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LIMIT THEOREMS FOR MIXING SEQUENCES
WITHOUT RATE ASSUMPTIONS

By ISTVAN BERKES! AND WALTER PHILIPP?

Hungarian Academy of Sciences and University of Illinois

We extend Lévy's classical criterion for a sequence of independent
identically distributed random variables to belong to the domain of par-
tial attraction of a nondegenerate Gaussian law to stationary ¢-mixing se-
quences. We also extend some results of Kesten and of Kuelbs and Zinn on
the LIL behavior of independent identically distributed random variables
to stationary ¢-mixing sequences. No assumptions on the rate of decay for
the mixing coefficient are made.

1. Introduction. A sequence X, X,,... of random variables is called

¢-mixing if ¢(n) — 0 where
¢(n) = sup{|P(B|A) - P(B)|: A e 5", Be 7%, k=>1}.

Here .7 denotes the o-field generated by the random variables {X ;: m <
J < n}. There is an extensive literature dealing with the asymptotic properties
of ¢-mixing sequences; in particular, it is known that, under suitable moment
conditions and mixing rates, a ¢-mixing sequence satisfies the central limit
theorem, the law of the iterated logarithm and various related limit theorems.
Most results in the literature require a polynomial rate of decrease for ¢,
except in the stationary case when a logarithmic rate ¢(n) < C(logn)~?,
v > v, is usually assumed [see, e.g., Ibragimov (1975), Berkes and Philipp
(1979), Bradley (1988)]. Very little is known about what happens under weaker
mixing rates or if we assume only ¢(n) — 0. Ibragimov (1962) proved that if
(X,) is a stationary ¢-mixing sequence with partial sums S, satisfying

(1.1) EX, =0, E|X,*® <00 (8>0), o2 =Var S, — oo
then
(1.2) S, /o, =4 N(O,1).

However, the question whether (1.2) remains valid if in (1.1) we assume only
EX% < oo has been open for more than 35 years. In fact, we do not even know
if (1.1) with 6 = 0 implies that (1.2) holds along an infinite sequence of n’s or
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806 I. BERKES AND W. PHILIPP

if S, /o, has a subsequence with a nondegenerate limit distribution. It is also
unknown if (1.1) implies the law of the iterated logarithm, that is,

. S,

(1.3) “[lnjoljp (202 log log 02)1/2
As was observed in Dehling, Denker and Philipp (1986) and in Peligrad (1990),
the difficulties in these problems are connected with the fact that for very
slowly decreasing ¢ the standard deviation o,, may not be the proper norming
factor in the CLT. In view of this fact, the natural question is whether for a
stationary ¢-mixing sequence (X,) satisfying EX? < co and o, — oo there
exist norming and centering sequences (4,), (B,), (C,), (D,) such that

=1 as.

(1.4) % -, N(0,1)
and
(1.5) lim sup % =1 as,

where we assume B, — oo, D, — oo and in (1.5) we exclude the trivial case

S,/D,—0as. and limsup(-C,)/D, =1
n—o00

[when (1.5) is the result of the fluctuations of C,, and D,, and not those of S, ].
The purpose of this paper is to prove that the answer to the above question
is positive in the case of the generalized LIL (1.5) and in the case of the CLT
relation (1.4) holds at least along some infinite sequence (n,) of positive inte-
gers. It will also turn out that using general norming and centering constants
in the CLT and LIL, there is no need to assume finite variances and one can
give optimal criteria for the LIL and subsequential CLT for arbitrary ¢-mixing
sequences without any moment conditions and without any assumptions on
the rate of decay of ¢(n).

THEOREM 1. Let {X;, j > 1} be a strictly stationary ¢-mixing sequence
of random variables. Denote by F the common distribution function of | X .
Suppose that

o x?(1-F(x))
(1.6) |IJI;TlIol;1f W =
and that
(1.7) $(1) < 1/4.

Then there exist numerical sequences (A4,) and (B,)) and a sequence (n;) of
positive integers such that B, — oo and

S,, — Ay,
(1.8) SH s, N(O, 1),

n
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THEOREM 2. Suppose that the sequence {X ;, j > 1} satisfies the hypothe-
ses of Theorem 1. Then there exist numerical sequences (C,), (D,,) such that
D, — oo and the set of limit points of

S,—-C
is with probability 1 precisely the interval [—1, 1]. Moreover,

(1.10) limsup % #0 as.

n—o0o n

REMARK 1. Condition (1.6) is Lévy'’s classical necessary and sufficient con-
dition for an i.i.d. sequence (X, ) to belong to the domain of partial attraction
of the normal law, that is, to satisfy (1.8) with suitable (A,), (B,) and (n}).
By well-known theorems of Kesten (1972), Rogozin (1968) and Heyde (1969),
(1.6) is also a necessary and sufficient condition for an i.i.d. sequence (X,,) to
satisfy the LIL (1.5) with suitable (C,,) and (D,)). Thus our theorems extend
the general LIL and the subsequential CLT to stationary ¢-mixing sequences
under exactly the same conditions as they require for i.i.d. random variables,
without any assumption on the mixing rate. It is worth noting that Theorems
1 and 2 are new even in the case of finite second moments.

REMARK 2. We note that if (A,,), (B,,) are the sequences in (1.8) given
by the proof of Theorem 1 and if (n;) grows sufficiently rapidly (which can
be guaranteed by passing to a further subsequence) then the sequences (C,,),
(D,,) in Theorem 2 can be chosen as

C,=A4, j/n, D; =B, (2log k)"/?, Nj_q < j<ny.

REMARK 3. From the results of Dehling, Denker and Philipp (1986) it fol-
lows easily [see also Peligrad (1993)] that if {X;, j > 1} is a stationary
¢-mixing (or even strong mixing) sequence with mean O and finite second
moments and o2 = Var S,, — oo then either

(1.11) S, /o, — 0 in probability

or there exists an increasing sequence (n;) of positive integers and a constant
¢ > 0 such that

(1.12) 81,/ T0, =4 N(O, ).

Although the norming factor in (1.12) is more explicit than in (1.8), the problem
whether (1.11) can actually hold is still an open question and thus it is unclear
whether (1.12) is always valid. On the other hand, our Theorem 1 shows that
with suitably chosen (A,), (B,), (n;) the subsequential CLT (1.8) is always
valid, even if (1.11) holds.
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REMARK 4. The proofs of our theorems will show that (1.7) can be weak-
ened to ¢(1) < 1 — 272 plus a condition on the maximal correlation co-
efficient p [in fact, p(1) < 1 will do]. On the other hand, (1.7) cannot be
dropped entirely in order to avoid trivialities, such as telescoping sums. If,
for instance, {Y ;, j > 1} is the sequence of the Rademacher functions and
weset X; =Y, ,-Y;, j=>1 then{Y; j> 1} is 1-dependent and thus
¢-mixing, but S, = Y, , — Y, assumes only the values 0 and £2 and thus
the sequence {X ;, j > 1} cannot satisfy (1.5) or (1.8) with norming factors
tending to infinity. We will not pursue this issue any further, except to note
that only ¢(1) < 1 is needed under the additional hypotheses EX? < oo and
Var S,, — oo. Details will appear elsewhere.

The proof of Theorem 1 is complex and will take up most of our paper. Theo-
rem 2 will then be deduced from Theorem 1 by using an idea from Kuelbs and
Zinn [(1982), pages 522 and 523]. While their argument generalizes easily to
¢-mixing sequences in case of symmetric X, the general non-symmetric case
is much more delicate. In order to obtain the maximal inequalities required
we need the machinery developed in the proof of Theorem 1.

It should be noted that the asymptotic behavior of ¢-mixing sequences de-
scribed by our theorems does not extend to strong mixing sequences, i.e. for
sequences (X,,) satisfying a(n) — 0 where

a(n) = sup{|P(AB) — P(A)P(B)|: A € %}, Be %%, k>1}.

Indeed, Herrndorf (1983) constructed a stationary strong mixing sequence
(X,) satisfying

EX, =0, EX?<+4oc0, oZ=VarS,=n
but for which
S,/b, — 0 in probability

for any sequence b, — oo. Since EX% < +o00, the distribution function F' of
| X 4| satisfies (1.6), but clearly neither (1.4) nor (1.8) can hold.

Examples of classes of ¢-mixing and strong mixing sequences can be found
in Ibragimov and Linnik (1971), Bradley (1986) and Doukhan (1994). Last,
but not least, we would like to mention the basic papers by Bradley (1980a,
b, 1981, 1988) and by Peligrad (1982, 1985, 1990) which created a body of
methods and ideas on which we draw frequently in the present paper.

2. Preparatory lemmas. From a technical point of view, the proofs of
both theorems are much simpler under the assumption that X is a continuous
symmetric random variable. However, as it will turn out, we have only very
limited information on the norming constants A,, B, and thus the usual
techniques of symmetrization and convolution with a small continuous random
variable to pass from the above special case to the case to the case of a general
distribution pose considerable difficulties. As a consequence, we have opted to
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deal with the general case directly. The first lemma is trivial for continuous
random variables.

LEMMA 2.1. Let X be a nonnegative random variable with distribution
function F(x) = P(X < x). Then the following three statements are equiv-
alent:

... x*P(X > x) .. . x*(1-F(x))
2.1 | f—— " "7 —| fFo - -
@D N BRAK 1) e Jo o, PAF@)

2.2) liminf S EX Z0) e P Q- Flao))

_ = —— 2 =0,
x—oo EX?21{X < x} x—>00 f(o, 2 t2dF(t)

(2.3) liminf iz(l_F(x_)) -
v—oo [#(1— F(t))dt

Here, as usual, F(x—) = lim,, . F(y).

PROOF. Suppose that

x’P(X > x)
EX?1{X < x}

Then, upon setting ¢ = 2x, we have
t?P(X > 1t)
EX?1{X < Lt}
Hence (2.1) and (2.2) are equivalent. Next, by Billingsley [(1995), page 236],

e.
4e.

(2.4) [ #dF@)= 21~ F@)+2 [ o1~ (o).
(0, x] 0

We divide this relation by x?(1 — F(x—)) and conclude that (2.2) implies (2.3)
which in turn implies (2.1). This proves the lemma. O

In the proof of Theorem 1 we can assume, without loss of generality, that
| X;]| is unbounded, that is,

(2.5) P(|X,|>¢t)>0 forall¢=>o0.

Indeed, in the opposite case, Ibragimov's (1962) Theorem 1.4, the central limit
theorem for stationary ¢-mixing sequences with finite (2 + §)th moments
would yield a result much stronger than ours. [To verify the variance condition
in Ibragimov’s theorem, note that EX{ < oo and (1.7) imply 02 = ES? — o0
according to Lemma 2.6 below.]

For n > 1, define a,, by

=

(2.6) 1-F(a,)<~- and 1-— F(a,—)> 1
n n
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Clearly a, is nondecreasing and a,, — oo since if a,, < M for all n > 1 then
(2.6) yields F(M) = 1, that is, P(|X,| > M) = 0, contradicting (2.5). Put
xo=0and

(2.7) X, 1= Qqgt, k>1.
LEMMA 2.2. Condition (1.6) implies
216—k
liminf ——*

k—o00 f(07 4] t2 dF(t) B

ProOF. By Lemma 2.1, condition (1.6) implies (2.3). Hence for each 0 <
& < 1/16 there exists x = x(&) with
x*(1 - F(x-))
= <e
Jo t(A—F(t))dt

(2.8)

Let
G(x) := % /0 {1—F()dt, x>0

Clearly G is absolutely continuous and for any continuity point x of F (i.e.,
for almost every x) we have

G (x) = 2%(1 — F(x)) — 2x /O H1— F(t))dt <0

and thus G is nonincreasing. Choose k& with x, < x < x,,,. Then by (2.6),
(2.7), (2.8) and the monotonicity of G we get
167F1x2 - x?(1— F(x-))
<
JHtA—F()dt = [§ o1 - F(2)dt
But then by (2.4) and (2.6),

16742 < 168/0 "H1 - F(t))dt
- sgf 2 dF(t) + 8ex?(1 — F(xy))
(0! xk]
<8¢ t2dF(t)+ 2167 %x2.
\/(‘0’ xk] 2 k
This proves the lemma. O

LEMMA 2.3. Let {b,,, n > 1} be a sequence of nonnegative numbers, not all
equal to zero, and assume that for some integer [ > 1 we have

b A
(2.9) liminf 22t E N
N—oo Zn:l bn




LIMIT THEOREMS FOR MIXING SEQUENCES 811

Then the inequality
(2.10) bpiy+ -+ by < 21b,
holds for infinitely many n.

PRrROOF. Suppose not; that is, there is an ny such that for all n > n,,
bn+l +oe bn+l > 2lbn
Summing these inequalities for ny < n < N we obtain

N N N
2l Z bn< Z(bn+l+"'+bn+l)§l Z bn+l(bN+1+"'+bN+Z)7

n=ng n=ng n=ng

whence

N
Z bn<bN+1+"'+bN+l

and thus
N+1 no—1
(2.11) 2 by <2(byat+-+by)+ Y by
n=1 n=1
If 37216, < oo, then letting N — oo in (2.11) we get
o0 no—l
2. b, <> by,
n=1 n=1

that is, b, =0 for n > ng; but then (2.10) also holds for n > ng, contrary to
our assumption. If >>° ; b, = oo, then dividing (2.11) by its left-hand side and
letting N — oo, we get a contradiction in view of (2.9).

LEMMA 2.4. Let {Y;, j> 1} be a strictly stationary ¢-mixing sequence of
random variables with ¢(1) < 1/2. Denote the distribution function of |Y,| by
H. Then for any n > 1 and ¢ > 0, we have

P(lmax Y| > t) > min(n(1— H(t)), ).
Proor. Note that for 0 < & < 2/n we have (1 - k)" <1—nh/3 as one can

show by induction on n. Thus in the case n(1 — H(t)) < 2 we get by Peligrad
(1990), Proposition 3.1 and ¢(1) < 1/2,

P( max |Y,| > t) >(1—-¢1)A-H®)")

1<i<n

. %(1 14 %(1 . H(t))) - %n(l — H(®)).

If n(1 — H(¢)) > 2 then the first inequality in the last chain of estimates is
still valid, but now H(¢)" < (1 —2/n)" < e ? < 1/2 and thus the statement of
the lemma follows again. O
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The next lemma is a special case of Bradley (1980a), Lemma 2.3.

LEMMA 2.5. Let {¢;} and {n;} be ¢-mixing sequences of random variables
with mixing coefficients ¢(rn) and ¢’(n), respectively. Suppose that the se-
quences {¢;} and {n;} are independent of one another. Then the sequence
{&;+m;} is also ¢-mixing with mixing coefficient not exceeding ¢(n)+ ¢'(n) —
d(n)¢'(n).

LEMMA 2.6. Let {Y,, k> 1} be a strictly stationary ¢-mixing sequence of
square integrable random variables satisfying ¢(1) < 1/4. Let S, =Y, +---+
Y,, o, =VarS,. Then there exists a function «(n) — oo, depending only on
¢, such that

(2.12) 0, /0, = k(m/n)
for any m > n > 1 such that m/n is an integer and o,, > 0.

In the case n = 1 Lemma 2.6 is contained in Lemma 2.2 of Bradley (1988).
[Note that the p-mixing condition of Bradley’s lemma is satisfied by ¢(1) < 1/4
and well-known bounds for covariances of ¢-mixing random variables; see, e.g.,

Billingsley (1968), page 170.] Applying this statement for blocks of {Y,, £ > 1}
of length n, we get (2.12) in general.

LEMMA 2.7 [Peligrad (1985), Lemmas 3.1 and 3.2]. Let{Y,,n>1}bea ¢-
mixing sequence of random variables with partial sums T',. Suppose that for
some b >0, p,se N and aq > 0,

(2.13) (s) + max P(|T,—T;| = 3bag) <m < 1.
=I=p

Then for any A > a3 we have

n
1-7

E( opeaT? < (1+2b)° E,T?

(2.14) .

1\\* )
+ (28(2 + E)) EEA(Z)/ZS)Z {Qlaf); Yi s
where E 4 X denotes EX1{X > A}. Moreover, for a > ay and p > s, we have

P(max|T;| > (1+b)a) < (1 - ) *P(T,| > a)
1<i<p

(2.15) . bo
+(1-m) P(lrrgia<>; Y;| > 2G-1) 1)).

For s = 1 the last term is omitted.

The next lemma is a special case of Lemma 4.2 of Peligrad (1982).
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LEMMA 2.8. Let {Y;, j > 1} be a strictly stationary ¢-mixing sequence of
square integrable random variables satisfying ¢(1) <1/4. Let S, =Y, +---+
Y,, o2 = VarS,. Then there exists a positive integer m, depending only on
the sequence ¢(n) such that for all p <m, m > m,,

(1 -2¢Y2(1))"?0, < 30,

PrRoOF. By Peligrad’s (1982) Lemma 4.2 and by Lemma 2.6 the left-hand
side does not exceed o,,+20; < 30,,. [Again, the p-mixing condition of Peligrad
(1982), Lemma 4.2 is satisfied by ¢(1) < 1/4 and Lemma 1 of Billingsley
(1968), page 170; see the remark after Lemma 2.6.]

LEMMA 2.9 [Petrov (1995), page 155]. LetY,,...,Y, be independent ran-
dom variables with EY ; =0, o5 = EY? < oo and let F'; denote the distribu-

tiongunction of Y ;. Then setting S, = >, Y ;, s2 = PR ajz, we have for any
e >0,

< C(Ly(8) +¢),

1 X
sup|P(S, /s, < x) — — [ exp(—t?/2)dt
up| P(S, /5, < ¥) = —— | exp(~/2)
where
L,(e) =523 f x® dF (x)
j:]_ ‘xlz‘gsn
and C is an absolute constant.
The next lemma is a variant of Dehling, Denker and Philipp (1986),

Lemma 1, and gives a remainder term estimate in the central limit theorem
for stationary ¢-mixing sequences in terms of certain truncated moments.

LEMMA 2.10. Let{Y ;, j > 1} be a strictly stationary ¢-mixing sequence of
random variables with EY; =0, EY? < coand ¢(1) < 1/4. Let S, = 1Y
and 02 = Var S,,. Let p > 1 be the fourth power of an integer and let g > 6
satisfy

(2.16) g <o (pYY.
Let s > 0 and put

(2.17) u = Sy dp.
/{\sp\sgvp} P

2.18 v =02 S, P

( ) p /{g¢<|sp|/ap§g} P

and

(219) r = [gch
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where ¢ satisfies

(2.20) max(2y, g71) <c < 1.
Finally, set

(2.21) n=r(p+p"
and

(2.22) 2= ru’.

Then we have for each 0 < § < 1,
|E exp(itt™tS,) — exp(—t%/2)|
<2c+|tluto, M+ CsltPP(u o, et?)?
+ CS(|t|u—lo,p)2+SUZC—B/2 + 4¢1/2(p1/4)

+ t4g71 + 3|t|u710.pK(p3/4)71/2

(2.23)

where C; > 1 is a constant depending on é and « is the function in Lemma 2.6.

Proor. We follow the argument in Dehling, Denker and Philipp (1986).
By Lemma 2.6 we have o, — oo; we also note that u < o,. Hence, if [¢| > r'/2,
the third term on the right-hand side of (2.23) is

> pLHO/203/2 5 (g2 2)1H3/2 g0/

1 ,2+6/2,1+6/2 1 ,2+6/2 ,—1-6/2 1
> 387 > 3 g g = 3g > 2

by (2.19), (2.20), g > 6 and 6 < 1. Hence we can assume from now on that
|| < rl/2.

We use the standard blocking argument. We decompose S,, into r blocks of
length p each, separated by blocks of length q := p/* each, that is,

r r
(2.24) Sn=ZZj+ZZ}‘-=Un+Vn,
j=1 j=1
where
Jp+(j-1)q J(p+q)
i=(j-1)(p+q)+1 i=jp+(j-1)g+1

The blocks Z* of V,, have length g and are separated by the blocks Z ; of U,

each having length p. Thus each Z ; has q° times as many terms as Z%;. Hence
by Lemma 2.6,

0% = BZ} > k(q*)EZ}? = k(p**)EZ,
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where « is the function in Lemma 2.6. Also, by a well-known estimate [see
Billingsley (1968), page 170] and the previous line of estimates we have

(2.25) EV? <rEZ} + 4r*¢**(p)EZ}? <5rEZ;? < 5rk(p**) o}
since by (2.19), (2.20), (2.16) and the monotonicity of ¢

r¢t?(p) < g2¢Y*(p) < o2 (pY) (D) < 1.
Now by (2.22), (2.24), (2.25) and since |exp(iuv) — 1| < |u|, u € R, we obtain

|Eexp(itt™*S,) — Eexp(itt—*U,)| < Elexp(it7™*V,) —1]
(2.26) o
<|tIT T E|V,| < 3|t|7”'<(p3/4)‘”2-
The blocks Z ; of U, are separated by the blocks Z* of V, having length
q = pY* each. Thus by a well-known estimate [see, e.g., Billingsley (1968),
page 171, Lemma 2] and by stationarity we get

(227)  |Eexp(itr'U,) — (Eexp(itt—*S,))"| < 4ré(p**) < 4¢**(p"*)

since we have r¢'/?(p¥4) < 1 [proved similarly to the relation r¢'/2(p) < 1
above]. Next we estimate |Eexp(itr'S,) — (1 — t?/(2r))|. By Chebyshev’s
inequality and (2.19),

(2.28) | / exp(m—lsp)dP) <g?2<ert
[/{IS,|>g0, I

For the next estimate we use Taylor's theorem. We obtain

I / exp(itr1S,) dP — (1 — tz/(2r))|
(1S, I=87,}

|
< |P(S,| < gop)+itrt [ - S,dP
(2.29) ' pI=E
_ 12,2

5 S2dP—(1— tz/(2r))|

/{Isplsgop}

+ Ca|t|2+677(2+5)/ |Sp|2+5 dP,
{ISpl=go,}

where Cj; is a positive constant depending on 8. As in (2.28) we have
(2.30) |1-P(|S,| < go,)|<g?=<er ™
Since ES, =0, we have by (2.22) and (2.19),

| | |
|71 S, dP|=|r1 S, dP|
(2.31) | /{\s <goy P || /{|sp|>grrp} P

< g_lo'pr_1 < u_la'pr_lcl/z.
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The (2 4+ 6)th moment is estimated as follows. By (2.18), (2.22), (2.19), (2.17)
and (2.20),

O DN M e e (LT
D pl=5%
(2.32) = u B2 (go ) olu?
248
< 2<&) vzc_'s/23
u r
and
77(2+6) |Sp|2+8 dP < 77(2+8)(g¢0_p)8u2
(2.33) {ISpl=g¢o,}

By (2.17) and (2.22),

142.-2

1 S2dP = %/(2r)

/{\S |<goy}
and hence substituting (2.30)—(2.33) into (2.29) we obtain, by (2.28),
|Eexp(itt™S,) — (1 —¢%/(2r))| < r 'n,
where
n = 2c+ |t|o,cMPuTt 4+ 2C; |t P03 (o, /u)? e + Cs|t)P P (o et Put) .

Hence, and since |a” — b"| < r|a — b] for |a| < 1, |b] < 1, we have for |¢| < r'/2,

(2.34) |Eexp(itr™U,) — (1 — 2/(2r))| < n + 4¢2(p**)

by (2.27). Since |e* —(1+x)| < x? for |x| < 1/2, we obtain by the above remark,
lexp(—t?/2) — (1 — ¢2/(2r))"| < t*/(4r) for |t]| < r'/2.

The result follows now from (2.34), (2.26), (2.19) and (2.20).
The following lemma is used in the proof of Theorem 2.

LEMMA 2.11. Assume that the hypotheses of Lemma 2.10 hold. Let ¢ >0
and let « > 90(1 — 2¢Y?(1))"¥?/e. Then using the same notation as in
Lemma 2.10,

P(max 1S, = (1+ e)Ta) <10P(|S,| = Ta)
provided that
(2.35) (0,/7)° + (o,/u)’k(p**) +c<1/2 and c%0,/u <1.

Here k is the function in Lemma 2.6.
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PrOOF. We apply Lemma 2.7 with @ = ay = 7a, b = ¢ and s = 1. To verify
(2.13) with s = 1 it suffices to show, in view of ¢(1) < 1/4 and the stationarity
of {Y;, j =1}, that

(2.36) 31+ P(IS,] = irae) <n forany m <n,
where

4 a? a? _
(2.37) W=E+C+T—§+u—§f<(p3/4) L

To prove (2.36)—(2.37) note that since m < n = r(p + p*/*) we can write
m=t(p+pY*)+Ilwhere0<t<rand0<1[< p+ p¥* Set h = t(p+ p**).
Since [ < p+ p'/4, we can write I =1, +1, with 0 < /;, I, < p and thus using
stationarity, Lemma 2.8, (2.22) and as(1 — 2¢/2(1))*? > 90 we get

P(|Sm -S| = %87(1) = P(|Sl| > %87’01)
< P(|Sll| > tera) + P(|Slz| > fera)
< 64(0’121 + 0'122)/(8272012)

< 12000%/(s27%62(1 - 2¢*3(1))) < 02/7%.

(2.38)

Next, by (2.24) we have S, = U, + V,; and thus by the argument in (2.25),
EV2 < 5to2x(p¥4) L.

Thus by (2.22) and since ¢ < r and ea > 90

(2.39)  P(|Vy| = %sm{) < 320ta‘§1<(p3/4)_1/(8272a2) < (a'p/u)ZK(pS/4)_l.

Now
U,=>(Z2,{1Z;| < go,} — E(Z;1{|Z;| < go,,}))
Jjst
(2.40) +3.2;1{12,| = go,} + Y E(Z,;1{Z,| < go,})
J<t j<t

=1+ 1I+1III say.

By well-known estimates on ¢-mixing random variables [Billingsley (1968),
page 170],

EI? < Y EZ3{|Z,| < go,} +2¢"*(p" W EZ31{|Z,| < go,}
Jjst
< ru? + 2¢1/2(p1/4)r2u2 < ru? + 2cru?

as ¢t < r, by (2.17), (2.16), (2.19) and since the blocks Z ; are separated by p*/*
random variables Y;. Thus by (2.22), (2.20) and ea > 90,

1 256 ,. 768 1
(241) P<|I| > ESQ’T) < m(l’u +2C7'u ) < 820[2 < 1—0
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Now by (2.30), ¢t < r and (2.19),
(2.42) P(II #0) <) P(|Z;| = go,) < g%t<ec.

J<t
Finally, by (2.31), ¢ < r and the assumption ¢'/?¢,/u < 1 we have
(2.43) [III| < 7(c*?0,/u) < 7 < Tae/16.
Hence by (2.40), (2.41), (2.42) and (2.43) we obtain
(2.44) P(|U,| = te7a) < 55 +c.

Combining (2.44) with (2.38) and (2.39) we see that (2.36) and (2.37) are sat-
isfied. Hence the lemma is proved. O

3. Truncation. Let p > 1 and A > 4 be integers. We truncate X;, i > 1
by setting

(3 1) X;,szil{|Xi|§a)Lp}’
X;/,p = Xll{|XL| > a/\p}
so that
X; = X;7P+X;’,p.
We also set for m > 1,

S, ,= > (X; ,—- EX] ), SI =3 X,

(32) i<m i<m
P p=EISy ol 0, =E(SH )
and
/o / ;o ro_
(3‘3) Sp_Sp,p’ Pp="Pp, p Op =0p, p

The following lemma is an extension of Proposition 3.3 of Peligrad (1990) to
$-mixing sequences without moments.

LEMMA 3.1. We have for p > p,

150000, > a,.

Proor. Let{X] ,, i > 1} be an independent copy of {X; , i > 1}. Clearly
{X, p—Xipp 1= 1} is a stationary sequence of symmetric random variables;
by Lemma 2.5 it is also ¢-mixing with mixing coefficient ¢*(n) not exceeding

2¢(n) — ¢p?(n). Notice that ¢*(1) < 7/16. Let
(3.4) S = > (X7 , — EX] ).

i<m



LIMIT THEOREMS FOR MIXING SEQUENCES 819

We have for ¢ > 0,

P(max|X; ,~ X; | = ¢) < P( max |S; ,— 85 | = 4¢)

1<i<p 1<j=p
(3.5) <16P(|S), — S%| = 3t)
< 32P(|S)| = }1).

The first inequality is trivial and the second one is an extension of Lévy's
maximal inequality for independent symmetric random variables to the ¢-
mixing case. Indeed, let us follow the proof in Loéve [(1963), page 248], and
observe that in the notation there,

P(A, N By) = P(AR)P(B;) — $*(1)P(A}) = (3 — ¢*(1)) P(Ay) = 15 P(Ay)

— 16
upon using the fact that for any m < n, the sum 37" (X; ,— X} ) has a
symmetric distribution. Finally, the last inequality in (3.5) follows from the
fact that S’, and S7, have the same distribution.
Let @, be the distribution function of |X; , — X7 | and define a}, by

1 1
(36) 1- Qp(a}k)) = E, 1- Qp(a;—) > E

Clearly a’, — oo since otherwise a}, < M and thus @ ,(M) > 1—-1/(4p) would
hold for some M > 0 and infinitely many p’s; but then letting p — oo and
observing that @, — H weakly where H is the distribution function of the
symmetrized random variable X, — X7 (X7 is an independent copy of X,), it
follows that H(¢) = 1 for t > ¢,. That is, X; — X7 is bounded a.s., but then
by standard symmetrization inequalities [see, e.g., Loéve (1963), page 245], it
follows that X, is also bounded a.s., which contradicts (2.5).

We claim that for p > p,
(3.7) a, <2a,.
We first show that the conclusion of the lemma follows then easily. Indeed,
suppose first that

1, 1
Then by the second relation of (3.6) the left side of (3.8) lies in the interval
[1/(4p), 1/p]. Thus setting ¢ = a},/2 in (3.5) and applying Lemma 2.4 with
Y, =X, — X?¥ weobtain

4 i, p i, p

1 1,.01-0 (La* x| s 1y
ay BP0 QGe)  P(me X, - X, = o))
<32P(|S,| = ga}) < 256p',/a’, <512p',/a,,
by Markov's inequality and (3.7). On the other hand, if (3.8) is not valid then

Lemma 2.4 shows that the third expression of (3.9) is greater than or equal
to 1/6 and (3.9) yields again the statement of Lemma 3.1.
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It remains to prove (3.7). We have for p > p,,
P(|X] ,l = 2a3,) = P(| X1 ,| > 2a}, | X} , — X1 ,| > a})
+ P(1X} pl =203, 1X7 , — X1 ,| <a})

1 / *
<E+P(|X Lol =205, |X5 | > ab)

1 / * * *
=_—+ P(|X1,p| z zap)P(|Xl,p| =z ap)

4p

1 / * *
=t P(| X7, pl = 2a3)P(1X 4] = @})

1 1

— + - P(|Xy, | = 2a;

where in the last step we used the fact that a}, — oo and thus X,/a}, — 0 in
probability. Hence

P(|X} | = 2a;, le
Therefore, as A > 4, we have
P(Xy| 2 20}) < 5o+ P, # X )= 5+ PUXal ) S 5o o<
p 2p Ap p’

which implies (3.7).

LEMMA 3.2. There exists a constant C depending only on the sequence
{X;, j =1} such thatforall p>1and A > 4,

(3.10) E|X}, | <Cd),

PrOOF. It is known [see, e.g., Gnedenko and Kolmogorov (1954), page 173]
that if G is a distribution function with infinite second moment, then

1/2
/ t|dG(t) = o</ tsz(t)) as x — co.
|t|<x [t|<x

Thus in the case EX{ = oo we have E|X} ,|/o7 , — 0as p — oc; here, and

in the rest of this proof, the convergence is uniform in A. If EX? < co then,
since X, is nondegenerate by (2.5), E| X} |/0'1 » has a positive finite limit as
p — oo. Thus in all cases E| X’ p| < Cal for some constant C and since
oy, »/0, — 0 by Lemma 2.6, (3. 10) is valid. D

4. Proof of Theorem 1. We fix an integer A > A, and for each integer
p = 1 we define o, subject to the truncation of X ; at level a,,, as in (3.1)—-
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(3.3). Throughout the remainder of the paper p will be restricted to integral
powers of 16, p = 16%, k=1, 2, ... . Then we have either:

p—>00

CASE 1. liminf o) /a, <1075 log* A; or
L , "
Casg 2. liminf,,  o,/a, > 107> log" A.

In Sections 4.1 and 4.2 we will construct in each of these two cases an
infinite sequence (n;) and centering and norming constants A, , B, such
that in (1.8) the uniform distance of the distribution functions of the two
sides is at most C(log A)~# for some positive constants C and 8. The proof of
Theorem 1 will then be completed in Section 4.3.

4.1. Proof of Case 1. In this case the argument and the estimates are
similar to Dehling, Denker and Philipp (1986). Choose an infinite sequence
R, of integers p = 16™ such that

(4.1.1) sup{o’,/a,, pe Ry} <2-107°log*A.

We fix p € Ry and apply Lemma 2.10 to the sequence {X; ,— EX; ,, i > 1}.
We define nonoverlapping intervals

I, = [0, (log A)*?),
I; = [(log A)*?, (log A)12(+D)), 1<i<N:=[(log))?]+1
and set

b = (o) S2dP, 0<i<N
{IS)1/o,el;}

and
Bi= b, 0<j<N.
O<i<j
LEMMA 4.1. We have
min{b;/B%, 1< j<N} < N2

PROOF. Suppose not; that is,
(4.1.2) b;j/B5>N""* for1<j<N.
By (4.1.1) and Lemma 3.1, we have

p/
-4 p
2(logA)™" = P
p
1 1
(4.1.3) -—/ SyldP+— | S| dP
0y 1S, |/o,<log™? A} 0y H18,|/0,>l0g™ A}

< B;"? 4+ (log A)™2
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and so
Bj > (log A)8.
By (4.1.2),
B, =Bi+b;, > B+ N'?B ,,
that is,

B, > Bi(1-N*?)™"t
for 0 < j < N —1 and thus
%> Bi(1— N"Y2)"N > (log \) ®exp(vN) > 1

for A > Ay by the choice of N. This contradicts the fact that By, < 1 by
definition and thus the lemma is proved. O

Choose a k£ with 1 < £ < N such that

(4.1.4) by/Bj < N7 < (log A) /4.

We now choose the parameters in Lemma 2.10. Set

(4.1.5) g = (log 1) 2(++D)

and

(4.1.6) c=2(log A)~*2, ¥ = 1c.

Then

(4.1.7) (log 2)* < g < exp((log 1)%*)

if A is sufficiently large and thus

(4.1.8) r < g%c < exp(2(log 1)**) = o(AY?) as A — cc.

Also, g?c > g > (log A)** and thus for A > A,
(4.1.9) r>g?c—1> (log \)*.

We now add the bounds provided by Lemma 2.10. In view of (4.1.6) and (4.1.7)
we obtain, similarly to (4.1.3),

/

Pp
/

1 1
o S,ldP+— [ S, dP
o, s, e, ol His,l/oy>e)

2(log \) ™ <

<u/o,+ g < u/o), + (log )72,
Thus
(4.1.10) o, /u < (log A)*.
Hence by (4.1.6), (4.1.9) and (4.1.10),

(4.1.11) 2172 < 2(log A)*(log A)~® = 2(log )2
u
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and

/

o o
(4.1.12) T” = urf/z < (log A)*(log )% = (log A)~2.

Because of (4.1.4),
(o,v/u)? < (log A)~4.
Thus the fourth term on the right-hand side of (2.23) does not exceed

/ 1
Cs|t|2+5(0';,v/u)2<%c_l/2> < Ca|t|2+’5(log )\)_1/4(|Og A)lO«S

< C5|t|***(log A)~1/®

if 6 < 1/80. Hence adding all the terms in (2.23) we obtain from Lemma 2.10
for

(4.1.13) n=r(p+p"
and some 7, , >0,
(4.1.14) |Eexp(itT,",S, ,) —exp(—t*/2)| < C(|¢|* + 1)(log A)~¥/*°

for some constant C > 0 provided that p is so large that ¢(p'/#) < (logA)~!
and «(p%*) > (log 1)*°. Now by (4.1.13), (4.1.8) and (2.6),

P(S}, ,#0forsome m <n) <nP(|X,| > a,p)

(4.1.15)
<2pr(Ap)™ < (log ).

Thus by (4.1.14) we get, setting S, =>",_, X, and u,, , =3,_, EX]

l,p’

|E exp(it7, (S, — ta, »)) — eXp(—1?/2)| < 2C(|¢t* + 1)(log A)~H/*°.
Hence an application of Lemma 2.2 of Berkes and Philipp (1979) with T' =
(log 1)*/289 yields that the Prohorov distance of the distribution of 7,* (S, —
mn, ») and the standard normal distribution is at most C’(log A)~*/3% for

some constant C’. Since the standard normal distribution function ® satisfies
|®(x + h) — D(x)| < h for any real x and & > O, it follows that

1 x
SUp|P((S,, — pn ,)7pt, < %) — —— | exp(—t?/2)dt
(4.1.16) x « 2Ty 2 f,oo ( )
< 2C’(log A)~1/3%,
Note also that (4.1.6) and the estimates (4.1.10)—(4.1.12) imply that con-
dition (2.35) of Lemma 2.11 is satisfied if A > A, and p is so large

that «(p®4) > (logA)!°. Thus Lemma 2.11 implies for each ¢ > 0 and
a>90(1 — 2¢Y2(1))"V?/e

(4.1.17) P(rnrl\g)l( 1S, = (1+ g)Tn,pa) < 10P(|S, ,| = 7, pa).
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Together with (4.1.15) this yields for each ¢ > 0 and a > 90(1—-2¢/2(1))~1/?/¢,

P(max 1Sm — M, pl = (L + B)Tn,po‘>
m<n

(4.1.18)
<10P(|S, — i, p| = 7, pa) + 11(log 1)t

This inequality will be used in the proof of Theorem 2.

4.2. Proof of Case 2. Fix A > Ay and choose p so large that

(4.2.1) d(p"?) =A%, p=A
Set
(4.2.2) r=[(log))®], n=r(p+ p*?).

As in the proof of Lemma 2.10, we decompose S, , = >;_,(X; ,— EX; ) into

r blocks of length p each, separated by blocks of length ¢ = p'/? each; that is,
we write

S/’l,PZ ZZJ-'_ZZj:Un'i'Vn’
=1 j=1

where
Jp+(j-1)q J(p+q)
! / ! A
Zj= Z (Xi7p—EXi’p), Z’;: Z (Xi,p—EXi’p).
i=(j-1)(p+q)+1 i=jp+(j-1)g+1

By stationarity, Lemma 2.6 and (4.2.1), (4.2.2) we have, as in (2.25),

EV2 < rEZ? + 4r°¢Y%(p)EZ;? <5rEZ}? < 57”K(p1/2)710'1;2 < rof(log N3

if p is so large that «(p%/?) > 5(log A)3. [Note that the first relation of (4.2.1)
implies ¢(p) < (log A)~1€ for A > A, and thus r¢*?(p) < 1.] Hence

(4.2.3) P(|V,| = r'?g,(logA)™") < (log A) ™.

On the other hand, Theorem 2 of Berkes and Philipp (1979) implies the
existence of independent random variables &4, ..., &, with the common law
H = _7(8',) such that

(4.2.4) P(¢;— Z;| = 6¢(p'?) <64(p'?), 1<j<r

and since 6r¢(p'/?) < A71 for A > A, by (4.2.1) and (4.2.2), we have

(4.2.5) P(‘Un - Z ¢
j=1

> /\‘1> <AL

We also observe that for A > A, and p > p,, we have ro’?> > 1 as we are in
Case 2 and a,, — oo. Thus (4.2.3) and (4.2.5) imply that the Lévy distance of
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L(8S,, ,/rt?a,)and £ (X" _ €;/r'/?07,) is at most 2(log A)~*. Hence applying
Lemma 2 9 for the §; with

1
4.2.6 - _—
( ) log A

and noting that the standard normal distribution function ® satisfies |®(x +
h) — ®(x)| < |h|, we get

sup P(S,, ,/o,rt? < x)— \/L_ /io exp(—t2/2)dt‘
1 X
(4.2.7) < sup P( Z &;/o,rt’? < ) - [m exp(—t?/2) dtl
+ 4(log A)~?

< C(e+ L,(&)) +4(log )™t = C(5¢ + L,(¢)),

where C is an absolute constant and

(428)  Ly(e)=-——5 Y. f

0p j<r |x]|>¢e0,r1/2

x® dH(x) = (07,) 2 / ., & dH(x).
To estimate the last quantity, we apply Lemma 2.7 to the sequence Y,; =
(X; , - EX; ,)/o, i =1,2,.... Choose s so large that ¢(s) < 1/256. By
Lemma 2.8 we have 0y < 3cr (1 —2¢%%(1))"2 forall 1 < i < p, provided
that p is sufficiently large. Settmg b =1/2, D = 3(1 — 2¢%2(1))"%2 and
ag = 64D, we see that condition (2.13) is satisfied with n = 1/128. Indeed,

1 1 i\ 1
P(lTp_Ti|ZEbao):P(|Tp—i|216D)§ < L ’p> < —.

256D2\ o), 256"
Hence, for every A > (64D)? we have
(4.2.9) E 2T < 3 E,T% + 645° 1355 E 1652 fMax Y2
We set
h(A)=E T3,  B=13,
(4.2.10) g(A) = 645°128/127E 4 16,2 max Y2

Then we can rewrite (4.2.9) in the form
h(4A) < Bh(A) + g(A).
Hence we obtain by induction for each £ > 1 and all A > (64D)?,

(4.2.11) h(4*A) < B*h(A) + 2g(A).
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Indeed, this is true for £ =1 and if it holds for %, then
h(4*1A) < Bh(4*A) + g(4*A)
< B(B*h(A) +2g(A)) + g(A)
< B**h(A) +2g(A).
Set
(4.2.12) A =log* A
and let % be the largest integer with
2% < LlogA.
Then by (4.2.12), (4.2.6) and (4.2.2),
4% A < 1log® A < ré.

Hence the last term in (4.2.8) (which equals E,.,. T%) does not exceed, in view
of (4.2.11),

(42.13)  h(4*A) < B*h(A) +2g(A) < B" +2g(A) < (log A) % + 2g(A)

for A > Ao. Thus it remains to estimate g(A). Setting Z; , = X; , — EX; ,
using the well-known identity [Billingsley (1995), page 275],

(4.2.14) EX1{X > M} = MP(X > M)+ /; P(X > t)dt,

valid for nonnegative random variables X and noting that A/16s2 > log? A for
A > Ay, We obtain

2
8(A) <655°E 0, max L

12

sisp O
C
(4.2.15) < {f [0;3 log? AP(|Z; ,| = o, log A)
oy ’

o 2
+ fg;,zlogm P(Z3 , > u)du:|

for some constant C;. Using (3.10) we can continue our estimates and obtain
for A > Aq, using (4.2.14) once more,

Cip , 1
< ﬁ[a}flogz )\P<|Xl’p| > 50, log A)

p
o0 , 1
n / o P<|Xl,p| > §ﬁ> du}
4C
= b X7 ,dP

(4.2.16) >
0}3 {(1/4)02 log? A<X? )}
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ac
- b X2dp
05 (/403 log? A< XE<a3,}
C
2P X2 dP

— 8
a2 10g” A /{Csa, log® A<|X;|<a,,}

C,p !

S =% X2dp
a% IOg A 1=0 1@ 16t <IX1l<a ,igri1}

since we are dealing with Case 2. Here C, is a positive constant and

(4.2.17) ! =logg A] < log A,

where log,s denotes logarithm with respect to base 16. We now apply

Lemma 2.3 with

b, = X2dP,
" /{xn<\X1|§xn+1} !

where «x,, is defined in (2.7). To check (2.9) we observe that
byt by = [ X2dP = ,1,1(1 - Flxy1)
{xnpa<|X1|=xnpr4a}
< 16ll6—(N+l+l)x§v+l+l

by (2.6). Hence by Lemma 2.2 the liminf of the fraction in (2.9) equals 0, as [
is fixed. Recall now that p is of the form 16¢ and for p = 16’ the last integral
in (4.2.16) equals b;, ;. Thus by (4.2.15), (4.2.16), (4.2.17), Lemma 2.3 and (2.6)
we obtain for infinitely many p’s of the form p = 167,

C
ga)s 2o X24p
CL% |Og A {a,16<|X1|=a,}
(4.2.18) 5C,
2 2 -7
2D 21— F(a,6)) < 32C,(log A)~".
< af, Iog7/\ p( (ape)) < 2(log A)

Hence by (4.2.7), (4.2.8), (4.2.6), (4.2.13) and (4.2.18) we have

(4.2.19) sup|P(S, ,/o,rt? < x)—

; exp(—t?/2)dt| < C5(log A)~!

1 X
7=l
for some constant C;. Now as in Section 4.1 [cf. (4.1.15)] we have by (3.1),
(3.2), (2.6) and (4.2.2),

P(S}, , #0forsome m <n) <nP(|X,| > a,,)
<2r/x < (logA)™*

and thus by (4.2.19) we get, setting u,, , = >, EX;

i, p’

(4.2.20)

sup| P((S, — o )/, < x) -

1 X
(4.2.21) | Nz f—oo
< Cy(log )™
for some constant C,.

exp(—t2/2)dti
|
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Similarly to (4.1.18) we obtain in Case 2 the following maximal inequality:
For each § > 0 and a > 60(1 — 2¢/2(1))1/2/8,

P( max [S,, — . | = (1 + 6)0;,r1/2a)
(4.2.22) m=n
<3P(|S, — un, pl = O';rl/za) +4(log A)~L.

This will be used in the proof of Theorem 2.

We follow the pattern of the proof of Lemma 2.11 and (4.1.18), replacing
by o,r'/? and & by &. First as in (2.38) we obtain by (4.2.2) and the assumption
on e,

4.2.23 P(IS,, — S,| = 360’ r'%a) < 0?/(0?r) < 1/10.
h 4%%p p p

Next as in (2.39) and (4.2.3) we get [see also the estimate for EV?2 preceding
(4.2.3)]

(4.2.24) P(|Vy| = 380, r'/?a) < (log A)~® < 1/10.
Finally, since t < r,
EU% < rEZi + 4r2¢1/2(p1/2)EZ§ < 57‘0';)2
since by (4.2.1) and (4.2.2), ¢*/2(p*?)r < A7%(log A)® < 1. Thus by a8 > 60,
(4.2.25) P(|U,| = g80,r'?a) < 1/10.
Now (4.2.23), (4.2.24), (4.2.25) and ¢(1) < 1/4 imply that condition (2.13) of

Lemma 2.7 is satisfied with s = 1, b = 8, a = ag = 0,,r"/?, 7 = 6/10 and we
obtain by Lemma 2.11 in analogy with relation (4.1.17),

(4226)  P(max|S,, ,| = (1+8)d)r2a) <3P(IS,, ,| > ort2a).
The inequality (4.2.22) follows now from (4.2.26) and (4.2.20). O

4.3. Completion of the proof of Theorem 1. The results of Sections 4.1 and
4.2 show that for each A > A, there exist, regardless whether Case 1 or Case 2
holds, infinitely many different positive integers n and corresponding norming
and centering constants «; and &7 such that b} — oo and

sup|P((S,, —a})/b; < x)— \/% /_xoo exp(—t2/2) dt| < Cp(logAr)~7?,

where Cy and y < 1 are positive constants [see (4.1.16) and (4.2.21)]. Relation
b;, — oo follows in Case 2 from the fact that o, > p/, — oo by Lemma 3.1, while

in Case 1 we observe that u/o), > (log A)~* by (4.1.10) and again o, — 00
Choosing the values A = exp(k??), k = 1,2,... we can get an increasing
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sequence (n;) of positive integers and numbers A, , B, (k =1,2,...) such
that B, — oo and

(4.3.1)

1 x 1
sup| P((S,,, ~ A,,)/B, < %) = E[_oo exp(—£2/2) dt| < oL
k=1,

2,....

This completes the proof of Theorem 1. O

5. Proof of Theorem 2. We shall deduce Theorem 2 from Theorem 1
by adapting an idea from Kuelbs and Zinn (1983), pages 522 and 523; the
maximal inequalities (4.1.18) and (4.2.22) obtained in Section 4 provide the
essential new ingredient required in the ¢-mixing case. Since in (4.3.1) we
have B,, — oo, by passing to a further subsequence of (n;) we can assume
that B, is increasing and

(5.1) P(S,, ,— A, |=k'B,)<k? k=12,

Np_1

and consequently

(5.2) (S,, . — A, )/B, — 0 as.

Ng_1
by the Borel-Cantelli lemma. Extend the sequence (A, ) to a sequence
(A, j=1) by defining

A=A, J/ng, N1 < J=< Ny

Relations (4.1.18) and (4.2.22) and the linear growth of the sequence u,, , in
these maximal inequalities imply

P( max [S,, —A,|>(1+8)B, a)
np_ <m<ny k

(5.3)
<10P(|S,, — A, | = B, a)+ 11k 2

for all § > 0 and a > 90(1 — 2¢/2(1))~%/2/8. Fix now 0 < & < 1 and note that
by (5.3) and (4.3.1) we have for & > k&,

P( max |8, — A,,| > (1+)((2+ &) log k)l/ZBnk>

np_j<m=ny
<10P(|S,, — A, | > ((2+¢)logk)"/*B, )+ 11k 2
< 20(1 — ®(((2 + &) log k)*?)) + 31k ™2 = O(k~1+/2)

and thus by the convergence part of the Borel-Cantelli lemma we get

5.4 li maxnk 1<m=ny |Sm - Am| 1
. m — — < .S.
&4 PP T B @lgRyz S
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On the other hand, using (4.3.1), (5.1) and 1 — ®(x) ~ (2m) Y2x1exp(—x?/2),
we obtain for any 0 < @ < b < 1 and sufficiently large £,

(Sn, —A,,)—(S,, , — Ay, )
P _ 11 k a3 Np-1 N1 -1
(a k< B, (2100 k)17 <b+k )

>Pla < S = A <b) k2

- B, (2log k)2

> ®((2log k)M2b) — B((2 log k)*2a) — 3k2

1

> const.———— exp(—a? log k) — 3272 > exp(—(1 — n) log &),

Jlog &

where n = (1—a?)/2. Thus applying the divergence part of the Borel-Cantelli
lemma to the ¢-mixing sequence S, —S,,  we get, using also (5.2), that with
probability 1 the sequence

(5.5) { Sne = An, ) 1}
. T Al IN1/0° 2
B, (2log k)2

has at least one limit point in the interval [a, b]. [Recall that the divergence
part of the Borel-Cantelli lemma continues to hold for ¢-mixing sequences;
see losifescu and Theodorescu (1969), Corollary, page 6.] The same argument
applies for intervals [a, b] with —1 < a < b < 0 and thus almost surely the
set of limit points of the sequence (5.5) contains [—1, 1]. Defining

Np-1

D, =B, (2log k)2, ny_,<m<ny

and using (5.4) it follows that almost surely the set of limit points of {(S,, —
A,)/D,,, m > 1} is identical with the interval [—1, 1] and also

A

- Sn — 4in .. Sn _An
(5.6) limsup ——-=% =1, liminf ———%

=-1 as.
k— 00 an k—0o0 an

To complete the proof of Theorem 2 it remains to verify (1.10); we shall
actually prove that limsup,_ . [S,,|/D,, # 0 a.s. Assume on the contrary
that

(5.7) P(;!LTO Sy, /Dy, = o) >0

holds, then by the second relation of (5.6) we have
(5.8) A, /Dy, —1

along some subsequence (m}) of (n;). Since (4.3.1) and (5.1) continue to hold
along the subsequence (m}), the proof of (5.6) yields
. Sm - Am
(5.9 limsup—~—=*"=1 as.,
k—o00 Dfnk
where D;, = B,, (2log k)'/?. Relations (5.7), (5.8) and (m,) C (n;) imply that
with positive probability we have (S,, — 4,,)/D,,, — —1 and thus S,, —
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A, < 0for k> ky which contradicts to (5.9). This completes the proof of

Theorem 2. O
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