be Borel-measurable functions from [0, 1] X R™ into R, and define
the m X 1 vector b(t, x) = {b;(t, x)} and the m X d matrix o(t, x) =
{o7;(t, x)}. Let v € A be given, and consider the stochastic differential equa-
tions

(20) dX; = b(t, X,) dt + o(t, X;) dW,, Xo = X,
and
(21) dXyY =b(t, XY)dt+ o(t, XY)v, dt + o(t, X) dW,, Xq = X,

where x € R™ is deterministic and W is d-dimensional Brownian motion. We
assume that (20) and (21) have a unique strong solution. For instance, this is
the case if b(-,-) and o(:,-) satisfy Lipschitz and linear growth conditions,
that is, there exists a constant K < o such that

(22) Ib(t, x) — b(t, y)Il +llo(t, x) — a(t, y)l < Klx —yll
and
(23) Ib(t, x)II” + o (t, ¥)II* < K2(1 + [[x]1%).

However, these conditions can be significantly weakened (see [16]).
The next theorem corresponds to Theorem 3.1 for the special case of
diffusions which are strong solutions to stochastic differential equations.

THEOREM 4.1. Let X be the diffusion process that is the unique strong
solution to the stochastic differential equation (20). Then for any bounded
Borel-measurable function f: C([0,1]: R™) - R the following representation
holds:

(24) —log Ee~ = inf E{%flllvsllz ds + f( X")},
veA 0

where XV is the unique solution to (21) and E, denotes expectation condi-
tioned on X, = X.

Proor. Since X is a strong solution to (20), there exists a
B(C([0, 1]: RY)/B(C([0, 1]: R™))-measurable function h: C([0, 1]: RY) —
C(0,1]: R™) such that

X.=h(W)., 6-a.s.

More precisely, the relation

h[W],=x+ ['b(s,h[W].) ds + [‘o(s, h[W].) dW,
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is satisfied almost surely with respect to Wiener measure for all t € [0, 1].
Hence the left-hand side of (24) can be rewritten as —log Ee~"* "MW1 Repre-
sentation (24) will be established once we verify that h[W + [; v, ds] =
This follows easily from the strong existence and the uniqueness of solutions:
letting W = W + [; v, ds, we have

(W1, =x+ ['b(s, h[W],)ds + [‘o(s, h[W],) dW,
=x+j:b(s,h[VV]S)ds+fota(s, h[W ],) dw,

+/ (s, h[W] v, ds,

and, by the uniqueness of solutions to (21), this implies h[W + [, v, ds] =
O

4.2. Small noise diffusions. As an elementary but elegant application of
Theorem 4.1, we prove the following well-known theorem on large deviations
for small noise diffusions. A more demanding problem for which the represen-
tation seems to be very useful, concerns diffusion processes with discontinu-
ous coefficients [5]. For a discrete time analogue, see [9], Chapter 7.

We will use the concept of a Laplace principle, which we now define.

DeriNITION 4.2.  Let {Y ¢} be a family of random variables taking values in
a Polish space Y and let I: Y — [0, «].

We say the sequence {Y ¢} satisfies a Laplace principle with rate function |
if, for every bounded continuous function g mapping Y into R,

lim — & log E{exp[— 9(v) }} = inL{g(Y) +1(y)},
yE

e—0 &

and if for every M € [0, ») the set {y: I(y) < M} is compact.

Let b(-,-) and o(:,-) be as in the previous subsection, and for £ >0
consider the stochastic differential equation

(25) dX{ =b(t, X)) dt + £ (t, XF) dW,, 0<t<1, X{=x

Let vy, , be the measure induced by X* on (C([0,1]: R™), B(C([0, 1]: R™))).
As & — 0, the measure vy, , converges weakly to the Dirac measure concen-
trated at the single trajectory which solves the ordinary differential equation

b =b(t, ), b =x.

Theorem 4.3 states the Laplace principle for the family {X¢}. A Laplace
principle is equivalent to a large deviation principle [if the definition of a rate
function includes the requirement of compact level sets ([9], Section 2.2)]. It
thus measures the probability of deviations away from the trajectory ¢.
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THEOREM 4.3. Let b(:,-) and o (-, ) satisfy (22) and (23). Then {X*}, the
solution to (25), satisfies the Laplace principle in C([0,1]: R™) with rate
function

. 1
1L(f) = inf 3 [ vl dit
{veL2(0,1]: R™): f,=x+ [{b(s, f) ds+ [{a(s, f)vsds} ~0
whenever {v e L2(0,1]: R™): f, =x + [§ b(s, f)ds + [§ o(s, f)v, ds} # T,
and 1,(f) = % otherwise.

PrRoOF OF THE LOWER BOUND. Fix x € R™ and let g be any bounded and
continuous function mapping C([0, 1]: R™) into R. We will prove the Laplace
principle lower bound

e "~ $eC(0,1]: R™

(26) Iigrlionf — ¢ log Ex{exp[— 9(X%) }} > inf {g(¢) + (o)}

It suffices to show that every subsequence of {X*¢} has a subsubsequence
satisfying (26). Since g is bounded, we can assume that along the given

subsequence
Xé‘
—¢ log Ex{exp[— o )}}

&

converges. Applying Theorem 4.1 to the function g we obtain

X 1
— & log Ex{exp[— 9 )” = inj\Ex{gflllvsll2 ds + g(X‘”)},
& ve 0

where X*®V is the unique solution to

XV = x + fO‘b(s, X2'v) ds +/:cr(s, X2 V)v, ds + fotel/zo'(s, X2V) dW,.

For every ¢ let v® € A come within ¢ of the infimum, so that

g(X?)

&

ool -2 = 2 L w00
—¢log E,{exp|— > E, —fllv;ll ds+g(X>V)} —e.
279

Tightness of {3 [ || vZlI? ds} follows immediately from the fact that, for all
e> 0, EJ% J2IveII? ds} is bounded above by 2M, where M = ||g|l... Given the
tightness of { [} [lvZ|l* ds}, the tightness of X*V° is standard. We would
lastly like to show tightness of {v¢} in L2([0,1]: R™) under the weak topol-
ogy. A slight nuisance here is the fact that L 2([0,1]: R™) is not metrizable as
a Polish space with this topology. However, for any N < o, the set

Sy = {fe L2([0,1]: R™): [01||fs||2 ds < N}
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is metrizable as a compact Polish space with this topology ([13], Theorem
I11.1). For a given 8 > 0, consider the set K =S, ;. Then by Chebyshev's
inequality, for all ¢ > 0,

2M o 1
& 1 e)12 1 el12
B{V & K} 0{/{; ||Vs II< ds 5 } < M E{ f0||vS I ds} )

This implies (modulo an approximation argument which we will omit) that v*
can be assumed to take values in a compact Polish space with probability 1.
Hence there exists a subsubsequence for which (X®V°, v®) converges in
distribution to (X", v), where XV is the unique solution to

Xy =x+ fotb(s, XJ) ds + fota(s, XJ) v ds.

Since g is bounded and continuous, applying Fatou’s lemma to this subsubse-
guence yields

R R 1 1 el12 &g, v®
|.£u§f[Ex{Ef(Jllvsll ds +g(X )}—8}

-0 &

X6‘
liminf — ¢ log Ex{exp[— 9(X9)

1\

%

1 1 ) y
EX{EfOIIVSII ds + g( X )}

1\

i 1.
{ inf )E/OIIVSII dS+g(¢)}

{1, (v, ¢): py=x+ [§b(s, ¢pg) ds+ [Ea (s, P v, ds

> inf  {1,(¢) +9(o)).

¢<C(0,1]: R™)

Compactness of level sets. The fact that 1,(-) has compact level sets follows
from the compactness of Sy for each N, and the continuity of the map v — ¢
defined by ¢, = x + g b(s, ¢,) ds + [5 o (s, v, ds.

PROOF OF THE UPPER BOUND. We now prove

: { [ g(Xf)” :
(27) limsup — e log E,{exp|— < inf {1.(¢) +9(o)}.

R £ $€C(0,1]: R™)

Fix & > 0. For any g bounded and continuous there exists ¢ € C([0,1]: R™)
such that

L(8) +9(¢) < _inf {lx(¢)+g<¢>}+§<w-

$<€C(0,1]: R™
For such ¢, choose V such that

11, 8
E/0||vs|| ds < 1(4) + 5.
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and ¢, = x + [{b(s, ) ds + [ a(s, ¢V, ds. For ¢, ¥ and X*=7 as above,
Theorem 4.1 implies

limsup — ¢ log Ex{exp[— g(jg) }}

e—>0

limsup inf E 1f1||v||2ds+ (X2
pveA 2 ), Vs g

e—0

IA

1 -
lim sup EX{E/:IIVSIIZ ds + g(X‘?’V)}

e—>0

1 -
= [TITI? ds + limsup E, g( X*")
2J)y °

e—>0

3 .
L(¢) + 2 + limsupE, g( X*").

e—0

IA

Since g is bounded and continuous and X*'¥ converges in distribution to ¢,
the inequalities can be continued as

L)+ 2 v a() = int  (1(8) +a(e) + .

$€C(0,1]: R™)

Since § is arbitrary, the proof of (27) is complete. O

5. Extensions of the representation. The following extension is
needed for applications to risk-sensitive control [4].

THeEOREM 5.1. Let f be a Borel-measurable function that is bounded from
above. Then

_ —fW) _ 1y '
log Ee V|21;\E{2/0||v5|| ds+f(W+ fovs ds)}.

ProoF. Without loss of generality we may assume f<O0. Let fy=fV
(—N). Then by the monotone convergence theorem and Theorem 3.1 we have

—log Ee="™) = |im — log Ee~fnW)

N —

= lim inf E{%flllvsll2 ds + fy (W + f.vS ds)}.
0 0

N—-ow veA

It remains to verify that the last expression coincides with
1 .

2 inf E{ % 2ds + flW + ds||.

(28) VIQA {zfo v Il ds ( fovs 5)}

We first treat the case when (28) is finite. Fix £ > 0 and choose V € A to be
s-optimal in (28). The nonpositivity of f implies EX [ [V,]|* ds < =. By the
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monotone convergence theorem (applied to E{—f (W + [; V, ds)})

lim inf E{ fllvsll2 ds—ka(WanvS ds)}
N—oow veA 0 0
lim E{%/lnvsnz ds + f (w + [, ds)}
N- o 0 0
— el (Y72 v
—E{zfollvsll o|s+f(w+[ovs ds)}
- l 1 2 :
VlngE{Z/OIIVSII ds+f(W+ fovS ds)} + e.

Since ¢ is arbitrary, the upper bound follows.
For the case when (28) is equal to —, we choose V€ A such that
E(3 /2 IV.II7 ds + f(W + [; ¥, ds)} has an arbltrarlly large negative value. The

same argument as above glves us the desired upper bound. Finally, we note
that the lower bound is elementary, since fy > f. O

IA

IA

APPENDIX

In this section we provide details for the proof of the lower bound in
Theorem 3.1. We first state a lemma concerning measurable selections.

Lemma Al. Let E,, E, be Polish spaces and let f: E; X E, = R be
bounded and continuous. Let K be a compact set in E,. For each x € E,; define

I, = {y e K: inf f(x,y,) = f(x, y)}.
YoEK

Then there exists a Borel-measurable function g: E; — E, such that g(x) € T,
for all x € E;.

We now prove the existence of a function T' satisfying the properties
(D—(iv) stated below (17).

Since every probability measure on a Polish space is tight, there exists a
compact set K, ¢ RY such that

~ &

En{Fi(&") + Fy(¢',2")) = B{1 o1 (¢)(Fu(€') + o€, 2Y))} - e
Since (Wt, F.) is a Wiener process under v, W - V'\7ul is mdependent of F,
for 0 < u, < u, < 1. Therefore, Z0 is mdependent of (£1,Z1-1) under y,. Let
wu; denote standard Wiener measure on M; and let F$Y be the real-valued
continuous map on (R%)" x (IT{Z M) obtained by integrating out Z(" from
F,, that is, F{Y(y) = [F,(y, z),u,(dz) where y € (RY)! X (ITj_1 M;). Usmg
the fact that [|§_,ll < C, ¢-as., and Lemma 6.1 with E, = [Rid E, = (R
x (ITj21 M), K=K, m{xeRd Ix]l < C} and f—F +F§1), we obtain
the eX|stence of a measurable function h: (R9)'" ! x (1_[ 1 M)~ R? with
Ilhll.. < C such that the right-hand side of (17) is bounded below by

EyO{Fl(glfl, h(§|71,2|71)) + Fél)(glfly h(§'*1,2"1),2'*1)} _ %
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Thanks to Lemma 2.6 and the dominated convergence theorem, we can take
h to be continuous if we subtract an additional /21 from this lower bound.

If we iterate this procedure | — 1 times, we obtain the existence of a

continuous mapping I': ITl_; M; » (R such that the conclusions ()—(iv)
stated below equation (17) hold.
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