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BRANCHING PROCESSES IN LEVY PROCESSES: LAPLACE
FUNCTIONALS OF SNAKES AND SUPERPROCESSES

By JEAN-FRANCOIS LE GALL AND YVES LE JAN

Ecole Normale Supérieure and Université Paris 11

We use the exploration process introduced in a previous work to de-
velop a new construction of superprocesses with a general branching mech-
anism. This construction depends on a path-valued process called the Lévy
snake, which is of independent interest. Our method of proof involves a
calculation of the Laplace functional of the occupation field of the Lévy
snake. This calculation relies on an evaluation of the corresponding mo-
ment functionals, which requires precise information about the underlying
genealogical structure.

1. Introduction. The present work is a continuation of our previous pa-
per [13], where we developed a representation of the genealogy of a general
continuous-state branching process in terms of functionals of a spectrally pos-
itive Lévy process. Our main purpose here is to apply this representation to
a snake-like construction of superprocesses with a general branching mecha-
nism.

A key role in [13] was played by the so-called height process H = (H,,
t > 0). This process is defined as a local time functional of a Lévy process
X with no negative jumps and Laplace exponent . It can be interpreted
informally as describing the motion of a particle which explores the continuous
genealogical tree of a continuous-state branching process by moving up and
down along the branches. Although H is not Markovian in general, it is closely
related to a Markov process p = (p;, ¢t > 0) taking values in the set M /(R,)
of all finite measures in R_, which was also introduced in [13] as a functional
of the Lévy process X. The process p is called here the exploration process
(this terminology is a little different from [13]). For every ¢ > 0, the topological
support of the measure p, is the interval [0, H,]. Furthermore, the transition
mechanism of p is reminiscent of the Brownian snake in [8] and [10]: If 0 <
t < t', the measure p, is obtained by first restricting p, to a smaller interval
[0, m(¢,¢')] and then concatenating the restricted measure with a (random)
measure pﬂt, independent of the past until time ¢ and distributed as p, _,.

Superprocesses are obtained by combining the branching mechanism with
a spatial motion given by a general Markov process ¢. We refer to Dynkin
[5], [7] and Dawson and Perkins [3] for the general theory of superprocesses,
and to [6] for the connections with partial differential equations. Pathwise
constructions of superprocesses were given in [8] in the quadratic branching
mechanism case and via the Brownian snake, and in [14] in the stable case
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via a projective limit. In the present work, we use the pair (p,, H,) to develop
a path-valued process construction of general superprocesses, similar to the
Brownian snake construction. To this end we introduce a path-valued process
(W,, t > 0), such that the pair (p,, W,) is a Markov process called the Lévy
snake. For every ¢ > 0, W, is a path of the spatial motion ¢ with length H,.
Furthermore, the evolution mechanism of W, is easily described in terms of
that of p,, using the previous notation: If 0 < ¢ < ¢, the path W, is obtained
by first restricting the path W, to the interval [0, m(Z, ¢')] and then concate-
nating in a Markovian way a path of the spatial motion ¢ whose length is
the supremum of the support of pt,t,t. Theorem 5.1 below associates with the
Lévy snake a superprocess with branching mechanism ¢ and spatial motion
&, whose historical paths are precisely the paths W,.

Let Wt denote the terminal point of the path W,. Our method consists in

proving that the occupation field of the process (Wt, t > 0) has the same
distribution as the total occupation measure of the (&, /) superprocess. To
this end, we obtain an analytic expression for the Laplace functional of the
occupation field of (Wt, t > 0). The derivation of this expression depends
on certain moments computations, which are of independent interest. A key
role is played by Proposition 3.2, which provides a recursive description of the
genealogical structure of the exploration process at n uniformly distributed
instants. In the special case where the underlying Lévy process X is Brownian
motion [corresponding to the quadratic branching mechanism (u) = 2], this
genealogical structure already was pointed out in [9].

A forthcoming companion paper [11] develops the probabilistic study of
the Lévy snake under slightly more stringent assumptions on the branching
mechanism . In particular, the strong Markov property of the Lévy snake
is obtained and local times of the height process (H,, ¢ > 0) are constructed.
This makes it possible to give a more explicit expression for the associated
superprocess in terms of these local times and the process (Wt, t > 0) (this
expression was announced in [12]).

The present paper is organized as follows. In Section 2, we recall the basic
facts about the height process H and the exploration process p, and we then in-
troduce the Lévy snake. The key Lemmas 2.1 and 2.2, which give, respectively,
the invariant measure and the potential kernel of the process p, are crucial
to our applications. Section 3 is devoted to the proof of the important Propo-
sition 3.2, which in a sense determines the genealogical structure associated
with the exploration process. In Section 4, we identify the Laplace functional
of the occupation field of w (Theorem 4.2). We rely on moments computations
which follow from Proposition 3.2. Theorem 4.2 can be viewed as our principal
result since the connection with superprocesses, which is developed in Section
5, then follows by standard arguments.

2. Preliminaries.

2.1. The exploration process. We consider a Lévy process X = (X,, t > 0)
on the real line started at X, = 0 under the probability measure P. We refer
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to Bertoin’s recent book [1] (especially Chapter 7) for the basic properties of
Lévy processes that are used below. We assume that X has no negative jumps
and does not drift to +oo. Then, for every A > 0,

Elexp —AX,] = exp(t:(1)),

with a function ¢ of the form
PO =ah+ B2+ [ m(dr)(e T —1+7A),
(0, 00)

where « > 0, 8 > 0 and the Lévy measure = is a Radon measure on (0, o)
such that

/ (r A r2) m(dr) < oo.
(0, 00)

We also assume that at least one of the following conditions holds: 8 > 0 or
f(o’ 1) r w(dr) = oo. This excludes the case when the paths of X are of finite
variation. The finite variation case is treated in detail in Section 3 of [13]:
It yields analogous connections with branching processes, but the underlying
branching structure becomes discrete.

Note that the process X is recurrent or drifts to —oo according as « = 0 or
a > 0.

Without loss of generality, we may and will assume that the process X is the
canonical process on the Skorokhod space D(R, , R) of right-continuous paths
with left limits (cadlag) in R. We also denote by (%,) the canonical filtration
on D(R_, R), completed as usual by the collection of P-negligible sets of ..

Set S, = supo ;) X and I, = infy , X. Itis well known that both processes
S — X and X — I are strong Markov. Under our assumptions, 0 is a regular
point for both these processes. Furthermore, the process —1I, is a local time at
0 for X — I. The associated excursion measure will be denoted by N. It is a
o-finite measure on D(R,, R) such that X, =0, N a.e. and

o:=inf{s >0, X, =0} =sup{s >0, X, > 0} < oo, N a.e.

We also denote by L = (L,, t > 0) the local time at 0 of S — X. Here we
need to specify the normalization of L. Set L~1(¢) = inf{s > 0, L, > t}, with
inf & = oo, and make the convention that S, = oo when L™(¢) = co. It is
well known (see, e.g., [1], Chapter 6) that both processes (L~1(¢), ¢ > 0) and
(Sg-1s)» t = 0) are subordinators (killed at an independent exponential time
in the transient case), which are called, respectively, the ladder time process
and the ladder height process of X. By [2], Proposition 9, we may and will fix
the normalization of L so that, for every A > 0,

Blop(~ASy+)] = exp( -t
@ )
= exp(—t <a + BA +/0 1 —e ) m([r, ) dr)).
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We leave it to the reader to check that this normalization is the same as the
one used in [13] in the case g8 = 0.

In particular, the subordinator Sy1 has a drift g8 and, if m denotes
Lebesgue measure on R, we have

m{Sp1py; 051 < ¢, L7Y(r) <o0})=B(tALy).
Thus, when B8 > 0, we have
(2) Lt = B_l m({Sr’ O<rc< t})

We now recall the definition of the height process H. Fix ¢ > 0 and let X®
be the time-reversed process

XV =X, - X4, if0o<s<t,
X" - x,.

Then ()?if), 0<s<t (i)(XS, 0 <s <t). We set SV — SUP[o, 5] X and let
H, = L be the local time at 0 at time ¢ of S® — X®, normalized as explained
previously. We also take H, = 0. Notice that the process H is not Markov
except in certain very special cases (when 7 vanishes).

Let us specify the version of H that we will use. When B > 0, we can use
formula (2) to get

®) H,=B'm{I;, 0 <r <t}),

where I} = inf(, ;; X,. The right-hand side of (3) obviously gives a continuous
version of the process (H,, ¢t > 0). When 8 = 0, Proposition 4.3 of [13] provides
a lower semicontinuous version of H with values in [0, co]. By Theorem 4.7 of
[13], this version is continuous with values in [0, oco) if and only if

© dA
W<OO.

We then turn to the exploration process p (our terminology is a little differ-
ent from [13], where H itself was sometimes called the exploration process).
For every ¢ > 0, we let p, be the random measure on [0, co) defined by

@ (i) = [ &I g(H)),

where the notation d,I refers to integration with respect to the nondecreas-
ing function »r — I7. Although it looks a little different, this definition is
equivalent to the one given in [13] in the case B8 = 0: Using Proposition 4.3
of [13] (and its notation) one easily verifies that H, = H}, d, I} a.e., for every
t > 0, a.s. Notice that the total mass (p,, 1) of the exploration process is the
reflected Lévy process X, — I,.

The process (p;, ¢ > 0) is a cadlag strong Markov process with values in
the space M /(R ) of all finite measures on R, equipped with the topology of
weak convergence. This is proved in [13], Proposition 4.4, when 8 = 0. The
case B > 0 is analogous and easier. The strong Markov property follows from
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an important identity, which we now recall. We first introduce some notation.
If ue My(R,)and a € R, we let k,u be the unique element of M (R, ) such
that, for every r > 0,

ka:u'([oa 7‘]) = M’([O? I‘]) Na

(ko is the measure p “truncated at mass a”). By convention, we also take
k,u = 0 when a < 0. Notice that this notation is slightly different from the
one in [13]. If u € M4(R+), we set H(u) = sup(supp n), with H(u) = 0 if
n = 0 by convention. If H(u) < oo, we define the concatenation of u with
another measure v € M (IR, ) as the measure [u, ] such that

[l v)dr) e(r) = [ m(dr) (r) + [v(dr) e(H(w) + 7).

Then, if T be a stopping time of the filtration (%), and X(*) denotes the
shifted process XgT) = Xr7,, — Xy, we have a.s. for every ¢ > 0,

T
(5) Prt = [k<pT,1)+I§T)pT’ pg )]>

with an obvious notation for IET) and pET). See (4.8) in [13] for a proof in the
case B = 0, which is easily extended.

We will also use the following fact: a.s. for every ¢ > 0, either p, = 0 (which
occurs if and only if H, = 0) or the topological support of p, is the whole
interval [0, H,]. See [13], Section 4, when 8 = 0, and note that the case 8 > 0
is easy because p, is bounded below by B times Lebesgue measure on [0, H,].
Because of this property, we may and will write H(p,) instead of H,.

The definition of the processes p and H also makes sense under the ex-
cursion measure N. Indeed, from our construction, both p, and H, depend
only on the values taken by X — I on the excursion of X — I that straddles ¢.
Thus, we may define the process H and then p via formula (4), by exactly the
same formulas that we used under P (namely, formula (3) when 8 > 0 and
Proposition 4.3 of [13] when 8 = 0). The “law” of (p,, ¢ > 0) under N is easily
identified with the excursion measure of the Markov process p away from 0.

We will now state two important lemmas concerning the exploration pro-
cess. These lemmas give, respectively, the invariant measure of p and the
potential kernel of the same process killed when it hits 0. We let U be a
subordinator defined under a probability measure P°, with Laplace transform

Bloxo_AU,] = exp(—t(ﬁf\ s [y n(ir. o) dr))

cenl (42-2)

For every a > 0, we let J, be the random element of M ,(R,) defined by
Ja(dr) = 1[0,a](r)dUr'
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LEMMA 2.1. For every nonnegative measurable function ® on M,(R,),

N[/U ds (I)(ps):| = [ dae B[a(J,)]
0 0
The measure M defined by M(®) = [;° da e=** E°[®(J,,)] is invariant for p.

PROOF. It is enough to prove the first part of the lemma. Let 6 > 0 and let
{ be an independent exponential time with parameter 6 (defined under P by
enlarging the probability space). From excursion theory and the fact that p,
only depends on the excursion of X — I that straddles s, we easily get

N[[) dse % ®
Bla(p)] = T S )

On the other hand, define for every s > 0 a random measure 7, on R by the
formula

(. 1) = [ dS, F(L, - L,).
By reversing time at ¢ and using the definition of p, we get

E[®(p,)] = E[®(n,)].

Note that 7, remains constant during each excursion of S — X away from 0.
Denote by N* the excursion measure of S — X away from 0 corresponding to
the local time L. Also let (a;,b;), j € J, be the excursion intervals of S — X.
We have then

E[P(n,)] = 0E|: > D(n,,)exp(— Gaj)/ "dr exp(—Or)i|

Jjed

- E[/ dL, exp(—6s) CI)(nS)] N*[1 — exp(—00)].
0
By a classical formula of fluctuation theory ([2], Proposition 9), we know that,
with our normalization of L,
N[1-e "]N*[1—-e%]=96

Comparing with the beginning of the proof, we get

N| [ dse i) | = B[ [T aL,e o],

Letting 6 go to O leads to

N| [ as v | = B] [~ az, 00| = | [~ datisy 00 ]

However, (1) implies that L, has an exponential distribution with parameter
a and that, conditionally on {L~*(a) < oo}, n-1(,) has the same distribution
as J,. The desired result follows. O
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For u € Ms(R,), we denote by P, the law of the process p started at p. We
abuse notation by also writing o = inf{s > 0, p, = 0} under P,,.

LEMMA 2.2. For any nonnegative measurable function ® on R, x M ((R,),
o . (m, 1)
E, [ [ ds(int Hp,). ps)} = [ dr [ M(dv) ®(H (k). [k v]).

PrOOF. From [13], or by using (5), we know that P, is the law under P of
the process (p%, s > 0) defined by

pk = [km, 1)+I, M8 psl-
Thus we have to evaluate

B[ [ asa(inf w1, p1) |

where o, = inf{s, p§ =0} =inf{s, I, = —(u,1)}. Denote by (a;,b,), j € J,

the excursion intervals of X — I away from 0 before time o, and by e;, j € J,

the corresponding excursions. Then, p, = p,_, (e;) forevery s € (a;,b;), j € J,
P as. Also it is clear that infq o H(p}) = H(pa,) = H(k,, 1)+1aj,u) for every
se(a;,b;), jed. Itfollows that

E[/OU dscb(ig H(p), pé‘)]

=E[zfobj

dr (11, 0 U e, ool |
Jjed

By excursion theory, the point measure
Z 6I e
jeg

is a Poisson point measure with intensity 1;_, 1, (%) du N(de). Hence,

Ou < al> g
B [ aso(int #(6). 08)| = [ du N[ [ ar oHGEuw). eun0,))]
0 s'<s 0 0
and the desired result follows from Lemma 2.1. O

Without risk of confusion, we will abuse notation by writing N(dp) for
the o-finite measure on D([0, c0), M /(IR )) which is the excursion measure
of p away from 0: In other words, we identify N with its image under the
mapping (p;, ¢ > 0). The process X is then defined under N(dp) by the
formula X, = (p;, 1).

2.2. The Lévy snake. We now consider a Borel right Markov process ¢ =
(&, t=0; 11, x € E) with cadlag paths and values in a Polish space E. For
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every a > 0, we denote by ([0, a], E) the canonical Skorokhod space of all
cadlag mappings from [0, a¢] into E. We then set

W = ( U D([O, a], E)> UD([0, c0), E).
a>0

We set ¢, = a if w € D([0, a], E), {, = oo if w € D([0, 00), E). The subset

{w e 7, {, = 0} is trivially identified with E. The set 7 is a Polish space for

the distance

d(w7 w/) = |§w - gw’| A1 + 5(w( A gw)7 w/(' A gw’))7

where 6 denotes the Skorokhod distance on ([0, c0), E), and |oco — oo| = 0 by
convention.

Letw e 7 and a € [0, {,] N[0, ), b € [a, c0). We construct a probability
measure R, ,(w,dw’) on # by the following prescriptions:

1. ¢, =b, R, s(w,duw’) as.

2. w'(t) =w(t), for every t € [0,a], R, ,(w,dw’) a.s.

3. The law of (w'(a +t), 0 <t < b —a) under R, ,(w,dw’) is the law of
(&, 0 <t <b—a)underIl,q.
This definition is extended to the case b = oo by obvious modifications.

When ¢, = oo, we also take R, . (w,dw') = §,(dw’).

Let us fix a point x € E and let p € D([0, c0), M (R, )) be such that py = 0.

For every ¢t < t/, set

m,(¢,1') = inf H(p,).

The Kolmogorov extension theorem can be used to construct the unique prob-
ability measure Q% on 7%+ such that, if (W9, s > 0) denotes the canonical
process on 7%+ we have for every 0 < ¢, < ¢, < --- < t,, and every nonnega-
tive measurable functions f4,...,f, on %,

QE[F1(WE) -+ Fu(WD)]

= [ Bo, #165,(%: A1) [ Ry (1, 1, 1,y (015 dw2)
o [ Ry e, 1oy (o1 W) Fa (1) - Fo(,).

It is easy to verify that both mappings p — H(p,) and p — m,(¢,t') are
measurable. Thus we can define a o-finite measure on the product

Q =D([0,00), M(R,))x #*
by the formula
N, (dpdw) = N(dp) Q%(dw).
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From our construction, the process (p,, W9; ¢ > 0) is Markovian under N,
with a transition kernel given by

Q:F(n, w)=E, |:f R, (0.0). H(py) (W AW) F(pings w/)i|

and an entrance law given by

Fo N[[ Ro. 11y, (x, dw) F(py, w)].
Also note that {ywo = H,[= H(p,)], N, a.e., for every ¢ > 0.

LEMMA 2.3. The process (W9, s > 0) is continuous in N, measure.

ProOOF. From our construction of N, the proof reduces to checking that, for
every ¢t > 0, H(p,,,) - H(p,) and m (¢, t+r) — H(p,) in N measureasr — 0
(note that N[H, = a] = O for every a > 0). The a.s. lower semicontinuity of
the process H immediately implies that m (¢, ¢+r) — H(p,;), N ae.asr — 0.
Then it is enough to verify that for any fixed 6 > 0 and any ¢ > 0,

lim N[H,., ~ H, > ¢] =0,

lim N[H, ~ Hy,, > ¢] =0

uniformly in ¢ € [28, c0). By applying the Markov property under N at time §,
we see that it suffices to prove the previous convergences when N is replaced
by P, for some u € M/ (R,). The first convergence is then easy from the

subadditivity property of H (we have H, , < H, + Hﬁt), where H® is the
height process attached to the shifted Lévy process th) =X, ,— X, see[13],
Lemma 4.5). As for the second one, we first observe that, for r > 0, we have
from (5),

(t—ﬁ)]

(?)
) Pt = [k(pt—5,1)+lf§t78)pt—5’ Ps Ptir = [k(pt,1)+15‘>pt’ pr'],

where the law under P, of pgt*‘” does not depend on ¢ and coincides with the

law of ps; under P. Note that I®¥ and pf;_'s) are independent. Furthermore,

H(pfgtfa)) > 0, P a.s., and the quantity I(rt) is small in probability when r | O,
uniformly in ¢. It follows that, with a probability close to 1 when r is small,

the Killing operator k(p 1419 in (6) acts only on the part of the measure p,
(t-9)

corresponding to p; , and
H(p;y,) > H(k<pt,1>+15'>Pt) > H(p,) — &.

This completes the proof. O
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From Lemma 2.3 and standard arguments (see, e.g., [16], page 87), we get
that the process (W9, s > 0) has a measurable modification under N,, which
will be denoted by (W, s > 0). Precisely, we can choose an increasing sequence
(D,,) of discrete countable subsets of R, , with union dense in R, , such that
the process (W, s > 0) is defined by the formula

lim W3 ., if the limit exists,
WS — n—-oo n
x, otherwise,

where A,(s) =inf{s' >s, s € D,}.
The pair (p,, W,; s > 0) is called the (&, ¢) Lévy snake with initial point x.
We will often use the notation W, = W ({w,) when {y < co. When {y = oo,

we take VTTS = x by convention. Note that Ws = W ,(H,), N, a.e., for every
s> 0.

2.3. The jump truncation procedure. Some of the subsequent results are
more easily obtained in the special case when = is supported on (0, A] for
some A < oco. We will now explain the procedure that allows us to reduce the
general case to this special situation.

For every integer k > 1, we let #(*) denote the restriction of = to (0, %], and
we set

pP(A) = <a + /( - rrr(dr))x\ + BA? + / 7®(dr)(e ™ —1+r).

Notice that ¢* |  as k 1 co. We may replace ¢ by ¢® in the previous
developments and introduce, in particular, the excursion measure N®*), the
(&, $®) Lévy snake and its excursion measures NY on Q. It turns out that the
(¢, y®) Lévy snake can be embedded in the (¢, ¢) Lévy snake via a suitable
time change.

To explain this embedding, we introduce the stopping times U(jk), j >0,

and T(jk), J =1, defined inductively as
TP —inf{t>U%,, AX, > k} i>1
- Jj—1 t ’ .] —

We then let I'® be the random set
°° B) ik
It = U [U(j )» T(j+)1)
j=0
and define nffk) = fot lrw(r)dr, yik) = inf{r, n(,k> > t}. Then it is very easy to
verify that the process (Xvik” t > 0) is distributed under P (resp. under N)
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according to the law of the Lévy process with Laplace exponent % (resp. ac-
cording to the associated excursion measure). Informally, X(*) is obtained from

X by removing the jumps of size greater than k. Similarly, our construction
of the exploration process implies that the process pik) = py® is distributed
t

under N according to the excursion measure N,
We now want to consider the process (VVy(}a, ¢t > 0) which is well defined
t

thanks to our choice of a measurable modification for W. Let0 < e < A < ©
and let & be a bounded nonnegative measurable function on # such that
h(x) = 0. We claim that, for every integer p > 1,

(7) N{(/; h(Wygm)dt)p} =N§f)[<f; h(Wt)dt>p]

Let us prove (7). Using the definition of N, we have

([ o ae)’]
=N, [(/OC>O dr Loy, V(Ak)](r) h(Wr)> pi|

p p
= [ drveedry [ NG g0 g0y (r) @2 TTHOVE)]
=1

[0, 00)P i=1
= [ N(dp) /[ Bty QRO - R(WE)]

In the second equality, we used the fact that W is a modification of W° under
N, to replace each term W, by W‘,)i.
The form of the finite-dimensional marginals under Q% implies that, for N
k
a.e. choice of p, the law of (W%, ¢ > 0) under Q% is Qﬁ() [notice that if p is
Ye

fixed, (y,ﬁk),t > 0) becomes a deterministic function]. Therefore, the previous
guantities are also equal to

/[s, Al dty - dt, / N(dp) Qi(k)[h(W?l) e h(W(t)p)]

_ dty - dt, NOTh(W,) - h(W, )]

[, A]?

and (7) follows.
Set

2 (x) = NP [1 - exp(— /Ooo h(W,) dt)].

Since h(x) =0 and N®[o > g] < N[o > ¢] < oo, the right-hand side of (7) is
clearly bounded by C? for some constant C independent of p. It then follows
from (7) and a monotonicity argument that

u®(x) = N, [1 - exp(— /OOO h(W,0) dt)] =N, [1 - exp(— [ h(Wt)dt)]
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Since the sets I'®) clearly increase to [0, 00) as & 1 oo, we conclude that

lim 1 ©®(x) = u(x) =N, [1 - exp<—/ h(Wt)dtﬂ.
koo 0
This monotonicity property will be used in Section 5.

3. Moments of the exploration process. Our goal is to derive recursive
expressions for the moments

[ ([ ewoar) .

where n > 1 is an integer. From the definition of the Lévy snake, it will turn
out that the expression of these moments involves quantities of the type

N[/{o<t1<~~<tn<a} dty---dt, F(py,, - s py s Myt £2)s ooy My (s, tn))},

where F is a measurable function on M (R, )" x R’ "*. The next lemma allows
us to compute such quantities. To simplify notation, we write || = (u, 1) for
me Mp(R,).

LEMMA 3.1. We have

N[/{0<t1<...<tn<a} dty---dt, Fpy, ..., py s my(ty, ta), oy my(tn_s, tn))]

= [ Q"(dpy -+ dpyday---day) F(uss . s Hkgypia), - H(kg ),

where Q™ is the measure on M (R, )" xR’ which can be defined by induction
as follows. First QY = M, and then, for every n > 1, @ **1 is the image of

QU™ (dpy - dpydasy - --da, )l ., (a) da M(d6)

under the mapping (fq, -« hys oy eves Cpy @y 0) = (U, « - o5 oy, [Rglns 0],
gy ey Uy, Q).

PrOOF. The case n = 1 is Lemma 2.1. The proof is then complete by in-
duction on n using the Markov property of p under N and Lemma 2.2. O

We will now derive a recursive relation between the measures Q™ intro-
duced in Lemma 3.1. We first need to introduce some notation. For every n > 1,
we set 0 = M (R,)" x R [0 = M (R, )] and we take © = [J;>, 6™,

Let n >2and let (uy, ..., 1y, @, ..., a,) € O be such that a; < |u; 4| A
luj| and kq p; 1 = ko p; for every j e {2,..., n} (these properties hold @
a.e.). We define several quantities depending on (w1, ..., &y, @y, - .., @,). First,
we set

b= inf a,,  h=H(kyu).

2<jzn 7/

Notice that kyu ; = kyuq for every j e {2,...,n}.
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We then set b_ = u([0, 2)), b, = n1([0, 2]) and observe that b_ < b < b,.
We let j; < j, <--- < ji_q1 be the successive integers in {2, ..., n} such that

a; €[b_,b.], a;,€[b_,a;],...,a; €[b_,a; |

J Jk—2
By construction, 2 <k <n and b=a;, . We also take jo=1and j,=n+1
by convention.

We let v, be the restriction of u, (or of any u;) to [0, &), and for every
J€{l,...,n}, we define v; € M (R,) by taking v;([0, r]) = u;((h, h +r]).
Figure 1 illustrates the definition of the measures v;. In this figure, measures
are represented by vertical segments (the length of the segment corresponding
to the total mass of the measure) and the horizontal lines give the successive
truncation levels.

Finally, for every [ € {1, ...k}, we define

8= il a ) € o

) o =i =i
by setting
) . . .
K =Vj i1 l1=<:i< Ji— Ji-1»
(l) . . .
a; =@ i1—aj 2<1=<J1— Ji-1

where by convention a, =b_.

Vl?"'sujl—l
Vjpy o3 Vjp—1
Vieors -+ Vi1
by
a5
b= Qjy—y
b_
4]

FiG. 1.
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PROPOSITION 3.2. For every integer p € {2,...,n}, for every measurable
subsets A, ..., A, of ©, we have

QW[k=p, voe Ay, Ay € Ay,...,A, € A]
p—1
= (Bl{p=z} + f h %(dy)> M(4p) > QUM(A)---QU"I(A,),

nyt+-tn,=n
n;>1

where 7(dy) = 7([y, 0)) dy.
Proposition 3.2 will play a key role in the next section. We will derive it

from a slightly more precise result, which will be proved by induction on n.
We keep the previous notation and also set Ab = b, —b_, ¢; = a; — b_ for

1<i<k—1 Then, if Bis a Borel subset of Rﬁ, we claim that l

QM[k=p, (Ab,cy,...,cp1)€B, vye Ay, Ay € Ay,...,A, € A]
y 21
_ (31{p_2}13(o, 0)+ [#ay) [ dz [ dz,

(8) ...fozp_z de_l 1p(y, 21, ...,Zp—l)>
xM(A)) Y QU(AY--QUI(A,).

nyt+n,=n
n;>1

Obviously, Proposition 3.2 follows from (8).

Before proceeding to the proof of (8), we state a useful lemma, which gives
the “law” under M(dp) of the splitting of u at a uniformly distributed mass
level.

LEMMA 3.3. If u € M(R,) and a € (0, |u), define r = r(u,a) by r =
H(ka/"*) and then Trlk, Oplb € Mf(RJr) by Trb = Mo, r)s O-r/*"([0> u]) = /J,((I‘, r+
u]) for every u > 0. Then

[M(d/*‘“) /(;"ul da F(Tr/*‘L’ orpL, M({r})7 a-— |Tr/*L|)
(©) = [ [ M(du)M(dp,)

- y
« (B F(ps, 10,0+ [ #dy) [ de F(uy, o, . z)).

Proor. Recall from Lemma 2.1 the definition of M and the notation U
for a subordinator with drift 8 and Lévy measure 7. For every a > 0, set
n, = inf{t, U, > a}. The left-hand side of (9) can be written as

/0 T dte [O " da E[Loev F(110,n,)(8) U, 0, (0, (5) ),
AU,.a-U,_)]
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We may assume that F is factorized in the form F(uq,u,,u,v) =
14,(1)14,(12)1p(w, v). Then the strong Markov property of U at time
1, shows that the previous expression is also equal to

B [ [ daexp(—an,) 14,(4o o, () dUNLH(AT,, o~ U%_ﬂ M(A,)

AU,
> exp(-atily, (Lo, (94U, [ 1a(AU,,2) dz |
t:AU,>0

= M(A,) x (EO[

+ EO |:/(; da 1{AU71a=0} eXp(_O(T]a)lAl(l[o’ na)(s) dUs) 13(0, 0)}) .

The first term of the sum inside parentheses is equal to

EO[/:O dte= 1, (1, t)(s)dUS)/%(dy)/oy 15(y, 2) dz]

= (/ %(dy)/oy 15(y, z)dz) M(A,),

whereas the change of variable s = 7, gives for the second term

B [} AU, v oy L, (. () AU 150, 0) | = B 15(0. OM(Ay).
Lemma 3.3 now follows. O

PRrOOF OF (8). We first consider the case n=2. Then, necessarily, k=2.
Furthermore, from the construction of @@, we have with the notation of
Lemma 3.3,

QP[k =2, (Ab,c;) € B, vye Ay, v € Ay, vy € A,
||
= [[MdmM(dw) [ dap(u{r}). a7 ul) Lag(rm)La, (0,m)14, (1)
||
=M(4,) [M(dp) [ da1p(u({r}). @~ I7,m]) Lo, (7)1, (0 1)

y
~ (B 100,00+ [ Fdy) [ dz15(5.2) | M(AIM(ADM(A)

by Lemma 3.3.

We then complete the proof by induction on n. We fix n > 2 and assume
that the desired result holds up to the order n. We then prove that the formula
also holds at the order n + 1. When there is a risk of confusion, we write £,
b™, b and so forth for the quantities defined at the order n.

Fixp>2andn,,...,n, >1suchthatn;+---+n, = n+1. We may assume
that A; c ©) for every i € {1,..., p}. We first consider the case n, > 2. On
the event in consideration, we must have 21 = k(") = p and

(n)

Apig >0 = inf a; =" +¢)").

1<i<n
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Furthermore, from the equality u,,; = [k,  un, 0pa], We have v, =
[kanﬂ—b(”)yn’ 0n+l] and

1 1 1
A(anr : = A(ln)’ T Afvnjl) = AEUn—)l? A(Pn+ ) = (A;ﬂ), (Vn+17 Ant1 — b(n)))’
with an obvious notation. We then obtain

Q(n+1)[k =p, (Ab,cq,...,¢cp 1) €B, Vg€ Ag, Ay € Ay,..., A, €A,
ZQ(n)|:k=p7 (Ab, C1a~'~7cp—l)€B7 VOGACl’ AleAl""’Ap_leAP_l;

[

|

day, / M(d0) Ly, k., 7. el,an+1b>>eAp}]

y 21
:<31{p2}13(o, 0)+ [#ay) [ dz, [~ dz,
22
H/o dz, 1 1p(y, zl,...,zpl)>
(n1) (np-1) (n,~1) iyl
X M(40)Q") (A1)~ QUr(A, ) [ Qe D(dn) [ da

X f M(@OL(a, (1,1, 01 ))A,)

using the induction hypothesis. The desired result then follows from the con-
struction of the measures Q™).

Consider then the case n, = 1. We need to treat separately two subcases.
If p > 3, we are in the situation where 2™ = p»+D) _1 = p — 1 and
b S0 = b = 1'<?In @i, c;njll) =0apy1 — b,

Then
Q(n+1)[k =p, (Ab, Clyenny Cp—l) S B, Vg € Ao, A]_ [S Al, D) Ap € Ap]

b
= Q(n)[k =p-1, /bi dalyapc,...c, . a b )eB)

Vg € Ao, Al S Al’ ...,Ap71 (S Apl} M(Ap)

— (/ %(dy)/oy dz, /O dz, - /0 dz, 1 15(y, 21, - - zp1)>
x M(Ag)Q)(Ay) -+ Q"+ )(A, 1)M(A))

using the induction hypothesis in the last equality. This is the desired formula
since QM) = M.

It remains to treat the case when n, = 1 and p = 2. This corresponds to
the situation where

0 <@y <b™ =",
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The proof of the desired result then reduces to checking that, writing r =
r(vy, @) with the notation of Lemma 3.3, we have

QUV[k =2, (Ab,c;) € B, vge Ay, Ay € Ay, Ay e Ay]

[vol
= Q)| [ datuo({rD). @~ 510, ) L, (770)
KLz Oyt @z = 1610, Ty = (0,7 )| M)

— (BLa(0,0)+ [ (@) [ d215(3.2) )M(40) @ A)M(4,)

The last equality follows from Lemma 3.3 after noticing that it is enough to
consider an event A; “decomposed at the first node” as in the statement of
the proposition. We leave details to the reader. This completes the proof of (8)
and Proposition 3.2. O

4. The Laplace functional of the Lévy snake.

4.1. Moments of the occupation measure. In this section, we combine the
results of the previous section with spatial motion to get a recursive formula
for the moments of the occupation measure under N,.. For every integer p > 2,
we set

p—-1
Yp = Blip-z +fh w(dy).

We denote by 4, (R, x E) the space of all bounded nonnegative measurable
functions on R, x E.

PRrOPOSITION 4.1. For every integer n > 1 and every g € 4, (R, x E), define
fort>0and x € E,

1 [ _\"
T"g(t,x) = — N, </O dsg(t+ H,, WS)> ]

Then

Tigt ) =] [T dre e

and, if n > 2,

T'g(t,x)=3 v, > THI™g --T"g)t x).
p=2 nyte+n,=n
n;>1
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PrOOF. The case n = 1 is a straightforward consequence of Lemma 2.1
and the construction of the Lévy snake:

Thg(t,x) = [ N(dp) [ ds QLg(t + H(p,), WO)]
= [N@p) [ dstLle(t+ H(p,). én)

_ /ooo dre T [g(t+r, &)l

The recursive formula for T" g is basically a consequence of Proposition 3.2.
Let us take ¢ = 0 for simplicity. Then

T7g(0, x) = N, [ J dt,---dt, ] e(H,, Wt,)}
i=1

O<ty<-<t,<o}

- / N(dp) /{ oy A

X fRO,H(ptl)(x7dwl)/Rmp(tl,tz),H(ptz)(wl9dw2)
[ Pt 0001, T 80, )
= [Q"(dp, - dp,da, - day)
X _/RO,H(M)(xa dwl)/RH(kazm),H(uz)(wla dw,)
"'/RH(kan,,,n,l),H(,Ln)(wn—ladwn) lﬁlg(H(Mi)’ w;),

where we used Lemma 3.1.
FiX A = (Wq, s Mys oy .-, @,) € O such that a; < |uj_4] A |ujl
and kaj,uj_l = kaj,uj for every j € {2,...,n}. To simplify notation, let

FSC")(A, dw, ---dw,) be the probability measure on 7" defined by
FSC”)(A, dw,---dw,) = Ro, H(Ml)(xa dw,) RH(kazul), H(,uz)(wla dw,)
Ry ), Hp) (Wi, AW,).

Recall the notation vy, &, jg, ji,..., jr @nd A4, ..., A, introduced in the previ-
ous section. It is intuitively clear, and can be verified by induction on n, that,

under TV(A, dw, - - - dw,),
wi(t)=---=w,(t) fort < H(vy)
and, conditionally on w,(H(vy)), the vectors
(wi(Hwo)+ ), -y wj 1 (H(wg)+9))s ., (wj, (H(vg)+), ..., w,(H(vg)+))
are independent with respective distributions

(J1—Jo) (Jr=Jr-1)
le(H(Vo))(Al’ ')’ Tt le(H(yo))(Ak’ )
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From this observation, we get

k .
T"g(0, ) = [ Q(d4) Hx[ﬁ(/réﬁ@;l_l)(Al’dwl"'dwn—jl1)
=1

T e H ) + B, @)

i=1

n fo's)
=Yy, / dte o
p=2 0

1 - @(da) [TV, dw, ---d
<ML | 3 TI( ) @™(dA) [T (A, dw, - dw, )
nyt-+n,=n j=1
n;>1

x ]n‘J[ g(t+ H(py), bﬁi)ﬂ

i=1

n b
Yy, ¥ Tl(n T"fg>(0, x).
p=2 nitetn,=n Jj=1
n;>1
In the second equality, we used Proposition 3.2 and the fact that the “law” of
H(v) under M(dv) is e~** dt. This completes the proof. O

4.2. ldentification of the Laplace functional. We denote by # the set of all
functions g € 4, (R, x E) whose support is contained in [0, T'] x E for some
T > 0.

THEOREM 4.2. Let g e . For every (¢, x) € E, set
u(t, x) = Nx[l —exp _/ g(t+H,, Ws)ds]
0
Then u is the unique nonnegative solution of the integral equation

(10) u(t, x)+ 11, |:/Ooo P(u(t+r, &) dr} =1II, [/Ooo g(t+r, &) dr].

PrOOF. We first assume that = is supported on (0, A] for some A < oo.
Then ¢ can be extended to an analytic function on R and, furthermore,

Ppu)=au+ Y (=P y,u’.
p=2
We fix g € # such that g is supported on [0, T'] x E and for every A > 0 we
set
u)(t,x) = Nx|:1 —exp —/\/ g(t+ H,, Ws)ds]
0

The proof of the next lemma is postponed to the end of this section.
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LEMMA 4.3. There exists a constant C = C(g) < oo such that, for every
n>1,

IT"g(¢, x)| < C" 11, )(2).

It follows that, for 0 < A < C1,

OO)\n

> m%[(fog g(t+ H,, Ws)d8>n} < 0.

n=1 """

By Fubini’s theorem, we get for 0 < A < C71,

o0

uy(t, x)= 3 (=1)y"t 2—’: N, [(fog g(t+H,W,) dS)T

n=1

= YA Tt ).

n=1

Set ¢ (u) = ¥(u) —au = 33 ,(=1)Py,uP. We can again use Fubini’s theo-
rem to evaluate

I, [/000 dr ey (u, (¢ + 1, g,))}

(11)

1 [Tare S 07y ( S T g )
0 n=1

p=2

I [Tdre -1y, T (DEP AR T )

p=2 Nyseees
n;>1

o Theg(t 41, f,)]

— (1) A"( Sy, X THThg..-Thg), x))
n=2 p=2 nyt-+n,=n
n;>1

=2 (=1)"A"T"g(t, x),
n=2
by Proposition 4.1. Comparing with (11) gives
(e 5) 4L [ dre (e . £0) | = ATt 2)

= Aﬂx[/mdre“’g(t+r, 5,)i|.
0

This equation can also be written in the form

u)(t,x)— aHx|:/OOO dre “ u,(t+r, §,)i| =11, |:/ooc dre " h,(t+r, f,)],
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where h), = Ag — ¢ ou,. Note that &, is bounded and supported on [0, T'] x E.
It is then easy to see, for instance by using the resolvent equation for the
space—time process (r, £,.), that the previous equation is equivalent to

w,(t, %) = 11, [/Ow dr hy(t + 1, g,)},

which gives

(12) u,(t, x) +Hx[/ooo Y(uy(t+r, fr))dr] =\, [fooo g(t+r, g,)dr]

This is the desired integral equation, except that we have assumed 0 < A <
C~1, and we want to get it with A = 1. However, from the definition of «,, we
easily get that, for every fixed x, the function A — u,(¢, x) is analytic and can
be extended to an analytic function on the half-plane {z € C, Re z > 0}. Since
i is also analytic, we obtain that the left-hand side of (12) is also an analytic
function of A. By analytic continuation, we conclude that (12) holds for every
A > 0.

It remains to get rid of the assumption on the support of 7. To this end, we
use the truncation procedure of Section 2.3. In the notation of this subsection,
we introduce

u®(t, x) = N&k)[l — exp —/ g(t+ H,, Ws) ds]
0
Since H = {w , Nﬁf) a.e., we may replace g(¢t+H,, Ws) in the previous formula
by a function of W,. We can then apply Section 2.3 to obtain

!ciTm t u® (¢, x) = u(t, x).
By the first part of the proof, we know that u(®) solves
Wt 0+ 1L [T 0O @O+ gy dr| <1 [t g dr].
0 0

Recall that ¢*) | ¢ as k 1 oo and also note that u(¢,x) < N.[[, g(t +

H,, WS) ds] = T g(¢, x). By letting & 1 oo in the previous equation and using
simple monotonicity arguments, we arrive at the desired integral equation for
u. Finally, the uniqueness of the nonnegative solution of this integral equation
is a straightforward consequence of Gronwall’'s lemma, using the fact that
is Lipschitz. O

PrROOF OF LEMMA 4.3. For every u € R, set

E(u):au—f-,@uz—f-/w(dr)(e”‘ —1l—-ru)=au+ io: ypuP.
p=2
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Fix € > 0 so small that f[sT oc)(J(u))*l du > T. Then the formula

v(t)
/ _du =T —t, O0<t<T,

defines a nonnegative function (v(¢), 0 < ¢ < T'), which solves the integral
equation

T__
(13) v(t) = eT +/ ¥ (v(s)) ds.
t
For 0 < ¢ < T, define by induction
Ul(t) = 8T,
n T
=27 X[ vs) v, (s)ds.
p=2 nyt-+n,=n ¢

n;>1
We then claim that, for every n > 1, t € [0, T'],
(14) v1(8) + -+ + v, (2) < V(2).

The bound (14) is trivial when n = 1. It then follows by induction from the
integral equation (13), observing that for n > 1,

[ B0a(5) 4+ 0,30 s 2 0a0) 40,000,

The last bound is easy from the series expansion of iy and the recursive defi-
nition of the functions v,,.

To complete the proof, choose § > 0 small enough so that T%(8g)(¢, x) <
v,(t) for ¢ € [0, T]. Proposition 4.1 and an immediate induction argument
imply that, for every n > 1, ¢t € [0, T,

T"(3g)(t, x) < v, (8) < v(2).

Since T"(6g) = 6"T" g and v is bounded above over [0, T'], the desired result
follows. O

5. Application to superprocesses.

5.1. Superprocesses and their canonical measures. In this subsection,
we briefly recall a few basic facts about superprocesses, some of which are
part of the folklore of the subject. The (&, ) superprocess is the Borel
right Markov process with cadlag paths and values in M,(E), denoted by
(Y, t=0; Q,, m e My(E)), whose transition kernel is characterized by the
following identity: For ¢ € %, (E), t > O,

(15) Qm[exp _(Yt’ @)] = exp _<m7 v‘tp),
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where (v{(y); ¢t > 0, y € E) is the unique nonnegative solution of the integral
equation

(16) o) +11,| [ o, () dr | =11 [e(E))

See in particular Theorem 2.1.3 in [3]. We may and will assume that Y is the
canonical process on D([0, c0), M (E)).

Many results about superprocesses are more conveniently expressed in
terms of their canonical measures. To give a brief presentation of canonical
measures, fix y € E and let ¢ > 0. The law of Y, under Q; is an infinitely
divisible distribution on M ;(E). By standard results about random measures
(see [15], Chapter 1), there exist an element y, € M (E) and a o-finite mea-
sure S,(y,du) on M,(E), such that S,(y,{0}) =0,

(1) A1) iy d) < o0

and for ¢ € 4, (E),

v/ (y) = —log Qs [exp —(Y;, @)] = (i @) + /(1 —e ) S, (y, du).

Let us verify that y, = 0 under our assumptions. Taking ¢ = A > 0, we deduce
from (16) that v} (y) = v} does not depend on y and

v
o p(v)

Under our assumptions on ¢, v~1¢(v) converges to oo as v — oo and it follows
that A~1v} tends to 0 as A — oo, which clearly implies y, = 0.

Furthermore, the Markov property of superprocesses implies that, for ¢’ >
t>0,

0f(y) = [(1—exp(=(n, ¢))) Sy (v, du) = [ (1 —exp(=(u, v_))) S,(y. dw).

Using this last property in particular, we can construct (cf. the arguments
in Chapter 19 of [4]) a o-finite measure .#;, on D((0, 00), M /(E)), which is
characterized by the following properties:

1. For every ¢ > 0, the “law” of Y, under ./, (- N{Y, # 0}) is S,(y, du).

2. The process (Y, t > 0) is Markovian under .#;, with the transition kernels
of the (&, ¢) superprocess.

3. #[Y,=0, Vt>0]=0.

The measures .4, y € E, are called the canonical measures of the (&, /)
superprocess. We can recover the measures Q,, from the collection (.#),, y € E)
by the following “cluster” construction. Let m € M (E) and let 3_;_; dy; be
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a Poisson point measure on D((0, c0), M/(E)) with intensity [ m(dy).#,(-).
Then Q,, is the law of the process (?t, t > 0) defined by

?Ozm,
Y, =YY/, ift>0.
Jjed

5.2. The Lévy snake and superprocesses. We fix a point x € E and consider
the (&, ) Lévy snake (pg, W,; s > 0) with initial point x.

THEOREM 5.1. There exists a cadlag process (Z,, ¢ > 0) defined on ( and
with values in M ;(E), such that:

(i) N, a.e., for every g € %, (R, x E),
| gH, Wyds= [ dt [ Z,dy) et y).
0 0

(if) The law of (Z,, t > 0) under N,, is .#;.

PrOOF. We first verify that, for g € 7,

17) Nx[l —exp— /0” g(H,, W) ds] - ,/@[1 —exp— /0°° dt/Yt(dy) g(t, y):|.

By standard results about superprocesses (see, e.g., [6], Theorem 1.1.8) we
know that the function

o(s, x) == —log Qs [exp - /OOO dt / Y, (dy) g(s + ¢, y)}

solves (10). The Poisson cluster construction implies that the right-hand side
of (17) is equal to v(0, x). The identity (17) thus follows from Theorem 4.2.
Then, for every ¢ > 0, £ > 0, let Z{ be the element of M ;(E) defined by

(26, 1) = 5 [ Ve (H (W) ds.

It follows from (17) that the finite-dimensional marginals under N, of the
process (Zj; t > 0, ¢ > 0) are the same as those of the process

1 ptte
<— Y,dr;t>0,s>0)

€ Jt

under .#,. A little care is needed here because N, and .#; are both infinite
measures. We leave details to the reader. As a consequence, for every ¢ > 0,
the limit

Z,=limz;/"
ntoo
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exists N, a.e. and the process (Z,, t > 0) has the same finite-dimensional
marginals as (Y,, ¢ > 0) under .#,. Thus, this process also has a cadlag mod-
ification under N, and we still denote by (Z,, ¢t > 0) this cadlag modification.
Finally, if f is bounded and continuous on E, and v is a continuous function
on R, with compact support contained in (0, co), we have N, a.e.,

foa o(H,) f(W,)ds = lim /OU n</(§) o(r) dr) F(W,)ds
— lim /OOO dro(r) (ZY", f)

ntoo

= [ droe)z,. f),

where to justify the last convergence we observe that, for 0 < 6 < T < o0,
sup{(Z$,1),0 < e <1, 6 <t < T} has the same distribution under N, as

1 ptte
sup{—/ (Y,,1)dr; 0 <e <1, 8§t§T}<oo, A, a.e.
& Jt

Property (i) of Theorem 5.1 now follows easily, which completes the proof. O
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