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RATIO LIMIT THEOREMS FOR A BROWNIAN MOTION
KILLED AT THE BOUNDARY OF A BENEDICKS DOMAIN

By PIERRE COLLET, SERVET MARTINEZ' AND JAIME SAN MARTIN?
Ecole Polytechnique, Universidad de Chile and Universidad de Chile

We consider a Brownian motion in a Benedicks domain with absorp-
tion at the boundary. We show ratio limit theorems for the associated heat
kernel. When the hole is compact, therefore the Martin boundary is two
dimensional; we obtain sharp estimates on the lifetime probabilities and
we identify, in probabilistic terms, the various constants appearing in the
theory.

1. Introduction. Let n > 2 and consider E a closed, proper subset of
R" !. We denote by @ = R" !\ E and we identify it with & X {0}, in what
follows. We assume that each point of E X {0} is regular for the Dirichlet’s
problem associated to the operator = 1A in & = R"\ E X {0}.

Let £ be the cone of positive harmonic functions in & vanishing at E. A
result of Benedicks [4] (see also [1], [2]) states that:

B1. Either all functions in & are proportional or
B2. &, is generated by two linearly independent, minimal positive harmonic
functions.

We refer to Theorem 4 in [4] for an integral test characterizing both cases.
We remark that in both cases there is a unique, up to a multiplicative
constant, positive harmonic and symmetric function, denoted below by v,
which satisfies v,(z) = v, (Z) where z =(x,y) €2 and zZ = (x, —y), x €
R"" !, y € R. We fix a point in & denoted by 0 and we also fix v, by imposing
v,(0) = 1. We recall that from Herglotz’ theorem v, has the following repre-
sentation for y > 0:

v,(§,0)dé
(1.1) v,(2) = xy + &, [ YR
@ (lx = €1° + %)
where
ws (M2 2exp(—1/2s
@ =/ p( / )dS,

"o (2m)"?
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and
v, y)
x = lim ————.
yo® Y

Theorem 3 in [4] ensures that y > 0 if and only if B2 holds. We point out that
a representation such as (1.1) can be written for any nontrivial positive
harmonic function, and it is easy to check that all of them are nonintegrable.
Notice that for the domains we consider, since the inner radius is infinite, the
largest point of the spectrum for .# in L*(Z,dz), is A = 0. Let (W,) denote
the standard n-dimensional Brownian motion. We consider 7 the hitting time
of 2 and for z, z' €2 we denote by p,(z,z')dz' = P, (W, € dz', 7> ¢t) the
heat kernel on & with Dirichlet boundary conditions.

THEOREM 1.1.

(i) For any Benedicks’ domain 2 and for any z,z' €9, s >0, the
following ratio limit exists:

Piis(2, 2
lim L,) - 1.

t-o p2z,2")
(i) For any Benedicks’ domain 2, the quasi-limiting distribution is zero;

namely, for any z,z' €9,
lim P, (W, € dz'l7 > t) = 0.
t—
(i1) If B1 holds then the following ratio limit exists for z,z' €9
. p(z,2)  v(z')
lim = ,
t-= p(z,2)  v(z)

uniformly on compact subsets of 9.
(iv) If B2 holds, then the following ratio limit exists for z € @, z' €9:

. p(z,2")  v(z)
lim = ,
to= p(2,2)  v(2)

uniformly on (z, z') on compact subsets of @ X 9.

We get sharper results on the case & is bounded, which constitute the
main part of this work. We point out that Corollary 2 of [4] ensures that in
this case, the Martin boundary has two extremal points.

THEOREM 1.2. Assume @ is bounded. Then the following limits exist and
satisfy:
() lim, . p,(0,0)¢t""2/2 = x=2(2qr) " /2,
(1) Forall z,z' €9,
pi(z,2")

lim ——— =, (2)v,(2') + x2yy'.
tim 20— (e (=)
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Moreover, the function

w(z) = ["ds[ p,((£,0),2) d

is finite on R" and satisfies

w(x,)
lim A
(&) \y\linoc |yl
(iv) v(z) = x(yl + wl2)) for all z € R™
(v) w(0) = x ' = [ ds[ p,((£,0),0) dé.
0 a

Let 7 denote the exit time of &. The survival probability P,(7 > t) satisfies

2 1
(vi) P.(7>1t) = — [yl + wz)] +o ﬁ)

in particular for all z,z' €9,

} P>t u(2)
(vii) B (T ) o)

THEOREM 1.3. For any s > 0 and for any A € &,

Hm P, (W € Al7 > t) = 11,(A),
t—

where 11, is the distribution of a diffusion with transition probability densi-
ties given by

m(z,2')dz' = (( ))IP(W €dz', T>t).

We mention here that the technique we use to prove Theorem 1.1 can be
generalized to contain other domains and semigroups. A basic assumption we
use is that the semigroup is similar to a self-adjoint one; that is, p,(z, z') =
e5@®q,(z,2")e 5#) where q,(z, z') is self-adjoint in L*(Z, dz). In this gener-
ality, part (i) always holds, but since A is not 0 the limit should be read as
e 2%, More specifically, in proving (ii) we use that any ground state of the
infinitesimal generator is nonintegrable. As for part (iii), the crucial hypothe-
sis is the uniqueness of the ground state.

Ratio limits theorems are well understood for general diffusions on com-
pact domains (see [10], [11] and references therein). For half lines in the case
of general one-dimensional diffusions see [5]. For some planar domains see
[3]. The large time asymptotics of the diffusion kernel, under some integrabil-
ity conditions on the ground state, is given in [9], even in nonsymmetric
cases.
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2. Proof of basic results and Theorem 1.1. In the following lemmas,
we shall establish monotone properties as well as convergence of ratios for
the heat kernel. A basic tool we use is the parabolic Harnack’s inequality (see
[7] or [12]), which allows us to compare the kernel at different points of the
domain. We state it in the following form: for any compact set K c 2 there is
a constant Cy such that for any § < d(K, 92)/2, for any points z, z’, 2" in K
such that d(z, z") < 8 and d(z', z") < & and for any ¢ > §2 it is verified that

(2.1) p(2,2") <Cxp,.s2(2',2") <Cip,.s52(2,2").

LemMmA 2.1. If ¢ is a nonnegative nonzero function belonging to Cy(2),
then the function { ¢, e'%p) is log-convex.

PrOOF. From the spectral theorem for bounded self-adjoint semigroups,
there is a positive finite measure u such that

(p,ep) = fowe“ du(A).

Therefore,
I, ey [0 e du()) @, ey [ eMZdu(A)
(o, %y ["eMdu(n) (g e )  [%.eMdu(A)

and using Schwarz’s inequality, it follows easily that

92 log(< ¢, et’7¢>) > 0. O

COROLLARY 2.2. Let ¢ be a nonnegative nonzero function belonging to
Cy(2), and s a fixed number. For t > max{—s,0} the positive function
(o, exp(t + s) L)) /{¢,e'“p) is nondecreasing when s > 0 (nonincreasing
when s < 0) and bounded above (respectively, below) by 1. Similarly, for any
z €2 and for t > max{—s, 0} the function (p,, (z,2))/(p(z,z)) is nonde-
creasing for s > 0 (nonincreasing for s < 0), bounded above (respectively,
below) by 1.

Proor. We have

(pexp((t+5)L)e)
(@, e )

d, log ) = f”sﬁf log({ ¢, e™)) dr,
t

then the monotonic property follows immediately from Lemma 2.1. Bounded-
ness follows directly from the bound on the spectrum of #. The corresponding
properties for the kernel are deduced from the continuity of p,(, -) by letting
¢ converge to a Dirac measure. O
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LEMMA 2.3. There is a finite number A, such that for any nonnegative
nonzero function ¢ € Cj(2) and for any s > 0,
(o, exp((t +5)Z)e)

2.2 li = —Ays).
(2.2) tl—glo (p,e ) xP( =)

Moreover, for any z €2 and s > 0, we have
Piis(2,2)

lim ——— =exp(—A,s).
t»» p,(z,2) p( «5)

Proor. It follows at once from Corollary 2.2 that the limit in (2.2) exists.
Let us denote this limit by a(s). It is easy to verify that if s; and s, are
positive numbers, we have a (s, + s,) = a(s;)a(s;). Since by Lemma 2.2
and Corollary 2.2, 0 < a,(s) <1 we have a,(s) = exp(—A,s) for some finite
nonnegative number A, and it remains to prove that this number is indepen-
dent of .

Let K denote a compact set contained in 2. Let 31 denotes the distance of
K to 2. We can find a finite array of points.# such that any point in K is at
a distance less than 7 of some point, in .#. We choose once and for all a point
y in #. Using (2.1) several times, we conclude that there is a constant C; > 1
and a positive number Ty < |.#|n such that for any ¢ > 7> we have for any
z,2',2" €K,

P2 2") = Cyprgie (2, 2),
where 0 < T'(z', z") < 2T%. Using Corollary 2.2, we obtain
(2.3) p(2',2") <Cip/(z,2).

On the other hand, using again (2.1), there is a constant C, > 1 such that for
any u > 72,

p.(2,2) <Copyiri .H(2',2").
Taking u =t — T(2’, 2") (for t > 2Ty + 1) it follows that

Pi-reer,n(2,2) < Cyp(2',2").
From Corollary 2.2 for ¢t > 2Tx + 1, we have

pth(z’,z”)(z’ Z)

> 1.
p(z,2)
This implies that there is a constant C; > 1 such that for ¢ > 2T + 1,
(2.4) p(z,2) <Cyp,(2',2").

Let ¢ € C3(2) be nonnegative nonzero and with support in K, multiply-
ing inequalities (2.3) and (2.4) by ¢(x)¢(z) and integrating over z' and z’,
we obtain that

-1 _
(Cillell}) <o, e %) <p,(2,2) < Cyllelli o, e %).
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From this equation we deduce that for any s and for any ¢ large enough, we
have

1 {p,exp((t +$)Z) ¢y
(¢, e %)

(CsCyliely)

_ Pus(z,2) (p,exp((t +5)Z)¢)

- pilz,2) (¢, e %) '
It follows as above that the function p,,(z,2)/p,(z, z) converges when ¢
goes to infinity, and that the limit is exp(— A(z)s). Therefore the limit in (2.2)

does not depend on ¢ and A, = A(z) = A. It follows easily that Ax does not
depend on K. We refer to [8] for a related result. O

< (:’301”4’”?[L

LEMMA 2.4. A, = 0.

Proor. From Corollary 2.2 and Lemma 2.3, we deduce that —A, < 0.
Denote by (E,), the spectral family of projections associated to .. Since 0 is
the maximum of the spectrum of ., and since C3;(2) is dense in the space
L*(2), for every £ > 0, we can find a ¢ € C;(2), nonnegative such that

[ €D||L2(9)
||E[78,01€0||L2(9) > T ;

otherwise the spectral projection E;_, o =E, - E would have a norm
smaller than 1.

For this function ¢ we have

0
(¢, e %) Zf eMd{¢, E,p)

—&

— &

0
e [ d(¢,E\¢) = e “llgllixa)/2.
—&

It follows from Corollary 2.2 and Lemma 2.3 that for any integer n > 1,

(p,e"p) < (@,e“prexp(—(n — 1)A,).
From these estimates the result follows. O

LEMMA 2.5. For any compact set K contained in &, and for any point z in
the interior of 9, there is a number 8, , > 0 and a constant Cy , > 0 such
that if z' and z" belong to K we have for any t > 3,

pi(z,2") _ pi(z,2")
p(z,2) p(z,2)

< CK,Z|2’ _ Z//|3K,z‘

ProoOF. For a given ¢ > 3, we will denote by m the integer part of ¢, and
consider on the time interval 1 € [m — 2, m + 1] the function

pT(z’Z,)

u(z',7) = b (2.2)
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Using (2.1) and Corollary 2.2, we conclude that this function is bounded on
compact sets (in z’) uniformly in 7 (in [m — 2, m + 1]) and uniformly in
m > 3. We can apply the results of [12] or [1] to conclude that it is Holder
continuous on K (in z’), uniformly in 7 and m. The same result also holds for
the function

p(22) | pa(2,2)
pi(z,2) = u(zh9) (2, 2) ’

since by Corollary 2.2 the number p, (z, z)/p,(z, z) is bounded by

ps(z,z
sup 2222 -

se[0,1] DPsis(2,2)

LEMMA 2.6. For every fixed z € there exists a finite constant C = C(z) >
0 such that forallt > 1 and all 2’ €9,

pi(z,2") < C*I=lp,(z,2).

Proor. We first assume that z = 0. Consider z’' = (x, y) €2 where y > 0
and define z* = 0 + (0, —1). By Harnack’s inequality we have for all ¢ > 1,
pz',0) < Ap,, (z', z%), where A and u are finite positive constants. Using a
reflection argument with respect to the hyperplane L = {(x,y) € R"/y =
—1/2} and Harnack’s inequality,

Pevu(2',2%) <pu((x, =1 =y),2%) < C1"¥p, (2%, 2%),

where C; is a finite positive constant and «’ is also positive and finite but
depends on z’. We now use Corollary 2.2 to get

p(2',0) <AC{"Ilp,(2*, 2%).

The result for z = 0 follows by an application of Harnack’s inequality in
conjunction with Corollary 2.2. The case y < 0 is similar. For a general z, we
use again Harnack’s inequality and Corollary 2.2 to get

p(z',2) < Cyp,.(2,0) < C,C171#1p,(0,0) < C,C3C1 "1 p(2, 2),

where C,, C,, s only depend on z, from which the result follows. O

We are now going to derive some properties of the function
pz,2")/p,z, z) as a function of z’, where z is a fixed point in the interior of
2. More precisely, we will need later on the Hélder continuity of this function
uniformly in #, on compact subsets of 9.

PrOOF OF THEOREM 1.1. Let us prove part (i). The case z = z’ is shown
already in Lemma 2.3, and we will from now on assume that z # z'. We
introduce the notation

I(z,2") =p,(z,2) + p(2',2") + 2p,(2,2").
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Consider a fixed compact set K CZ such that z,z’ € K. Using (2.3) and
(2.4), we deduce that for some constants C; = C(K), C; = C4,(K) and ¢ >
to(K),

(2.5) sup pi(21,25) < CiL(2,2")
21,29€K
and
(2.6) I(z,2") <Cy inf p,(zq,2,).
z1,29€K

Now take ¢ and ¢ two nonnegative functions in Cj(K) such that

o o
—_—— —_———

z € Supp ¢, z’ € Suppv, Supp ¢ N Supp ¥ = J,
and
lelly =1yl =1

(here Supp ¢ denotes the support of ¢). Therefore from (2.5) and (2.6) we
deduce that there exists a constant C, = C,(K) such that for all s > 0 and
t > t(K),

Co+ ¢, exp((t+3)L)(e+ )

-1

2.7 g (ot i, e”(e+y))

0 Li(22) S+ bex((t+5)7) (e + 0)
I(z,2") — 7 e+ e (et y)

On the other hand, letting ¢ and ¢ converge to the Dirac measures of z and
z’', respectively, we obtain that for all £ > 0 and all s > 0 the function of ¢,

It+s( Z2,2 ’)
I(z,2")
is monotone nondecreasing and bounded above by 1. Once again,
hm It+s( 2, Z,)
t-= I(z,2")
Pirs(2,2) +pi(2',2") + 2p,.(2,2")

= lim — - =exp(—A(z,2')s
00 p(z,2) +p(2',2") +2p,(z,2') (=A( )$)

for some 0 < A(z, z’). From (2.7) and the previous lemmas, we get A(z, z’) = 0.
In particular we have

1+ (2pt+s(2’2,))/(pt+s(2’2) +pt+s(2”zl)) 1

8 T @n(z.2))/ (2. 2) T oz 2)

From (2.3) and (2.4) we get that for large 7
2p.(z,2")
p.(z,2) +p,(2',2')
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is bounded above and below away from zero. Therefore it follows from (2.8)
that

. Piis(2,2) pi(z,2) +p(z',2")
11m i ! ! =
t—= Py (2,2) +pyg(2',2") p(z,2")

from which (i) follows.

We now turn to the proof of (ii). Let fix a point z, €2. By Lemma 2.5, on
any fixed compact set, the family of functions of z,

ooy - PiE0s?)
! pt( 205 20)

is equicontinuous; therefore we can extract a convergent subsequence. Using
a covering argument we conclude that there is a sequence (¢,) such that v,
converges to a function v, uniformly on compact subsets of &. This function
is moreover continuous in &. Note that this function is nontrivial since we
have v,(z,) = 1, and by Lemma 2.6 is bounded by g(z) = C**l=I,

From the semigroup property, we have for any s > 0,
ptn+s(20’ z) ptn( 29, 2) pt”( 295 20)
ptn(ZO’ z) ptn(ZO’ 2y) pt"+s(20’ 2y)

ptn+s(20’ z) B ptn(zo’ zy)
pt"+s(20720) ptn+s(20’20

Using (1) and the dominated convergence theorem, we conclude that for any
s > 0 small enough,

1,

) fgps(z, z’)vtn(z’) dz'.

vy(2) = fps(z,z’)v*(z’) dz'.
i)
It follows from Lemma 2.6 that
2 172 1/2
vye(z) <E,(g(W,),T>s)< sup [[Ezy(g(Ws) , T > s)] (P(7>s))"".

lz'—z|l<1
z2'eg

Since every point of the boundary of & is assumed to be regular, we get that
the last term converges to zero as z converges to the boundary of 2. This
means that any accumulation point, as ¢ tends to o, for the family of
functions (p,(z,,-)/p,(2,, 2,)) is a nontrivial positive harmonic function.
From Herglotz’s theorem each one of them is nonintegrable on 2.

We now prove part (ii). By definition we have

pi(2,2) dy
Jopi(2,2") d2"”

Let (K,,) denote an increasing sequence of compact sets converging to .
Take any sequence (¢,) such that

Y CE) B G0
t-=  IpP(29,2") dz’ "*waptn(Zo’Z,)dZ"

P, (W, €dzly>t) =
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By taking a further subsequence, if necessary, we can assume that the family
of functions (p, (2,,)/p, (2, 2¢)) converges to some positive harmonic func-
tion v, uniformly on each K, . Since

lim sup P20, 2) = lim P20, 2)
t-»  JaP(29,2") d2’ n— e potn(zo,Z’) dz’
. pt"(zo’z) vy (2)
< lim =

n— meptn(ZO’Z’) dz’ meU*(Z’) dz'’

and the nonintegrability of v, we conclude the proof of part (i).

Now we proceed with the proof of part (iii). It follows from B1 that any
accumulation point v, is unique up to a multiplicative constant and there-
fore v, (2) = v,(2)/v,(z,), from which (iii) follows immediately.

The proof of (iv) is entirely analogous and is based on the symmetry of the
considered ratio on z'. O

From part (iv) of Theorem 1.1 we deduce the following result.

COROLLARY 2.7. Letz,,2, €@, z,2' €T; then the following limits exist:
. p(22,2)  v(23)v,(2)
lim = 5
t== (215 21) (vy(27))
. p(2,2") +p(2,2') v(z)v,(2)
lim = 5
Ul 2p,(21, 21) (vs(21))

and they are uniform on compact sets in each variable.

3. Proof of Theorems 1.2 and 1.3. In what follows a main role is
played by the heat kernel p; (-,-) on the upper half space H = R""! X R%
with Dirichlet boundary conditions on ¢H = R"" ! X {0}. If we denote by
z = (x,y) a point in R" with x € R"" !, y € R, then from the independence
of the coordinates it follows easily that for y, y' > 0,

. , exp(—(x —x’)2/2t) exp(—(y —y’)2/2t) oy
pi(z,2") = TEYE Y 2 sinh—.
(27t) (27t) t
We observe that
+ ’ 2yy, —(n+2)/2 —(n+2)/2
(3.1) pi(z,2') = t + o(¢ )

(2m)"?

uniformly on compact subsets of H.
The basic relation between p, and p,” is given by

(3.2) p(z,2) =p(z,2) +p/(2,2).

This follows at once by considering separately the trajectories which do not

cross & plus a reflection argument for those which cross it.
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LEmMA 3.1. For z,z' €D with y > 0 and y' < 0 (or analogously y < 0
and y' > 0, we have

2

Yy t Yy
—(n+2)/2 _
fos exp( S

pi(z,2') = W

ds fgexp s

Xpe-s((£,0),2") dé

_(x—é)z)

(3.3)

Proor. Let 9, be the hitting time of ¢ and ,; be the exit time from
R"~! X R*. Notice that the trajectories from z to z’ must cross @. From the
Markov property we get

p(2,2")de’ = P(W,ede’, T>t) = f()th(WtEdz’,ZHEds,9> t)
= /:[Pz(% €ds, T>s, Ey(W,_,€dz', 7>t ~5))
= ftf P.(7, €ds, 7>s, W,ed(£,0))p, ,((£,0), 2") dz’
0’@

- /t/ P,(Tu € ds, W, € d(£,0))p,_,((£,0), z') dz".
0@

Standard formulas (for instance, see [6], page 197) and independence of the
coordinates for a Brownian motion give.

y exp(—y?/2s) exp(—(x — 5)2/23)
Vormrs3 (2778)((n_1)/2)

P,(7y €ds, W,ed(£,0)) = dsdé.

Therefore the result follows. O
The main technical lemma is the following one.

LEMmMmA 3.2. If @ is bounded then for any z, z' in the upper half space H
there exists a constant C(z,z') < © such that

p/(z,2") <p/(z,2') <C(z,2")p;(2,2') fort=1.
Proor. The left inequality is obvious. Let us show the second inequality.
Observe that from (3.1) and ¢ > 1 we have
pi(z,2") = At~ "*P/2 fort > 1,

where A > 01is a constant depending on z, z'. On the other hand, if z, = (0, 1),
we obtain from Harnack’s inequality and Corollary 2.2 that p,/(z,z') <
C,p/z,, zy), for some constant C, depending on z, z'. Therefore the result
will follow if we can prove

pi(29,20) <Ct™"*2/2 for ¢ > 1.



RATIO LIMIT THEOREMS 1171

Hence for ¢ > 1, using (3.1) and (3.2) we get
(3.4) (20, 20) <Di(20,2y) + Cyt 272

where C, is a finite constant.

We now introduce the function w,(z) = [{ ds/,p,((&,0), z) d¢, which is
well defined for z ¢ @.

In what follows we first consider the case n > 3. Using the Gaussian
bound,

1 (§-x)" 2
ps((€,0),2) < Wexp(—T — 2_3 ,

we obtain that w(z) < .
The next step is to split the integral over [0, ] in (3.3) into two pieces to
get p(z,,2,) = I, + J, where

1
.= Wfoms(””’/zexp( —1/2s) degexp(—ﬁ/ZS)ptfs(( £,0),%,)d¢,
1 t

J, = (ZW—)nﬂft/zs’(””)/sexp( —1/2s) dsfgexp(—§2/23)pt,s(( £,0),2,)dé.

For the second term we have

1 2 (n+2)/2
el

(27T)n/2 ?
1 (2)(n+2)/2
S — —
(2m)"?\ ¢

‘/;;2 dsfgp“s(( £,0), %) d¢

w.(z,)-

Using a reflection argument with respect to the hyperplane L = {(x,y) €
R"/y = —1/2} (see Figure 1), we obtain for all u > 0 and for all £ € @,
p.((£,0),2)) <p,((§,—1),Z).

Since & is bounded we get from Harnack’s inequality and Corollary 2.2,

pu((g’ -1), 50) =< C§+d(g)pu(20’ 50) = C§+d(g) (205 20),

&,0

@€.-D Z,=(0,-1)

Fic. 1.  Reflection construction to move away from the boundary.
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where C; is a finite constant depending only on n, and

d(e) = supllvl.
ved

Hence we get from (3.4),

t*(n+2)/2

2
P2, 20) < [T/zwx(zo) +C,
(35) Cl+d(@‘)
3 t/2 —(n
(2 )n/2|g|f ( +2)/26Xp( 1/2S)pt 9(20’ 20) dS

where |@] is the (n — 1) dimensional Lebesgue measure of &.

If lim, . p,(z,, 2))t""?/? = o since p,z,,2,) <t /2 for all ¢t > 0 we
obtain that for any fixed number R > 0 there exists 7 > 0 such that
220, 20) <Rt™"*2/2 for t < T and py(z,, z,) = RT~"*?/2 Therefore we
get from (3.5) that

2
RT—(n+2)/2 < [ 73 oo(50) + C2 T—(n+2)/2
T

Ci* D@l .1/

1
+— s~ (n+2)/2 oy (——)R T — g)~("+2/2 o
(277')'1/2 0 P 2s ( )

2
< [T/wa(go) + C2 T (n+2)/2
T
C§+d(@)|g| 2 (n+2)/2 ° 1
+3 " plZ (n+2)/2 ——\a
o Bln)  fees|- g e
Therefore,
2
R < [me(fo) + Cz + C§+d(g)|@’|KnR,
where
K =ifms_(”+2)/2ex —i ds
" w"/2 ) P 2s ’

If C3*¥9|@|<K,! we get a contradiction. Thus we have proven the
result for small @.

When @ is not small we consider p,(z,2') = p,,,>(z/b,z'/b). It follows
immediately that p is the heat kernel on D= R”\E’ x {0} where E =
R ! \Q’ and @ = ba. Obviously, we have d(@) = bd(@) and |&| =
b" " '|@|. Therefore if we choose b > 0 small enough we get C”d(@)lﬁ’l <K,
Hence, there exists a constant C such that for all ¢ > 1,

Pi(29,20) < Ct=(n+2/2,

from which by Harnack’s inequality the result follows for n > 3.
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We now consider the case n = 2. In this situation the Gaussian bound is
not good enough to prove that w.(z) < . Nevertheless, it gives us the
following a priori estimate for ¢ > 1:

IA

w,(zg)

exp(—(v?+1)/2s
ftdsf p( ( )/ ) dv
0 @ 27s
l@| sexp(—1/2s) |@|
— | ——d — (1 + log(t)).
= 277/(-) s § = 277( 08( ))
We obtain by a similar argument an upper bound analogous to (3.5),

C, l@] (1 + log(t))
(3:6) pi(2,20) < el + w2 2

C1+d(£)|@>| /9
T B
2

1
s 2 exp( — 2—S)pt_s(20, 2,) ds.
Again, if lim sup, _, .p,(2,, 2,)(t%/1 + log(t)) = =, since p,(z,, z,) <t /% for
all ¢ > 0, we obtain that for any fixed number R > 0 there exists T > 0 such
that p,(z,, z,) < R((1 + log(¢))/t?) for 0 <t <T and pp(z,,2z,) = R((1 +
log(T))/T?). Hence from (3.6),

R(l +10gT) C, @(1 +log(T))

T2 F + ) T2
C§+d(g)|@’|R T/2 —1\1+ log(T - S)
(CNR o7 1) LTI
27 0 2s (T - s)

C, l@| 1 + log(T)

S

= F * a2 T2
CHaD\g|R (1 + log(T/2 o 1
+ = B( 2/ ) fsQexp(——)ds
27 (T/2) 2s
C l@| 1 + log(T 1+ log(T
LG L) )
T, = T T

Thus R < C, + |@|/m? + C}T¥9|g|K,R. Similarly to the case n > 3, we get
a contradiction. Hence, there exists a constant C, such that for all ¢ > 1,
p (29, 2¢) < C,((1 + log(#))/t?). Using a reflection argument and Harnack’s
inequality as above, we obtain that for some finite constant Cj,

1 + log(s =1 + log(s
w,(2,) 505(1+f1t#ds) 305(1+/1 —Zg()ds

S S

< oo,

Finally we proceed as in the case n > 3 to conclude that

lim sup p,( 2y, 2¢)t2 < . ]

t—>
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Notice that from the previous proof we find that
ww(z)=fwdsfps((v,0),z)dv<00 forz ¢ @,
0 @

independently of the dimension n.
Using Harnack’s inequality and Theorem 1.1(31), we obtain the following
corollary.

COROLLARY 3.3. Let K, C H and K, CZ be two compact sets. Consider
21, 25 in K, and z4, z, in K,; then there exist two finite and positive constants
A, B, depending on K, K, such that V ¢t > 1,

Ap/(21,2;) <pi(23,24) <Bp/ (2;,25). d
Proor oF THEOREM 1.2. We fix ¢ > 0 and let T'= T'(&) > 0 to be deter-

mined later on. Consider z € H and z' € —H. For ¢t > T, we split the time
integral on (3.3) into three pieces,

p(z,2") = Lt,T + Mt,T + l]t,T’

corresponding, respectively, to the integration over the s variable in the
intervals [0, T'], [T, ¢ — T'] and [¢ — T, t]. Let us start with L, , given by

2
Lop= =2 [Ts o exp(_ y_) ds
em)? 2s

(6-2)
>< S —
/@exp( _
From Corollary 2.7 and Theorem 1.1(i), we get for all s € [0, T'],

. P ((£,0),2") _ '
th_)n; pt(0,0) - Us((f,O))Us(Z )

Using again a reflection argument, Harnack’s inequality, Lemma 2.3 and
the fact that @ is bounded, we obtain

ptfs(( £,0),2") < Cp,(0,0),

where C depends on z' and 7. Therefore by the dominated convergence
theorem we get

lim —Lt’T
t-» p,(0,0)

pt—s((f’0)7 Z() df

2

0.(2)Y (T i) y (¢-2)
= W/Os exp| — o dsfgexp ~ o v,(€,0)d¢
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and

L,
lim im
T— o t— o pt(O 0)

v,(2)y = y?
- 57 —(n+2)/2 - 1d —
T )n/2A S exp( 23) sf exp

Using the change of variable u = s/((¢ — x)? + y2), we get

(- x)°
2s

)Us(§$0) d§

L, v,(£,0)
pm fim o, 0) w21 )yf (e-2)+5%)" .
Recall that
v,(¢,0)
v(2) = xy +y€, —
J (6= +2%)"

Hence there exists Ty = T (&), such that for all T' > T, there exists ¢, = ¢,(T)
such that for all ¢ > ¢,

3.7 —v,(2")(vs(2) — xy
(3.7) g P~ =
We now consider
2
y ¢ Y
U - v _ —(n+2)/2 d
or (2m)""? _/;Texp( 23)8 s
(é-2) ,
ngexp T o Dp,—,((£,0),2") dé.
Therefore we obtain
y ot \(tY/2 y?
t(n+2)/2U — s d
t,T (277)71/2/0 (t—u) exp 2(¢ — u) u
¢§—x)”
X - 0),z') dé.
Jexp| = gy |Pe((£:0),2) de
By the dominated convergence theorem we get
Yy
1 t(n+2)/2U
P (2 )”/2 wr(27),
from which follows
lim lim ¢"*»/20, Y w(z") < .

T—oow t—ow (27T)n/2
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Hence there exists T, = Ty(&) such that for all T' > T, there exists ¢; =
t,(T) such that for all ¢ > ¢,

(3.8) t 2y, — w(z')| < e.

Y
(2m)""?

Using a reflection argument as in Figure 1, Harnack’s inequality and
Lemma 3.2, we obtain for every ¢ — s > 1,

pt—s((§70); Z,) < Clpt—s(Z’, Z’) < Cz(t _ S)_(n+2)/2’

where C,, C, are finite constants depending on z’'. Thus we get the following
upper bound for M, ,:

t—T _
Mp<Cyf s 202t —5)" "2 ds < 0T/ D2,
T

where C;,C, are finite constants, which depend on z,z’, and the last
inequality holds for ¢ > ¢,(T"). Hence

(3.9) lim lim M, ;¢t**?/% =0

T—>ow t—>»w

Let a be any accumulation point of the set { p,(0,0)t"*?/2 ¢ > 1}, which
by Corollary 3.3 must satisfy 0 < a < «. Also we consider a subsequence
t, ~ © such that

a= ;im p.,(0,0)¢(" /2,
From the estimates (3.7), (3.8) and (3.9) we get

p.(2,2")
3.10 lim 42—~
( ) k ptk(0,0)

On the other hand, for all ¢ > 0,

=vy(2")(vs(2) —xy) + (z').

S S
a(2m)"?

p(2,2") _ p(2,2") +p(2,2") pi(2,2")

p(0,0) 2p,(0,0) 2p,(0,0) -
from which by Corollary 2.7 and (3.1) we get

p,(z,2") vy’
3.11 lim——— =v (2)v(2') + ——.
( ) A ptk(o,o) s( ) s( ) a(2ﬂ_)n/2
From (3.10) and (3.11) we find the following relation:
(3.12) w(z') —v(z)a2m)" " x =y,

which implies that a is uniquely determined by v, and w,. Therefore the
following limits exist:

(3.13) a = lim p,(0,0)¢"+2/2
t—
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and
(3.14) limM=v(z)v(z’)+L’.
t—= p,(0,0) ¢ ° (27)"*a
We now turn to the proof of Theorem 1.2(iii),
w.(x,y)
sl 0

We first consider the case n > 3. Using the Gaussian bound,

1 (¢é-2)° y?
2600 2 G| -5 ool - 5 ).

we obtain for |y| > 1,

~exp(—1/2t)

ww(z) S|g|j;) Tdt<°®,

from which the result follows for n > 3.

We now assume n = 2. Consider the heat kernel 5 on R? associated to
I? =RZ\ (R\ (—p, p)) X {0} where p > 0 is chosen such that & c (—p, p) =
@. Obviously we have p,(z,z') < p(z,2z') for all ¢t > 0, z, z' € R? Therefore
it suffices to prove the result for w.(z) = [§ ds/zp,((£,0),2) d¢.

We consider the auxiliary function A defined for z € D,

A(z) = f:dSﬁs((O,O),Z),

which is finite because, from Corollary 3.3, we have the a priori estimate
p,(0,0),2) < Cs2 for s > 1 and p,((0,0), z) < C for s < 1, where C depends
on z. Now for all s > 0, x € R, p,((0,0),(x, y)) < p,(0,0),(0, y)), follows by
reflecting the trajectories on their first visit to the line x’ = x /2.

Therefore, A(x, y) < A0, y). Assume that 0 <y’ <y and consider L =
{(n, &) € R?/¢ =y'}. Then the strong Markov property and the symmetry of
the Brownian motion implies

5((0,0),(0,9)) = [ [ 5,-u((0,0), (n. ¥)Py,, (7% € du, W, € (dn, ¥)),

where 77 is the hitting time of L. Hence, by monotonicity on |z,

5,((0,0),(0, y)) < f:fLﬁs_u((o,m,(o, Y)Po. (71 € du, W, € (dn, "))

= [ Bs_u((0,0),(0, y))Pq. (7, € du).
0

Integrating the last inequality on s yields

A0, ) =< | ’ A By-u((0,0), (0, y))Pyg, (7, € du) ds = A(0, "),



1178 P. COLLET, S. MARTINEZ AND J. SAN MARTIN
which implies for all x € Rall y >y’ > 0,

, . A(x,)
A(x,y) <A(0,y) <A(0,y') and then lim ——— = 0.

lyl>e |yl

The next step is to control p,((£,0), z) for £ € @.
We assume z = (x,y) where y > 1; then a typical reflection argument
shows that for all s > 0,

py((£€,0),2) <p,((£,1),2)

and then by Harnack’s inequality for all s > 1 we obtain the existence of two
finite and positive constants C, § such that

ﬁs((§’0)72) =< Cﬁs+3((0’0)’z)'
Thus if y > 1,

w(2) < foldsfg_ﬁs((g,O),z) dé + |8ICA(2)

< dé+1@ICA(2)

fldsf_eXp(_(g_ x)’/2s)exp(—1/2s)

0 a 2ms
1exp(—1/2s)

< fO e

ds + |@|CA
ons s +|@|ICA(z)

and (iii) follows.
Since lim, . v(y)/lyl = x we obtain immediately from (iii) and (3.12)
that
1

3.15 a=—-7>.
( ) )(2(27T)n/2

From (3.13) relation (i) follows.
Plugging the value of a obtained in (3.15) in (3.12) and (3.14) gives,
respectively, (iv) and (ii). Now we turn to the proof of (v):

1 )
w,(0) = N =]O dsf@ps((f,O),O) dé.

From (iv) we obtain lim, _,, , ., w.(2) = 1/x, hence we must show

lim Owdsfgps((g,O), 2) ds = j;)xdsf@ps((g,O),O) de.

z—0
y#0

By the continuity of the heat kernel for s > 0 we obtain
lin(l)ps((g,O),z)=ps((§,0),0) Véeo.
y#0

Fix £ > 0. Then by Harnack’s inequality we obtain for all s > &,
ps((£,0),2) <Cp,,,((£,0),(0,1)),
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where C and 6 depend on &. Hence by the dominated convergence theorem,
lim [ d ,0),2)dé= [ d ,0),0) dé.
lim [ ds[ p.((£,0),2)dé= [ ds p.((£,0),0)dé
y#0
Finally,
& & 1 (.’X,’ - 5)2 y2
d 0 d ds| —— - ——d
[ pateonerdes [aof oo em| -5 o - 5

e exp( y2/2s) o2 €xp(—1/20%)
T

_ 2
- |yl(‘/,lexp( 1/2v?) . 3

v
(2mv)'? 2my?

Hence (v) follows from an application of the monotone convergence theorem.
A similar argument shows that for all z, € R",

fdsf@p((f,O),z) dé ezazOIdsfgp((f,O),zo)dg.

Finally we prove (vi). Let us first show that for z € —H,

w2) 1
(3.16) P(W, e H, 7> 1) = ot +o(ﬁ).

Integrating (3.3) over H = R"~! X R* we obtain

P.(W,eH,T>t)= fpt(z',z) dz'
H

’ 12
- [ y_n/z/ts—mw)/zexp(_y_) ds
H(2) 0 2s

(x' =€)

X fgexp — 25

)pt—s((fao), Z) dédz’

¢ ds
N Lm[@ps((ﬁﬂ),z)dg.

Using that ¢ is bounded, together with a reflection as in Figure 1 and the
upper bound coming from Corollary 3.3, we can prove that for s > 1,

0(s) = fgps(( £,0),2) dé < Cs(n+/2,

where C depends on z.
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Let 0 < 1 <1, we get for ¢t > 1,

t 9(8) tS_(n+2)/2 1
— < C| ————ds=o|—].
/;" t—s ft" t—s 5T a

On the other hand the dominated convergence theorem allows us to
conclude that

) o=,

from which (3.16) follows.
The reflection principle gives us

P,(W,e —H,7>t)=P,(W,e —H, I,y >t) +P,(W,e H, T>t).
Noticing that (see [6], page 96)

2|yl 1
Pz(Wt e —H, %H > t) = Pz(%H > t) = ﬁ + O(W)
Therefore we have the estimate in (vi),

(3.17) P(7>t) = V%(Iyl—l—wm(z))—ko %)

Observe that (vii) is an immediate consequence of (iv) and (vi). This ends
the proof of Theorem 1.2. O

Proor oF THEOREM 1.3. Using the strong Markov property (vi) and (vii) of
Theorem 1.2, we find

P, (7>t —u)

: P(7>t—u)
P,(W,edz'lT>t)=F,| o W, eds!,T>u| =

P (7>t —u) P,(7>t)

vs(2')
=, 5« E, ,W,€dz, T7>u
vy(2)

Since v, is harmonic, It§’s formula and a localization argument shows that

E.(vy(W,),7>u) =v,z).

Therefore by Scheffe’s lemma, we conclude that
lim P, (W, € Al7 > t) = [ m(z,2) dz/,
t— A

where
v,(2")
v,(2)

m,(z,2")dz' = P,(W,edz',9>u).
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Similarly as before, using the appropriate convergence on compact subsets of
9, we have for any A € #,, K CZ a compact set,

limP,(We A, W, e K|lT>t)

t—

v (W,)
—E| =" WeA, W, eK, 7> ul.
v,(2)

Finally, the result follows since

vS(Wu)
vs(2)

can be made small as desired by taking K large enough. O

limPZ(Wu$K|7>t)=EZ( ,Wu$K,7>u)
t—>

As in Theorem 1.1, the quasi-limiting distribution is equal to zero; never-
theless, from (3.16) and (3.17) the next result follows.

COROLLARY 3.4. For any z € with y > 0 we have
w.(z)

IimP (W, e HI>t) = ————.
P (W, | ) 2(y +w.z))

REMARK. We point out that when the Martin boundary has dimension
one, we get at once from (3.2) and Theorem 1.1 that for all z € H,

P/ (2 2)
lim ———— =

t-o p(2,2) B
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