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CLUSTERING AND INVARIANT MEASURES FOR SPATIAL
BRANCHING MODELS WITH INFINITE VARIANCE!

By AcHIM KLENKE

Universitat Erlangen-Nurnberg

We consider two spatial branching models on R?: branching Brownian
motion with a branching law in the domain of normal attraction of a (1+ )
stable law, 0 < B < 1, and the corresponding high density limit measure
valued diffusion. The longtime behavior of both models depends highly on
B and d. We show that for d < 2/ the only invariant measure is 8y, the
unit mass on the empty configuration. Furthermore, we give a precise con-
dition for convergence toward §,. For d > 2/ it is known that there exists
a family (v4, 6 € [0, 00)) of nontrivial invariant measures. We show that
every invariant measure is a convex combination of the v4. Both results
have been known before only under an additional finite mean assumption.
For the critical dimension d = 2/8 we show that both models display the
phenomenon of diffusive clustering. This means that clusters grow spa-
tially on a random scale. We give a precise description of the clusters via
multiple scale analysis. Our methods rely mainly on studying sub- and
supersolutions of the reaction diffusion equation Ju/dt — %Au +ulth =0,

1. Introduction and main results.

1.1. Survey. Branching Brownian motion (BBM) is an (infinite) particle
system in which particles perform independent Brownian motions and split
at random times into a random number of offspring particles. We consider the
process (i;):~0, Which will be either branching Brownian motion on R¢ with
offspring probability generating function f(z) = z+ (1 — z)*#,0 < B <1, or
its high density limit measure valued diffusion, the so-called super-Brownian
motion (SBM). (Note that the probability distribution generated by f is in the
normal domain of attraction of a stable law with index 1+ B. In particular, for
B < 1 this law does not have a variance.) In the SBM the transport of mass is
governed by the (deterministic) heat flow while the local “intensity of matter”
fluctuates randomly.

A pathwise construction of these processes in terms of excursions of certain
random walks and Lévy processes, respectively, can be found in a recent paper
by Le Gall and Le Jan (1998). See also Gorostiza, Roelly and Wakolbinger
(1992) for a corresponding multitype model.

It is well known that §,, the unit mass on the empty configuration, is the
only invariant measure with finite intensity if d < 2/8. One aim of this paper
is to show that the finite intensity assumption can be dropped, hence §; is
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1058 A. KLENKE

the only invariant measure for (¢,) if d < 2/B. In the case of finite variance
branching (8 = 1) this has been done before by Bramson, Cox and Greven
(1993). Their approach (like ours) is based on the study of sub- and super-
solutions u(t, x; f), x € R%, t > 0, to the reaction diffusion equation

(1.1) (9, — 30)u+uP =0,

where 9, = d/dt and A denotes the Laplacian in R?. While most of their tech-
niques work also in our setting, part of the argument of Bramson, Cox and
Greven (1993) relies on a second moment estimate and had to be replaced to
cope with B < 1.

In the high-dimensional case d > 2/ it is known that there exists a family
(vy, 6€[0,00)) of extremal invariant (and translation invariant) measures
for (¢,). All invariant measures with finite intensity can be represented as a
convex combination of these v,. We show in this paper that the finite intensity
assumption can be dropped. For the case 8 = 1 this has been shown before by
Bramson, Cox and Greven (1997).

The other main aim of this paper is to investigate closer the clustering in
the critical dimension d = 2/83. We show that so-called diffusive clustering oc-
curs. This phenomenon was first investigated for the voter model by Cox and
Griffeath (1986). Roughly speaking, diffusive clustering means that clusters
grow spatially at a random order of magnitude. This phenomenon has been ob-
served for a lot of interacting particle systems and related models such as the
voter model, linearly interacting diffusions, critical binary branching Brown-
ian motion and so on. A detailed treatment can be found in Klenke (1996,
1997). All these models have in common that the local random fluctuations
(given, e.g., by the branching law or the resampling mechanism) have finite
variances and that the critical dimension (in which diffusive clustering occurs)
isd=2.

This is, however, the first case in which diffusive clustering is observed in
the absence of a second moment. In the finite variance models it turned out
that the growth of the cluster height is dominated by the Green function

G = [ p,(0,0)ds,

where p,(-,-) is the (symmetric) interaction kernel of the model. Of course,
here p;, is the heat kernel. In the absence of a second moment we show that
the cluster growth is now governed by the quantity

Gy(t) = (/: p,(0,0)° ds>w.

This object naturally arises in the investigation of the clusters in terms of
Kallenberg's backward tree [see Gorostiza and Wakolbinger (1991)]. In this
paper we do not make explicit use of the backward tree, but rely on pde meth-
ods, the connection being that (1.1) is Kolmogorov's backward equation for the
Laplace functionals of (¥,).
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1.2. The models. We give a short description of the models considered in
this paper. For more details we refer the reader to Dawson (1993). Unfortu-
nately, we have to introduce a lot of notation first.

Basic definitions for random measures. Let E be a locally compact Polish
space. By #(E) we denote the Borel o-field on E. By C,(E) and C.(E) we
denote the spaces of continuous real-valued functions on E that are bounded,
respectively, have compact support. Further let Cf = {f € C.: f > 0} and
C+ ={f € C{: f #0} and define Cj and C;* analogously.

A measure u on #A(E) is called locally finite if uw(K) < oo for all compact
sets K C E. Let

(1.2) 4 (E) = {locally finite measures on E}

and .Z;(E) = {un € #(E): u(E) < oo},

For w € #(E) and f: E — R measurable and u-integrable we define
(u, £y == [ fdu. Now .Z(E) is a Polish space with the vague topology, de-
fined by u, — p iff (u,, ) = (u, f) for all f € C,(E). The space .#,(.#(E))
of probability measures on .Z(E), equipped with the weak topology, is also
polish [see, e.g., Kallenberg (1983)]. For weak convergence of probability mea-
sures we use the symbol “=".

The space of (nonnegative) integer-valued measures u on Z(E) will be de-
noted by

13) A (E)={une.#(E):u(A)e{0,1,2...,00} VA € B(E)).

For m e .#(R%) we denote by #(m) e .#,(.#(R%)) the distribution of the
Poisson point process on R? with intensity measure m. That is, for f € C/(R?),

(1.4) [ #(m)(dmye ") = exp(~(m., 1~ 1)),

We use the notation .Z[X] for the distribution of a random variable X.
Let (X,),»o be a Markov process with values in E and x € E or Q € .#,(E).
By £“[(X;);s0] and jQ[(Xt)tzo] we denote the distributions of (X )., with
L¥[Xo] =6, and £9[X,] = Q. If (X,) is cadlag, convergence of paths will
be understood in the Skorohod topology. Convergence of finite-dimensional
marginals will be indicated by fdd.

(1 + B)-branching Brownian motion. Let0 < g <1 and let (p;);—o.1... be
the probability distribution on Ny with p.g.f. f(z) = z+ 3(1 — 2)**#, z € [0, 1].
That is,

, if k=0,

NI

1-pB)/2, if k=1,
%b4ﬁ(123), ifh=2,3,....

Note that (p,) is critical, that is, > kp, = 1, and is in the normal domain of
attraction of a stable law on [0, co) with index (1 + B). In particular, for 8 <1
the law (p;) has infinite variance.

(1.5) Pr =
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We will consider a particle performing a Brownian motion on R? and with
an exponential lifetime with mean 1/2b6 > 0. At the time of death, the particle
produces an offspring of & particles with probability p,. The offspring behave
as k independent copies of the one-particle system started at the parent parti-
cle’s final position. If we start the process with more than one particle at time
0, we assume that all particles are independent.

The process

(1.6) n,(A) = #{particles in A},  Ae®xR?), t>0,

will be called the branching Brownian motion on R? with parameters 1 +
and b, abbreviated BBM(d, 1 + B3, b).

(1 + B) super-Brownian motion. Next we consider the short lifetime high
density limit of BBM(d, 1 + 8, b). Let u € .#;(R?) and u¥ € #;(R?), N €N,
such that N1y — u, as N — oco. For N € N let (n),.o be BBM(d, 1 +
B, bNP) with initial state n)’ = uV. It is well known that there exists a cadlag
Markov process ({;);-o With values in %f(Rd) such that

. N 1
(1.7) LML) =0l = W- Z\I,H)noo = [(Nni\,)tzo}

[see Dawson (1993), Section 4.4ff].

The process ({;);-0 Will be called super-Brownian motion on R? with param-
eters 1 + B and b, abbreviated SBM(d, 1 + B, b).

For u € .#(R%) we can define (4)=0 With initial configuration {, = u as
the increasing limit of ({;'),-o with initial configurations u" € /f(Rd), neN,
such that u” 1 w. It is known that SBM(d, 1 + B, b) takes values in .#(R?) if
we impose a regularity condition on the initial state p. For example, assume
(i, (L4 - 12)7P)) < oo for some p > d/2. The same condition also assures
that 7, € .#(R?) a.s. for all ¢ > 0.

Log-Laplace equation. Let f € Cg(Rd). A prominent role in this paper is
played by the solution u(¢, x; f), x € R%, ¢ > 0, of the Cauchy problem

Lgu(t, x;f) =0, xeR? ¢>0,

(1.8)
w©.x:f) = f(x). xR,
where
(1.9) Lgu(t, x;f) = (9, — sA)u(t, x; f) + bu(t, x; LR,

Since (1.8) is time-homogeneous, u has the (nonlinear) semigroup property
(1.10) u(t+s,xf)=u(t, x;u(s,-; 1)), xeR? s,t>0.
Note that for p > 0 the following scaling relation holds:

(111)  u(t, xf) = pMPulpt, pPx;p VP F(pY2)),  xeRY t>0.
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The reaction—diffusion equation (1.9) is linked to our branching processes by
the equations [see, e.g., Dawson (1993)]

(1.12) E>[exp(—(n,, F)] =1—u(t, x;1—e),
(1.13) E*[exp(—(Z, £))] = exp(—u(t, x; [)).

1.3. Invariant laws. Recall that p,(x) = (27t)~%?exp(—||x||?/2t) is the
heat kernel on R?. Define G4(t) by

¢ 1/B
(1.14) Gylt) = ( /1 p,(0)F ds) .
For d € N define ¢: (1, c0) x R? — [0, c0) by
(1.15) P(t, x) = py(x)/Gp(2).

It will turn out that (in the particle language) Gg4(¢) measures the concentra-
tion of particles around a certain point (say the origin), given that there is a
particle. It is the typical concentration of particles or average “cluster height.”
On the other hand, p,(x) is the expected intensity of particles at the origin if
we start in §,. Consequently, the function ¢(¢, x) measures the probability of
seeing a particle at the origin at time ¢ > 1 if we start with one “particle” at
time 0 at site x € R?.

Low dimension. Recall that (i) is either BBM(d, 1 + B, b) or SBM(d, 1 +

B, b).
THEOREM 1. Assume d < 2/B. Then the following hold.
(i) L[Y,] = 6y as t — oo if and only if
(1.16) Lo, d(r, )] = 8,  r— o0

(ii) If condition (1.16) does not hold, then i, is unstable. That is, for any
f e CI+(R?) the sequence (i,, f) is stochastically unbounded.

(iii) If Z[{¢g, (7, ))] = 8, r — 00, then ¢, explodes. That is, for any
f e CHH(RY) almost surely (,, f) — oo, as t — oo.

COROLLARY 1.1. If d < 2/, then the only invariant measure for ¢, is &;.

In order to check the conditions of Theorem 1 it is useful to note that ¢ (¢, x)
can be bounded from above and below by the function ®: (1, c0) x R? — [0, 00),
defined by

t4/2-1B p (%), if B <2/d,
(1.17) O(t, x) = { (logt) Ve p,(x), ifB=2/d,
(%), if B> 2/d.

More precisely, there exist ¢, C > 0 (depending only on d and B) such that for
t>2and x € R?,

(1.18) c®(t, x) < P(t, x) < CP(¢, x).



1062 A. KLENKE

[This is immediate from the fact that p,(0) = (27¢)~%/2.] Hence it suffices to
verify the conditions of Theorem 1 for ® instead of ¢.

High dimension. Let .7 be the set of invariant measures for (¥,); by
#, C Z we denote its extremal elements. It is well known [see Gorostiza
and Wakolbinger (1992), Theorem 1] that there exists a one-parameter fam-
ily {vy, 0 € [0,00)} C £, with the following properties. Each v, is transla-
tion invariant, ergodic and has intensity 6, that is, [vy(dm)(m, ) = 6(A, f)
for f € CH(RY). Further, for _#[y,] translation invariant and ergodic with
E[($0, F)] = 6(A, 1),

Lyl = vy, ast— oo.

For any u € .7 with o-finite intensity measure there exists a unique proba-
bility measure F, on [0, co) such that

(1.19) w= /ngM(dB).

Our point is to drop the assumption of the o-finiteness on u to allow for a
representation as in (1.19).

THEOREM 2. Letd > 2/8 and let (¢,) either BBM(d, 1+ 8, b) or SBM(d, 1+
B, b). Then the following holds: .7, = {v,4, 0 € [0, c0)} and for any u € .7 there
exists a unique probability distribution F, on [0, oo) such that u = [ v,F,(d6).

The crucial step to prove Theorem 2 is the following proposition.
PROPOSITION 1.2. Any invariant measure is translation invariant.

1.4. Critical dimension: diffusive clustering. Our aim is to give a precise
description of the clustering in the critical dimension d = 2/8. Hence we will
assume B = 2/d. For simplicity of notation we will also assume b = 1 in the
following discussion.

Proceeding as in Klenke (1997), we introduce the following concepts for the
description of the heights of the clusters and their expansions in space.

1. High density rescaling. For time ¢ > 1 we define
(1.20) U =7 = (log t) Py,
with (recall that A is the d-dimensional Lebesgue measure)
H((log t)Y/BX), if 4, is BBM,
1.21 L =M, = . .
( ) [1110] t 6(I0gt)1//3~)\7 if g, 1s SBM.

2. Spatial rescaling. For (¢,) BBM(d, 1+ 8, 1) or SBM(d, 1+, 1), let I =0, 1],
respectively, I =] — oo, 1]. We fix a € I and define (%) by

(122) J? = %,t&t’ a € I’
where
S i M(RY) > #(RY), L) o U2 (02,
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That is, for B € #(R?) we set %(B) = ¢t°%/2y;,(t*/2B). As above we let

= ‘p(t)

REMARK. Since we intend to take the limit as ¢ — oo, it would not make
sense to allow a < 0 for BBM. Due to the particle structure in this case, we
would get PM'[?,';‘(B) = 0] — 1 as ¢t — oo for all bounded sets B € #(R?).
This leads us to the different choices of 1.

We introduce the total mass process (Z;),.o of SBM(d, 1 + B, 1), which is
the “diffusion limit” of Galton—Watson processes with offspring probabilities

defined in (1.5) above. Here (Z,) is a process with independent increments
which can be characterized by its log-Laplace transform

(1.23) v(t, K, 0) = —log EX[exp(—6Z,)],
which is the unique solution of
v(0, K, 0)=0K,
d,u(t, K, 0)=—v(t, K, 0)*F.
The solution can be given explicitly:
(1.25) v(t, K, 0) = (Bt + (K0)P)~V/E,
Let ¢y = (2m(1 + B)YF)~ and recall that A is the Lebesgue measure.

(1.24)

THEOREM 3. For (¢,), BBM(d,1+2/d, 1) or SBM(d,1+2/d,1) and a € I
the following holds:

(1.26) MG = LN Zey1-m)] ast— oo

_ Multiple scale analysis. So far we have considered our rescaled process
Y at one scale a. A natural task is to investigate the limit behavior of
(G5, ..., ") for ay,...,a, € I. In order to learn more about the spatial
structure of the clusters, we might also wish to choose different points of ob-
servation x7,...,x} € R?. Theorem 3 indicates that the distances ||x¢ — xf||,
e # f, of these points should grow in ¢ on an algebraic scale «, , € I. Note that
a consistent choice of the «, , implies that 2%/ is an ultrametricon {1, ..., n}.
Hence we may assume w.l.0.g. that the points of observation are indexed by a
finite (rooted) tree T and that a, ; = A(e A f), where

A:T— 1

is a strictly decreasing map.

To explain this a bit, note that T carries a natural partial ordering <, where
e < f iff e is an ancestor of f, that is, if e is closer to the root (denoted by &)
than f. Hence e A f is the greatest common ancestor of e and f.

The pair L = (T, A) will be called a multiple space scale. We will assume
that X = (x¢, e € T, t > 0) is a family of points x¢ € R? such that

x¢ — xl | & tAC N2 as ¢ — oo
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As usual, a, =~ b, means (loga,)/(logb,) — 1 as t — co. We refer to X as
L-spaced. Our aim is to study the asymptotics of the common distribution of
[recall .7 from (1.22)]

(Lae), t7xc¥1)ecr @S E— 00,

where 7, .#(R?) — .#(R%) is the translation by z, (Z;u)(-) = u(z + ).

We give a heuristic motivation for the next definition. Consider the simplest
case T = {@,e, f}, e n f = &. Since Brownian motion has range ¢'/2, the
common history of the space—time points (¢, x7), and (¢, xf) ends at time ¢ —
tAlrf) | After that time the histories of these points develop independently. In
fact, asymptotically the common history of (¢, x7) and (¢, xf) is contained in
by ez ([—tACADI2 tACAf)/2]d) This, together with Theorem 3, suggests that
the intensity of /A(e)’tchl,[jt and /A(f),tﬂ;{lzt should consist of Zcﬁ(l,A(eAf))
plus two independent increments.

To be precise, let (Z¢, e € T),.o be the following Markov process on [0, o0)”.
Each (Z7),.0 is a (1+ B) continuous state branching “diffusion” introduced in

(1.23). For e, f € T with e # f we let Z{ = th fort € [0,1— A(e A f)]. For
t>1- A(en f), the evolutions of Z{ and Zf shall be independent.

THEOREM 4 (Multiple scale). Let (¢,) be BBM(d, 1+2/d, 1) or SBM(d, 1+
2/d,1) and I = [0, 1], respectively, I =(—o0, 1]. Then the following holds:
M [(JA(e),t‘Zcﬁ Jt)ee’lf] - j[(Zeﬁ(lfA(e))/\)eeT] as t — oo.

C
By taking a linear tree T we obtain the following corollary.

COROLLARY 1.3.
LM[FE(B))act]) =>1aa 2 NB)Ze,1-a)aer] 85t — 0, B e BRY).

1.5. Outline. The rest of the paper is organized as follows. In Section 2 we
give upper and lower bounds of u(¢, x; ) in terms of the function ¢(¢, x) in
Proposition 2.6. This is the key for the proof of Theorems 1 and 2 in Sections 2
and 3. In Section 4 we give better bounds, for the special situation 8 = 2/d,
that serve to prove Proposition 4.1. A coupling technique will be employed to
infer Theorem 4.

2. Proof for the low dimensions. In this section we give some lemmas
dealing with sub- and supersolutions to the equation Lzu = 0. With the aid
of these lemmas we prove Theorem 1. Some of the lemmas will be used in
Section 3 to prove the high-dimensional results.

The main tool for the investigation is a maximum principle for the nonlinear
parabolic differential operator L ;. We state the following lemma without proof
and refer the reader to Protter and Weinberger [(1967), Chapter 3.7]. (In fact,
Protter and Weinberger only deal with the case of a bounded domain. Our
lemma follows by approximation arguments.)
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LEMMA 2.1 (Maximum principle). Let L = L, y be the semiparabolic oper-
ator on R defined by
Lu(t, x) = d,u(t, x) — 2Au(t, x) + H(t, u(t, x)),

where H: [0, 00) x [0, 0c0) — [0, c0) is continuous and nondecreasing in «. Let
f,g ¢ Cj;(Rd), f <gand T > 0. Let u(¢, x; /) and u(t, x; g) be sub- and
supersolutions to Lu = 0 with initial conditions f, respectively, g. That is,

u(0,x;f) = f(x), u(0, x; g) = g(x), x e RY,
and
Lu(t,x;f) <0,  Lu(t,x;8)>0, xeRY te[0,T]

We also assume that © and w are bounded and vanishing at infinity (as func-
tions of x for any ¢). Then

u(t,x;f) <u(t,x;8), xeR te[0,T].

To warm up we give two simple applications of the maximum principle.
Recall that u(¢, x; f) denotes the solution of the Cauchy problem (1.8).

LEMMA 2.2. Let f, g € CH(R?) and let ¢ > 1. Then

(2.1) u(t,x; f +g) <u(t,x; f)+ u(t, x; 8), xeRY, t>0,
and

(2.2) u(t, x;cf) < cu(t,x; f), xeRY, t>0.
Furthermore, if f < g, then

(2.3) u(t, x; f) < u(t, x; 8), xeR? ¢>0.

PrROOF. Check that Lg(u(¢, x; f) + u(t, x; g)) > 0 and Lg(cu(t, x; f)) = 0.
The last inequality is trivial. O

LEMMA 2.3. Let f € C/(R?) and let v(t, x; f) = (p, * f)(x) be the solution
of the heat equation (9,—2A)v = 0, v(0, -; ) = f. Then the following inequality
holds:

(2.4) (L+bB|FIE ) VPu(t, x; f) <ult, x; f) <v(t, x; f), xeR?, ¢>0.
ProOF. Let U(t,x;K) = U(¢;K), K > 0O, be the solution of L,U = O,
U(0, -; K) = K. The explicit solution of this equation is
U(t; K)= K(1L+bKFPpt) k.
By the maximum principle, for K > ||f|| .
Lgu(t, x;f) < du — %Au + bUPu

(2.5) : .
=du — 3Au + (bKP)(1+ bK*Bt) .
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Hence Eﬁu > 0, where ZB = ZB . is defined by
Lg i =0, — 3Aa + (bKP)(1 + bKPBt) ta

Let & be the solution of EB, & = 0. The maximum principle implies u(¢, x; f) >
a(t, x;f), x € R, t > 0. Note that @ can be represented as

it x: f) = o(t, x: f)exp<— [ 6KP(1+bK?ps)” ds)

=u(t, x; )1+ bKPBt) VA,

Since the maximum principle implies u(¢, x; f) < v(¢, x; f), x € R%, ¢ > 0, the
assertion is proved. O

(2.6)

Let A > 0, recall G4(¢) from (1.14) and define u(¢, x) by

—d/2 -1 ||9C||2 2
Ar Gy tep( -5 151 ), <2,
2
@7 u(tx)= Atd/ZGB(t)lexp( (1 - Gy(t)~ B)”x” ) 322,
1)« 2
d/2 <
At~ exp< 55 ) .3>

The definition of w for the case B = 2/d might look a little strange at first
glance. Clearly for ¢ large enough, u(t, x) < At=%2Gg(¢) "t exp(—3([|x]?/2t)).
However, we will be able to show that # is a supersolution only for the defini-
tion given in (2.7).

LEMMA 2.4 (Supersolution). Assume that B < 2/d. There exists ¢, =
to(B, d) = 0 such that for A large enough and ¢ > ¢,

(2.8) Lgu(t, x) =0, x € RY.
PrOOF. We do the proof separately for critical and low dimensions.

Critical dimension (8 = 2/d). Note that
(2.9) Gy(t) = (2m)%*(log t)"/#

and that Gj4(t) = (d/dt)Gg(t) = (Btlogt) *Gp(t) = (1/2m)(d/2t)Gg(t)**.
Hence a short calculation shows that for ¢ > exp(2 + 4),

Lgu(t, x) = ’?G(Z(f))ﬁ[ 1<1+%)+<1—<1+ )Gﬁ(t) )”’2‘!2
(2.10) +bABeXp< B(L— Gyt B)lellz>]

u(t,x)[ 1 1 1x]? 8 ( IIxIIZ)]
> tGB(t)B[ <1+27T>+2 T +bAF exp >t .
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Check separately that this is nonnegative for ||x||?/4t > (1 + 1/27)/B and for
|x|2/4t < (1+1/27)/B and A > exp(4/8)/bY~.

Low dimension (B < 2/d). Note that
Bd -1/B
(2.11) Gy(t) = (27T)d/2(1 - 7) (t1Pd/2 _ 1)U/P
and that
P _ —d/2< @)_wl
Gp(t)= dtGB(t) = (2m) 1- 5 3

_ (i ~ d>(1 _ popayy 1. G0

(1 _ %)(tl—ﬁd/z 1) LHYBpd/2

B 2 ¢
: (E - d> Go) for ¢ » pua-par),
<3 , >

Hence for ¢ > 21/(1-pd/2),

el 2
Lﬁﬁ(t, x) = u(t, x)[_% - Gig; + ||8xt”2

2
+bAPLPI2GL(2) R exp(—BEM)}

(2.12) ) 2 2
-z ="
2 ult, %) tL B 8t
B Bd/2 Bd }W)}
+bAP(2m) (1 > )exp( BZ T .

Check separately that this expression is nonnegative for ||x||?/8¢ > 2/8 and
for ||x||?/8t < 2/8 and

2P exp(4/B)

Az (2m)4/2(1 — Bd/2)Y/BbL/BBL/E’

O

We continue by giving subsolutions u. Recall that p,(x) is the heat kernel.
We define for a € (0, (8b)Y/#),

(2.13) u(t, x) = ap,(x) Gg(t) ™"

LEMMA 2.5 (Subsolution). In any dimension for ¢ > 1,
(2.14) Lgu(t,x) <0, x € RY.

PROOF. We calculate
1
(215)  Lyu(t, ) = u(t, )G (1) (baﬁpxx)ﬁ - Ept(ow) <0,

where the inequality holds since a < (8b)~Y£. O
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Recall ¢ from (1.15).

PROPOSITION 2.6. Let d € Nand 0 < B < 1. Let f € CH*(R?) and let
u(t, x; f) be the solution of Lyu = 0 with u(0,-;f) = f. Then there exist
constants a, A, ¢, > 0 such that

(2.16) ad(t/2,x) < u(t,x; ) < Ap(4t, x), x eRY, t >,

PROOF. Upper bound, low and critical dimensions. Assume B8 < 2/d. Letu
and ¢, be as in Lemma 2.4 with A’ [= A in the notation of (2.7)] large enough
such that f(x) < u(ty, x), x € R?. By the maximum principle,

u(t,x;f) <u(t+ty,x), xeR? ¢>0.

Note that there exist constants A, C > 0 such that for ¢ > ¢, [note that
Ga(t) < Lif p=2/d],

Ad(4t, x) = CH(2(t + tg), x) = u(t + £y, x).

Upper bound, high dimension. Assume 8 > 2/d. Note that by (1.18) there
exist constants ¢, ¢’ > 0 such that

Ap(4t, x) > Ac'py(x) > Acp;q1(x) for ¢ > 2.
Choose A large enough such that Acp,(x) > f(x). Note that
Ly(Acp,(x)) = b(Acp,(x))**F = 0.

Hence by the maximum principle Acp,1(x) > u(¢, x; f), t = 0.
Lower bound. Note that there exists a’ > 0 such that for u of (2.13) with a’
instead of a,

u(d, x; ) > u(2, x), x € R?,

Arguing as above, another application of the maximum principle yields that
for some ¢ > 0, @ > 0, u of (2.13) now again with a and for ¢ > 4,

(2.17) u(t,x;f)>=u(t—2,x)=cd(t —2,x) > ad(t/2, x). O

With Proposition 2.6 in hand we are able to prove the extinction and ex-
plosion in Theorem 1. It is, however, more subtle to show instability. Here we
need better lower bounds for u that reflect the clustering in low dimensions.
Roughly speaking, the picture is as follows. Let ¢ > 0 and B € #(R?) be
bounded. For ¢ large with high probability there is no particle in B: n,(B) = 0.
With a small probability, n,(B) > 1/¢ and there is no intermediate regime.
Hence for large ¢ with overwhelming probability, exp(—en,(B)) is either 0 or
close to 1 implying that exp(—en(B)) ~ exp(—n,(B)). This suggests that, for
given ¢ > 0 and indicator function f = 1, for ¢ > 0 large enough we should
have u(t, x;ef) ~ u(t, x; f). [Recall that u(¢, x; f) is the solution of Lsu =0
with (0, x; f) = f(x).] This should carry over to f € C;(R?) by approxima-
tion.

For our purpose of showing instability in Theorem 1 it will be sufficient to
give a lower bound for u(t, x; ef).
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LEMMA 2.7. Let B <2/d and f € C/*(R?). There exists a constant cr>0
such that for £ > 0 and ¢ large enough,

(2.18) u(t, x;ef) = crd(t/2, x).
ProOF. Note that there exists a constant c,lc € (0, 1) such that
C,lv p1 = (p2*f).
Hence by Lemmas 2.3 and 2.2 [and the semigroup property of u (1.10)],
u(t, x;ef) = u(t — 2, x;u(2, ;s 6f))
(2.19) > u(t =2, x;(1+2bBe || £15) 7P e(pa + f))
= Clzf' u(t - 27 X5 Sp]_),

where ¢7 := cp(1+ 2bBe|f]|%)"Y# > 0. Now we use two different arguments
for low and critical dimensions.

Critical dimension. Assume B8 = 2/d. Here we make use of the self-
similarity of SBM(d,1 + 2/d,1). Let a<(0,(bB)Y#) and let u be the
corresponding subsolution according to Lemma 2.5. That is,

u(x, t) = (2m)~"%a - t=*(log t) 7P exp(—|x[?/2¢).
Abbreviating p = exp((a/&)P/2m), we get by the scaling property (1.11) that
u(t, x;ep1(-)) = u(t, x;(2m)Pa(log p) ¢ p*/P p,(p*/2.))
(2.20) = u(t, x; p"Pu(p, p*?-))

= p"Pu(pt, p'%x;u(p, -)).

By time homogeneity, u(s+ -, -) is also a subsolution for all s > 0. Hence u has
the property

(2.22) u(t+s,x) <u(t, x;u(s,-)), s,t>0, x e R%
We can thus continue (2.20) by
u(t, x;ep1(+) = p"Pu(p(t + 1), p*/?x)
(2.22) = (log(t + 1) +log p)~*'# ap;1(x)
> (log(t + 1)+ log p)~YF a2792 p,(x) (for t > 1)
>27%(t,x) (fort > p+1).

[Note that for ¢ > p + 1, log(¢ + 1) + log(p) < log((¢t + 1)(¢ — 1)) < 2logt.]
Combining (2.19) and (2.22) we get that there exist c7, ¢; and ¢; > 0 such
that for £ > 0 and ¢ large enough,

u(t, x;ef) > c?g(t —2,x)> c;‘cg(t/Z, x)
=crd(t/2, x).

(2.23)
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Low dimension. Assume 3 < 2/d. We make implicit use of the fact that
SBM(d, 1 + 2/d, 1) has a density in the low dimensions. Recall from (1.13)
that « is the Laplace transform of SBM. The existence of a density of SBM
is known to be equivalent to the existence of a smooth solution u to Lsu =0
with a delta distribution §, as initial condition [see Fleischmann (1988)]. More
precisely, u(t, x;8,), t > 0, x € R%, is the solution of Lgu = 0 such that for

h e CHRY),
!Lrg[u(t, x;80)h(x) dx = h(0).

Brezis, Peletier and Terman (1986) show in their Appendix that there exists
to > 0 such that
u(t, x;68¢) > %pt(x), xeRY 0<t<t,.
Note that the maximum principle implies
u(t, x;60) < py(x), xeRY t>0.

Hence by Lemma 2.3 for ¢ + s > ¢, [note that ||3 p; ||, = 3(27ty)~%?],
u(t, x; pg(+)) > u(t + s, x; 8g)

=u(t+s—to, x;u(to, -3 89))

> u(t+s—to, x; %pto('))

> L(1+427PbB(t + 5)(2to)P42) VP b, ().

Let ¢} = 3(1 + 27FbB(2mty)~F4/2)~1/F. By the scaling property (1.11) and by
(2.19) there exists ¢, > 0 such that for ¢ > g=1/(1/f=d/2),

(2.24)

u(t, x;ef) > C?u(t —2,x;ep1(+))

B 2 —d
= c3t 1/Bu(1— —o % 1Pt /2p1/t(.)>

2
(2.25) > c?t‘“"’u(l -t pl/t('))

> C,%C,srt_l/ﬁpl—l/t(t_l/zx)

chcb(%,x). O

Proor oF THEOREM 1. We do the proof only for (,) = (£;) SBM(d, 1+, b).
An easy application of Jensen’s inequality in (1.12) and (1.13) then yields the
claim for BBM(d, 1 + B, b).

To prove part (i) note that ~[{,] = 6, as t — oo is equivalent to

(2.26) liminf Efexp(~(,, =1,  feCITRY).
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However, for such f, by Proposition 2.6, there exist a, A > 0 such that
lim inf E[exp(— A (Zo, (¢, )))] < liminf E[exp(— (&, u(t, 5 £)))]
(2.27) = liminf E[exp(—(¢;, £))]
= liminf E[exp(—a(Zo, ¢(2, )]
These expressions are equal to 1 if (and only if),

(2.28) (Lo, d(t,-)) — 0 as t — oo stochastically.

This proves part (i).
Now assume that (2.28) does not hold. We have to show that ({;, f) is
stochastically unbounded. This is the case if and only if

(2.29) limsup Iign inf E[exp(—(¢;, ef))] < 1.

e—0 — 00
By Lemma 2.7 there exists a constant ¢, > 0 such that the left-hand side of
(2.29) is dominated by

(2.30 lim inf E{exp(~c; (Zo, (¢, )],

which is strictly smaller than 1 by assumption. Hence ¢, is unstable.
Assume that the assumption of part (iii) holds, that is, .Z[{{,, &(r, -))] =
8- The assertion that ¢, explodes is equivalent to

(2.31) limsup E[exp(—({;, £))] =0
t—00

for all £ € C+(R?). This, however, can be shown with the aid of Proposition
2.6 as in the proof of part (i). O

3. Proof for the high dimensions. Bramson, Cox and Greven (1997)
give a proof for Theorem 2 in the case 8 = 1. Most of their proof works without
any changes for all 8 € (0, 1]. We do not repeat their entire proof here but
only give an outline of their strategy and proofs of the lemmas that needed
(minor) modifications.

Bramson, Cox and Greven (1997) use Proposition 2.6 to show that if ¢, is
stable, then (¢, p,()) is stochastically bounded (as ¢ — o0). They infer with
the aid of Lemma 3.1 below that if #[y,] is invariant, then for f € CF(R?)
and z € R?,

(3.1)  Elexp(—(4, f(z+)))] — Elexp(—(¢,, [))] — 0 ast — oo.

Since the left-hand side of (3.1) does not depend on ¢ (by the assumption that
L[] is an invariant law), we know that _Z[,] is translation invariant, hence
Proposition 1.2 holds.

A standard argument now Yyields the claim of Theorem 2.

We only give the proof of Lemma 3.1 since it is here where small changes
have to be made to cover the case 8 < 1.
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For p > 0 let B(p) = {x € R%, ||x|| < p} denote the ball with radius p
centered at the origin.

LEMMA 3.1. Lets > 0and 0 < M < 1/4e. Let f € CIH(R?). For ¢ large
enough and all x,, x, € B(et) with ||x; — x| < M,

3.2) u(t, x1;f) < exp (8VMe /B) u(t, x5; f).

PrOOF.
Step 1. We show that for x € R? and ¢ > 0,

(3.:3) e ?Py(st, x;u((1—8)t, 5 f)) <ul(t,x;f) < v(8t, x;u((1—8)t, -5 f)),

where v is defined as in Lemma 2.3. The right-hand inequality follows imme-
diately from the maximum principle. For the other inequality we proceed as
follows.
Fix t > 0. Define the linear operator K4 for smooth functions w(s, x) by
2

1
Kyw=d,w— EAw+ Ew

By (2.5) for s > t/2,
Kgu(s, x;f) > Lgu(s, x; f).

Letw = w(s, x; f) be the solution of the Cauchy problem K ;w = 0, w(0, -; f) =
f. By the maximum principle (applied to Kg), w(d¢, x;u((1 — 8)t,-5f)) <
u(t, x; f). Note that [as in (2.6)] w can be represented as

5t 2
w(dt, x;u((1—8)t, ;1)) = v(dt, x; u((1 — d)¢, -;f))exp(— 0 B ds)

= v(8t, x;u((1 — d)t, ~;f))exp<_726).

(3.4)

This however yields (3.3).
Step 2. Finally we show the assertion of the lemma. Let x € B(et). We write

v(ot, x;u((1 = 8)t, 5 f)) = Ii(x) + Ir(x)

(3.5) = et DPsi(2, x)u((L —8)t, 2, f)dz

+ Ps(z, x)u((1 —6)¢t, 2z; ) dz=.
B(4st)°

An easy estimate using ||x — z|| > 3et for x € B(et) and z € B(4&t)¢ and
Lemma 2.3 yields for ¢ large enough,

L)< [ dzpsu(x.2) [ dy pa_su(z nF()
(36) B(4et)° R

< (2mdt)" 2 exp(=9¢°t/2)| f |, < exp(—4&°t)||f 1.
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We obtain u(t, x; f) > exp(—3&%t)||f ||, for ¢ large by a similar estimate using
the other inequality in Lemma 2.3. Hence

(3.7) I,(x) < exp(—&®t)u(t, x; f).
Let x4, x, € B(et) with ||x; — x,|| < M. For z € B(4¢t), clearly
Iz = 25)% = llz = 211 = llcp — 21| + 2(2, x5 — 1)
< ez = x| flop — 21|l + 22| 22 — 4|
<M -2et+2-4et- M = 10eM.

Hence pg(z, x1) < exp(5¢M /) ps.(z, x5). Together with (3.3) we get (recall
d=+veM)

(38)  Ii(x)) <exp(5sM/8) [ ps(z x)u((1 - d)t, 2z ) dz
B(4et)
< exp(5eM/8)v(5t, x5 u(1 - B)t, 5 /)
(3.9) < exp(28/B+5eM/8)u(t, x5 f)

= exp(76/B)u(t, x2; ).
Together with (3.7) this implies for ¢ large

u(t7 X1; f) = exp(88/ﬁ)u(t, X2; f) U

4. Proof for the diffusive clustering. Inorder to show the weak conver-
gence statement (1.26) of Theorem 3 we will show convergence of the Laplace
transforms in the case of SBM. This is the content of Proposition 4.1 below.
The case of BBM will follow by a comparison argument using the embedded
particle system and the law of large numbers (here « > 0 is needed).

The log-Laplace transform of the left-hand side of (1.26) for a test function
f e Cj;(]Rd) is [recall (1.13) and (1.20)—(1.22)]

—log EM99" A[exp(—(ZZ, £))]
= —log E9" M exp(— (£, =2 £ (7% )]
= —log E"9"*A[exp(—(Z,, (log ) VAt—d/2 f(1=2/2.)))]
= ((log )P A, u(t, -; (log )~ Y/B¢ed/2 f(¢2/2.))).

(4.1)

Using the scaling relation (1.11) (with p = %), this quantity equals (recall
B =2/d)

((lOg t)l/B)\, t_“d/zu(tl_“, t—a/2 o (lOg t)_l/Bf))
(4.2) = ((Iog t)l/ﬁ)\, u(tl_a, -;(log t)_l/Bf))
= (1—a) VB{(log t')"BA, u(t, -;(logt' ) B(1 — a)/B F)),
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where we put ¢ = t1-¢. We have to show that this expression converges as
' — oo to [recall (1.23), (1.25) and that ¢z = (27(1 + B)Y/F)™]

—log E*[exp(—Z,1-a) (X )] = (Beg(L—a) + (A, f)#) VP
_ (1 N a)fl/ﬁ(cﬁ + ()\, (1 _ a)l/ﬁf)fﬁ)fl/ﬁ.

Comparing this with (4.2), it is clearly enough to handle the case @ = 0. This
is the content of the following proposition.

(4.3)

PROPOSITION 4.1. Assume B = 2/d and let u be the solution of (1.8). For
feCit(RY), x e RY —0o < a <1 and s > 0 the following hold.

X lim(¢log £)"Pu(t — s, t/%x; (log t) /P f)
= (2m(Beg + (A, £)77) P exp(—|x|?/2);
(i) lim ((log )%, u(t, -3 (log £) /2 f)) = (Beg + (A, £)#) VP

4.1. Proof of Proposition 4.1. The proof of Proposition 4.1 copies the proofs
of Lee [(1991), Theorems 2.1, 2.3 and 2.4]. Lee’s results cover only the case
B = 1, but can easily be adapted to 8 < 1. For the sake of completeness we
give the proof in detail.

Strategy of the proof. Recall that b6 = 1 and that the (nonlinear) operator
L is defined by

Lgu =du — 3Au + u'*P.

As indicated by Proposition 2.6, a solution of Lzu = 0 should be “close” to a
multiple of

d(t, x) = t~*(log t) /P exp(—| x||?/2¢).

However, in Proposition 2.6 we had no control of the constants ¢ and A of
the upper and lower bounds of u(¢, x; f) in terms of ¢(¢, x). (The point that ¢
in the upper and lower bounds is evaluated not at time ¢, but at ¢/2 and 4¢,
respectively, could be repaired rather easily.)

More precisely, we would like to find a constant 6, such that for ¢ > 0 and
t large enough,

oy~ oxetog P exp -2 < uge, i )

2
< 0p(1+ &) (tlogt) P exp(—ﬂ), x € RY.

2t(1+¢)
We make the following ansatz to determine 6. For 6 > 0 define & by
(4.4) U =0¢+tYP(logt) VA g(+71/2x),

with a “smooth” function g.
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Let
1 1 X
H=—|ZI+=-A+=V
(B 202 )
and
2 2
_ LB B [=°Y 6 k]
Folt, %)= 6 exp( a+plil) - Gen(-150).
Then

L@ = (tlog ) " /P[f (¢, x) — (Hg)(t™*x)] + o((tlog £) +1/®).

Hence we search for 6 such that Hg(x) = f,(1,x) has a solution g. In
Lemma 4.2 we construct a right inverse G of H on a certain subspace V C
Cp(RY). It turns out that f,(1,-) € V if and only if

1/B
(4.5) 0=05= (%(1 + ;3)1/3> .

The problem with this ansatz is that we cannot control the tail behavior of
g(x) at infinity. So now that we have determined 6, we come back to the main
idea of constructing sub- and supersolutions to Lgu = 0. We try the following
ansatz:

u(t, x) = (05 — &) (t, x) + ¢ P(log £) B g~ (tV/%x),
u(t, x) = (0g+ &) d(t, x) +tP(logt) P gt (t7%x),

where the functions g~ and g* will be determined in terms of G. In Lemma
4.3 we control the tails of g= and g™ and in Lemma 4.4 we show that these u
and w are indeed sub- and supersolutions to our problem.

The second step in the proof of Proposition 4.1 is to deal with the fact that
we rescale the initial value of our Cauchy problem, that is, that we start
u in (log¢)~YBf. We use our new estimates on the (nonrescaled) behavior
of u to give a refinement of Lemma 2.7 that also contains an upper bound
(Lemma 4.7). First we reduce the problem to initial conditions of the form ap,,
a > 0 (Lemma 4.6). Next we use a similar scaling and comparison argument
as in the proof of Lemma 2.7 to deal with general initial data.

The conclusion of part (i) of Proposition 4.1 is then easy. Statement (ii)
follows by a simple dominated convergence argument.

The details. We start by giving a right inverse G of

H= _(11+ Iag fv)
B 2 2

on the linear space V generated by functions R? — R of the type

2
Qg p(x) = a"? exp<—”;—) — b2 exp(—M), a,b>0.

(4.6)

|12
a 2b
Define for s > 0 and y, z € R?,

_ol/2,2
G(s,y,2) = s~ (2m(1 — )2 exp<_u>

2(1-5)
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LEMMA 4.2. We can define a linear operator G: V — C,(R?) by

1
(Gaa)) = [ [, G(s. ¥, 2)q04(2)dzds.
0 R
The operator G is the right inverse of H on V. That is, HG = idy,.

Proor. It is easily verified that the integral converges. Hence G is well
defined. Now let
lc — 2|

¢
u(t,x) = /o /Rd(Zw)_d/z(t — )2 exp(—m>s_l_d/2qa,b(s_l/zz) dzds.

Note that the integral converges, that v(1, -) = Gq, , and that
(9, — 2A)u(t, x) = 7 2q(t2x).
By the substitution s' = s we obtain v(t,x) = ¢ %?v(1, ¢t ?x). Thus

(9, — 30)o(t, x) = t42(Hu(1,))(t2x). Hence g, ,(y) = Ho(l,y) =
H(Gq, ,)(y) as desired. O

Note that we can find a function g such that Hg = f,(1,-) if f,(1,:) € V.
This, however, is equivalent to 6 = 6, with 6 defined in (4.5)

The next aim is to construct the functions g~ and g* of (4.6) and to give
upper and lower bounds for g~ and g*.

For 0 < e <min(B/(1 - B), 05/2) [where B/(1 — B) = oo if B = 1] define

q (%) = p q1,1/014p)

and
gt (x) = P+Q1+kg, 1/(1+B)>
where
_ _ (93 - S)HB
P =p (s)——(1+3)1/ﬁ ,
148
pr=p"(e) = Wpte)
A+ )P

and & = B?/(264). Now let g~ = Gg~ and g" = Gq™.

LEMMA 4.3. There exist constants 0 < m, M < oo such that for all x € R?,

2 2
“.7) -m eXP(—@) <g (x) < Mexp<——2(”1le 8)>,

2 2
o _mexp<_@) =8 = Mexp(‘z(m_ka))

PrOOF. We only give the proof of (4.8). The proof of (4.7) is similar but
easier.
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By the substitution y = s¥/?z and the Chapman-Kolmogorov equation, we
get

_ gl/2,)2
gh(x)=p" /01 ds /Rd dz s(2m(1 - s))fd/z exp(-%)

x [(1 + ke) /2 eXp(‘Z(ﬂZTHstQ

2
(4.9) _ (1 4 B)d/z exp<_(1 + B)@)}

=p" /1 ds s (1 + ske)™?exp —ﬂ
0 2(1 + ske)

~(-5) oo a o)

Choose a € (0, 1). Then clearly,

/: o ds < (/l s7Y(1 + ske)d/2 ds> exp(—z(l”xT”;))

By partial integration we see that the fg’ term equals

. d(L + sks) + ||x|? L&
dslogs| k " 2(1 + ske)
Jy s Ogs[ T2 v skeypr a2 TP\ T 2(1 1 she)

B d(1—Bs/(1+B))+ ]
1+B 2(1—Bs/(L+p))zHis

x exp(— 2(1— L!jjl(zl - B))ﬂ

2

(%) o a )|

- o<(1+ ||x||2>exp(—2(1”_f—”:k£))) - O(”"(‘Z(l”xT”je@))'

Now we are able to construct our sub- and supersolutions u and «.

(4.10)

LEMMA 4.4. Let 0 < & < min(B/(1—-B),05/2) and g~ and g* as in
Lemma 4.3. Define u and w by

u(t, x) = (0 — &) (¢, x) + ¢t P(log t) P g~ (¢ 2x),

u(t,x)=(0g+¢) d(t, x) + t=YB(log £)~1-Y/B g*+(¢~12x).
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Then Lgu <0 and Lgu > 0. Furthermore, for ¢ large enough and all x € RY,

(411) 0<(65—2&)p(t, x)<u(t,x)<6; (tlogt) /P (_ [EdR
' =\Up—es =20 A =B ) exp —Zt(1+s) >

_ 18 gy~ IZIE
(4.12) 0= 650(t x) <ult, x) = (0 +2¢) (tlog i) " exp| 57—~ )-

Proor. From (4.7) and (4.8) it is clear that (4.11) and (4.12) hold. In order
to show that u and w are sub- and supersolutions, we have to give upper and
lower bounds for Lsu and Lgu. Note that for a,b € R, a > 0 and [b|/a small
enough, |(a + b)**# — al*#| < 4aPb. We use this estimate to show that

Lgu(t,x) < Lg((85 — £)b(t, x)) + (¢ log £y~ VB (Hg™)(t"Y2x)

_ B+—1/B -1-1/B _ l[1?
+A4M((0g — &)d(t, x))"t”/F(log t) exp —Zt(l 9

+m(1+2 t17YB(log )"* P exp _l=l®
B 2t

= (tlog t)~*~*/F [(% — &)t F exp(—(l + B)%)

AP L i N
B 2t 2t

—r g een(-a+ il )]

(4.13)

—1-1/B —2-1/p EdR
+O0\t (log t) exp —

0., — 2

= (tog )0 (7 = % o150
~1-1/B —2-1/p . EdR
+ O(t (log t) exp< TS

<0

for ¢ large enough, since p~ — (05 — ¢)/B <0 for 0 < & < 6.
Similarly, for ¢ large,

Lgu > Lg((0s+ &)d(t, x)) + (¢log t) P (Hg™) (¢t /%x)

— 4m((05 + &) (t, x))PtE(log £) /8 ex%_%)

2
(4.14) - M@+ 1/,8)<tll/ﬁ(log t)2-YE exp<——2t(!xﬂ ks)))
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_ —1-1/8| + —d/2 . ||9C||2 )
= (tlogt) |:p 1+ ke) exp< 21+ ko)

0+ ¢ I
B exp(_ 2t ﬂ

2
-1-1/B(| -2-1/B . (3]
+ O<<t (log t) exp( 21+ ko)
>0,

since pt(1 + ke)~4/2 — (65 +¢€)/B > 0. To see the latter inequality, note that

B28 BB 52 1 252_1 BB 2
l+ke=1+—"=-"_19¢ Zp%0 0 .
The =l o, T 1% TP o < plletel

This inequality holds since & < 6. Thus

(6 +2)" g _ L]
(03+8)[(1+B)1/B(1+k8) B:| 0,

as claimed. O

A simple consequence of Lemma 4.4 is the following result on the asymptotic
behavior of u.

LEMMA 4.5. For f € C+(R?) the following holds:

lim (¢ log t)YBu(t, tY2x, f) = 0gexp(—||x[?/2),  xeR%
— 00

The proof of this statement is simple with Lemma 4.4 at hand. Since we
will not make use of this lemma, we omit the details and refer the reader to
Lee [(1993), pages 304 and 305].

So far we have considered only a fixed initial condition (0, -; f) = f of the
Cauchy problem Lzu = 0. The next aim is to change the initial condition to
(log t)"Y/Pf.

Define

b(x; f) = inf liminf (¢ log t)YPu(t — s, t%x; (log t) Y f)

and

B(x; f) =suplimsup (tlog t)Pu(t — s, t*2x; (log t)"YB f).

$>0 t—00
In order to prove Proposition 4.1 we will give upper and lower bounds for B
and b, respectively.

The first step is to reduce the situation to f(x) replaced by (A, f)(2m)~%/2.
exp(—||x[?/2). Recall that p, is the heat kernel.
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LEMMA 4.6. Let f € C;(R?). For x € R? the following inequalities hold:

b(x; f) = b(a; (A, ) p1)s
B(x; ) < B(x; (A, f) p1)-

PROOF. Note that for x, y e R? and ¢, 6 > 0,

2 a2
[ lc=yl® 1146

_ 2
2t(1+ o) 2 =7 25 I

Hence for K ¢ R¢ compact and ¢ > 0 we can find & > 0 and ¢, > 0 such that
for f € CH+(R?) with supp(f) c K,

pex [ = (14 &), F)Patoys t = .
Similarly we get 6 > 0 and ¢, > 0 such that
pexf = (L —=2&) (A f)pa_sy t = {o.

Hence if we let d, = a||f||gf log £, we get with Lemmas 2.3 and 2.2 that for
dt > to,

u(t — s, t*%x; (log t) /% f)
=u(t—s—d, t2x; u(d,, - ; (log £) =2/ )
> u(t— s — d,, Y2, (1— &) (log £) Y (pg. * )
> u(t—s—dg, t"%x;(1 — &)® (log t) P (A, f>p(176)dt)
> (- e)? u(t —s—d,, t72x;(log t) P (A, f) P-5)a,)
> (1-2)" u(t—s—dd, - 1,£/%x;(log £) "% (A, f) py)-

Since d,; < ¢, we obtain
b(x; f) = (1 — ) b(x; (A, f) py).

Now let ¢ — 0 to obtain the claim. The claim for B follows analogously using
the opposite inequality in Lemma 2.3. O

Now we give the bounds for b(x; ap,) and B(x;ap,). The result is a refine-
ment of Lemma 2.7 and will be obtained by a similar scaling argument.

LEMMA 4.7. For a > 0 and x € R? the following inequalities hold:

o(mawo(-150)) = (5 G0m) oo(-1F)
(raon(-155)) = (5 2005) oo(-15)
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ProOOF. We do the proof only for the second inequality. The proof of the
other inequality is quite similar.
Recall from (1.11) that

(4.15) u(t, x; p"P f(p*%)) = pPulpt, p*?x;f),  p>0.

Thus for s > 0, £ — s > 0 large enough and p = p(t) = ¢(%)"/" we have by
(4.12),

u(t — s, x; (log t) " Paexp(—| - [?/2))
= u(t — s, x;05(log p) /P exp(—|| - [[*/2))
(4.16) <u(t—s,x; pYPu(p, pl/z-))
= pYPu(p(t — s), p*%x; u(p, -))

< p"Pu(p(t — s + 1), p'/?x).

We infer that for £ > 0 uniformly in x € R?,

2
sup limsup(t log t)l/Bu(t — s, tY2x; (log t) YPq exp<—u>>

s>0 t—00 2

< suplimsup(tlog t)YEpYPu(p(t — s + 1), (pt)**x)

s>0 t—o0

< suplimsup(tlog ¢)#(¢ — s + 1) "P(log(p(t — s+ 1))) /P 6,

s>0 t—00

(4.17) |22
x(1+ S)eXp<_2(1+ o)t —s+ 1))

: logt \"* 12
e e BUGRR Ceeer)

_ 1P\ (_(850)" \M*
—05(1+8)9Xp(_2(1+s))(aﬁ+(9B)B) '

Now let ¢ — 0. O

PRrROOF OF PROPOSITION 4.1. The proof of Proposition 4.1 is now easy. Com-
bine Lemmas 4.6 and 4.7 to obtain part (i).
In order to prove part (ii), note that by Lemma 2.3,

(tlog t)Pu(t, t*2x; (log t) P f) < t/P(py » [)(t%x)

= (P * (tVPF(£1/2)))(x)
<cppy(x) fort>1

for some ¢, > 0. Hence dominated convergence yields the claim. O
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4.2. Proof of Theorem 3. First consider the case where (¢,) is SBM(d, 1 +
2/d, 1). Note that here the assertion is immediate from Proposition 4.1(ii), by
(1.13) and the scaling relation [see (4.2)]

(4.18) S i G B 0

A more detailed discussion precedes Proposition 4.1.

Now assume that (¢,) = (n,) is BBM(d, 1+ 2/d, 1). The link to the SBM
is the embedded particle system [an idea that goes back to Gorostiza, Roelly-
Coppoletta and Wakolbinger (1990), Lemme 1]:

“For fixed time horizon ¢, poissonizing the initial state m
first and then running a BBM (7,) is the same as running
SBM (¢,) with initial state m and then Poissonizing the
random population ¢,.”

(4.19)

To make this precise we define a new random measure X, such that
L[ X|¢] = #(¢,) [recall that #(m) is the law of a Poisson point process
with intensity measure m]. Then (4.19) says that, for m € .#(R%),

(4.20) L7, = LMX].
To check this let f € Cj(Rd). Then [recall (1.12) and (1.13)]

E7exp(—(n,, )] = exp(— [ m(dz) (1 E[exp (~(n,, f>)1))

(4.21) = exp(—(m, u(t,-,1—e "))
= E"[exp(— (¢, 1—e7))]
= E"[exp(—(X,, [))].
Now for A € .@(Rd) bounded and « > 0 by the law of large numbers,

@.22) E09DPAgmed/2(10g ) VB X, (t2A) — £,(t2A)|]—> 0 as t—>oco. O

4.3. Proof of Theorem 4. Note that as above, the case of (¢,) BBM can be
derived from the case (¢¥,) SBM. Hence we will now assume that (¢,) = (¢;)
is SBM(d, 1+ 2/d, 1).

The idea of the proof is an induction over the length of the tree T. Re-
call the heuristics given in the discussion preceding Theorem 4. The key
point in the induction is to show that the “important” information about
gf“;_ta|[_tu/z,ta/zld is already contained in Z,_,.([—t*/2, t*/2]%). We do so by con-
structing a coupling of ({;_je¢)s=0 With @ SBM(d, 1+2/d, 1) ({?),-, Started in
t7292f, o ([—t%?, t4/?]7)A. We show that the coupling is successful in a certain
sense within time s = ¢*.

We prepare for the proof of Theorem 4 by stating a coupling lemma and a
comparison lemma both taken from Klenke (1997) (stated there for the case
B = 1 only). Note that we give a new proof of the comparison lemma since the
second moment used in Klenke (1997) is not available here.
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LEMMA 4.8 (Coupling). Let S > R > 0. Consider ({}),.q SBM(d,1 +

2/d,1). Assume that ~[{3] is translation invariant and that ¢ > 0 and
0 < p < oo are chosen such that

E[£([0, 1)D)] = p,
E[|R=?5([0, R)?) — S~2¢5([0, S)M)|] < &,
E[122([0, S)4) — ¢(S(z + [0, 1)9)[] < e8¢ Vze[-1,1]%

Then there exists a coupling ({2, £2),-¢ [i-e., (£?) is also SBM(d, 1+2/d, 1) and
both processes are defined on the same probability space] such that

(4.23) Z[85145]) = 8745([0, 8))A

and

_D? ¥
@29 E[| -l = A(B)[4s+d exp< > >+2\/ %pRs‘l/z},

S

where B € 2(R%), B c [0, S)? and D = dist(B, R\ [0, S)?).

The proof is Corollary 3.7 in Klenke (1997). In fact the proof given there
does not rely on the finite variance available there.

With the tool of the coupling lemma we are able to give a proof of the
following lemma that does not rely on second moments.

LEMMA 4.9 (Comparison). Let a€(—o0, 1] and let a(t), b(t) ~ t%, that is,

lim log a(?) — lim log b(¢) W
t—oco  logt t—oo logt

Then
EC99" " [(log )P |a () £,([0, a(#)?) — b() " £,([0, b(t))")|] — O

as t — oo.

(4.25)

PrROOF. The main tool for the proof is the coupling lemma, Lemma 4.8. We
prepare for the use of it.

By the basic scaling relation (4.18) we may w.l.0.g. assume a = 0. Also we
can restrict ourselves to the case b(¢) =1 and a(¢) | 0, log a(¢) « log ¢. Since

(4.26) E"99""[(log £)"7/£|S~7¢,([0, S)?) — R-94,([0, R)?)[] -0 as t— oo
for any R, S > 0, we may find R = R(¢) | 0, S = S(¢) 1 oo such that

E9" M (log £)"Y#[S(¢)~4¢,_1 ([0, S(£)?) — R(t)"%¢,_1([0, R(£))%)]]

=g —>0 ast— oo.

(4.27)



1084 A. KLENKE

By a similar argument we obtain [maybe by enlarging &, and changing R(t)
and S(¢) a little]

1/B — —

sup EM [ (log £) PS¢, ([0, S)?) — £i-1(S(z+ [0, 1)))]
(4.28) =z<lo.1)?
<g—>0 ast— oo.

[For example, for fixed S choose N € N large and take the maximum over
ze€{0,1/N,...,1}%. This term clearly vanishes as ¢ — oco. The error term of
the two maxima results from the (less than) N¢~13¢ blocks of size [0, 1/N)¢ at
the surface of (z +[0, 1)?) and is thus bounded by 3¢(1/N). Now let S = S(¢)
and N = N(t) increase slowly to co.]

We apply the coupling lemma, Lemma 4.8, to obtain a SBM(d, 1 + 8, 1)
(£2),2¢1 With initial state /[¢%|¢, 1] = S()~¢,_1(10, S(1))*)A and

E" " [(log £)"V# /(& — ¢2)15ll]
< M(B)[4¢, + dexp(—D?) + 2\/d/= R(t)],

where B € #(R?) is bounded and D = dist(B, R% \ [0, S(¢)]%). In particular,
for M < oo there exists 8 — 0 as ¢ — oo such that for any Borel set
Bc[-M, M,

(4.30) B0 A [(log ) 2| (¢} — ¢D)Isl] < M A(B).

Now fix a value p = (log ¢)"Y#S(¢)~%¢,_,([0, S(¢))?). According to Theorem 3
(and the basic scaling),

(4.31) (log ) YPa(t)~2£2([0, a(t))?) — p ast— oo

and

(4.29)

(log ) PZ([0,1)%) - p ast— oc.
A simple uniform integrability argument yields
(4.32)  E"99"[(log £)~YPla(t) " £,([0, a(t))?) - £i([0,1)?)| > 0 as ¢t — oo
Combined with (4.30) the proof is complete. O

Proor OoF THEOREM 4. Recall that we do the proof for the case in which
() = (&) i1s SBM(d, 1 + 2/d, 1). The proof is almost identical to that given
in Klenke (1997). The only “real” difference to the case B8 = 1 is the modified
proof of Lemma 4.9 given above and some changes in the constants. However,
for the sake of completeness we give the proof here in detail.

We do the proof by induction over the length of the tree T. For T = {J}, this
is the assertion of Theorem 3. Now assume that the claim has been shown for
all trees shorter than T.

The idea of the proof is the following. We introduce a time scale L(¢) ~ t4®)
and couple (£,) for s > ¢ — L(t) with another process ({?). This process shall
have initial configuration M(p), where p is the empirical population density
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of & 1, In @ box of length ~ ¢4@)/2 Then L(t) will be chosen small enough
that the evolutions of the subtrees (resulting from eliminating & from T) are
approximately independent. On the other hand, L(¢) has to be chosen large
enough so that the coupling of Lemma 4.8 with R(¢) ~ t49/2 is successful.
Here are the details.

Let b = max{diam(B¢), e € T}. Let d, | 0, t — oo such that

4.33) HACAN=d/2 < |58 — xf || — b(tA©/2 4 (AD/2)
. < |lxf — xf|| + b(EA©/2 4 (A)/2) < Ly(Alerf)+d)/2

for all e, f € T. We may assume that % — oo as t — oo. Let a := A(Q) and
define

S = S(¢t) = tletd)/2,

R = R(t) = tl«34)/2,

L = L(t) = g2,

Let

(4.34) B¢ = x¢ + tA(e)/2 ge
and

(4.35) B, = U B;.

ecT

By shifting X = (x¢, e e T), if necessary, we can assume that B, c [0, S)? for
all t > 0 and that

(4.36) L~Y2dist(B,,R%\ [0, S))[) - 0o as t — oo.

Apply Corollary 4.8 with {5 = ¢, 1), s = L(t), p = (log )/ and with & =
(log t)Y/#e,, where &, — 0 as ¢t — oo. This last choice is possible due to Lemma
4.9. Thus we obtain a coupling (2, £2),.o with £[£3|£2] = M(S=2£3([0, S)?))
such that there exists a sequence §, | 0 with

@.37)  ECON|(Z) - ZE)(O)]] £ 8,A(C) V€ e #(RY) bounded.

So all we have to show is

(4.38) L190TN (log £) VA (e 4OV \(BY) o]
— L(MB)ZG_p(epe,)ecr] @St ox.

By Theorem 3 we know that

(439) 199" [(log £)AS~ ([0, S))] = £ Z 1 uye,] St o0
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Hence it suffices to show that for p > 0,
r(ogtyPA [(log £)~Y/F (¢~ A2 {1a(BY))
(4.40) = JP[(ZfafA(e))cB)eeT] (as t — o0)

a—1/B
=/" [(al/B Zfl—A(e)/a)cﬁ)ee’JI‘]'

In the third line we have used the scaling property of (1 + 8) branching “dif-
fusion.”

LetT;, ={(J,l2...,1,) €T, neN}, j=1,...,d, be the partition of T into
subtrees T ; according to the offspring of the root (T = {@}UT, U---UT,). In
order to prove (4.40) by the induction hypothesis it suffices to show that

((log ¢) Y= A@2p (BS)), r » Jj=1...,4d,
J
are asymptotically independent random variables.

ee?l']

(4.41)

Foreach j=1,...,J,fixonee; € T;and let C; = C,(¢) = x,” +[-R(¢), R(?))*
and Cy =R\ (C, U---UC,). Then for ¢ large enough we have C; N C,=0
for i # j. Let

Aj=A;(t) = inf dist(B;, R4\ C)).

Since A: T — I is strictly decreasing, we have Aj(t)/\/L(t) —> o0 as t — oo.

Let (x{)s20, J=0,1,...,dJ, be independent SBM(d, 1+ 2/d, 1) with initial
states

X({z ]lcjp(log t)l/B/\a JZO’ 1,...,d.

We can assume ¢, = x°+---+ xZ. Now for j=1,...,J and eeT,
J
E[(Iog t) MR Az N X’L(t)(B‘j)}
1=0
i#]
< p)\(Be)t_A(e)d/z A‘Rd\c dx /Be dy pL(t)(x, y)
Jj t

< pA(B°)exp(—A%/L(t)) — 0 as ¢ — oo.
Thus (4.41) holds and the proof is complete. O

(4.42)

Acknowledgments. This work was developed mainly while the author
was visiting Don Dawson at the Fields Institute in Toronto. The author thanks
Don Dawson and the Fields Institute for their hospitality.

REFERENCES

BraMsoN, M., Cox, J. T. and GREVEN, A. (1993). Ergodicity of critical spatial branching processes
in low dimensions. Ann. Probab. 21 1946-1957.

BraMsoN, M., Cox, J. T. and GREVEN, A. (1997). Invariant measures in critical spatial branching
processes in high dimensions. Ann. Probab. 25 56-70.



INFINITE VARIANCE BRANCHING MODELS 1087

BrEzIs, H. and FRIEDMAN, A. (1983). Nonlinear parabolic equations involving measures as initial
conditions. J. Math. Pures Appl. 62 73-97.

BRrEzIS, H., PELETIER, L. A. and TERMAN, D. (1986). A very singular solution of the heat equation
with absorption. Arch. Rational Mech. Anal. 95 185-209.

Cox, J. T. and GRIFFEATH, D. (1986). Diffusive clustering in the two-dimensional voter model.
Ann. Probab. 14 347-370.

DAwsON, D. (1993). Measure-valued Markov processes. In Ecole d’Eté de Probabilités de St. Flour
XXI. Lecture Notes in Math. 1541 1-260. Springer, Berlin.

FLEISCHMANN, K. (1988). Critical behavior of some measure-valued processes. Math. Nachr. 135
131-147.

GOROSTIZA, L. G., ROELLY-COPPOLETTA, S. and WAKOLBINGER, A. (1990). Sur la persistence du
processus de Dawson Watanabe stable (I'interversion de la limite en temps et de la
renormalisation). Seminaire de Probabilités XXIV. Lecture Notes in Math. 1426 275
281. Springer, Berlin.

GOROSTIZA, L. G., ROELLY, S. and WAKOLBINGER, A. (1992). Persistence of critical multitype par-
ticle systems and measure branching processes. Probab. Theory Related Fields 92 313—
335.

GOROSTIZA, L. G. and WAKOLBINGER, A. (1991). Persistence criteria for a class of critical branching
particle systems in continuous time. Ann. Probab. 19 266-288.

GOROSTIZA, L. G. and WAKOLBINGER, A. (1992). Convergence to equilibrium of critical branching
particle systems and superprocesses, and related nonlinear partial differential equa-
tions. Acta Appl. Math. 27 269-291.

KALLENBERG, O. (1983). Random Measures. Academic Press, New York.

KLENKE, A. (1996). Different clustering regimes in systems of hierarchically interacting diffu-
sions. Ann. Probab. 24 660-697.

KLENKE, A. (1997). Multiple scale analysis of clusters in spatial branching models. Ann. Probab.
25 1670-1711.

LEE, T.-Y. (1991). Conditional limit distributions of critical branching Brownian motions. Ann.
Probab. 19 289-311.

LE GALL, J.-F. and LE JAN, Y. (1998). Branching processes in Lévy processes: The exploration
process. Ann. Probab. 26 213-252.

PROTTER, M. H. and WEINBERGER, H. F. (1967). Maximum Principles in Differential Equations.
Prentice-Hall, Englewood Cliffs, NJ.

MATHEMATISCHES INSTITUT
UNIVERSITAT ERLANGEN-NURNBERG
BISMARCKSTRASSE 11

91054 ERLANGEN

GERMANY

E-MAIL: klenke@mi.uni-erlangen.de



