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EXPONENTIAL INEQUALITIES AND CONVERGENCE OF
MOMENTS IN THE REPLICA-SYMMETRIC REGIME
OF THE HOPFIELD MODEL!

By MICHEL TALAGRAND
Université Paris VI and Ohio State University

In a previous work, we proved the validity of the replica-symmetric
solution for the Hopfield model in a nontrivial domain of parameters. This
was done at the accuracy of the LLN. In a somewhat larger domain, we
obtain a description at the level of the CLT, or, in the terminology of physics,
we calculate the fluctuations around the mean field. This is obtained by
refining the tools we developed for a rigorous use of the cavity method
and proving new a priori estimates about the “localization” of the Gibbs
measure.

1. Introduction. The Hopfield model of memory was recently the object
of much attention, and, in particular, this author devoted a long paper to the
study of its many aspects [7]. In order to make the present paper reasonably
self-contained, we will repeat the main definitions.

The Hopfield model centers on a certain random function defined on the
space Xy = {—1, 1}V. An element £ of 3 is called a configuration (because
physically it describes a configuration of N spins). The randomness is brought
in by an independent sequence (7; ;);<n, x<y such that P(n; , =1) = P(n, ; =
—1) = 1/2. The configurations n;, = (7, ;);<n, called the prototypes, play a
special role, and so do the quantities

1
(1.D my(&) = N > Mi k€
i<N
which are called the overlaps. The random function of interest (the
Hamiltonian) is given by

N
(1.2) H(g)=—= Y my(e)* — hNmy(e)

2 k<M
(where h > 0 is a parameter). When A = 0, this is the most natural function
that takes large negatives values at each of the configurations 7,. The purpose
of the extra term —ANm(¢) is to distinguish one of the overlaps. It is natural
in statistical mechanics to study (1.1) through the introduction of an inverse
temperature B8, and to introduce the Gibbs measure given by

-N

(1.3) G(e) = 27 exp(—BH(g)),
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where Z is the normalization factor

Z=2"N %" exp(—BH(¢)).

8621\]

All the quantities we write then depend on N, M, B and the randomness
(m;,z)- The dependence on the randomness is always kept implicit. The depen-
dence on the other parameters will be made explicit whenever there is a risk
of ambiguity. The model is studied as N — oo, for the “typical configura-
tion” of the randomness. We are interested here only in the so-called case
of the Hopfield model with many patterns, where M is a (small) proportion
M = |aN| of N. (This is by far a more challenging situation than the case
M /N — 0.) The parameters of the model are then «, 8, h (and N — o0). The
Hopfield model (as well as other models for spin glasses) is, despite the appar-
ent simplicity of its definition, an object of enormous complexity. All the results
of the present paper concern the range of the parameters “where the system is
in a pure state,” in which physicists have discovered very beautiful formulas
[A-G-S] by methods that the mathematically inclined reader will likely find of
the utmost interest. The most important of these formulas, that is, the value
of the average free energy per site,

(1.4) Fy(a, B, b)= lim %Elog Zy,

was calculated rigorously in [7] in a domain that, although smaller than the
region where physicists predict that the formula holds, contains an appar-
ently very nontrivial region. This was done by developing the “cavity method,”
that is, computations of quantities relevant to the N-spin model in function of
quantities relevant to the (INV — 1)-spin model. It is absolutely not trivial to see
how to do these computations, and for that purpose we had to develop rather
involved methods. Soon after reading our proof Bovier and Gayrard (who previ-
ously had authored a string of important papers on the Hopfield model) found
a very different proof, with considerably greater geometric appeal than ours
[3]. Despite the beauty of their argument, we see two reasons not to be fully
satisfied by it. First, it seems that this argument uses very specific properties
of the Hopfield model. On the other hand, the cavity method is very versatile
and has been successful on a variety of spin-glass models [8, 9] (although with
computational tools different from those we will use here). The second reason
is that the geometric property on which the Bovier—Gayrard approach is based
[the convexity of the function (6.2)] appears to be valid only in a subregion
of the correct domain of parameters [as will be explained after (6.8)] so that
it can be feared that (unless its formulation can be weakened) this geometric
property is an accidental rather than an essential feature.

As far as aesthetics is concerned, it must also be said that [7] greatly suf-
fers from the fact that we attempt there to make systematic use of “thermo-
dynamical arguments.” These require us to add a “perturbating term” to the
Hamiltonian (1.2). This perturbating term creates a number of unessential
but unpleasant complications. Moreover, while it does not change the value
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of (1.4), it somewhat changes the problem. The choice of this approach was the
result of the fascinating work of Guerra [5] that appears to produce crucial
information literally out of nothing. It turns out in retrospect that this was
not the way to follow. For our purposes, perturbated Hamiltonians are a hin-
drance rather than a help, and we will not use them at all here. The primary
motivation behind the present work is a recent paper [10] (itself motivated by
physicists’ questions) where (in a subregion of the “high temperature” region)
the famous Sherrington—Kirkpatrick (SK) model is solved “at the accuracy of
the CLT” (in a sense that will soon be explained). There are (at least in our
mind) close connections between the SK and the Hopfield model. The validity
of the physicists’ solution for the SK model was first proved [6] (at nonzero
external field) in a nontrivial region using a somewhat rough argument. A
much more detailed picture was obtained in [10]; the main tools for this are
an adaptation of arguments that were developed in [7] for the Hopfield model.
The SK model is, however, much simpler than the Hopfield model, and the
rather nontrivial task of extending the results of [10] to the Hopfield model
will be carried out here. Specific motivation is also provided by the recent
CLT proved by Bovier and Gayrard in [4] for the case where M = M(N)
satisfies lim;; .,  M(N)/N = 0. While this is certainly nontrivial, it is, in
our opinion, significantly easier than the case we consider here. In particu-
lar, our proofs seem to indicate that (even at high temperature) there is some
intrinsic exquisite complication in the structure of the Hopfield model when
M = |aN|. This complication is of an algebraic nature; possibly a simple
underlying structure remains to be discovered.

Let us now state our results. These are stated in terms of overlaps and repli-
cas. We will consider p-replicas, which are simply the product E‘X, provided
with the product measure (Gy)®? (for the same realization of randomness).
A point in a p-replica is a sequence (&!, ..., £”) of p configurations. The over-
lap of two configurations is defined as

(1.5) el == > eile?.

We will also define

1 !
m' = (my(&")g_ppr
and, quite reasonably,

(1.6) m'-m' = Y m,(e)m,(e).
2<k<M

A quantity such as (1.6) will also be called an overlap. The reader should
observe that the summations do not include % = 1; the terms m,(&') have to
be handled separately [their special role being obvious from (1.2)]. The reason
for the different normalizations in (1.5) and (1.6) is that ¥;_y €? = N while
Y o-hey Ma(€) is of order 1. The fact that the overlaps either as in (1.5) or
as in (1.6) are “nearly constant” (in fact have fluctuations of order N~1/2) is
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the central feature of the high-temperature phase. This is explained in [7],
Section 4, and made even more blatant in [8, 9] and [11]. The fact that the
overlaps are “nearly constant” will be expressed in a strong way by exponential
inequalities that are interesting for their own sake. Before we state these, we
must explain in which region we prove them. We define the accessible region
as the region of the parameters for which either

(1.7) 1<p<2 and as%(ﬁ—l)z
or
(1.8) B>2 and aSLlogB'

There, as well as in the rest of the paper, L is a number, not necessarily
the same at each occurrence. In the case of (1.7), (1.8), it helps to think of the
constant L in (1.7), (1.8) as a parameter that we choose as large as convenient
(as our methods are not appropriate to obtain reasonable numerical values,
we make no attempt in this direction). The term “accessible” simply refers
to the fact that we could prove something there. The parameter 2 can take
any positive value, but we will provide complete details only when 4 is very
small [i.e., for @, B asin (1.7), (1.8), our results will proved for 0 < & < A(a, B)
where A(«, B) > 0]. For large A, condition (1.7) (in particular) can be improved
upon. This is, however, a source of (real but unessential) complications and
the reader is referred to Section 3 of [7] to enjoy these.

In contrast with (1.8) (which gives the correct behavior as B — oco) Bovier
and Gayrard obtain only the smaller region Lo < 1 when 8 > 1, and their
approach (as it stands now) does not extend to the correct region (1.8). [For
later discussion, the subregion of the accessible region where (1.8) is replaced
by LaB < 1 will be called the BG region.] The results of [7] are obtained only
in the BG region, although the condition LaB < 1 occurred there for very
different reasons than in the geometric method of Bovier and Gayrard.

THEOREM 1.1. For each value of the parameters («, B, h) inside the acces-
sible region, there is a number K (possibly depending on a, B, h) such that
for all N large enough, and all t € R we have

(1.9 E(expt(e'- €2 — E(e' - £2))) < exp KN¢?,

(1.10) E(exptN(m! -m? — E(m'-m?))) < exp KNt2.

There, as well as in the rest of the paper, the bracket (-) denotes thermal
average, that is, integration with respect to the Gibbs measure, and E denotes
expectation in the “quenched variables” (1, ;). There is an interesting inter-
pretation of (1.9) as a strong way to express “lack of symmetry breaking”;
see [10].
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In order to express our convergence results in a general fashion, and consid-
ering now p-replicas, let us define an admissible function on 3%, as a (finite)
product of expressions of the following four possible types:

(1.11) N~Y2(el . e/ — E(e - ")),

(1.12) N2(m' - m! — E(m! - m")),

(1.13) N'2(|m'|” - E(|m'[?)),

(1.14) N2 (mk(sl) - E(mk(sl))), 1<k<M.

THEOREM 1.2. If W is an admissible function on 3%, then

(1.15) lim E(W) exists.
N—oo

Our proof of (1.15) is constructive and provides (in principle) a way to com-
pute explicitly the limit for every W. The limits (1.15) contain all the infor-
mation about the joint law of finitely many admissible functions W, ..., Wg.
Indeed, the joint law of W, ..., Wz under the Gibbs measure is determined by
the (random) quantities (W7?, ..., W&*). The joint & law of these under the dis-
order is determined by their moments, which (using replicas) are themselves
of the type E(W) for an admissible function W. The only problem remaining
is to find explicit formulas. This is a problem of a somewhat algebraic nature,
and, as we feel that the challenge of the model (in the accessible region!) is
largely gone, we could not find the energy to do this. It seems almost certain
that the finite family of functions on EIX, of the type

N_l/z(b‘l . 81’ _ ( L. El/)),
(1.16) N2(m' -m" — (m'.m")),
NY2(my (&) — (my(&")))

is under the Gibbs measure asymptotically Gaussian, perhaps even with a
covariance structure independent of the disorder (the reader should have no
problem to make such a statement precise!). Moreover, the families

N712((eh- &'y — E(e' - £)),
(1.17) NY2((m! .- m’) — E(m'.m")),

NY2((my(eh) — E(my(€")))
should also be asymptotically jointly Gaussian. We did check this in the sim-
plest case of the family (1.16), [ = 1, £ > 2 varying (which is asymptotically
i.i.d. with a variance independent of the disorder) and (1.17) (which is asymp-
totically i.i.d.).

To conclude, let us say a few words on how to read the present paper. As
already mentioned, the methods we will use are closely related to these of [7],
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Sections 4-8. However, since we take a different route (not using “perturbated
Hamiltonians”), we have to redo all the work, and familiarity with [7] is not
required and even probably not helpful to penetrate the present work. The
present work is also in theory rather independent of [10]. But, since [10] per-
forms the same program as we do here, but in the technically much simpler
case of the SK model, studying [10] first should provide invaluable help to
the serious reader. We should also mention that one of the main contribu-
tions of the paper, the proof of new “a priori” estimates on Gibbs measures
(Proposition 2.3), which is given in Section 6, can be read independently of
the cavity method arguments of the other sections.

2. The tools. To simplify the notation, we observe that we obtain an
equivalent model if we replace n; j, by 1; ,n; . That is, we can assume that
N1, = 1 for all £ and that (0; )<y 2<z<m are ii.d. Bernoulli.

The starting point is to relate a situation with N + 1 spins to a situation
with N spins. This is done basically through simple algebra. It will unfortu-
nately look complicated because we have at the same time to introduce our
basic notation, which will remain in force throughout the paper. Before we
do this, we should mention that our point of view will be slightly different
from that of [7] and [10]. When we relate a situation with N + 1 spins to a
situation with N spins, this introduces a slight change of 8 and of A, which,
in the present case has the unpleasant tendency to push the parameter value
(a, B, h) outside the accessible region. This is an obstacle toward the use of
induction upon N as in [10]. This obstacle possibly could be passed using
enough force; but rather than doing this, we find that it is more instructive to
explore a slightly different point of view. In this point of view B8, h are given
once and for all.

Throughout the paper, we set

! / N/ !/ N
(2.1) N =N+1, B_N,B, h_N’h'
We consider a new independent Bernoulli sequence (9;)s_<37, We set n; =1
and we set ny, , = 1,. For o€ 2, we consider the Hamiltonian

1 2
(2.2) Hy(0)=—535 3 <Z Wk"i) -3 e

k<M Ni<N'’ i<N'

which corresponds to (1.2) for N + 1 rather than N, with a small change of A.

To relate conveniently sequences in %, and in X, we make the following
convention. Given £ in 3y, and o € {—1, 1}, we set o= (g, 0) € 2 ;. Given
oin 2y, we set 0 = oy, € = (0q, ..., oy). With this notation elementary
algebra shows the basic identity

23) - B Hy(0) = ~BHy(e)+ BM/2N + oB( X mmy(e)+h).

1<k<M
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We will now work with p-replicas. The generic point in a p-replica will be

denoted (£, ..., €P), where €’ € 3. For simplicity, we will write mi = m,(eh),
l l ! l
N = (Mi)2<k<m> m’ = (m)e<r<m> n-m = ) nm.
2<k<M

The last component of ¢/ will be written as o; rather than o, to avoid confus-
ing the replica index [ with a power. (We hope that the notation mi will not
create confusion in this respect.) Then (2.3) becomes

(2.4) —B'Hy(d))=—-BHy(e')+ B M/2N + 0;8(n - m' + h+ m}).

We will denote by (-) average with respect to the Gibbs measure on X4,
relative to the Hamiltonian (2.2) at inverse temperature ', and its prod-
ucts on X%, while (-) denotes average of the Gibbs measure relative to the
Hamiltonian (1.2) at inverse temperature .

To simplify the notation, we write

(2.5) =& ...,0"°)=expB Y oy(n -m' +h+mb).

I<p

A direct consequence of (2.4) is as follows.

PROPOSITION 2.1. Given a function f on 3%, we have

, (Avfe&)
2.6 S e
2.6) () (Av &)
In this formula, Av means average over all the values of oy,...,0, =

+1. Thus Av f¢& is a function of £!,...,&” only, and (Avf¢&) is its aver-
age with respect to (the pth power of) the Gibbs measure relative to the
Hamiltonian (1.2). We should also note that in (2.6) f might possibly depend

on (”’h’,k)—
We will use (2.6) to estimate E(f)’, so that we want to estimate
(Av f&)
2.7 E——~ L,
2.7 (Av &)

We will first integrate in the variables n = (7). The idea for handling the
denominator is that (in the region of parameters under consideration) this
denominator depends on 7 essentially only through % -b, where b, = (m(g)).
(That this is indeed the case is not obvious at this stage.) The natural idea
then is to try a conditioning argument upon % - b. Unfortunately, there are
essentially no techniques to work with the variables 7,. However, we would
succeed if we could replace the variables (7;) by i.i.d. N(0, 1) variables. We
could then appeal to the rich theory of Gaussian processes. But this can be
done with a small error only if Y 5_;_), m} is small in average (of course, the
reader has guessed that here the superscript is a power not a replica index!).
Our first task will be to prove this. In [7], this was done through the cavity
method, because one of our primary goals there was to check the stability of
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this property against addition of a new spin. Since here we are interested only
in the accessible region, we will directly prove an exponential inequality.

THEOREM 2.2. If the parameters «, B, h belong to the accessible region,

then, for k > 2,
N
(2.8) E<exp Em%> <K.

Here, as in the rest of the paper, m;, = m;,(¢), and K denotes a number
depending on «, B, h only, but not on N. It is understood that such numbers
(which are not necessarily the same at each occurrence) remain bounded on
each compact subset of the accessible region. In the BG region, Theorem 2.2
is proved in [3].

The proof of this result, and in fact the entire paper, depends crucially on

certain a priori estimates of the Gibbs measure. For 8 > 1, A > 0, we consider
the unique root m* of the equation

(2.9) m* = th B(m* + h).

The basic fact is that, if « is small, the image G’ of the Gibbs measure on
RY by the map &€ — (m(€))1-p<a is, with high probability, almost supported
by a small ball centered at the point (m*, 0, ..., 0) of R™. More precisely, if
B > 1, we have, Vp > 0, Ja(p, B) > 0,

(2.10) a<a(p, B) = EG({S;(ml -m*)+ Y mi> pZ}) < exp<—%>.

2<k<M

This statement, which is not deep, is sufficient to get the main story; that
is, at given B > 1, there is a(B) > 0 such that our results hold for o < a(B).
The correct dependence of a(B) on B as B — 1 or B — oo is a side story, albeit
an important one, that requires more work.

Before we state the a priori estimates, we should mention that we have not
attempted to make these sharp, but rather to state what will be required in
our proofs. Once the replica-symmetric equations have been proved, together
with our exponential inequalities, we will have an extremely precise picture.
The image G’ of the Gibbs measure under the map £ — (m (&))<, is sharply
concentrated close to a sphere of random center and nonrandom radius, the
value of which is explicitly known.

Throughout Sections 2 to 6, we will use the following notation:

La a Y2
M1<B<2  po= g p=p1=L( ) ,
— /2 —
2.11) (f b p-1
Ifg=>2, POZPZE, p1 = Lya.

Thus, in the admissible region, we have p, < p < p;.
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PROPOSITION 2.3. If the constant L of (1.7), (1.8) is large enough, then the
following occurs:

(2.12) EG({E t(mp—m*)2+ Y mi > p%}) < Kexp(—%).

2<k<M

Moreover, there is a random point ¢ of RM with ¢; = m* such that

(2.13) EG({E: 3 (my —c)? > p2}> < Kexp(—%).

1<k<M

Moreover, we have

(2.14) EG({e:|my —m*| = po}) < exp(—%).

The meaning of (2.13) is that G’ is sharply concentrated on a ball of radius
p; and of center (m*, 0, ...). The meaning of (2.13) is that the radius p; can
be decreased to p if we allow a random center.

Inequality (2.12) is proved in [2] and [7]. In the case B > 2, (2.13) is proved
in Section 6, and is the new ingredient that allows us to prove our results
in the accessible region rather than only in the BG region. There is nothing
specific about the power 2 in the expression of p for 8 > 2 in (2.13) that could
be replaced by a larger power. As strange as it may seem, the order of p,
for B < 2 is optimal in (2.14), because (5.4) below shows that E(m;) — m* is
already of order p,.

PROOF OF THEOREM 2.2. By symmetry we can assume that ¢ = M. We
consider the set U of configurations £ given by

U={e:|m; —m*| <pg}

so that by (2.14) we have

E{1y.) < exp(—%).
(Of course, K;, K, denote specific numbers independent of N.) We immedi-
ately run into a minor recurring problem. A statement such as Proposition 2.3
does not control certain small sets of exponentially small measure. This was
not an obstacle in [7] because there we were integrating functions that
grew only polynomially with N. However, in the present case, the function
exp N m% /K takes exponentially large values, up to exp(N/K). There is a
simple way around this difficulty, which will have to be used in many occur-
rences. It is simply to observe that, since |m(g)| < 1, we have

2

N N 1 1
E<1UC exp ;M> < exp EE(lUc) < exp N(F —_ E)
1
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and this is less than or equal to 1 if K > K. Thus, it is enough to prove
N

(2.15) E<1U exp ?m§4> <K.

In other words, the solution to the obstacle of uncontrolled exponentially
small sets is simply to prove exponential inequalities with a sufficiently small
coefficient (here 1/K for large K) in the exponent. From now on, we will com-
pletely ignore any exponentially small set we wish, and we will use expressions
such as “we can pretend that |m; — m*| < p,” to mean that we know that the
fact that this condition sometimes fails is not an obstacle (as proved above)
and that it suffices to prove (2.15) to have (2.8).

Let us denote by (-); the Gibbs measure corresponding to the Hamiltonian

N 2
Hy y1= 9 Y. my(e)” — hNmy(e).
1<k<M-1

Considering a parameter A, in the spirit of Proposition 2.1 we have the
(much easier) identity

1 exp %(B + 2/A)Nmﬁ4>1
(exp 3 BNm3,),

Considering a parameter x > 0 to be determined later, we bound the right-
hand side of (2.16) by

(2.16) <1Uexp 3 > _ |

N 2
(2.17) exp—x +<Wexp§Nm%w>

A 1

where B = B+ 2/A and where W = 1y, |-.- Consider the parameters
81,89 > 0, with 1/s; + 1/s, = 1, so that, by Holder’s inequality, and since
Ws1 = W, we have

<W exp gNm%,I>

) 1/sy
< (W)} (Wexp By N,

1 1

To bound the first term on the right, we use the Chebyshev inequality:

(W) < exp(—gssz2)<1U exp §S2Nm%w>
1

and we get that the quantity (2.17) is bounded by
Nx? 3 3
(2.18) expTx +exp(—§—jiNx2><1U expgssz%,I>l.
We choose x the smallest possible to make the last term less than or equal
to 1, and we see from (2.16) that

2s1/ABs,y

(2.19) <1U exp %m?w> < 2<1U exp gsgNm%w>
1
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We now claim that to finish the proof it suffices to show that we can find
B1 > B and s > 0 such that

(2.20) E(<1U exp %Nm§4> ) <K.
1

Indeed, we take s, close enough to 1 that Bsy < B, and then A large enough
that Bsy < Bq, 2s;/ABsy < s.
To prove (2.20), we write

1
(2.21) my(e) = N(Z Niwm” + Y0 i p(e — m*)>

i<N isN

so that, for ¢ > 0, using that (a + )% < (1+ ¢)a? + (1 + 1/¢)b?, we have

2
Nmﬂ@hﬂ1+n%(2huMmﬁ

(2.22) =N
(1 D) L (S mwe—m)
)= (e — .
t I N = T’l,M i m
Thus,
B s m* 2 2
<1U exp Ele%,1>l < exp %331(1 + t)(g}\] 77i,M>
,81 1 . 2\ s
X <1Uexp 2N<1+ t)(i;:\,ni’M(ei m )) -

and thus, using the Cauchy—Schwarz and Hélder inequalities (assuming, as
we may, that 2s < 1),

S>2 < Eexp 8(7\;)231(1 + t)(Z 77i,M>2

i<N

E(<1U exp %Nm%,>
1

1
(2.23) X <E<exp 15 exp % (1 + ;)

x(g;nmq_mﬂykfi

We note that, since Nmi(g) =Y,y €;, we have

> (e = m*)? = N(1 = 2my(e)m* + m*?)
i<N

= N((1 - m*™) - 2(m(e) - m*)m")



1404 M. TALAGRAND

so that

(2.24) ecU= > (—m*)? < N1 —m*+2p,m").
i<N

We now use the simple fact (see [7], proof of Lemma 2.1) that

2 1 1/2
(2.25) Eexp (Z ni,Mxi) < <—> .

2
i<N 1-2%, nX;

Computing the expectation E inside the bracket (-); on the right-hand side
of (2.23), using (2.24) and (2.25), we see that all that is required is that

S V(14 0B, < 5,

1
31<1 + ;>(1 —m*? 4+ 2pym*) < 1.

Since s is arbitrarily small, all that is required is that, in the accessible region,
we have

B(1—m*% +2pym*) < 1.

For 1 < B < 2, this follows (at least for & very small) from the elementary
fact that 1 — B(1 — m*2) is of order 8 — 1 and m* of order /B — 1; while if
B > 2, B(1 —m*) is less than or equal to L/B [and, in fact, less than or equal

to exp(=B/L)]. O

Theorem 2.3 gives us a very strong control of the functions m,, but still we
have to be careful because we integrate large functions f.

PROPOSITION 2.4. Consider a function f on X4 +1- This function might
depend on the r.v. (m; 1)i<n. r<m> but may not depend on the variables n;, =
Nn+1, & If to compute E(f) we replace in (2.6) the variables (ny)o<p<pr by i.i.d
N(0, 1) variables, we make an error of at most

(2.26) KE<Av|f|< >y (m;)4>>.

l<p+12<k<M

COMMENTS. (1) In this formula, the thermal integral is over a p + 1 replica
P4 +1, and Av |f]| is identified to a function on 2?1 in the obvious manner,

------

where £’ and ¢’ are related as usual, that is, o’ = (¢!, o;).
(2) The constant K in (2.26) depends on p.
(3) The true formula would involve an extra error term

expK( ¥ jm'|?)

I<p+1
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However, we have (see the Appendix of [7]) an easy inequality
(2.27) P(sup |m!(g)|? > Lt) < exp(—Nt)
E

for ¢ > 1 (here and throughout the paper we assume without loss of generality
that o < 1), so that this term does not matter.

Even though Proposition 2.4 is proved in [7], it is worthwhile to repeat
the proof in the present case, which is simpler because we do not have a
perturbated Hamiltonian.

PROOF OF PROPOSITION 2.4. We replace the variables (7;)s<z<) by ii.d.
N(0, 1) variables g, one at a time. Assuming that 7,, ..., n; have already
been replaced, we show that the error made when replacing 7,,; by g,,; is
at most

KE(Avlf] ¥ n,)*).
I<p+1

To see this, let us consider the function ¢(%) obtained by replacing 1, by ¢
in each of its occurrences in (Av f&’)/(Av&’). Thus, ¢ depends on g4, ..., gz,
Npy2s-+-5 Ny AS well as on the ("h‘,M)igN, 2<k<M- We want to bound

(2.28) Ee(Mpi1) — Eo(gryi1)-

The basic fact is that the first three moments of 7,,; and g,,; coincide, so
that the quantity (2.28) is at most

(2.29) Elg(mpi1)| + Eld(8ri1)ls

where
¢2 B
#(t) = o(t) — ¢(0) — te'(0) — 590”(0) - gco( )(0).
A convenient (and somewhat crude) way to bound  is

(2.30) WO < 1P [ 1 @)Lz d.

Now, we calculate ¢*(x), and use replicas to express products of brackets as
a single bracket; thus, ¢*)(x) is a sum of terms

ll lZ l3 l4 /
<AV fmy amy ymy my & )

(Av &)5

e(ly, ..., 1)

There, the numerator is a thermal integral on E?\,p, 1 <1,...,l4 < 5p,
c(ly,...,14) is a number, &’ is defined as in (3.5) replacing p by 5p, and it
is understood that occurrences of 71,,,; are replaced by x. To bound (2.29)
using (2.30), only trivial bounds are needed. We use that (Av#&) > 1, we
integrate first in 7, gy, 2 < kB < M, and we use Hélder’s inequality for
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(-) to replace terms mijﬂ e mi‘ﬂrl by terms (miHl)“. We then obtain (2.26),
except that we have 5p rather than p + 1. But, for [ > p + 1, all the terms
(Av|f|(m2+1)4) are equal to (Av|f|)((m§a+1)4) so it is enough to introduce
only one of these terms in our error bound. O

The main effort is the evaluation of E(f) in (2.6). Before we state the
result, we set up the notation, which will remain in force through the paper.
We define

(2.31) b = (m),

(2.32) m' =m’—b=m’— (m'),
(2.33) = [m’||* - (Jm’|?),
(2.34) ¢ =mi—(my),

(2.35) Y = B(g-b+ (mq) +h),

where, of course, g -b =3 5,3 &101, (g;) is an ii.d. N(0, 1) sequence, and
& =expB )y ol(g -m' +my+h),

l<p

&y =expB ) oy(g b+ (mi)+h).

l<p

(2.36)

THEOREM 2.5. Consider a number R > 0, and assume that

EG(U) = E(1y) < exp(—%),

where

(2.37) U ={e |m'| <R, |c;| <R, |a;]| < R*}.

Then we can pretend that, for a function f on 3%, 11> we have
A

(2.38) A0 f) T4+ 1V 4+ V 4 VI+ 8,
(Av &)

where
1

(2.39) I=E—— N (Av &),

2
(2.40) I=E pr<Av &Y oyom! . ml>
<r

(2.41) III = 1 i Av f&
‘ = pFarp | (S a))

I<p

(242) V= prY <AV ! 6”()(2 "l) <Z o’ b>>’

l<p l<p
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2
(2.43) V=-pE BC htfg <Av & (lz om’ b>>,
=p

B

(2.45)  |S| < K(p)(B%+ B*)exp K(p)(BR + B*R?)

(i ¥ @lw'rs ¥ ods ¥ o))

I<l'<p+2 l<p+1 I<p+1

Moreover, if

| |
246) F20=|Sal<po1,
li<p

then the remainder term S can be improved by a factor

1 1
(- za) * ey

COMMENTS. (1) By the expression “we can pretend that” we mean that
there is an extra error term besides S, which takes into account the fact that
it is not always true that |m!| < R, |¢;| < R, |a;| < R2. This term can, however,
be shown (as in the proof of Theorem 2.2) to be unimportant for the functions
f we will consider.

(2) In (2.45), it is essential that K(p) depends on p only, not on «, B, A.

Before we start the proof we explain why when B > 2 the condition LaS < 1
was required in [7], and why is now can be improved into (1.8). In the case
that (2.46) holds and, say, p = 4, it is essential that in S the coefficient of the
bracket in (2.45) be bounded independently of «, 8. This coefficient is

(2.47) L(B%+ ,84)<exp —i + ) exp L(BR + B*R?).

1
ch(B/2)
In [7] we used (2.12), and R = L./a, and to make (2.47) bounded we needed
Lap < 1. Now, we will be able to use (2.13) with R = LB~!, and « < 1/L log 8
is sufficient. This is the only place in the entire paper where (2.13) will be
needed.

PROOF OF THEOREM 2.5. A statement of the same nature appears in [7],
Proposition 6.4. The proof is thoroughly rewritten in the simplest possible
case, of the SK model in [10], to which the reader is referred for a first
understanding of the method of proof (which is essentially a second-order
expansion). After reading this, the reader should be able to read the proof of
Proposition 6.4 of [7] without undue effort, and we will simply point out the
rather simple changes that are necessary to obtain the present statement.
There are two main issues, the algebraic form of the main terms and bounds
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for the remainder. To simplify the notation, we will write 8 rather than g’
(and we will explain later why such a change is irrelevant). In the course of
the proof, one has to handle terms of the type

Bz . l||2.

exp — |m
xp |l
In [7] [equation after (6.23), and taking into account that what we write m’
here is denoted u’ there] these are written as
B, . B :

exp - ([lm’[*) exp 7(Ilmlll2 — (|lm’[|*)) exp —g*m’ - b
and it is argued by general arguments that |[m’||? — (|m’||?) gives a vanishing
contribution. Now, we use that

(2.48) le¥ — (14 x)| < x2el*

for x = (8%/2)(|m’||? — (|m]||?)). The corresponding contribution of the term x
in (2.45) combined with term III of [7], Proposition 6.4, yields the term (2.41).
We also have to deal with terms

exp Boym| = exp Bo;(m}) exp Boyc;.

In [7] it is argued through general principles that the contribution of ¢; is
vanishingly small. Rather, we now use (2.48) for x = Bo;c;, and this creates
term VI.

The error terms arise from replacing at places e* by 1+ x, and the error in
doing this is at most x2el*! by (2.48). This is used in the proof for the value

2

x= %az + Y Boe;+ Y. BPoyoym-m’,

I<p I<p’ I<l'<p
where p’ < 3p. Thus,
x? < K(p)(B* + BY) (L af + X cf + Y(m! -xa)?),
while
x| < K(p)(B*R* + BR),

when £’ € U for each [. This is what explains the error term S. As for the
improvement of the error term under (2.46), the reader is better referred to
the argument in the case of the SK model [10].

Terms I to VI in Theorem 2.5 will be called the main terms and S the error
term. The terms III to VI are of the same nature. It saves energy to perform
once and for all their computation in the special situation that we will use.
These elementary computations are left to the reader.
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PROPOSITION 2.6. Assume that for a certain subset 1 of {1, ..., p} of cardi-
nal n, we have

flot,...,0°) = (]_[ al>f_(sl, ..., EP),
lel
where f is a function on 4. Then [writing f for f(g', ..., €P)], the contribu-
tions of the terms of Theorem 2.5 are as follows. The contribution of term 11
is

,82Eth”2Y<f Y om! .ml’>
I<l,l,l'el

+32Eth"+2Y<f' > ml.ml/>
I<l,1,lgl

+ B2Eth"Y<f Y m'. ml’>,
<l

where the last summation is over the pairs I, I’ such that exactly one of the
indexes 1, I’ belongs to I and the other to its complement. The contributions of
terms IV and V are

th" 2y th"Y
n—1)8%E < ml.b>— n+1)B*E < ml-b>.
(= DEE= T Y (n+ DEE G
The contribution of term 111 is
1 2 n
I<p

The contribution of term VI is

BEth”‘1Y<f 3 cl> + 3Eth”+1y<f 3 cl>.

lel g1

Throughout the paper, we write & = o — ¢, M = m! —m?, 6 = oy — 0y

(where o7 is the last component of o)) and so forth.

COROLLARY 2.7. If
flor,...,0P) =Gosf(e, ..., €P),

then the main terms of Theorem 2.5 reduce to

_ 1—3th?Y , ..
BB g i)+ B (S ) b
thY th?

thy s _ 2 Y<- z>
+PE e — e+ BB S (o me ).
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Of course, the terms ch™2Y arise as 1 — th’Y

COROLLARY 2.8. If
flo,...,0°) = (o3 —ay)f (e}, ..., €P),

then the main terms of Theorem 2.5 reduce to

iy (fi - (m® —m*")).

COROLLARY 2.9. If

f(oh,...,0°) = Gf(e\, ..., eP),

then the main terms of Theorem 2.5 reduce to

hY hY
t ] < S m3> t
ch”Y >3

B’E

1 -
+ BE chTY(f(Cl — ¢y)).

COROLLARY 2.10. If

fo',....,a0°) =252 f(e', ..., &P),

then the main terms of Theorem 2.5 reduce to

1
- FE

2Y<fm1 'm2>

+82 ) Ethz (Fm! ml’)+52E<—3th2Y_1)<f‘zml.b>

2
s<i<r  chY ch”Y 1>2

—2B%E L <f'z ml.b>+ﬁ; <fZal>

ch®Y 1=1,2 >1
thY
4 E—< >
B h2y flg !

When ¢ is a smooth function and g is N(0, 1), integration by parts yields
the very useful formula

(2.49) Egé(g)=E&(g).

We would like to find a substitute for this when instead of g we use a variable
n with P(n =1) = P(n = —1) = 1/2. The formula

2500 &) -E-D=EM)+ D+ [ 11 %(ﬁ - D) dt
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shows that
1
(2.51) Ené(n)— EE(n)| < [ 1e¥(0)]dr.
We will estimate En,(f)’, where the thermal integral is on 3%, +1, and where
f is a function of @, ..., o”, which will also depend on 7,,. In all the cases we
will consider, this function will be defined when we replace n, € {—1, 1} by

any real number, and it will be clear what is meant by Jf/dn,. We denote by
E,, integration in the r.v. (n;) only.

PROPOSITION 2.11. (We can pretend that) we have

©252)  Emy(f) = E<i> L BY E(mioyf) — pPE(mI o, 1 f) + 8,

Iy, I<p
where
3 z?sf 2\ 1/2
(2.53) |S'| < KE Z(AVE,, — ) ( 3 |m§e|3s> :
s=0 (?nk I<p+1

COMMENTS. (1) The “we can pretend” refers to the fact that we have not
taken into account the fact that it is not exactly true that |m’(e)|| < L, but
that rather we have (2.27), a distinction that, as explained, is irrelevant for
our purposes.

(2) As the reader correctly guessed, the last bracket in (2.52) is on a p+1-
replica, as well as the bracket in (2.53).

PROOF. We use Proposition 2.1 to write

(Av f&)

En(f) = Enkm-

There is no longer dependence on 7; in the bracket (-). We have

Iy, I<p
We then apply (2.51) at all other r.v. fixed. We have
0 (AVFE) _ (AVOf/om)E) | BV f(Eiy, omi)E)

in, (Ave) (Av &) (Av &)

B(AY f&)(AV (L., oym})&)
(Av &)2
It should be obvious using Proposition 2.1 that the first two terms on the

right-hand side of (2.54) contribute to the first two terms on the right-hand
side of (2.52). As for the last term, we observe that, when taking expectations,

each term (Av o-lméeoo) contributes as (Av o, amy He”) and one then sees that

(2.54)




1412 M. TALAGRAND

this gives the last bracket of (2.52). Only crude bounds are necessary for the
error term [the right-hand side of (2.51)]. As in the proof of Proposition 2.4,
one uses that (Av#) > 1. The details are left to the reader. What makes
everything easy is that we allow the constant K of (2.53) to depend on «, .

3. Exponential inequalities, I. The aim of this section is to prove the
following result.

THEOREM 3.1. At values of the parameters a, B in the accessible region, we
have, for each 0 <t < N /Ly,

(3.1) E(exptNm -m?) < exp Kt’N,
(3.2) E(exptN(|m|? — |[m*|?)) < exp K¢?N,
(3.3) E(exptNm;) <exp Kt’N.

1 2 3

There K depends on «, B, A, but not on N, m = m"' — m*, m* = m° —
m*. [Please do not confuse m* and m* of (2.9).] The quantity |m|? — |m*|?,
is a symmetrized version of a; = |m!||? — (|m!|?), and the quantity m; =
m} — m? is a symmetrization of ¢; = m; — (m;). The reason why the three
inequalities (3.1) to (3.3) go hand in hand is that Theorem 2.5 introduces three
types of error terms, so that there is no other choice than controlling them all
together.

The overall idea of the proof is as follows. We consider the best possible
constants for which (a variant of) (3.1) to (3.3) hold. We then estimate certain
quantities E(f) in two different ways using Theorem 2.5 and using (3.1)
to (3.3) to control the error terms. Comparing the (equal) results of the two
computations, we then derive relations from which it will follow that the best
possible constants in (3.1) to (3.3) are bounded independently of N.

Let us consider the functions

(3.4) A(t) = E{ma - m® exp t Nth - m®),
(3.5) B(t) = E{(|m]* — |m*|*) exp ¢t N(||* — |m*|?)),
(3.6) C(t) = E{i, exp tN,),

which are the derivatives of the left-hand sides of (3.1) to (3.3), respectively.
Let us recall the quantity p; of Proposition 2.2.

LEMMA 3.2. There exist Ly and K such that if for a number H; > K, we
have

(8.7 Vt>0, NH,? > 1, t < Lop?/H; = A(t) < 2tH,exp H N2,

then

1
(3.8) O<t<s = E(exp Nt -m?) < 8 exp NH, 2.
0
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COMMENT. In (3.7) the restriction NH,¢?> > 1 is an inessential detail. What
is important is that in (3.7) it is enough to control A(¢) for ¢ < L,p?/H;. Then
we automatically get control of E(exp N¢m - m?) for much larger values of ¢,
control that will be crucial in bounding error terms.

PROOF OF LEMMA 3.2. If &(t) = E(exp Nt(m - m?)), then NA(t) = &'(¢). It
is obvious that A’(¢) > 0, so that if 0 < ¢ < ¢, = 1/,/NH;, then A(t) < A(t,),
so that [using (3.7) to bound A(¢;)]

t
Et)=1+ [ NA@w)du <1+ NtgA(ty) =1+2¢ <8.
0

It is then obvious from (3.7) that £&(¢) < 8 exp H{N¢? if ¢t < Lyp3/H,. To
control the larger values of ¢, we write
5.9) E(exptN (i -m®)) < exp2Npit + E(1jmms|=2,2)) €xptNL;
3.9 -

+ E(l{‘m,m:«}lle} exp tNm - m3),
where L, is a constant such that
N
x>L;=> P( sup |m-m?| > x) < exp(——x>
£l g2 & Ll
[see (2.27)]. Thus, for ¢ < 1/2L4, using (2.12) to see that EG({|fa - m3| >
2p%}) < 3 exp—N/K, the right-hand side of (3.9) is at most
2 .N
(3.10) exp2Npit + 3 exp X +tNL{ )+ L.
1
N 2
exp X +tNL,)<1<expH Nt
1

while if ¢L; > 1/K, then

N

exp(—— + tNLl) <exp H;N#,
K,

provided H; > L2K,. In conclusion, if H, > L2K, and tH, > 2p%,t < 1/2L,,

then term (3.10) is less than or equal to 8 exp H; N¢2. Thus, the lemma holds

fOI’ KO = L%Kl, LO == 2L1 O

The reader must certainly be wondering why we use (2.12), and do not take
advantage of (2.13), from which we know that (essentially) [ - m3| < 2pp,
(much smaller than p? for large B). This is simply because this better result
never helps.

With the same proof we have the following results.
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LEMMA 3.3. If for a number Hy > K we have
(3.11) V¢ >0, NH,t? > 1, t < Lop?/Hy = B(t) < 2tHyexp HyNt?,

then

1
(812)  0=t= = E(exp Ne(|m” - |m*[)) < 8 exp H,N?*
0

LEMMA 3.4. If for a number Hy > K, we have
(3.13) Vvt>0, NH 2 > 1, t < Lop;/Hz; = C(t) < 2tH,exp H; N2,

then

1
(3.14) 0<t< - = E(exp Ntm;) < 8 exp H3Nt2.
0

To obtain the condition ¢ < Lyp,/H3 of (3.13), we use that we can pretend
from (2.12) that |[m; — m*| < p;. We could also use (2.14) and p, instead of p;
(an improvement that will be required later on).

We now choose numbers H,, H,, Hj that satisfy (3.7), (3.11), (3.13), respec-
tively. These numbers might well depend on N and be very large. It is the
purpose of the proof to show that they can be taken bounded independently
of N. We will use (3.8), (3.12), (3.14) to bound our error terms.

We will now start the main line of arguments, whcih is a method of com-
putation based on the tools of Section 2. The same method will essentially be
used in Sections 4 and 5, but each time we will be able to say more because
we will build on the understanding reached in the previous sections. In the
present section there are six occurrences of the same (somewhat complicated)
computation. The only reasonable way to proceed is to detail the first occur-
rence of this computation, and to let the readers convince themselves that the
other cases are handled (exactly) the same way.

We will consider the quantity A’(¢'), which is the same as A(¢) when one
replaces N by N = N+1,8by B = BN'/N, hby " = hN/N', t by t' =
tN'/N, and one does not change M. Thus,

(3.15) A'(t) = E(m' -m’3exp(t N'ma' - m'?)),

with the notation of Proposition 2.1.
We replace ), by its value

-, 1 .

m, = — n; 10;

k , i, kY1
N oy

so that

1
~/ /3 ~ 13
m-m-=-y D> MirGimy.
i<N' k<M
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(It is important to resist the temptation of also replacing m/,f by its value of
N1 di<N M, ko-f’.) Thus, by symmetry between the sites,

(3.16) A'(t)=EY mp(ampf),
k

where f = expt’ N'm’ - m'3. (Let us recall that ny. , = 7, and that & is the
last component of &.) The basic computation consists of three steps:

Step 1. Compute the dependence on 7; due to the fact that

N 1
(3.17) mp = ﬁmi + 7 kO

where o5 is the last component of ¢® and where

1
3
my = N > Mi k0
i<N

Step 2. Use Proposition 2.11 to integrate by parts, using Theorem 2.2 to
control the error terms.

Step 3. Use Theorem 2.5 and its corollaries to estimate the various terms.

Once this is done, we will use symmetry between sites differently, writing
now

(3.18) A(t)=EY (m,mPf),
k

where m;, = (1/N) > ;.n 1, 10;. We will then perform the same steps. Infor-
mation will be gained by comparing the results of the two previous com-
putations. The same program will then be accomplished for B(¢) and C(¢).
Fortunately, once the method is understood, each computation reduces to a
half page of simple algebra. The difficulty is, of course, to control the error
terms, but it is always done in the same manner.

Step 1 is trivial. One substitutes (3.17) into (3.16) to get

M
(3.19) A(l) = T EGaf) + o E Y nulomf)
k<M

Both terms are important, but, of course, the first looks smaller because of
the coefficient ' = M /N’, which is small. In both terms we face the problem
that f depends on 7;. To make explicit this dependence, we write, by simple
algebra,

M-1

(3200 N'tm -m®=Ntm -m?®+t Y n,(i,05+mic)+ toos.

2<k<M
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Thus, with the notation of Proposition 2.11, we have

o f

I,

t (o5 + mia) f.

We now apply Proposition 2.11 (with p = 3, 6m, [ rather than f) for each
k, and sum the results, to find

E Y n(omif) =tE(Goym-m® + (6)*|m?|?)f)

2<k<M

(321) + BE((Foym" - m® + Goym? - m® + G0y [m3|2)f)
—3BE(6o,m? -m*f) + 8,

where |S’| is bounded by (2.53), with an extra summation over k. (Of course,
we have written sums such as } o,y m,m3 as m - m?.) To work out the
bound (2.53), we use trivial bounds:

S

< (1| +2m3|)*f

any,
and
(3.22) (E,f>)'? <Kf,
where
(3.23) f =exp Ntm - m>.

[To write (3.22), we pretend that |m| is bounded. The reader can write a
complete argument in the spirit of Lemma 3.1. Writing these unimportant
details makes the proof too hard to read.] Using Hélder’s inequality in (-), we
see that

(3.24) |S’|§KE<Z 3 |m;|4f'>.
1<l<4 2<k<M

This is the first of many error terms, which will all be handled through the
same general principle toward which we turn now.

LEMMA 3.6. Consider two random variables U, U,. Assume that for j =
1, 2 we have

(3.25) |t| <ty = E exp tU; < 8 exp Ajt2.
Assume that 2 < to\/ A_l Then for each integer n < 4, each t with
2A
3.26 t| < ty/2 2 <01
(3.26) R
for

x = 8|t|y/ Ay Ay,
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we have
(3.27) E(|U["1qy,)=x) exp tU5) < LA'll/2 exp(—6t2A,).
If, moreover, 1 < t2A,, we have
(3.28) E(|U;|"exptUs,) < L|t|"(A;Ay)"? exp Agt?.
COMMENTS. (1) It is because of the restriction 1 < t2A, that we assume
that NH,#? > 1 in (3.7).
(2) We start with information for |¢| < ¢, and end up (at best) with infor-

mation for |¢| < ¢,/2. This potential disaster is fortunately compensated for
by the opposite phenomenon when going from (3.7) to (3.8).

Proor. We use Holder’s inequality to bound the right-hand side of (3.27)
by
(3.29) (EUT)Y*P(|U,| = x)Y*(E exp 2tU,)"2.

Since we assume that |f| < ¢,/2, we can use (3.25) for j = 2, 2¢ instead of ¢ to
get

(E exp2tU,)'/? < 8 exp2A,t2.
Also,

EU%6 < t%Ech tU, < t% exp Alt2
whenever |¢| < t,/2. Taking ¢ = AI1/2, we have EU® < LAS$ (this requires
2 < to\/A_l), and thus
E|U,|" < LA}? forn < 16.
Also, we have for each y with |y| < ¢, that

P(U, > x) < 8 exp(—yx + y*A;)

so that if x < 2fyA; we can take y = x/2A; to get
x2
PUL = ) < 16 exp( ).

Combining these estimates yields a bound for the term (3.29) of

2
LA"? exp(—x—> exp 2A,t>

and taking x = 8|t|\/A; A, [which requires |t| < (¢,/4)\/A1/A;]l, we have
proved (3.27). To prove (3.28), we write, for the same value of x,

E|UT|exptU, < x"EexptUy + E|UT|1y,=x) €xp tU,
< Lt"(A;Ay)"? exp Ayt® + LAY exp(—6A,t2)
using (3.25), (3.27). The first term dominates for 24, > 1. O
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We will use that the operator E(-) has the formal properties of an expecta-
tion to apply Lemma 3.5. We go back to the study of the bound (3.24).

LEMMA 3.7. Under (3.7), and if the constant K, of Lemma 3.2 is large
enough, we have the following:

(3.30) NH,* > 1, t < Lyp?/H,; = |S'| < Kt exp NtH;.
PrOOF. We will use (3.27) for ¢, = 1/L,, Uy = Nm -m?, A, = NH, [so

that (3.25) holds for j = 2 by (3.8); because of symmetry (3.8) is valid for —¢
when it is valid for ¢] and for U, = Nmi, A, = NK, so that (3.25) holds for

J =1 by Theorem 2.2. Then x = KN|t|\/F1 and, by (3.27),
. K
(3.31) E((my)* 1{nmi |2y €xp ti1 - m?) < Nz exp(—6NH,t?).
We can do this because if 0 < ¢ < Lyp?/H; then ¢ < 1/L, and
s K t2A, K

< — < =

= H? " 16A, H;

provided the constant K, of Lemma 3.2 is large enough (the restriction 2 <
toy/ Ay is trivially satisfied).
Thus, from (3.31), we get

l=p

N K
(3.32) E< > (M) 1 Nt 2 €XP 101 - m3> =N exp(—6NH,t%).
k<M

On the other hand, pretending as usual that |/ m’| is bounded [or otherwise
using (2.27)], we have

E< 2 (M) LN <) €XP 102 - m3>
i=p

k<M
(3.33) £\ 2
< K(—) E<Z [m!||% exp ¢1in - m3>
N I<p
< Kt?H,exp Nt?H,.
Combining (3.32), (3.33) yields (3.30), since, for t? H; N > 1, the right-hand

side of (3.33) dominates the right-hand side of (3.32), and since ¢ < p?/H; <
1/H,. O

Before we can use Theorem 2.5 (the third step in our program), there
remains the obstacle that in (3.21) f depends on the r.v. n,. We now show,
by most brutal bounds, that we can replace f by f with an error at most
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Kt exp NtH, not worse than the error we already made when integrating by
parts. We simply write

t5'cr3 — 1|,
I

~ |
(3.34) |f—f]= fexp< tc“wa)leXPW— 1|+ flexp
|

where W = ¢ Y 5_;_p n4(12,05 + m3&). Now
E (expW —1)> = E, (exp2W — 2exp W + 1)
< E,(exp2W —1) < Kt*

by pretending as usual that |m|, || m?| remain bounded, and since we consider
only ¢ < 1. Thus, by (3.34), we have

(3.35) E,|f — fI? < Kt*f%
To apply this, we write (using Proposition 2.1)
|E(G0°f) — E(a0°f)'| < E(|f - f)/
(Av [f — f1€)
(Av (E,|f = fIH'2(E,&)'?)
KtE(f) < Ktexp NH 2.

<FE
(3.36)
<E

IA

There, we have pretended again that |m| remains bounded, and we have
used (3.8) in the last inequality.
Let us now summarize the situation:

LEMMA 3.8. If NH,t?> > 1 and t < Lyp3/H,, then
5.5m A= @ EGo) + BE(Fom! m + o m oy m[2)f)
' —3BE(6o,m® -m*f) + S,

where f = exp Nm - m® and where |S"| < Kt exp NH,t.

PrOOF. We apply the method of (3.36) to the terms on the right-hand side
of (38.21); we absorb the first of these terms into the error term by obvious
bounds. O

We are ready for the main computation, namely, the application of
Theorem 2.5 (and its corollaries) to the five first terms on the right-hand
side of (3.37) and control of the error terms. A first observation is that, if
0 = 01 — 09 18 not 0, since oy, 09 € {—1, 1}, then oy = —0y = 7/2, so that

goym' -m? + Goym? - m® = 1(6)%m - m®.
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Thus, we have to apply Theorem 2.5 to the following four terms:
’ ~ £\/ B ~\2_~ 3 £\’
dE{cosf); =E{()m- -m ;
538 (Gosf)s CE(o) - m*f)
BE(5os|m*|*f)’; —3BE(Fosm’® m'f)’.

LEMMA 3.9. IfNH,t?> > land t < Lyp?/H,, then under (3.7), (3.11), (3.13)
the error terms when Theorem 2.5 is used to compute the terms (3.38) have a
total contribution at most

Lt(a+ p})pi(Hy + Hy + Hy).

PROOF. We have to apply Theorem 2.5 when the function denoted f there
is now, respectively, Gosf, ()% - m3f, Gos|m?|2f, Go,m® - m*f. These all
satisfy (2.46), since 0 # 0 = 07 + 09 = 0. As explained after the statement
of this theorem, and owing to (2.13), the coefficient of the bracket in (2.45)
remains uniformly bounded in the accessible region, even after multiplication
by an extraneous factor 8. The first term of (3.38) has a factor «; in all the
other ones, there is a term such as m - m? in front of f, a term that we can
pretend is bounded by Lp%. Thus, the error terms are bounded by

(3.39) L(a + p%)E<f( > (' -m')* 43 af + 3 c?>2>

I<l'<h <4 <4

and we will control these through the case n = 2 of (3.28). Using (3.12), for
0<t=<1/L,, we have

E(expt(|m|? — |m*|*)) < 8 exp NH,t*.

2 3

If we integrate in m2, m?, m* for the Gibbs measure in the exponent rather
than outside, Jensen’s inequality shows that we decrease the bracket. This
yields

(3.40) Elexp t(|jmt|% — (||m1||2))) < 8 exp Hyt?.
Thus, we can use (3.28) for A; = NH,, A; = NH; to obtain

E(fa?) < Lt*H,H, exp NH,t*
provided

¢ < 1 2 _ to A __H,
~ Ly ~ 164, 16LZH;’

which is brutally satisfied in the range we consider. We then use that 2 <
Lotp% /H . The other terms are handled similarly. O
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We now turn to the main terms obtained by applying Theorem 2.5 to each of
the terms (3.38). What will keep the situation manageable is that all but one
of these terms [given by (3.44) below] will be treated as error terms (because
they are much smaller).

The main terms arising from E(Go3f) are provided by Corollary 2.7, and
are

2
(Fiir-m®) + B°E cf’l—thv b)+BE <f(c1—c2>>

2
E
A ch?Y

We bound this by

iY(fllﬁ-bI)JrBE (Fler] +1eaD)-

°1)

Before we can proceed, we have to learn how to handle factors such as
ch2Y. We recall that

Y =B(g-b+ (my)+ 1),

where g is independent of all the other random variables. Thus, when integrat-
ing, we can integrate first in g to replace ch 2Y by E g(ch_2Y). Moreover, (2.12)
shows that with probability greater than or equal to 1 — exp(—N/K) (in the
quenched variables 7; ;) we have

IBII% + (m* — (m,))? < 202,

To simplify the notation, we will set

(3.42) 1 = sup{E 5
ch ch®B(g-v+x+h)

We have already explained why events with exponentially small probability
[< exp(—N/K)] can be ignored for our purposes, so that we can pretend, if B
is a bracket that is greater than or equal to 0, that

1
B < —E B.
ch?y ch?

VI + (= m)? < 2p%}-

E

We now observe that 82/ch? remains bounded in the accessible region; in fact,

ﬁz =< 2L +L exp(—i)
ch ch“B/4 La

[which is the reason of the improvement under (2.46) of the error term in
Theorem 2.5]. This is simply because m* > 3/4 (for 8 large) and thus x > 1/4
in (3.42), so that ch 28(g - v+ x + k) < ch 2B/4 unless |g - v| > 1/4; but
V]2 < La.

We bound in this manner the terms (3.41) by

E(flm - m®) + LE(fi-b|) + LE(f(lcy| + [ca]))-
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We now apply (3.28), for n = 1, to get a bound
(3.43) a’Lt(Hl +y H1H3) exp NH, 2

for the main terms of Theorem 2.5 corresponding to o E(5a5f).

For (B/2)E((¢)*m - m3f), the main terms are provided by Corollary 2.10,
with p = 3, and Where f has to be replaced by m - m?f. The first, and most
crucial, of these terms is

(3.44) BEchZY (- m?3f).
We observe the important fact that (fa - m3f) > 0 so that (we can pretend
that) we can write

7R = o
In the other terms provided by Corollary 2.10, we use that | - m?| < Lp?,
[thY| < 1 and B2/ch? < L. We then appeal to (3.28), with n = 1, to bound

these terms by

BE

5 A1)

Lpﬁt(H1 +VHH,+ \/H1H3) exp NH, 2.
Thus, the contribution of the main terms of Theorem 2.5 corresponding to
(B/2)E{(¢)*m -m3f) is at most

(3.45) %A(t) n Lpit(H1 +HH, + \/H1H3> exp NH, 2.

The main terms of BE (5 o3|m?|? f) are provided by Corollary 2.7, with p =
3, replacing f by |m?|2f. In each of these terms we use that ||m3||2 < P
thY]| <1, B2/ch < L, and then (3.28), with n = 1, to obtain a bound

Lp%t(Hl‘i‘\/HlHQ"‘\/Hng)

If we use that /HH, < H; + Hy, /JH;H5 < H{+ H; and « < p? < L, we
see that we have proved the following result.

PropoSITION 3.11. Under (3.7), (3.11), (3.13) and if t is as in (3.7), we
have
N/
(3.46) —A () < %A(t) + (t exp NH t*)[Lp?(H, + Hy + H3) + K].

Surely the reader will take comfort in the fact that we have done one sixth
of the job. We begin the second sixth, which is to find a lower bound for A’(¢'),
starting from (3.19),

A/(t/) Z m m/3f

2<k<M
(3.47)
N 1
_FE(m m®f) + N’E > mplmetf).

2<k<M
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To study the first term, we replace f by f and apply Proposition 2.4. We
then apply Theorem 2.5. It should be obvious that the error terms at each step
are of the same type as previously. The main terms are computed through the
case I = J of Proposition 2.6, and are

E(m - -m?f) + B’E th”Y<fﬁ1 -m?® ) ! .ml’>
<l

+1B%E th2Y<fm m?®y al> + BE thY<fm m?y cl>.
<3 1<3

The first term is A(¢). We bound the others as previously by

Lpit(H1 +VHH,+ \/H1H3) exp NH, 2.

We will let the reader deal with the last term of (3.47), where the factor 1/N’
created a huge safety margin, to see that (after integration by parts) it does
not create new error terms. We now combine with (3.46) to get our first basic
estimate.

PROPOSITION 3.12. Under (3.7), (3.11), (3.13) and if t is as in (3.7), we
have

(3.48) <1 — %)A(t) < (texp NH,t*)[Lp3(H,+ Hy, + H3) + K].
C

So that the reader can see where we are heading, let us assume for a
moment that we already know that H,, H3 are bounded depending only on
a, B, h. Then (3.48) implies

(3.49) <1 — %)A(t) < (t exp NH t*)[Lp*H, + K].
c
If we take for H; the smallest number for which (3.7) holds, then an obvious

compactness argument shows that there must be some ¢ satisfying (3.7) for
which equality holds, that is,

(3.50) A(t) = 2H t exp NH,#°.
Now (3.49) was established under the hypothesis H; > K, but, of course,
there is nothing to show if H; < K. Substituting (3.50) into (3.49) yields
<1 B )H < Lp?H
- — |H,<LpiH,+ K
ch

and yields H, < K provided B/ch® + Lp? < 1 in the admissible region, a
critical (but easy) fact that is proved in detail in [7].

Our program is simply to prove a version of Proposition 3.11 for B(¢) and
C(t) and proceed as above, but simultaneously for H,, H,, H;. We turn to the



1424 M. TALAGRAND

case of B(t) which fortunately is very similar to the case of A(¢). We consider
the quantity
B'(t) = E{(|la'|* - [m"™|*)f)",
where now
(3.51) f = exp N'¢(|'|* — [lm"||?).
We separate B'(t') in two pieces

(3.52) B'(t) = E(|@'|*f) — E(|m"|*f)
and we show how to deal with the first term on the right-hand side. We write

) 1 .

my, =~ Z N, k0;

N i<N'

so that by symmetry between sites we get the two basic relations

(3.53) E(|a'|f) =E Y. m(am,f),
2<k<M
(3.54) E(|@'|f) =E Y (mui,f).
2<k<M
Using that
., N_ 1

we get from (3.53) that
M-1
N/

N
N/

(3.56)  E(|m'|*f) = E(@)f) + - E X mulamuf).

2<k<M
To make the dependence on 7, explicit in f, we write
N'? (@' |” — m™|*) = Ne(|@|? - [m*|*) + 2t 3" np(6my + o m})
2<k<M
(3.57)

M-1
+t N (62 + 0*?2)

and we set
f = exp N¢(|m|* — [m*|?).

The errors made while integrating by parts, replacing f by f and treating
the term E(am(df/dn;)) of (2.52) as an error term are controlled exactly as
in the case of A(z). The other terms resulting from the integration by parts of
EY o pymp{om,f) are (after replacing f by f)

B((Foyim - m' + Goyia - m? + Gogin - m® + Goym - m*)f)

—4B(5osm - m°f)’.
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As in the case of A(¢), we have
Foym-m' + goym - m? = 1(5)?|m|?

so we are left with four terms
(3.58) 3B((0)*[m|*f); B(Gosm-mPf); B{goym-m*f)’; —4B(Gosm-m°f)'.

Applying Theorem 2.5 to the first term of (3.58), the main terms are given
by Corollary 2.10 as

1
ch?y
We can bound the last term by

E m|?f) - B°E |l *m® - m?).
B (Ilm[*f) — B ch2Y<f” I )
Lty H,H, exp NH,t%.

The main terms arising from the last three terms of (3.58) can be bound by
(Lt exp NH2t2)[\/H1H2 +Hy+ \/HZHS].

When we regroup the term BE(1 /ch2Y)(||li1||2 f) with the corresponding term
—BE(1/ch®Y)(|m*|2f) arising from —E(|m*|2f), we get

BE (I — m*|*)f)

ch?y

and, as the bracket is positive, this is at most (8/ ch2)B(t). Applying now Corol-
lary 2.10 to the term E((7)%f) of (3.56), the main terms give a contribution

) R th’y .. . .
ch?Yy ch?y (frin' - xn®) + B2Ech2Y (frin® - xin®).

The first term would be devastating, but fortunately it cancels with the corre-
sponding contribution from —E ((c*)?f)’. The other two terms can be bounded
by Lt,/H,H,exp NH,t2.

If we were now to start from (3.54) to get a lower bound for B(t), we would
find that, with the same error terms, N'/NB'(¢') > B(¢). In conclusion, we
have obtained for B(¢) exactly the same result as for A(?).

2E (f) - BE

PROPOSITION 3.13. Under (3.7), (3.11), (3.13) and if t is as in (3.11), then

(3.59) <1 - %)B(t) < (t exp NH2)[Lp%(H, + Hy + Hj) + K.
C

It remains to handle the case of C(¢), which, while technically simpler,
is somewhat different, and does not give as good control. We consider the
quantity

C'(t) = E(mexp N'tm})’
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(we have ¢ rather than ¢’ in the exponent). Since N'm)| = }_;_y 7;, we have
by symmetry between sites the two basic relations

(8.60) C'(t) = E(Gexp N'tm}),
(3.61) C'(t) = E(myexp N'tm})'".

Now replacing N'm}; = Nm, + & by Nm in the exponent creates an error
at most Ktexp NH,t%, so that we have to evaluate

(3.62) E(5f)

for f = exp Ntr,. The error terms when applying Proposition 2.4 are bounded
by Ktexp NHst?. The error terms of Theorem 2.5 are bounded by

E<f< > (' -m')?+Yal+ ) c?)>,
I1<I'<3 1<2 <2
which, through (3.28), are bounded by
Lt*(H Hy+ HyHy + H2)exp NH 4t
< Ltpy(Hy + Hy + Hg) exp NH 3t

since now we consider ¢ as in (3.13). The main terms are provided by
Corollary 2.9 as

h _ _
zh%; (Fiin-b) + BE——(F(c, — e3).

(3.63) — 28%E
P ch?y

We observe that ¢; — ¢y = 772, so that, since (72f) > 0, the last term is at most
BC(t)/chZ, and (3.63) is at most

(3.64) LtyH H, + %C(t).
C

When getting a lower bound for C’(¢) using (3.61), there is no new contri-
bution to the error terms, but use of Proposition 2.6 in the case I = (J gives
the following for the main terms of E(mf)"

E(m.f) + B*E th®Y (i, fm' - m?)

-B%E (mqf(m!-b+m?. b))

ch?y
2 B _
BBl fay + a0)) + BE th Y (s fley + o).

The first term is C(¢). As we can pretend that [m!-m?| < Lp?, |m’-b| < Lp?,
lay+aqg| < Lp?, |c;+cy| < Lpq, the sum of the second and third terms is at least
—Ltp,H;, and introduces no new error terms. Thus, we have the following
result.
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PROPOSITION 3.13. Under (3.7), (3.11), (3.13) and if t is as in (3.13), then
(3.65) (1 — %)C(t) < (texp NH3t?)[Lp,(H,+ Hy+ H3) + L/ H, H,].
c

COMMENT. A significant difference with (3.46), (3.59) is that now we do not
have a small coefficient in front of the term \/H, Hj.

PROOF OF THEOREM 3.1. We recall that Propositions 3.11 to 3.13 assume
that H,, Hy, H; > K. The (easier) case where one of these relations fails
is left to the reader. (This case is easier because we already have part of the
result.) Proceeding as after Proposition 3.11 by taking H,, Hy, H; optimal
(i.e., as small as possible) and considering a number ¢ with equality in (3.7)
[resp. (3.11), (3.13)], we get the relations

(1 _ %)Hl < LpX(H, + Hy+ Hy) + K,
(1 - %)Hz < Lpi(H,+Hy+ Hs) + K,

(1 - c%>H3 < Lpy(Hy + Hy + Hy) + LyH H; + K.

We add the first two relations to get, setting H = H; + H,,

(3.66) (1 - %)H < Lp2(H + H,) + K,

(3.67) (1 — %)Hg <Lp,(H+ H;)+LJ/HH; + K.
C

Let us now consider the case of large 8. Then B/ch? is small, and 1—B/ch®—
Lp? > 1/2, so that (3.66) yields

H<Lp?H;+ K

and plugging into (3.67) yields
1H <(1- -5 )Hy <LpHy+ K
277 ch?) ? 1

so that Hy < K if p; (i.e., @) is small enough. The same argument yields
that the inequalities in Theorem 3.1 hold at each B if « is small enough [a <
ay(B)], but, unfortunately, (3.67) cannot give the correct dependence as 8 — 1
because, in particular, it is not true in the accessible region that 1 — 8/ch? +
Lp, <1since1—B/ch®>~B—1as B — 1land p, = L\/a/(B —1). One reason
for this failure is that the a priori estimate

(3.68) EG(Jmy — m*| = p;) < exp(—N/K)
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used in (3.13) is not sufficient and has to be replaced by (2.14) instead. But
getting the correct dependence as 8 — 1 requires significant other work, and
rather than doing this now, we will observe that, quite conveniently, Bovier and
Gayrard have proved through the Brascamp—Lieb inequalities that H; < K in
the BG region (which coincides with the accessible region when one restricts
B to be < 2) so that then Theorem 3.1 follows from (3.66). O

COMMENTS. (1) In the BG region, Bovier and Gayrard also prove that H, <
0o0; however, I do not see how their approach could yield H, < oo.

(2) In the next section, the difficulty linked to the several insufficient
estimates used in this section will resurface, and this time we will have no
other choice than to improve upon them. So, in fact, we could have proved
Theorem 3.1 in all the accessible region, without lengthening the paper, not
using the results of Bovier and Gayrard; but this is not the best way to make
friends.

4. Exponential inequalities, II. In this section we will prove the follow-
ing improvement of Theorem 3.1.

THEOREM 4.1. For each value of the parameters in the accessible region, we
have, for |t| < N/L,,

(4.1) E(exp¢tN(m'-m? — E(m'-m?))) < exp KNt?,
(4.2) ElexptN(|m|? — E(|m|%))) < exp KNz,
(4.3) ElexptN(m, — E(m,))) < exp KNt*.

[There is only one replica in (4.3).]

The reason that we can take up this greater challenge is that Theorem 3.1
gives us excellent control of the error terms of Theorem 2.5, which now makes
it a rather irresistible tool.

We set

a=E(m'-m®*) =E|m)|?>, b=E(m'|*), c=E(m)

(hoping that this will not create confusion with the notation a;, ¢;) and we
define

A(t) = .E((rn1 . mZ _ a) exp Nt(ml . m2 _ a)>’
B(t) = E((|lm|* — b) exp Nt(||m|* — b)),

C(t) = E{(m; —c)exp Nt(m; — ¢)).
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[Thus, A(t), B(t) etc. are not the same as in Section 3.] We consider numbers
H,, Hy, H; with the following properties:

Nt*H, > 1, 0<t<Lyp?/H, = A(t) < 2tH,exp NH,t%,

(4.4)
—A(—t) < 2tH,exp NHt?

“s) Nt?H, > 1, 0<t<Lypi/Hy= B(t) < 2tH,exp NH,t?,
—B(—t) < 2tHyexp NH,t>

“e Nt*H, > 1, 0<t<Lypy/Hs= C(t) < 2tHyexp NH,t%,

—C(—t) < 2tHjexp NH,t2.

The reason we need to consider —A(—t) is that we can no longer invoke
symmetry to say that —A(—t) = A(¢). Thus, unfortunately, all the estimates
we have to do for A(¢) are also required for —A(—¢). Fortunately, this is done
exactly in the same way and will simply be ignored. As in Section 3, we have
the following, provided L; has been chosen large enough,

LEmMMmA 4.2. If H,, Hy, H5 are greater than or equal to K, then, under
(4.4) to (4.6), we have

0<|t|<1/L; = E(expt(m'-m? —a)) < 8 exp NH, 2,
E(expt(|m|? — b)) < 8 exp NH,t2,
E(expt(m; —c)) < 8 exp NH,t2.

It is to prove that E(exp¢(m; — c¢)) < 8 exp NH;t? for |¢| < 1/L,; when we
know (4.6) only for ¢t < L,p,/H, that (2.14) is needed.

Lemma 4.2, together with (3.28), will be essential in producing bounds.
The principle of the proof of Theorem 4.1 is very similar to the principle of the
proof of Theorem 3.1. The a priori estimates (4.4) to (4.6) are used to produce
bounds, that will imply that the best possible choices of H,, H,, H3 will be
bounded independently of N. The main difference with Theorem 3.1 will be
in the different behavior of the main terms arising from Theorem 2.5 through
Proposition 2.6.

We consider ¢ such that Nt?H; >1,0<¢ < Llpﬁ/Hl and

A'(t)=E(m! -m?—a)exp(N'tm'’ - m? — Nta)),
where @’ = E(m'! .m'?)’, ¢ = N't/N, so that N't'a’ = Nta. We write
, 1
m'' = N i<XZ:V’ ”fli,kUil
so that, by symmetry, setting f = exp(N'¢m’! - m'2 — Nta)

4.7 Em' m?f)y =E Y n(oymif)
2<k<M
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and also
(4.8) Em"-m?*f) =E Y (mymf).

From (4.7) we write

/ / ’ M 1 / N I
49  E(m'"-m*f) ZTE(U'ﬂTzf) + N E > muloamif).
2<k<M

To make explicit the dependence of f on 7,, we write
M-1
(4.10) N'#fm''-m”?=Ntm' - m?>+¢t Y n,(oym}+oymy)+ tT(rl@.
2<k<M

Setting f = exp Nt(m' - m? — a), we see through integration by parts of the
last summation in (4.9) as in Section 3 that we make an error at most

(4.11) Kt exp NHlt2

if we estimate E(m'! - m'2f)’ by
M - 1 v N o\ / c\/
M L B osnaf) + B (Bt mify + By jm?2)

—2E(0y05m? - m3f)").

We will use Proposition 2.4 [which creates an error of the type (4.11)] and
Theorem 2.5. The error terms created by Theorem 2.5 are of the type

LE(f((i' - ia")? + ¢ + a3)

(bounding m! - m? by L and losing a factor p%), and use of Theorem 3.1 and
of (3.28) (case n = 2) provides a bound KH,t?exp NHt?; but, as we are
interested only in ¢ < L,p?/H1, this is of the type (4.10).

What makes the use of Theorem 2.5 possible without extreme complication
is that (3.28) and Theorem 3.1 imply that all the terms that do not arise from
the term I of Theorem 2.5 are bounded by

(4.12) Kt/ H,exp NH,t?

and are not dangerous as we will see because \/H; << H;. Thus, we see that,
modulo terms (4.12), E(m'! - m'2f)’ is equal to

M-1 2 3 E 1. m2F 2 2112 7
413) N Eth*Y(f) + B3 (E(m'-m?*f) + B th*Y ([m?|*f)

— 2E th?Y (m2 - m3f)).
We now turn to the evaluation of o’ E{f)’. In order to obtain terms that look
like those of (4.13), we write
a/ — E(m/l X m/Z)/ - E Z nk(o-lm/Qk)/
k

 M-1

N
= N E(oy03) + ﬁEZk:”flk(fﬁm%)-
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We integrate by parts, apply Proposition 2.4 and Theorem 2.5 and obtain

, (M—l
a [—
|

+ Eth?Y (JJm?|?) — 2E th®Y (m? m3))> <

Y—i—B%(E(ml-mQ)

(4.14)
K

VN

This is because from Theorem 3.1 we know that E((m’-m’)") < K(n) N~"/2
(etc.) so that the error terms can be controlled via the Cauchy—Schwarz
inequality.

We also obtain

(4.15) |E(f) — E(f)| < Kt/ H, exp NH >
We observe (using 2.14) that

E(f)

\/_ FexpNHltz < Kt/ H, exp NH, >

as we deal only with N#2H; > 1. Combining this observation with (4.14) and
(4.15), we see that, modulo an error (4.12), we can estimate ¢’ E(f)’ by

B 5

1Eth2Y + By ( (m' - m?) + Eth?Y (|m?|?)

— 2Eth?Y (m? m3))i|

It is apparent by symmetry that one could replace (m? - m?) in the last term

by (m!.m?) and also |m?||? by %(||m1||2 + |/m2||2), and (4.16) becomes

M-1
N/ hZ

Of course, we would want to perform the same simplifications in (4.13), and

this leads to the basic observation that will keep computations reasonable.

Modulo error terms (4.12), we can change the replica indexes in (m!-m‘ f),
[ # I'. Specifically, here, we can replace

Eth’Y (m? - m®f) by Eth’Y (m!- m2f)

B U B 4 3y (B md )+ Y (Jf?) ) |

because the difference is at most
E(|(m' —m®) m?|f),
which is bounded by (4.12) due to Theorem 3.1 and to (3.28).
Thus, we have obtained that, modulo an error of type (4.12), A'(¢') is

M LBy (f) - Ew?YE(D)

N 1 _
+B8—| F m! m2f) - E
BN,< = 7)
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+Eth®Y (|m|%f) — Eth*Y (||[|®) E(f)).
The reader can check the much easier fact that within the same error (4.12)
A'(t')y = NA(t')/ N’ so that we have the following result.
PROPOSITION 4.3. If ¢t is as in (4.4), then, under (4.4) to (4.6),

M-1
N

A(t) < (Eth®Y (f) — Eth®’YE(f))
1

1y N
(4.16) +B<Ech2Y<m m’f) — B4 (m m>E<f>>
+B(Eth?Y ([m||*f) — EthY (|m||*) E(f))
+Kt\/EexpNt2H1

for f =exptN(m'-m? — a).
Before we attempt to extract information from (4.16), let us perform the
same computation for B(¢). It is nearly identical, so we will give only the

“algebraic” part and leave the control of the error terms to the reader. We
start with

B'(t)=E} (6w f)
k

[where, of course, here f = exp(Nt'|m’||? — Ntb)]

M-1 N
= TE((&)2f)/ + FE%:nk(&ﬁlkf)'-

Integration by parts of the last term yields that this is
[for f = exp Nt(||m|? — b)]
B(E(Gom! -mf) + E(6oym? .- mf) —2E(Gom - m3f)).

The first two terms regroup as (8/2)E ((&)?|m|2f)’; the last term will give no
contribution because of the factor m - m3. Thus, we get the following result.

PROPOSITION 4.4. Iftis asin (4.5), then under (4.4) to (4.8) we have

B(t)s2E(E L -2 E(f‘>)

N ch?Y ch?Yy
(4.17) ﬁ(El ~2—_E(1 2>E>
+B 4 ch2Y<||m|| f) chZY(IImII) (1)
+Kt\/Hyexp Nt?H,.

The case of C(t) is much simpler, and left to the reader.
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PROPOSITION 4.5. If tis as in (4.6), then under (4.4) to (4.6) we have
C(t) < E(th Y (exp Nt(m; — c¢))) — Eth YE (exp Nt(m; — c))

(4.18) S
+Kt/Hzexp Nt?H;.

Quite obviously, this is the relation to discuss first. We recall that Y =
B(g-b+ (mq) + h) so that

EthY = y;((m' - m?), (m,))
where

Y1(x, y) = E th B(gV/x + y +h),
where g is N(0, 1). Now, since we can replace thY by E thY in (4.18), it is
natural to use a first-order expansion
[1(x, y) — 1(a, ¢) — d1¢1(a, c)(x — a) — daipi(a, c)(y —¢)|
< Ry(x —a)’ + Rs(y — ¢)?
(where 9,4, = Jy;/dx, etc). The reader should observe that we allow the
different coefficients R;, R;. The reason for this is that getting the correct
shape of the accessible region at 8 — 1 is an extremely unforgiving job, which

essentially requires us to use the correct order in every estimate. We need to
use R, R; such that (4.19) holds in the domain

A={(x,y) Vx <2py, |y —m*| < po}

because we know that ((m!-m?2), (m,)) belongs to this domain with probability
greater than or equal to 1 — exp(—N/K). It is easy to compute the partial
derivatives of ;. In fact, for any smooth function ¢ if é(x) = E¢(g4/x), then

(4.20) &(x) = %Egso’(gﬁ) = %qu:”(gﬁ)
by integration by parts. Using Taylor’s formula for the function
t—> yi(a+t(x—a),c+t(y—rc)),
we see that in (4.19) we can take
| 924, | | 92
R At S A
We will see in due time what we need to know about these. (The reason for

the index 3 in R is that “R; goes with H; and R; with H;.”)
Using Jensen’s inequality, we have

Eexp Nt((m!' -m?) —a) < E(expt(m!-m? — a))
so that by Lemma 4.2 and (3.28) we have, for f = exp Nt(m; — c),
E(|(m'-m?) —a|(f)) = E(|(m" - m?) — alf)

< Lty H{Hyexp NH,t2.

(4.19)

|
(4.21) R, = E
|
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Similarly, and using that ¢ < L,py/Hs,
E(Ry((m'-m2) — ) + Ry((my) — 0)2)(f))
(4.22) < Lt*(RyH H3 + RyH%)exp NHt?
< LtpO(RlHl =+ R3H3)exp NHStz.

Since

E(Ra((m! ) = ) + Ry((my) - o) = L T+ F20)

N N

[easily, by (4.4) to (4.6)], and since we consider only NH5t? > 1, so that N1 <
t?H 4, the bound of (4.22) is also good for

E(R,((m'-m?) —a)’ + Ry({my) — ©)*)E(f).

Using (4.19) for x = (m' -m?), y = (m,) to estimate EthY, substituting in
(4.18) for th Y and using the previous estimates, we have proved the following
result.

LEMMA 4.6. Under the conditions of Proposition 4.5, we have
C(t)(1 —dap1(a, c))
(4.23) = (Ltexp NHyt)| 0141 (a, ) Hy Hy

+ po(R1Hy + R3H3) + K\/E]

It remains to extract information by the same method from (4.16) and (4.17).
We start with (4.17). We use the function

1
,y)=FE
b ) = B e dm t v + 1)
so that
1
EgchTY = ¢y((m' -m?), (m,))

and we make a first-order expansion as in (4.19). The reader will note that
By = d1p;. We write

lPa(x, ¥)Pa(a, ¢) — (x — a)diPs(a, ¢) — (y — ¢)datfs(a, )|
< Ry((x —a)’ + (y — ¢)?),

where R, is smallest possible that this holds for (x, y) in D, and we bound
the error terms as previously, to obtain

1 - 1 -
ECh2Y<f> - ECh2YE<f>

< d1hy(a, ) E((m' -m® — a)f) + dothy(a, ) E{(m; — ¢)f)
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+LRyt*(HyH, + HyH ) exp NH 412
< (Ltexp NH3t2)[|&11,[;2(a, o)V H Hy+ |dg5(a, ¢)|v HyH,

+ RzP%(H1 + H3)]
and
o (PR~ B I B )

< Wy, ) E{Im2F) — E{Jm]?)E(F))
T ora(a, ¢)(E (m! - m? — a)(@|f)
T aga(a, ¢)(E (my — c) (Il F)
FRLE((((m - m2) — a)? + ((my) — o)2) ]2 )
FRyE((m' - m? — a)? + (my — o)) E((Im]2F)).

E

As in Section 3, we can pretend that |m|? < Lp?, so that the above is
bounded by

a(a, ¢)B(t) + (Ltp; exp NHt?)
x[10va(a, W H Hy + |dyibo(a, )| Hs Hy + Ropi(Hy + Hy) .

Remembering that o < Lp%, we have proved from (4.17) the following coun-
terpart of Lemma 4.6 for B(t).

LEMMA 4.7. If tis as in (4.5), then under (4.4) to (4.6) we have
B(¢)(1 - Biy(a, )

< (Ltp} exp NHyt2)| loyha(a, o)y H  H,
+ Bldza(a, ¢)l/ HsHy
+ BRypf(Hy + Hy + K\/ﬁz)]

(4.24)

To handle the case of (4.16), we use that th’Y = 1—ch?Y, so we fortunately
do not need a new function, and we prove the following, exactly as in the case
of Lemma 4.7.

LEMMA 4.8. If tis as in (4.4), then, under (4.4) to (4.6),

A(t)(1 - Byy(a, 0))
< (Ltp? exp NH %) Bloriba(a, )| Hy
(4.25) -
+ Blagis(a, )l HsHy + BRyp3(Hy + Hy)

+ BI1 = yy(a, )|/ H Hy + K\/Fl]



1436 M. TALAGRAND

The (very dangerous) term B|1 — ¢5(a, ¢)|\/H, H, is created by
(1= ga(a, ) (E(Im|*f) — E(|lm|*) E(f)).

PrOOF OF THEOREM 4.1. We choose H{, H,, H3 as small as possible. Using
values of ¢ that witness this optimality, we get from Lemmas 4.6 to 4.8 that

H3(1 - Byy(a, c))
< L[|011(a, )|y H Hs + po(R1 Hy + R3H3)] + K/ Hj).
[On the left-hand side we have replaced dyi(a, c) by its value Bis(a, c).]
Hy(1- Biry(a, ©) = Lok | Blovba(a, o)V HL H,
(4.27) + Blogira(a, ¢)ly Hs Hy
+ BRyp}(Hy + Hy) + KVHy)),

(4.26)

Hy(1-Bys(a,c)) < LP%[M%%(“: ¢)|Hy + Bldgia(a, ¢)ly Hi Hy
(4.28) +BRypi(Hy + Hy)

+BI1 = tra(a, )V H  Hy + Ky/H, .

To illustrate the ideas, let us start by proving that, for each 8 > 1, there
is a number a(B) > 0 such that, for @ < a(B), the previous relations imply
H,,H,, H; < K. We will denote by L(B) a number depending on S only.
Bounding in (4.27) and (4.28) all the products such as \/H,H, by H, + H,
(etc.), and, since |d;¢5(a, c)| (ete.) remain bounded in function of B8 only, we
get, since p% < aL(B),

(4.29) Hy(1 - Bpy(a, c)) < aL(B)(Hy + Hy + Hs + K/ H,),
(4.30) H,(1- Bis(a,c)) < aL(B)(H, + Hy + Hy + K/ H)).
To handle the dangerous term /H Hj in (4.26), we will use the inequality

1
(4.31) 2xy < yx? 4 ;yz

so that, setting
(4.32) 0 =1- Biy(a,c),
we get, from (4.26),

L(B)
0
so that, for @ small enough, as 6 remains (at fixed 8) bounded away from 0

we get

0 B—
H30§§H3+ H, +aL(B)(H, + Hs) + K\/H,

H; < L(B)H, + K\/H,
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so that
H,;<L(BH,;+ K

and substitution in (4.29), (4.30) yields the result.

The rest of the proof is devoted to the more special task of getting the
correct behavior of a(B) as B — oo, or B — 1. The easiest case is B — o0.
In that case (inside the accessible region) B, (a, c¢) stays bounded away from
1, while BR;, BR,, BR3, B|d1¥a(a, )|, Bldsps(a, c)| (etc.) remain bounded, so
that (4.26) yields

(4.33) H;<LH,+ K.
Substitution in (4.28) yields
H, < Lo[H, + By HH, + K\/H|

so that, for « small enough,

(4.34) H,<pB*H,+ K
so that, from (4.33),
(4.35) H, <pB*H, + K.

Substituting in (4.27) yields
H, < La[32|(91¢2(a, o)l + B|dza(a, )| + B*(Ry + Ry)Hy + K\/E]

The coefficient of H, in the brackets has the good taste to remain bounded over
the accessible region, so that, if @ < ¢ (e universal), we have H, < K. (The
reader should note that the condition a < 1/Llog B is required only through
the uniform control of 2R, etc.)

Finally, we turn to the case 1 < 8 < 2. In that case it is easy to see (and is
done in detail in [7]) that in the accessible region 1 — Biy(a,c) > (8 —1)/L.
Also,

2

dP(x, y) = %

where ¢(x) = (th x)’ = th x/ch®x. It is simple to show that in A, for 8 < 2, this
behaves like th Bm* = m* of order /B — 1 (for k small). Since Bdyihy = 29141,
we can also bound |dy5(a, ¢)| by Ly/B — 1. Also,

Py, 1
Ty 551%

Eoo(B(gvi+y+h),

so that, on A, [(¢%,/3y?)(x, y)| is at most of order ,/B — 1; thus, we can take
R; < L,/B—1, we bound Ry, Ry, d;i5(a, c) by L, and (4.26) becomes

L .~ L S _
(4.36) H, < \/m\/Hng, + B—fol(Hl +VB—1H;) + K H,.
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One then realizes the very remarkable fact that the value of p, exactly
ensures that, if a/(8 — 1)? is small enough, then Lpo/\/ﬁ —1<1/2, so that
(4.36) implies

LH
(4.37) H, < 5 _11 +K.

We substitute this in (4.28), observing that
|09s(a, o)y H Hy < Ly/B— 1/ H, Hy
<LH;+ K
and, since p? < La/( — 1), (4.28) implies

La S __
H, < m[H1 + Hy+H Hy + K\/Hl]

so that H; < LH, in the accessible region. We substitute this in (4.27), and
use (4.37) again; the dangerous factor (8 —1)"! gets neutralized as in the case
of (4.28), and the result follows. O

To end this section, we prove (1.9). We will consider
(4.38) D(t) = E((e' - €2 —d)expt(e' - £ — d)),
where d = E(&! - £2). We consider the smallest constant H, such that
(4.39) vt >0, Nt?H,>1, t<2/H,= D(t)<2NtH, exp NH,t?

' —D(—t) <2NtH, exp NH,t2.

[As before, we will leave it to the reader to worry about D(—t). The factor N
on the right-hand side comes from a different normalization than previously.]
To use Lemma 3.5, we observe that from (4.39), using |e1 . £2| < N, we have

(4.40) Vt, E(expt(e'- £ —d)) < 8exp Nt?H,.
Consider
D'(t)= E{((c' o® —d)expt(o!l-o? -d)),
where d’' = E(o! - ¢%)'. By symmetry,
(4.41) E(o'-o®expt(c’ 0? —d)) = NE(oyosexpt(c’-o? —d)).

For ¢+ < 2/H, we make an error at most KNtexp Nt>H, if on the right-
hand side of (4.41) we replace to! - a2 by te! - €2, since the difference is toy 0.
Using Theorem 2.5, we get

E(oy05f) = Eth*Y (f),

where f = expt(o' - 02 — d), and with error at most K¢tN,/H exp NHt.
Continuing in this very predictable manner, we get

D(t) < Eth?Y (f) — (Eth®Y)E(f) + KtN(\/E + 1) exp NH, 2.
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Now we need only a trivial estimate
th?Y — Eth®Y| < K(|(m! - m?) — a| + |(m,) — b|)
to get, using Theorem 4.1, that
D(t) < KtN(\/E + 1) exp NH, 2

and to conclude as usual.

5. Convergence. Consider the “replica-symmetric” equations

(5.1) w= EthB(gv/r+un+h),
(5.2) q = Eth®B(gV/r +p+h),
aq
(5.3) = .
T a-BA-q)

It is proved in [7] that when the parameters belong to the BG region these
equations have a solution. The relations

(5.4) lim E(m) = p,
. 1 1 2\ _
(5.5) 2\%1_1)1;0 NE<€ -£%) =g,
(5.6) Al}im E(m!' -m?) =r,
. 2\ _ 1- B(]- - Q)z

are proved in [7] for the perturbated Hamiltonian (and later by Bovier and
Gayrard for the standard Hamiltonian we use here). The key to these results
is Theorem 3.1 and only trivial modifications are needed to prove them in all
the accessible region.

In fact, it is a mere exercise to show that in (5.4) to (5.7) the speed of
convergence is in 1/+/N, that is, |E(m;) — u| < KN~1/2 (etc.). This allows us
to obtain the following inequalities (valid for ¢ < 1/L,):

E(exptN(m' -m? —r)) < 2exp KN,
1-p(1-g)?
(1-B(1-q))

E(exptN(m; — u)) < 2exp KN¢2,
E(expt(e'- €2 — Nq)) < 2exp KN2.
It follows from (5.4) to (5.6) that
(5.8) ]\1,13;0 EthY = pu,

E<exp tN<||m||2 —a )> < 2exp KNt2,

(5.9) lim Eth’Y = ¢
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and more generally that

(5.10) lim EM
N—-c ch™"Y

exists for all n,n’ > 0.
In this section we will consider p-replicas and functions on p-replicas.
A function of one of the following types:

(5.11) m' - m’ - E(m’ - m’), 1#I,
(5.12) || — E(|lm’|?),
(5.13) mi — E(m!),
(5.14) ml,  k>2,
1 ’ ’
(5.15) N(sl g —E(g - &)

will be called an expression of order 1.

The reason for which there is no centering term in (5.14) is that |E(m,)| <
K /N (integrating Emn,(ey) by parts). For an integer 7, an expression of order
7 is the product of 7 expressions of order 1 (and a constant if 7 = 0). It
will be convenient for the proof to consider certain linear combinations of the
expressions (5.11) to (5.15), among which we will use

(516) (mll _ mlz) . (ml3 _ ml4),
(517) ||mll _ mlz ||2 _ ||ml3 _ ml4 ”2’
(5.18) [m" — m’|? — E[|m" — m"|?,
(5.19) b — mb,

(5.20) (m’ — mb). mb,

A product of 7 quantities of the type (5.11) to (5.20) will be called an extended
expression of order 7. Each of the quantities A [(5.11) to (5.20)] satisfies an
exponential inequality E(exp NtA) < exp Kt?N for |¢t| < 1/L, and, in par-
ticular, if f is an extended expression of order 7, we have E{|f|) < KN~"/2,
a statement that we will shorten in “f is of order N~7/2.”

THEOREM 5.1. If f is an expression of order 7, then limy_  N72E(f)
exists.

The proof will be by induction over 7. Certainly the result holds for 7 = 1
or 7 =0.

Before the proof starts, let us explain how the induction hypothesis will be
used.
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LEMMA 5.2. Let us assume that limy_, ., N"~2/2E(f) exists for each expres-
sion f of order less than or equal to 7 — 2. Then, if n, n’ are integers greater
than or equal to 0, if A is a product of terms of one of the following types:

1 ,
(5.21) m' . m’; Nsl . sl;mll,
then the limit
th"Y
(5.22) lim NO22E " (Af)
N—oo ch”Y

exists for each expression f of order T — 2.

PROOF. It is worthwhile to spell out the general principle at work here,
which will be used many times in the sequel, namely, that if A is a finite
product, A = [ A,, where each A, is of the type (5.21), and if f is an extended
expression of order p, then

Eth ,Y (Af)—Eth ’Y
(5.23) ch”Y ch"Y
< KN—(p+1)/2,

E(f) [TE(A,)

[The lemma then follows from (5.4) to (5.6) and (5.10) taking p = 7 — 2.] To
prove this, we successively replace each A, by E(A,), using that (A,—E(A,))f
is an extended expression of order p + 1.

If we set
th" x+y+h
o(x. )= E, n/B(gf y+h)
ch” B(gv/x+y+h)
we then bound
th"Y n
Y _ Eth ,Y
ch”Y ch”Y
by
1 .2 1 .92 K
sup d1@o/(m” - m®) — E(m" - m?)| + sup dop|(my) — E(mq)| + ——. O

VN

To prove Theorem 5.1, we will assume the following induction hypothesis:
(H(7 — 1)) For each expression f of order
p < 7— 1 the limit Z\l]im NP2E(f) exists.

We will then prove that H(7 — 1) = H(7).

Given one expression (5.11) to (5.20), say W, we will prove that limy_, . N”
E(W[) exists when f is an expression of order 7— 1. These expressions will be
considered in a carefully chosen order, and the proof for each new expression
will build on the previous ones. We will start with expressions (5.16); without
loss of generality, we can assume that this is - m* = (m! — m?) - (m3 — m*).
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PROPOSITION 5.3. Under H(t — 1), for any expression f of order 7 — 1,
lim N"2E (- m*f)

N—o0

exists.

PROOF. The principle of the proof is to show that
(5.24) Em m*f)=CE(m -m*f) + R,

where limy,_,  C exists and is less than 1 and limy_, . R exists. The method
consists of repeating the proofs of Section 3 and 4 (looking at them differently).
We will compute E( i "y for a certain expression f in a situation with N + 1
sites in two different ways, and comparing the results will yield (5.24). For f,
we could simply consider the expression that is to IV + 1 sites what - m*f
is to N sites, but it will be easier to proceed a bit differently. We write f =
[ls<-_1 fs, where each f is an expression of order 1. For each s, we define “the”
(somewhat canonical) quantity f’, such that f,+ /" is symmetric between sites
when seen as a function on 2%, ;. Thus,

1

(5.25) if £y = 3p(e" €' — E(e' ), then f = %
(5.26) if f,=m!, then f, = %nkol, kE>2,
1
(5.27) if i =m} — E(m}), then f, = VO
if fi=m'-m’ — E(m! - m’), then f, = UZI\/'UZZ/

(5.28) 1 ,
+= 2 m(oymy + oymp).
N 2<k<M
(The only reason that we distinguished between expressions of order 7 and
extended expressions of order 7 is to shorten the previous enumeration.)
We consider the quantity

(5.29) A= E{(m'-m"™)f"),
where ' =[], 1(fs + f}). By symmetry between the sites, we have
A'=E Y m{(@mp)fy
2<k<M
M-1_ _

N
= ———E(Go* ) +-ZE ) ml{omif’).
N N 2<k<M

(5.30)

We will integrate by parts the last term. The error terms are of order N~ (7+1)/2
so are irrelevant for our purposes. To simplify the notation, throughout this
section we will use the notation A =B to mean that limy_ . N7/?(A — B)
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exists, so that for the purpose of convergence, there is no need to distinguish
A and B. Thus, integration by parts yields

E Y m{emify £ Y BE(Fom! -m*f)
2<k<M l<p
(5.31) —BpE(&ap+1mp+1 -m*f’y
. L of'\
+ E<a'm* —> .
2§%§:M kank

Our first goal is as follows.

LEMMA 5.4. We have

3 E<&m;;j—’m>,éo.

2<k<M Nk

ProOOF. Since f’ is the product of 7—1 terms £, + f, a look at the possible
values of f’, shows that it is enough to prove that, for each &,

1 ~ PJAVIRY
(5.32) NE(Ua'lmkf Y'=0
and that
1 / c
(5.33) NE(&olm* .m' "y £0,

where f” is the product of 7 — 2 terms f, + f,. We expand this product f”
to reduce to the case where f” is a product of terms that are either f, or f7.
A basic idea is that “the terms f, are of order 1/N, and the terms f of order

1/+/N.” What this means is that E(|f|)’ < KN—%%2 when f is the product of
a terms f, and b terms f. To see this, we first observe that, for each integer n,
n

E, < K(n).

anmi
k

We then use Proposition 3.1 to bound E(|f|)’ by E(|f|&), we integrate in
(M1, ..., ng) first with Holder’s inequality, and we use Theorem 4.1.

To prove (5.32), we observe that the term mj, is itself of order N -1/2 50
that the left-hand side of (5.32) is of order N~7/271/2_ To prove (5.33), only the
case where [ is a product of 7 — 2 terms [ has to be considered, for if one
of the factors is f, the expression (5.33) is of order N~("*1/2, When f” is a
product of 7 — 2 terms f;, use of Proposition 2.4 and Theorem 2.5 transform
these into a sum of terms to which we can apply Lemma 5.3. O

LEMMA 5.5. Forl < p+ 1, we have

E(Gom' - m*f) = E(Gom’ - m*f).
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PRrROOF. We expand the product /' = [],.._1(fs + f%). Thus, it is enough to
prove the following. If " is a product of terms f,, f s <7—1(ie., for each
s we choose between f and f7), then E(Go;m!-m*f”) =0 when at least one
of the factors is f7.

This is obvious if there are at least two factors f,, because then the term
is of order N-("*D/2 50 we consider only the case where there is exactly
one factor f/. But, in that case, integration by parts [if we are in case (5.26)
or (5.28)], use of Proposition 2.4 and Theorem 2.5 reduce again to
Lemma 5.3. O

Going back to (5.31), we have shown that

E Y mp(omyf) =B Y. E(Gom' -m*f)

(5.34) 2<k<M I=p

~BPE(50, mP m f).

We regroup as usual the terms for [ =1, [ = 2 into
(5.35) gE((&)Zﬁl -m*fy

and we apply Theorem 2.5. What greatly helps is that m - m*f is an extended
expression of order 7, so that many of the extended expressions we will find
are of order greater than or equal to 7 4+ 1 and hence of order N~("+1/2_ This
is the case for all terms where, besides f, at least two terms such as m‘ - m’,
a;,ay, m-m, [ >3 m-m*, m'-m*, [ &3, 4 occur. Thus, the only contribution
from (5.35) is

1

5.36 E
(5:36) A ch?Y

(- m*f).

None of the terms E(Go;m‘-m*f)’ for [ > 5 contributes. Using Corollary 2.7,
the contributions of the terms for I = 3, [ = 4 are (regrouping these terms)

BZEchZY (- m*m? - m* + m - m*m? . m*)f)
+B2E(ﬂ)((m3 -m* + m* . m*)fm - b)
(5.37) thYCh Y
+BEch3Y (m®-m* +m* m")f(c; - cy))
+B2Ez}}i§ (m?® m*m-m*+m* m*m m?)f).

It is fortunate that m® - m* + m* - m* = |[m?|2 — |m*|? so that only the first
and the last term are not of order (N~("*1)/2). We observe that, using simple
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algebra,
m-m’m?®. m* +m - m?‘m* . m*
(5.38) — i m*(|m*|? — m*m*) + @ - m(|m*|2 — |m|?)
- b(|m®|2 - [m*[?).
It follows that

(- m’m? - m?* 4+ m - m*m?* . m*)f)

ch?Y

4

(Jm?®|? —m? - m*)f)

ch?Y
(EchiY)(E“'m”Z) — E(m®.m"))E(h - m*f)

[Io

(the last equality uses in an essential way that m - m*f is of order 7).
For the last term of (5.37), a similar computation yields that (modulo con-
verging terms) it is
thz 3 4 ~ *
-BE—— Y (E(II I”) = E{(m®-m*))E(f-m*f).
Estimating the contribution of E(co*f’)’ in (5.30) is much easier. One

shows as above that
E(Ga*f'Y =E(Ga*f)
and Corollary 2.8 gives

c 1 .
E(Go*f) < B2<Ech4Y)E(m -m*f).

Finally, rather than (5.28) using now that

N
A = N/E Z m,myf)
and using the previous arguments (in a much simpler situation), we get

N

AL _E(m -m*f).

- E(m - mf)
Combining these estimates, we arrive at the relation promised at the begin-
ning of the proof, namely,

E(h-m'f) £ CE(m - m'f),

where

1 M-1
0= (B ) (M5 + BBl - Bl )
(5.39)

+BE )
B ch?y
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In the accessible region, this is at most

o
B—-1
since 1 — BE(1/ch?Y) is of order B — 1 for B < 2. The proof is complete. O

B*E

<Ba+L )+BEL<1

ch?Yy ch?Y

REMARK. The previous computation is an identification of the A-T line.
Indeed, using (5.6), (5.7), we see that (assuming the validity of the RS
solution ...)

Cy, = Al]im C = B’E ! <a B — q)

+
ch’B(gvr+ u+h) (1-p(1-9q))
so that C, < 1 if and only if

>+B(1—Q)

1
chB(gvr+u+h)
(the condition of the A-T line).

(5.40) oB2E <(1-B(1-q)

Proposition 5.3 is good step forward, because in the use of Theorem 2.5 we
no longer have to worry about terms containing m'’-m’, as these terms can be
replaced by (m! —m?+1).(m’ —m?*?) for two new replicas of rank p+1, p+2.
Thus, if f is an expression of order 7 — 1, we know that limy_, . N72E (.
m’ f) exists, and, since m’ - m’ f is an extended expression of order 7, this
is also the case for limy . N7/2Eth?Y (mn! - m’ f) and so on, as explained in
Lemma 5.2.

PROPOSITION 5.6. Under H(t—1), if f is an expression of order T — 1, then
limy .., N72E{m -bf) and limy_, ., N7/?E(mf) exist.

PROOF. We introduce f’ as in Proposition 5.3, and we evaluate
E(m -b'f') = E(m -mPf).

The bracket on the right involves p + 1-replicas and f’ depends only on the
first p-replicas.
We start with

B 7Y = B miami,” 1)
k

M-1 ~ I\’
= TE(O"Tpr)

N
+5E X mlemim Yy
2<k<M
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Use of Lemmas 5.4 and 5.5 and integration by parts yield

~/ ’ AVARY M-1 ~ /
E@@  -mPHfy < TE(UUP+1f)
N ~ +1 1l p\/
+—B Y E(com?’" .m'f)

I<p+1

N
~ B+ DE(Ga, mPt mP 2y

We now use Corollary 2.7 to see that

1 - 3th?Y\ - thY -
—th m-b

C
1 - 3th?Y _ thy . ..
—th E{fm

C

E(50,f) < 32E<

éB2E<
As previously, we have
~ p+1 1 ~ p+1 2 1 . 2.~ p+1
ocom?’™ .m" 4+ Goom?PT . m® = 5(0) m-m

and Corollary 2.10 gives
1 1
ch?Y ch?Y

because all the other terms are of higher order. For [ > 3, Corollary 2.7 gives

B (3 m?*f) £ B {m mP*f) £ B

E(m -bf)

1— 3th?Y
ch?Y
thY

+BE ——
P ch?Y

E(GomPtt.m!f)y < ,82E< )(mp+1 -m'm - bf)

(mP* i, )

and also

1-3th’Y
ch?Y

thY

ch’Y

In particular, if [ < p + 1, these two expressions coincide modulo converging

terms, as is seen by regrouping the terms in their difference. It is simple to
show that

E(&O'p+1mp+1 .mp+2f>/ £ ,BZE( )(mp+1 -mp+2ﬁ1-bf)

+BE

(mPH . mP* 25, f).

E@'  -mPtfY < E(m-mPHf)
so that, if we set

A=Em-bf), B=E({mf),
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we get after regrouping the terms that

(5.41) A=UA + VB,
where
1 1-— 3th’Y
U=BE +2E<—>a~|—Em2—3E b|?) |,
BE 0 + BB~ 5 )[a+ BE(Im|*) ~3E(|b")
thY
V =BE E{(|m|?) —3E(|[b|?)).
B Cth( ([lm %) (IMb[*))
A similar, but much easier computation yields
thY
BLBE B - 2B%E A
P ch?y P ch?Y
so that
1 thY
B(1-BE < _2pB%E A.
( P ch2Y> P ch?y

Substitution in (5.11), together with the fact that 1 — BE(1/ch?Y)+ L p? <1,
then yields A =0, and thus B=0. O

Our position has strengthened again, because, when [ is an expression of
order 7 — 1, in the application of Proposition 2.6 and its corollaries, we no
longer need to consider the terms containing m - bf, or m;f.

We now turn to the case of expressions of the type (5.17); without loss of
generality, we can consider ||m|? — |m*|2.

PROPOSITION 5.7. Under H(t—1), if f is an expression of order T — 1, then
Jim N2E((|@?* - [m*|*)f)

exists.

PROOF. We introduce f’ as in Proposition 5.3, and we evaluate E((||m’||% -
[’ [1%)£7)".
We start with
E(|@'|*f) = E Y ny{amf)
k

M —

GV 4 E Y mfY.

i
N 2<k<M

Using Corollary 2.10,
E{(&)*f) =E((a)*f)

thY <
ch?Y

chl>

>3
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because all the other terms from Corollary 2.10 are known to be convergent
by Proposition 5.3. Now, integration by parts gives

E Z np{am,f’y —BZE oo;m - mlf)
2<k<M I<p

—BpE(50,, - mPf).

Use of Corollary 2.7 shows that only the terms for [ = 1,2 can contribute.
They regroup as

sE((@)?|lm|>f)
and use of Corollary 2.10 shows that

SE((5)*|m|?f) £ E

(IImII f)+

ey o {Il?r e

>1

(e fZaz>

>3

Regrouping with the contributions from —E(|/m*||2f’)’, we obtain a total con-
tribution of

N
v E Iil 2 m* 2
NPE Lz Y((II I* = lm™[|)7)
N 1
NPy
because (||m||? — |m*|2)f is an extended expression of order 7. [The reader
will observe that we do not know yet that

() (B ) Q).

E((|m]? — [lm*|*)f)

ch?Y

In this way we obtain

. 1
ALB|E A
B( dFY)

and this completes the proof. O

We have made further progress, because when we apply Theorem 2.5 and
its corollaries, we have now controlled the terms containing a;. Indeed,

(| = (%)) ) = ((Jm’ —mP* |2 — |mP*® — mP*2|?)f)

using three new replicas. So we now know that all terms such as N"/2E(1/
ch®Y)(a,f) are convergent when f is an expression of order 7 — 1.

Now, when using Theorem 2.5, we will have to be concerned only about the
terms of type I. Still, we are not done.
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PROPOSITION 5.8. Under H(7 — 1), for each expression f of order v — 1,
limy_, . N72E (m - m?f) exists.

Proor. We write
B - m®f) = Eny(Gm”,f')
k

e M—1_ N .
£ S EGasf) + 5 X Eny(Gmif).
k

N
By integration by parts,
EY mp(6m}f) =BY E(Fom® m'f) - BpE(Foym® - m"*).
k I<p

As we now care only about the terms of type I of Theorem 2.5, only the
terms for [ = 1, 2 contribute; they regroup as

BE (o) m’f)
and we get

1

E{m -m?f)<BE
(m-m°f)=p e

E(m -m?f). 0

PROPOSITION 5.9. Under H(7 — 1), for each expression f of order v — 1,
limy_ . N72E((m! - m? - E(m' - m?))f), limy_ . N72E((mi— E(mi))f) and
limy_ . N7?E((|m[* — E(|m|?))f) exist.

PROOF. Writing a = E(m!-m?2), b = E|m|?, ¢ = E(m,), we will first show
that
E((m'-m” - a)f) < « Eth®Y (f) — (Eth®Y)E(f))
+B(E

(m' - m?*f)

ch?Y

(5.43) —E( !
ch’Y

(m' - m?) ) E(£)

+5 Bty () ) — BORY () Bif)),

Bl - 0)f) <20( B 1) - (B ) EO)

44
(5.44) 1

ch?Y

1

(lm|?£) — E oy

+ 65 ( (I B )

(5.45) E((m} - ¢)f) = EthY (f) — (EthY)E(f).
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This follows the usual pattern. We write

M-1

E(m m?f) = TE<0102}0/>’ S Eny(omify

’
N 2<k<M

and
E(oy05f') = Eth*Y (f).
Also, integration by parts yields

> Eny(oimif’)
2<k<M

=B Y. E(oiom' -m*f) —BpE (oo, m”* .- m*f)
(5.46) 1<l<p
=B(E(m'-m’f) + Eth*Y (|m*|*f)

+ Y Eth?’Y(m?.m'f) — pEth®Y (m?*!. m?%f)).
3<i<p

We now observe that, if [,1’ > 3,
(5.47) Eth?’Y (m? . m!f) £ Eth?Y (m? - m’ f).
Indeed, since m? - (m! — m!)f is an extended expression of order 7,

Eth?’Y (m? . (m' — m))f) £ (Eth?’Y)E(m? - (m’' —m’)f) £0
where the last equality follows from Proposition 5.8. Thus, (5.46) simplifies to

>, Enloymif’) = BE (m'-m?*f)

2
2<k=M ch

+BEth?Y ((Jm?|” — m' - m?)f).

The replicas of rank 1 and 2 play the same role, so that in the last term
we can replace [|m?|2 —m! - m? by 1(|m!'|? + [m?|? — m! - m?) = }|m|>.
Submitting E (m' - m?) to the same computation yields (5.43).

To obtain (5.44), we write

N,E Y. m(amf).

N 2<k<m

(5.48)  E(|m*|*f') = —E(( ?f) =

We integrate by parts. Only the terms for I = 1,2 matter, since for the
others, due to the factor ¢o; there is no contribution from the terms of type I
of Theorem 2.5. These two terms regroup as usual in

E3{(6)*|m|*f).
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This and the same computation for E (|| ||?) yield (5.44). As for (5.45), it should
be obvious.

To use (5.43) to (5.45), we make a first-order expansion of the terms such
as Eth%Y; we know from Theorem 4.1 that the higher order terms will not
contribute. We recall the functions i, 5 of Section 4, and we write

A= E{m'-m’-a)f),
B = E((||? - b)f),
C = E((m; - of).

Let us examine what happens on a typical term, say,

(5.49) Echzy(ml -m?f) — Ech2y(m1 -m2)E(f).
We write

L = q(a, c) + (m!-m? —a)d;Py(a, c)
(5.50) ch?y 2 Hre

+(my —c)doth1(a, c) + R,

where R is of order N~! [in the sense that E(|R|"*) < K(n)N"l.
Substituting in (5.49) gives a contribution

Wa(a, ©)A + d1¢5(a, ¢)(E(m' - m? — a)(m' - m?f)
—E(m'-m® —a)(m'-m?)E(f))

+dgis(a, )(E(my — c) (m' - m*f)
~(m; —c)(m' - m*)E(f)).

(5.51)

Now, in (m! - m?f) we can replace m' - m?> by E(m' .- m?) because the
difference is of higher order. In this manner, (5.59) simplifies to

Yaa, ) A+ dry(a, c)E(m! - m*) E(m" - m? — a)(f)

(5.52)
+dais(a, ) E(m' - m?) E(m, — c)(f).

Let us first consider the case where f does not depend on replicas of rank
1 and 2, so that (m! - m2?f) = (m! - m?)(f), and (5.52) further simplifies to

(5.53) [¥y(a, )+ E(m' -m2)a,4,(a, ¢)]A + dyis(a, ¢)E(m! - m2)C.
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Under the condition that f does not depend on the replicas of order 1 and
2, (5.43) to (5.45) simplify in this manner to

142[—aﬁ¢xa¢o+ﬁ¢xaw>+ﬁﬁ¢xawﬂNnﬂ«n%
'B& E{|m|?) (A B 1 B
B @ oBim) | A+ L iy@0)
(5.54) +|:—a(72¢2(a,c)+ﬁ(92¢2(a,c)E(ml-mz)

- Sonla.0E (Il |c.

(5.55) B = [2adyy(a,c)+Bdris(a,c)E(|m|?)]A
+Biry(a,c)B+[2adyiry(a, c)+ Bigys(a, c)E(|Mm|?)]C,

(5.56) C = 9,1(a,c)A+dqy(a,c)C.

To prove that A=0, B=0, C =0, we then have to show that the 3 x 3
matrix .# given by the right-hand sides of these equations is such that (Id —
.#)~! exists and remains bounded in the admissible region. This is a very
uninspiring task. We explain the idea only in the case 8 < 2, which is the
hardest. Then Id — .# = (1 — Bys(a, ¢))Id + .#, + .#5, where the coefficients
of .#, are all bounded by Lp? and where all the coefficients (m; ;) of .4, are 0,
except m; o and mg ;, which remain bounded. This easily implies the result.

This finishes the proof in the case where f does not depend on the replicas
of rank 1 and 2. But this special case implies that, for any expression f of
order 7 — 1,

1
ch?Y

1

(5.57) —
ch’Y

(f)=E E(f).

This is seen using (5.50) and the fact that we now know that E(m! . m? —

a)(f)=0and E(m, —c)(f) =0 (because there it can be assumed, without loss
of generality that f does not depend on replicas of rank 1 and 2). Also, (5.57)
remains true if there is a factor m' - m? or ||m||? in front of 7. This is because
E(m!'-m? —a)(|m|?f) =0 (and E(m; — ¢)(||m|2f) =0). Indeed, this would
obviously be true if we replace || by E(|m||); the difference is =0 as it can
be written E(W), where W is an expression of order 7+ 1. Also,

1 1 .2 ) c 1 1 .2
m -m*) |=E(f)E E(m" - -m*), etc.
ch2Y< ) () ch’Y ( )

E()E(
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Thus, (5.43) and (5.44) simplify, respectively, to

c 1 :8 2
A =BE A+ —Eth"YB,
h ch?Y 2
B =< BE L B
B ch?y

The result follows. O

As explained at the end of the previous proof, Proposition 5.9 allows us to
dispose of the annoying factors th”Y that arise through the use of Theorem 2.5
and that were the last obstacle.

PROPOSITION 5.10. Under H(7—1) if f is an expression of order T —1, then
lim N2E{((1/N)(o! - 6? — E{c! - 62))f) exists.

PROOF. Left to the reader.

Now, we can perform the last step in the proof of H(7), and hence of
Theorem 5.1.

PROPOSITION 5.11. Under H(7—1), if f is an expression of order 7—1, then
limy_, ., N/2E(m}f) exists for k > 2.

PROOF. The remarkable fact is that, despite all our machinery, this is not
totally obvious and the same arguments have to be used once more. As a first
step, we will prove that

(5.58) lim N2E (i, f)

N—oo
exists. We compute
E(ﬁ]’kf/)/ E”)k(&f>/
BY. E(goym}f) — pBE(50,am] f).

l<p

e

Only the terms for [ = 1, 2 contribute, because in the others there is no con-
tribution of the terms of type I of Theorem 2.5. These two terms regroup as

1
ch?Y

B Bt £ BB (i f)
so that

E(mf)=BE

ch2YE<mf>
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and this proves (5.58). To prove the proposition, we find as usual

E(mif)< B Y. E(oyoymbf) — BpE(oyo, . mi f)
I<p

£ BE(mLf)+ Y. Eth*Y(mlf)— BpEth®Y(mI*'f)

1=i<p

¢ 1

because (5.58) implies that
Eth’Y(m! f) = Eth®Y (m} f)

for any [,/’. O

6. A priori estimates for the Gibbs measure. In this section we prove
(2.13) and (2.14). The proof of (2.13) will start with an estimate of the same
nature as (2.14), that is, an estimate on how close m;(g) is to m*. A second
separate argument will then deduce (2.13) from this result. It is probably
possible to deduce (2.14) from the result of [3]. We feel, however, that seeing
first a direct proof of (2.14) would help the reader to understand the much
more delicate issues of Corollary 6.13, so we will provide such a proof.

Both (2.13) and (2.14) deal with the image G’ of the Gibbs measure under
the map & — (my(€));<,<p- Rather than G’, it is much easier to use its convo-
lution G = G’*vy with the Gaussian measure y on RM of density W exp(—B8N x
|w]?), where W is the normalizing coefficient (3N /2m)M/2. This trick, called
the Hubbard—Stratonovich transformation, is very useful (and unfortunately
very specific to the form of the Hamiltonian). The reason for the success of this
method is that G has a simple density with respect to Lebesgue’s measure,
namely,

(6.1) Z ! exp §(2),
where
_ BN
(6.2 #(2) = =% |21 + X logeh p(h +; - 2)
i<N

where m; = (m; 1)<y the dot product is in RY and

(6.3) Z = f exp ¢(z) dz

is the normalization factor. It is well known that vy is sharply concentrated
close to the sphere of radius \/a/B centered at the origin. Thus, to prove that
G’ is sharply concentrated on a ball of radius R at least as large as /a/B,
a natural method is to prove that G = G’ %y is concentrated on such a ball; but
it seems difficult to obtain results at a finer scale, because convolution with
v “blurs” this information. [In particular, it seems difficult to prove (2.13) by
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studying G only, and this is why we use a separate argument.] The situation
is more favorable when we are interested only on the projection G; of G on
the first copy of R [i.e., the image of G by the map £ — m(g)] because the
projection G; of G on this copy is the convolution of G; with a Gaussian
measure of variance 1/8N. Thus, to show that G, is nearly supported by an
interval (the length of which is independent of V), it suffices to show the same
for G,. Thus, to prove (2.14), it suffices to prove the following result.

PROPOSITION 6.1. If B < 2, we have
_ . N
EG({z:|z1 — m*| = po}) < exp( ~% ).

Before the proof starts, we collect the probabilistic estimates on which it
relies. Throughout the section, we say that an event occurs with large prob-
ability if its probability is greater than or equal to 1 — exp(—N/K).

LEMMA 6.2. With large probability the following occur:

(6.4) > ;| < LNVa,
i<N
(6.5) vw e RM, 3" (m;-w)? < LN|w]|?,
i<N
(6.6) vw e RY, Iwll <a= 3 (n; - w)*min(L, [n; - w|)

i<N

< LN(a® + Vaad®).

PrROOF. Equation (6.4) is obvious. The proof of (6.5) is to be found in the
appendix of [T2] and is much easier than the proof of (6.6) that we give now. We
replace the function x2min(1, |x|) by ¢(x) = féxl tmin(1, £) dt that is convex
and such that x2min(1, |x|) < Le(x), ¢(x) < Lx?/2. It is elementary (and
very useful) that there is a subset U of RM such that each u in U satisfies
[u| < 2a, that card U < 5™ and that each w with |w| < a is in the convex
hull of U. Thus,

(6.7) sup > ¢(m;-w) <sup Y ¢(n; u).

Iwll<a ;<N uel j<N

The proof of (6.6) will follow from the following elementary version of
Bernstein’s inequality: if an r.v. X satisfies Eexp|X| < 2 and (X;),.y are
i.i.d. copies of X, then, for each ¢ > 0,

2
P(Z X; > NEX,; + t) < exp(—min(ﬁ, %))

i<N
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We use this for ¢ = L/aN, X; = (1/8a?)¢(n; - u) so that
1
EX, < —

'~ 8qa?

The condition E exp|X;| < 2 follows from the well-known fact that

Elw; -u)® < La.

1
E exp Z(ni -x)’ <2

if |x|| < 1. (See Lemma 6.6.) This proves that, given a, (6.6) occurs with large
probability, and it remains to show that, with large probability, it holds for each
a. If a > 1, (6.6) follows from (6.5), and for a < \/a, (6.6) is, by homogeneity,
a weaker statement than for a = /a. Thus, (6.6) holds for each a > 0 provided
it holds fora =27%, Ja <2 % <1. O

PROOF OF PROPOSITION 6.1. We will use in an essential way that we already
know that

A N
6.8) EG({zi - mes] = pi}) < exp( - )

where e; is the vector (1,0, ...) of RY. Given w in R¥ with w; = 0 and ¢ in
R, we consider the function

(6.9) Vo) = (W+ (t+m*)e;)
and the probability measure u,, on [—p;, p;] of density
1
(6.10) Z_w1{|t|§p1} exp iy (?)
with respect to Lebesgue’s measure, where
P1
(6.11) Z, = f exp i () dt

—P1
is the normalizing factor. The reason that we consider only |f| < p; is that
by (6.8) the other values of ¢ do not matter. We will show that, with large
probability, we have

N
(6.12) 1wl = o1 = ia=p0 p0]) = 1~ exp( - )

and this will conclude the proof because the projection of G on the first copy
of R is [modulo an exponentially small error due to (6.8)] a mixture of prob-
abilities of the type pu,.

To prove (6.12), we will simply show that ¢, is sufficiently concave and has
its maximum in [—py/2, po/2]. We have

1
N L thB(h+m +t+m; ~w)),
i<N

1 B 1 >
6.14 =-BN|1- '
(6.14) Yy (t)=-p ( NEN ch?B(h+m*+t+mn, - w)

(6.13) ¢l (¢) = —3N<t rm
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We write, for 8 < 2,
(6.15) le(x) — ¢(0) — x¢'(0)| < Lx?

for
1

ch?B(h + m* + x)
and x = t + v, - w. By summation, we get
1 1 1
¥ X 2 )
N/ ch®B(h+m* +t+m;-w) ch®B(h+m*)

<Z "li) 'W|+L(t2+% > (m; -w)2>.

i<N i<N

P(x) =

1
/ t _
s|qo<o>|' -

We use (6.4), (6.5) and |¢|, |w]|| < p; to see that this is at most

Ja « ) 7
71 1) TrEeT

Li¢ O

Now
¢'(0)] < 2th B(h +m*) = 2m" < LyB 1

since we assume A very small; so the above is at most

83
L .
Vo + 51
Since
1 B—1
— =Bl -m?)<1-5——,
Bch2,8(h+m*) A( ) < L
we have proved that for «, 8 in the admissible region we have
(6.16) |t] < p1 = ¥&(8) < —N(B-1)/L.

It is more delicate to study (6.13). Considering now
o(x) =thB(h +m* +x),

we write
2
/ X " .
()~ 6(0) ~ 2'(0) - 5 ¢'(0)| = Lamin(1, Js).
We use this for x =, - w, and using (6.4) to (6.6) we get by summation

1 |
'N X thB(h+m* +m; - w) = th B(m" + h)
i<N |

< LVa|lw|| + L|w|?|¢"(0)| + L(Ve|w|? + [|w[?).
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Now |¢”(0)| < 2th B(h+m*) = 2m* < L,/B — 1, and since |w| < p; this gives
a bound

3/2 3/2

L—% 4 ¢ LE L2 L—%
\/,3—1Jr B—1+ B—1+ (B-1)°2 = JB-1

for @ < (B — 1)2. Thus, we have shown that

o
VB-1

Comparing with (6.16), we see that the proof is complete: ¢, has its maximum
in[~La(B—1)%2, La(B —1)"%2]. O

(6.17) l#(0)| < LN

The previous approach breaks down for large 8 because for certain values of
w there are too many indexes i for which ~A+m*+n;-w =~ 0. The corresponding
terms in (6.14) are then large, and it does not seem possible to bound 7, (¢)
uniformly from above. The method of proof consists quite naturally of showing
that these values of w are exceptional and irrelevant. This, however, requires
a much more detailed analysis, toward which we turn now. Using (6.2), we
write

BN ., BN|v|”
_m —_——————

Y(m e, +v)=— — BNm*v-e;

(6.18) 2 2
+ > logchB(m*+h+m;-v)
i<N

(we do not assume that v; =v-e; =0).

From now on, we assume (without loss of generality since in Proposition 6.1
the condition B8 < 2 can be replaced by 8 < L) that B is large enough that
m* > 3/4, and we consider the function

2,2 1\
619 b= E2 (i 1)
ch®(B/4) 2
We set
(6 20) * _ * BN 2 * /
. bo(me, +v) = Nb* = 2| + (3w ) v,
i<N
where n; = v, — e; and where
*2
b* = log ch B(m* + h) — B"; .

LEMMA 6.3. We have

(6.21)  Yo(m*e; +v) < (m*e; +V) < Po(m*e, +v) + Y. £(n; - V).
i<N
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ProOF. The function
&1(x) =logch B(m* 4+ h 4+ x) —logch B(m* + h) — Bxm*

is convex positive [since m* = th B(m*+ k) and hence ¢'(0) = 0]. For |x| < 1/2,
we have m* + x + h > 1/4, so that

B B
< .
ch®B(m* + h +x) ~ ch?(B/4)
On the other hand, for all x,
&(x)=pthB(m* + h+ x) — Bm*

(6.22) &'(x) =

so that
(6.23) 1€'(x)] =< 2B.
It is elementary to deduce from (6.22), (6.23) that &;(x) < &(x), so that
log B(m™* + h) + Bxm* <logch B(m™* + h + x)
<log B(m™* + h) + Bxm™ + &(x).

Using this for x =, - v and summation yield the result. O

We now consider the vector 8 = (1/N)m* ) ;_ym;, whose importance is
revealed by (6.20). Thus,

N N
(6.24) Yo(m*e, +v) = Nb* — BT”V —0)% + BT||G||2.

LEMMA 6.4. For a subset A of R™, we have

6.25)  G(A+m'e)< W/Aexp(—/auz — 0|2+ Y &(n; - 2))dz.
i<N

PrOOF. By the lower bound of Lemma 6.3, we have

Z = /dx(z)dz > eXpr*/wp(—%”v”2 +,8N0-v> dv

=w! exp(Nb* + %nmﬁ)
and the result follows from (6.1), the upper bound of (6.21) and (6.24). O

It is natural in (6.25) to make the change of variable z = 6 + w. Since, by
convexity,

é(x+y) < 5(6(2x) + £(2y)),

we then have the following result.
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LEMMA 6.5. For a subset A of R™, we have

G(A + m*e, +0)

(6.26) < exp(% 3 £(2v; 9)) /Aexp(% Y é(2n; w)) dy(w).

iI<N i<N

What we would like now is to show that G is essentially concentrated on
a ball of center 0 and radius L./a/B (the best accuracy we can hope for) and
that, moreover, only the part of this ball where the exponent in the integral
(6.26) is not too large matters. But, of course, before we can even start this
program we need to be able to control this exponent. The part

B
h2p/4
ch“B/4

of ¢ is not dangerous because the coefficient of x? is very small for large S.
We will use the following elementary lemma that reformulates (2.25).

LEMMA 6.6. If t|w]||? < 1/2, we have

Eexpt ) (m; -w) < <;>N/2.

i<N 1—2¢|w]?

To handle the dangerous part of ¢, that is, B(|x| — 1/2)", we will use the
following result.

LEMMA 6.7. If
(6.27) 16t|w|? < 1,
then
(6.28) Eexpt ) <|ni W[ — 1)+ < exp(ZN exp<_;>)'
i=N 4 128w

PROOF. We recall the “sub-Gaussian inequality,” valid for all u,
2

(6.29) Eexpum; -w < exp %||w||2
so that

u?
(6.30) Eexpuln;-w| <2exp ?||w||2

and by Chebyshev’s inequality,

1
6.31 P(|m; - 1/4) <2 —_——.
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We write

1 +
Eexpt(m,- wl-)

<1+ E(ln wiz1/4) €XPEM; - W[)

1
<1+ exp(——nz) exp 2¢2 | w||?

64| w
using (6.30), (6.31) and the Cauchy—Schwarz inequality. The result follows. O

LEMMA 6.8. Given a > 0, with large probability, we have

1\* 1
(6.32) sup Y (|1]l w|— —) < La? <a + eXp_L_aZ>'

Iwll<a ;<N

PROOF. As in Lemma 6.1, we use a set U of R¥ of cardinality less than
or equal to 5™, consisting of vectors of length less than or equal to 2a, and
whose convex hull contains the ball of center 0 of radius a. Thus,

1\t 1\*
(6.33) sup Y <|1|L w| — —) <sup ) <|nl u| — ) .
Iwl<ei<n uel ;<N
Now we use (6.28) with ¢t = 1/64a? to get
1\* y 1
j2 u— = N .
(EN('"‘ o 4) - y) = oxp ( 6407 TP T L2 >

The result follows easily. O

LEMMA 6.9. With large probability, we have
(6.34) 5 (10— 1) < LN exp——-
. 0] — — Xp ——.
Sty = P La
PROOF. It is pretty obvious that
1\* 1
E(|n, 0] — - L -
(Im 0| 4> < Lexp—7—

The problem, however, is that, as i varies, the variables |y, -0| are not indepen-
dent. (The reader is advised to skip the rest of this purely technical argument.)
All that we need is (e.g.) an inequality like

+ 1
) ) < exp(LNexp—L—).
(8%

(6.35) exp( (le 2 Mi|—
L<N J#L



EXPONENTIAL INEQUALITIES IN THE HOPFIELD MODEL 1463

To prove this, we will show that for each subset I of {1,..., N},

1\* 1

N 2 16 < exp LNexp—m .

J¢l
This will imply (6.35) by averaging over I since

(e (5m)| ) =3 5w ol -4)
\4 Al mn BT o vl n .
T\UN o7 J 16 2/ 3\I2N oy 716

To prove (6.36), we denote by E, integration in (v,);.; alone, so that, as in
(628), denoting ny = Zié] N;»

1
Nni Ny

(6.36) Eexp— Z(

LEI

1 + ( N2
—— | <exp LNexp——),
16) Lin,|?

1
(6.37) Egexp— Z(

4 el
provided |n;||? < N%/L. Also,

|
(6.38) Eoexp4Z|Nm mi <2Vexp L|n|*/N

iell

by (6.30). Using that, from Lemma 6.6,
1 2
Eexp — ;|2 <LV
eXp ||n1|| 1_[ eXp 4M (kgw 771 k)

we see that if ¢ > 1, P(||ng]|? > LtaN?) < exp(—N). The result follows easily
from (6.67), (6.68). O

PROPOSITION 6.10. If B > By, @ < ay, then

(6.39) EG({W; Ilw — m"e, — 0 = 2\/%}) < exp_%,

PrOOF. Given a > 0, consider the set
M.
C,= WGR;§§||W||§(1.

Combining the estimates (6.4), (6.5), (6.32), (6.34), we have shown that, with
large probability, we have

ViwlleCqor 5 Z(f(Zm 0)+&(2m; w))

L<N
<L <(a2 +a)B—2 + Ba? <a+exp—i>> =:6(a)
B ch*(B/4) La*

so that, by (6.26),
G(C, + m*e; +0) < y(C,)exp N6(a).
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Now we use the elementary fact that, for a > 4./a/B, we have y(C,) <
exp —N Ba?/L. Thus, we have

G(C,+m*e; +0) <exp—N/K

as soon as a satisfies

a?| a+ex 1 < @
a - —
P - L

La?
and
RN <
(@ +a)ch2(3/4) =T

For a < ay, B > By, this is satisfied for
a <ag, a® > LaBz/chz(B/él).

Since we must in any case have a? > 16a/B, for B, large enough this is

satisfied. Combining this with Proposition 9.2 of [7], we see that the case
a > ay is irrelevant. This completes the proof. O

What Proposition 6.10 shows is that in (6.26) we have to be concerned only
with those w for which ||w| < 2./a/B.

LEMMA 6.11. If |w| < 2\/a/B we have

(6.40) Eexp% Y &(2m; - w) < exp(LNea exp(—%))-

iI<N

PrOOF. Using the Cauchy-Schwarz inequality, the left-hand side is
bounded by

9 832 1/2 1 1\ 1/2
<Eexp > (n; - w) > <Eexp 3 2B<I2m w|— 5) ) .

i<N ch®(8/4) i<N

We then use Lemmas 6.6 and 6.7 to get a bound

exp(LN(exp _Lﬁa + ﬁg/‘l))) < exp(LNa exp(—%))

forafaO,BEBO. O

PROPOSITION 6.12. We have

1 1 1z N
56 ((m=m - 1(gew-—p v geo-7) ) sen(—g)
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PROOF. Consider ¢ > 0. Using (6.8), (6.26), we have with large probability
that

G({wiw, < m* — 1)) < exp(—%)

1 1
rep(3 T e0n0) [ exwy 3 con widvw)
where

Ay = {w € RY [wl < 2/a/B, w, <1}

and where we have used the fact that the first component of 0 is 0.
By (6.34) with large probability we have

1 B? )
2%, -0) < LN - ta— ).
Eﬁ( M, -0) < (exp La+ach2(ﬁ/4)

Using (6.40), we see that

1
E/A exp o Y é(2n; - w)dy(w)
0 iI<N

< y(Ay) exp 2N<a exp(—%))

2
< exp N<—B7t + 2aexp<—§>>

P([, ey Xt widyw)

2
> exp N<—37t + 3anp<—§)> < exp(_%>‘

It follows that with probability greater than or equal to 1 —exp(—N/K) one
has

so that

G{w;wy <m* —t})

2 1
< exp(—%) + exp N(—% + L(exp—a + aexp—%)).

The result should now be obvious. O

COROLLARY 6.13. If a < 1/(Llog B), then (for B large enough)

s emr = - ) o).
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COMMENT. There is nothing specific about the power g~* that could be
replaced by a larger power.

Corollary 6.13 completes the proof of (2.14).
We now turn to the proof of (2.13). We write, setting p; = p;(€) = €, —m (&),

N
—H(e) = 5 Y mi(e) + hNm(e)
k<M
1 2 )
= Z —<Z TIk,i) my(g)
1<k<M 2N i<N
1
(6.41) + X N(Z nk,ipi)(z M, j>m1(s)
2<k<M i<N J<N
+hNm(g)
N 1 2
5 X (— > ﬂk,iPi) .
2 2<k<M NigN
The basic idea is that, since
(6.42) > pf=N(1-my(e)?),

i<N

this sum is small for m(€) close to 1 (the only case we have to consider by
Corollary 6.13). Thus, the last two terms of (6.48) can be seen as small pertur-
bation terms. We will show that the only configurations that really contribute
to the Gibbs measure are such that Yy_; 3, ((1/N)Y;_n m4 ;p;)? is small. If
we denote by ¢ the (random) point of R given by

1
o= (3 5

i<N
then
1 2
(6.43) () - em(@F= ¥ (5 T )
2<k<M i<N
so that

1 2
6.44)  [m(e)—c|® <21 - mi(e)Pfel>+2 X (—an,im)
2<k<M NigN

will be small and we will have proved (2.13).
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LEMMA 6.14. If € is such that LB2Y ;_nyp? <1, u > La Y ,_y p?, then we
have

Eexp|:/3 > %(Z 7]k,iPi)< > ”flk,j)ml(s)

2<k<M i<N Jj<N
1 2
(6.45) +BN ). <— > nk,ipz) ]1{zz<k<M((1/N)zi<Nnk,ipi)2>u}
2<k<M i<N

- exp<_L>
B L ZigN plz ‘

PROOF. The proof relies on Lemma 6.6. Using the inequality ab < a?/128+
6Bb% and Holder’s inequality, we bound the left-hand side of (6.45) by UY3 x
V13 W1/3 where

1 2
U=Eexp ). E(an,z),

2<k<M i<N

1 2
V = Eexp(38 +188%) N(Z nk,iPi) ,

2<k<M i<N

W= El{ZngsM((l/N) YieN Mp,ipi)Pzut
It should be obvious that by Lemma 6.6 one has
U <2M, V< expLMB2<Z pf).
i<N

By Lemma 6.6 again,

1 2
E exp > —<Z 71k,iPi> <2¥

43N P} oo N iy
and, thus, by Chebyshev’s inequality, we have
Ni
W < 2Mexp<——u 2).
4> N P;
The result follows. O

Let us now recall the Chernov large deviation function,

o(t) = %((1 +t)log(1+¢)+ (1 —¢)log(1l —¢)),
so that, as well known, if tN € N, we have
N

2
6.46
(6.46) LVN

exp(—Ng(t)) < card{e; e = tN} < 2V exp(—Ne(2)).
isN
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COROLLARY 6.15. With large probability, for each t with Nt € N, LB% x
(1-#) < 1, we have

2
> exp—-BH(e) <2V exp(—Nqo(t) - % + # + BhtN),

where the summation is taken over all the configurations € with

2
m@=t. ¥ (§ Tmw) =La-e)

2<k<M i<N

and where
1 2
k<M \i<N

PROOF. This should be obvious from (6.41) and Lemma 6.14, taking u =
La(1 - mq(g)?) = La(1 — %) and using (6.42). O

LEMMA 6.16. If S is as in (6.47), we have

2
Y exp—BH(e) > 2V sup d gS
£

1
exp| —No(t) +
0o<t<1 L\/N p( (P( )

+ RN ).

Proor. This follows from Jensen’s inequality, since the average of —8H (¢g)
over mq(&) = t fixed is at least Bt2S/2 + BhtN and using (6.46). O

The following proves (2.13).

PROPOSITION 6.17. If a < 1/(Llog B), then for B large enough we have

EG({S; k§4<mk(8) - (% igvm,k»z > é}) < exp(—%)-

PROOF. Combine Corollary 6.13, Corollary 6.15, Lemma 6.16 and (6.44). O
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