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ON THE SPEED OF CONVERGENCE FOR TWO-DIMENSIONAL
FIRST PASSAGE ISING PERCOLATION

BY YASUNARI HIGUCHI! AND YU ZHANG?2

Kobe University and University of Colorado

Consider first passage Ising percolation on Z2. Let 8 denote the re-
ciprocal temperature and let 2 denote an external magnetic field. Denote
by B, the critical temperature and, for 8 < S, let

hc(.B) = hc = sup{h: 0(185 h) = 0}:

where (B, h) is the probability that the origin is connected by an infinite
(+)-cluster. With these definitions let us consider first passage Ising per-
colation on Z2. Let ay, , denote the first passage time from (0, 0) to (n, 0).
It follows from a subadditive argument that

lim 2%% _ as and in L,.

n—»oo n
It is known that v > 0 if B < B, and |A| < h.(B). Here we will estimate the
speed of the convergence,

vn < Eaq , <vn+ C(nlog® n)l/2

for some constant C. Define ug 5 to be the unique Gibbs measure for g <
B.. We also prove that there exist C, @ > 0 such that
~ x2
g 0.~ Bao ol = ) = Cexp( a5 ).
nlog®n
In addition to ag ,, we shall also discuss other passage times.

1. Introduction to Ising first passage percolation. Consider the Z2
lattice and the sample space ) = {+1, —l}Z2 with spin configurations on Z2.
Given a sample w € Q and x € Z2%, w(x) denotes the spin value at x in the
configuration w. For any set V C Z2, denote by % the o-algebra generated
by {w(x):x € V}, and we simply write & for .. For any finite V, let the
Hamiltonian in V be

Yoy=—1 Y a(x)o(y)—z[m » w<y>]a<x>,

x, yeV, |x—y|=1 xeV Y€V, lx—yl=1

for o € Qy = {+1, -1}V, where % is a real number called the external field,
and | - || is the L; norm. We then define the finite Gibbs measure on V by

-1
q“v’,g,h<o>=[ 5y exp{—BHWU’)}] exp{—BHY(o)}.
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Here B is a positive number called the inverse temperature. For each 8 > 0
and 4 € R!, a Gibbs measure is a probability measure tg, 1, on () in the sense
of the following DLR equation:

Mg, w(|Fye)(w) = ‘I@, B, k>

where V¢ = Z2\ V. Let B, be the critical value such that if 38 < B, or
h # 0, the Gibbs measure is unique for (83, h) Let Eg 5, and Ey; 5, denote
the expectations with respect to ug 5 and gy 4 b respectively. We say that a
probability measure u on ({, ) possesses a mixing property if there exist

constants C > 0 and «a > 0 such that for every pair of finite subsets V and W
of Z2 with V c W,
(1.1) sup [(A) — u(A | Fiw)(w)| < C|V|exp{—ad(V, W)},

wel)

AeTy

where for V,, V, C Z2, d(V,, V,) denotes the distance between V; and V;
that is,

d(Vy, Vo) =inf{|x —y|; x € V1, y € V}.

This property is often called the “weak mixing property” compared with
Dobrushin—Shlosman’s strong mixing property (see [13] and [14]). In this pa-
per, we need not be so serious as to distinguish these two mixing properties,
and we call the above property simply “the mixing property.” It is proved [14]
that when 8 < B, or 2 # 0, ug 5 has mixing property. Furthermore, let X be
a Jy-measurable random variable for a finite V c Z2. If

| X| < M for some number M,
then it follows from (1.1) that
(1.2) ‘EB X — Ey g hX} < CM|V]exp(—ad(V, W),

since every .y -measurable function is a simple function if V is a finite subset
of Z2. Sometimes we use the mixing property (1.1) in the following form: if
V1, Vo C Z? are finite sets, VNV, = @ and A, B are cylinder sets such that
A e Jy, and B € Fy , then

(1.3) |pp, n(ANB) — pg 5(A)up, 1(B)| < C|V,|exp(—ad(Vy, Vy))ug, n(B).
Furthermore, as in (1.2), if X is %y -measurable and if |X| < M, then
1.4)  |Eg w(X | Fv,)(w) — Eg 4(X)| < CM|Vy|exp(—ad(Vy, Vy)).

We prove (1.4) first. Let V=V, and W = {x € Z?; d(x, V1) <d(Vy, Vy)}.
Then W€ 5 V, and d(V4, W) = d(V4, V). By (1.2) we have

—CM|V|exp(—ad(V 1, Vy)) < Eyy 5 ,(X) — Eg 1(X)
< CM|V,|exp(—ad(V, Vy)).
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Note that Ey; ; ,(X) is equal to Eg (X | Fyc)(w) by the DLR equation.
Taking expectation with respect to ug ;(- | %y,)(w), we obtain
|Eg n(X | Fy,)(w) — Eg 1(X)| < CM|Vy| exp(-ad(Vy, V3)),
proving (1.4). Now, take 14 as X in (1.4). Then we obtain that M =1 and
—C|Vilexp(-ad(V1, V) < pp n(A | Py, ) (W) — pp, n(A)
= C|Vy|exp(—ad(Vy, Vy)).

(1.5)

Integrating every side of (1.5) on the set B with respect to ug 5, we obtain

—C|Vilexp(—ad(Vy, Va))pg n(B) = g n(ANB) — g 4(A)ug 1(B)
< ClVy|exp(—ad(Vy, Va))up n(B),
which proves (1.3).
Let K&“ (resp., €; ) be the + cluster (resp., — cluster) in Z?2 containing the
origin and
0B, h) = g (|65 | = 00).

Define critical value for each fixed B8 as

h.(B) = sup{h: 6(B, h) = O}.

This A.(B) is equal to zero when 8 > B, and is positive when B < B, (see [7]).
It is proved in [8] that if B < B, and || < h.(B), then

(1.6) pp (|65 = nor 65| = n) < Cy exp(—ayn)

for some positive constants C; and «;.
Let us consider first passage percolation on Z2 (see [4] and [3]). Define X (e)
to be a random variable such that

0, ifo(u)=o0(v),

(1.7) X(e)= { 1, if o(u) # o(v),

where u, v are two vertices of the bond e in Z2. In this paper, we always
use e to represent bonds and u,v or x to represent vertices. A path r =
{x9, €1, X1,--.,€,, X, } is an alternating sequence of vertices and bonds such
that e; is the bond connecting x;_; and x; and {x;} are vertices with d(x;_;, x;)
=1 for 1 < i < n. For each path r define the passage time of r as

t(r)=> X(e).

ecr

For any two sets A and B, define the first passage time from A to B by
T(A, B) = inf{¢(r):r a path from A to B}.

If we focus on a special configuration w, we denote by T(A, B)(w). In this
paper, we would like to study the process

Qo,n = T((O> 0), (n’ 0)).
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It follows from a subadditive argument that

E
(1.8) lim 297 —inf ZB%0n _ s andin L;.
n—oo n n n
It is proved in [4] that
(1.9) v>0if B< B, and |h| < k. (B).

For |h| > h.(B), it is easy to show (see [18]) that » = 0 since there exists
an infinite + cluster when 4 is positive, and an infinite — cluster when h is
negative. For A = 0 and B > B, with a positive or negative boundary condition,
it is also easy to show that » = 0 by the same reason. The challenging question
is whether » = 0 when 8 = B, and 2 = 0. We are unable to show it. If we
consider the standard i.i.d. first passage percolation (see [10]), i.e., {X(e)} is
i.i.d., similar results as (1.8) and (1.9) have been known since 1965 and 1986,
respectively (see [6] and [10]). It is of historical interest to find the convergence
speed of

(1.10) Eg ha4,, —nv
and the fluctuation of
(111) ao’n — EB,haoyn.

For these problems, Kesten developed a remarkable martingale technique (see
[11]) which gave nontrivial rates for (1.10) and (1.11). Later, Talagrand inves-
tigated (1.11) by a different way [15]. Some other studies for (1.10) can also
be found in [1]. However, the methods depend heavily on the independence
of {X(e)}. They do not work on our Ising passage time. Here we use another
approach developed by Kesten and Zhang [12] to get the following theorems.

THEOREM 1. If B < B, and |h| < h.(B), then there exists a constant Cy > 0
such that
nv < Eg paq , < nv+Cy(n log® n)'/2.

THEOREM 2. If B < B, and |h| < h,(B), then there exist positive constants
C; and ay such that for all sufficiently large n and x with 1 < x < /n,

ay,,—E; a
um(' or &b ol x) < Cyexp(—ayx?).
nt/2log“n

Let Q(n) denote the square [—n, n]>N Z2, and let Q(n) be its inner bound-
ary: set of points in @Q(n) such that there is a point y outside @(n) with
|x — ¥|| = 1. Another passage time,

Co,n = T((O’ 0)7 ﬁQ(n)),

has been considered in the literature (see [12] and [18]) since it is easy to
show that there is a path (0,0) to d@Q(n) contained in @(n) which possesses
the passage time ¢, ,. Here we give the following theorems to deal with ¢ ,.
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THEOREM 3. If B < B, and |h| < h,(B), then there exist Cy, C5 > 0,

nv — Cy(nlog®n)/? < Eg peop, <nv+ Cs(nlog® n)v2.

THEOREM 4. If B < B. and |h| < h,(B), then there exist positive constants
Cs and ag such that for every x > 0 and for sufficiently large n,

P (|CO,n_Eﬁ,hC0,n|
h
P nl/2log?®n

> x) < Cq exp(—anZ).

COROLLARY 5. If B < B, and |h| < h.(B),

. CO, n
lim
n—-oo n

=v asandin L.

REMARK 1. The method of proof also works for i.i.d. standard first passage
percolation with 0—1 valued bond on the Z? lattice. In fact, we only need to
change the closed circuits in the following proofs to the closed surfaces (see
[9]). Then the same argument of the following proofs can be adapted to show
Theorems 1-4 for i.i.d. first passage percolation on Z¢ for d > 2. In fact, for
the i.i.d. case, we could show that Theorem 2 holds without the term log® n.

REMARK 2. Corollary 5 was proved in [6] for i.i.d. first passage percolation.
Here we give a different proof.
REMARK 3. The passage time
bo.» = T((0,0), the right boundary of Q(n))
is also considered in the literature (see [10]). Since
€o,n < bo,n < @ n>
Theorem 3 holds for b, ,,. On the other hand, we may adapt the same argu-

ments in Section 3 to show that Theorem 4 also holds for &, ,.

REMARK 4. Since the knowledge of Ising models for d > 2 is very limited,
we do not know whether Theorems 1-4 hold for d > 2.

REMARK 5. We believe that
Eﬁ,h|a0,n - EB, haO,n| = O(n’l/s)

as is conjectured for i.i.d. first passage percolation for d = 2.
REMARK 6. It might be possible to get a better estimate such as

|p0n_EBhp0n| ) / /2
e h : ——— > x| < C'exp(—a'x?)
p ( n1/21log™™n

for some positive constants 8, C’ and «' (or even better) where p = a or c.
However, it is more important to improve the power estimate for n.



3568 Y. HIGUCHI AND Y. ZHANG

REMARK 7. As a generalization of a,_,, one also considers the vertex-to-
vertex passage time 7'((0, 0), nu) which is the passage time (0, 0) to the near-
est vertex on Z2 to nu, for any unit vector u. If several vertices of Z2 minimize
the distance to nu, then we take 7'((0, 0), nu) = T((0, 0), A) with A equal to
the set of vertices of Z2 with minimal distance to nu. The proof of Theorem 2
can be adapted to show

,uB,h(|T((O, 0), nu) — Ez ,T((0,0), nu)| > x/n log? n) < exp(—a’x?)

for some positive constant o”.

2. Concentrations at means. The bond set {e; X (e) = 0} is divided into
connected components. We call a connected component of the above set a
O-cluster. The size |€| of a O-cluster ¢ is the number of bonds belonging to
¢. Let n be a positive integer, and we fix it. We say that a bond e in Z? is
open if:

1. X(e)=0;

2. e does not belong to a 0-cluster with size larger than log? n, otherwise we
say that e is closed.

Strictly speaking, we should use the word “n-open” for this notion of open
edges. But we are fixing n, and therefore when we simply say that e is “open,”
it always means that the above two conditions are satisfied for e. Let

|0, ifeis open,
Z(e) = { 1, if eis closed.

Let
T(A, B) =inf{{(r): r a path from A to B}
and
do, = T((0,0), (n,0)),
where
t(r) = e% Z(e).
Clearly,

T(A, B) < f(A, B) for any A and B.
By the subadditive argument, we have

A

. aO, n
lim
n—oco n

=7 a.s. andin L;.

A path with each bond open or closed is called an open path or a closed path.
Let ¢,(x) be the open cluster containing x on [—n, n]*> with free boundary
condition. Namely, we delete all closed edges from [—n, n]? and we write &, (x)



FIRST PASSAGE PERCOLATION 359

for the connected component of the ensuing graph in [—n, n]?, which contains
the vertex x. Clearly,

(2.1) |€,(x)| <log’n for each x € Q(n).

Next we introduce the duality of planar graphs. Define Z* as the dual graph
of Z? with vertices {v + (1/2, 1/2)} for v € Z? and bonds joining all pairs of
vertices which are unit distance apart. For any bond set A Cc Z2, we write
A* ¢ Z* for the corresponding bonds of the dual graph of A. We declare each
bond e* C Z* open or closed if e is open or closed. In other words, if e* crosses
an open (closed) bond in Z2, then e* is open (closed). With this definition, we
can obtain (see [5] for details) that if there exists a closed dual circuit D* in
Q(n)* surrounding some set A C Q(n — 1), then any path on Z?2 from A to
dQ(n) has to use at least one closed bond in D. If |h| < A.(B), then there is
no infinite open cluster so that there are infinitely many closed dual circuits
surrounding the origin. Let

A, LA ={AL)
be a sequence of closed dual circuits with
AfNAY =0,

such that Aj is the innermost dual closed circuit surrounding the origin, ...,
A%, is the innermost one surrounding the m — 1th innermost one, where the
innermost circuit is in the sense of the area surrounded by the circuit. Each A}
divides R? into two connected parts A(A}) and B(A}), where A(A}) contains
the origin and A itself, and B(A}) = R?\ A(A}) contains the infinite part.
Then A} has two vertex boundaries JA(A}) and dB(A]): the inside boundary
and outside boundary such that for each x € JA(A}) there is a path connecting
x to the origin without using any bond of A;, the dual set of which is A} , and
for each y € dB(A]) there is a path connecting x to co also without using any
bond of A;. It follows from a standard topological discussion (see [2]) that we
have the following lemma.

LEMMA 1. For each x € dA(A}), i > 1,
T((0,0),x) =i —1,
and for each x € dB(A}),
T((0,0), x) = i.
Furthermore, we shall give the following more detailed lemma.
LEMMA 2. In the event that A] =1 for some bond set I'* C Q(n)*

T((0,0), 9Q(n)) = i + T(JB(A}), 9Q(n)).
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PrROOF. Let path r realize T\((O, 0), dQ(n)) (such a path must exist since
the bond times are 0—1 valued). Then there exists a vertex x on r with x €
dB(I™), and

T((0,0), 9Q(n)) = T((0, 0), x) + T(x, 3Q(n)) = i + T(4B(I*), IQ(n)).

On the other hand, let path 7’ realize T(&B(F*), dQ(n)) and suppose that r’
starts at x € dB(I'*). Then

T((0,0), 9Q(n)) < T((0, 0), x) + T(x, 9Q(n)) = i + T(4B(I*), sQ(n)). O

It follows from Proposition 2.3 in [9] and the definition of Z(e) that we have
the following lemma.

LEMMA 3. The event {A; = I'*} for some fixed I'* C Q(n)* only depends
on w(x) for such x’s with dist(x, A(I'*)) < log®n, and the random variable
T(I'*, 9Q(n)) only depends on w(y) for such y’s with dist (y, Q(n)\ A(I'*)) <
log2 n.

It follows from Lemma 2 and the definition of Z(e) again that we have the
following.

LEMMA 4. For each x € JA(A}) there exists y € dB(A}_;) such that

|z — y| <log®n.

For p=1,2,..., let
7, = o-field generated by Z(e) for e € A(A}),
where Z, consists of unions of sets of the form
{A; = F*a (Z(el)a cees Z(ek)) € B}

for I'* a dual circuit surrounding (0, 0), and ey, ...,e; C A(I™*), B a k-dimen-
sional Borel set. Here .%, is trivial. Clearly,

7i C i1

Note that Q(n) C A(A;, ) and that T((O, 0), dQ(n)) is %,-measurable, so that
with the definition of .7,

Eg 4[T((0,0),9Q(n)) — Eg 4(T((0, 0), 4Q(n))1|F]
= T((0,0), 9Q(n)) — E4 4(T((0, 0), 9Q(n))).
We first show that there exists a constant & > 0 such that
1p.4(|T((0,0),9Q(n)) — Eg 4(T((0,0),9Q(n)))| = xv/nlog? n)

< 2exp(—ax?).

(2.2)

(2.3)

To show this, we apply the Azuma—Hoeffding inequality (see [17]).
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AZUMA-HOEFFDING LEMMA. Let M = (M;);., be a martingale defined on
some probability space {Q, P} with M, = 0 such that, for some positive con-
stants c;, 1 > 1,

|M; = M; 4| <c;.
Then for any x > 0,

%2
P(supM; > x 5exp(——>.
(ifk 2 %) 2%k 2

Let
M; = E, 1 {17((0,0),9Q(n)) — E4 ,(T((0,0), 9Q(n)))] | %}.

oo

Since 7 is trivial, obviously {M,}7°, is a martingale sequence with M, = 0.
We now need to bound the martingale increments. Let A; be the martingale
increment,

Ai=M;-M,
=E; 1, {T((0,0),9Q(n)) — E 1(T((0,0),9Q(n))) | 7}
—E; 1{T((0,0),9Q(n)) — B4 4(T((0,0),dQ(n))) | Fi_1}
=Ep 1, {T((0,0),9Q(n)) | 7} — Eg 1, {T((0,0), 9Q(n)) | Fi_1}.

Let E; be the event {A C [-n, n]?}. For w € E? = O\ E,, there exists a path
r inside A} such that

o(r) = T((0, 0), 9Q(n)).
Hence, f((O, 0), 9Q(n))I g is F;-measurable so that for w € ES,
(2.4) Eg y(T((0,0),9Q(n) | F)(w) = T((0,0), 1Q(n))(w).
If w e E¢ |, then w € EY since
A7, C A(A)).
Therefore, for w € EY | it follows from (2.4) that
A = Eg (T((0,0),0Q(n) | F)(w)
~Eg 1(IT((0,0), 9Q(n)]|1)(w) = .

fwekE, N ELC, then we have that

A(Aj(w)) ¢ [-n,n]* and  A(A}_(w)) C [-n, n]".

(2.5)

This means that Af ,(w) is within distance log”n from A(w) and hence

A7 ;(w) is within distance log?n from 9Q(n). By Lemma 2, it follows that
ifwe E,;_;, then

T((0,0),dQ(n)) =i — 1+ T(dB(A:_,), IQ(n)) >i— 1.
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In general, if A} ;(w) is within distance log® n from 9Q(n), then we have
T(3B(A}_,), 9Q(n)) < log®n.
Therefore we have for w € E;_{ N ELC,
(2.6) 0 < Eg o(T(0B(AL,), 9Q(n)) | Fi_1)(w) <log?n
and also
i~ 1< Ey 1(T((0.0).9Q(n) | %)(w)
(2.7) = T((0,0), 9Q(n))(w)
<i—1+ log2 n.

Combining (2.6) with (2.7), we obtain
©2.58) 4] = |Eg, i(T((0,0), 0Q(n)) | F_1)(w)

~E 1(T((0,0),9Q(n) | #)(w)| < log” n.

This, together with (2.5), (2.7) implies that |A;| < log®n for w € E; ;N E°.
Now we focus on the case that w € E; N E;_;. By Lemma 2,

E; 1(T((0,0),0Q(n))| %) (w) = i + Ey y(T(1B(A), 9Q(n))|%:)(w).
To estimate Eﬁ,h(f(&B(Af), IQ(n))|7)(w), let E;(I'*) be the event,
{w:Aj(w) =T"}
for some fixed dual circuit I'* C [—n, n]? surrounding the origin. Clearly,
UE;I")=E;,
e
where the union is taken over all such I'*’s. Note that E,;(I"*) only depends on
{Z(e);e N A(T*) # @}. Fix a dual circuit ' C [—n, n]?. If w € E;(T*), then
By w(T(9B(A}), 0Q(n))|F)(w) = Eg 4(T(4BI*), 0Q(n))|F)(w).
Let
FT*)=c{Z(e):en A(T™) # T}.
Then it is easy to see that for w € E;(I'™),
Eg y(T(@B(I"), 0Q(n))|7)(w) = Ep y(T(IBI™), Q(n))|F (I"))(w).

On E,(I'*), we can find a dual circuit «* surrounding I'* (see Figure 1) such
that

3log?n < d(dA(x*), dB(I'*)) < 4log® n.

To show the existence of k*, we can find a dual circuit A* surrounding I'™* such
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i_ns n]2

FiG. 1. The dot curve is k* and the solid curve is I'*.

that
3log”n < |x — y|| for x € IB(I'*), y € JA(X*).

Then we can shrink the area of A(A*) to achieve the requirements of «*. In
fact, for a fixed I'*, we may choose such «* by a unique way. Note that

T(9B(I*),9Q(n)) = T(4B(I*), Z\Q(n — 1)),

since dQ(n) is a subset of Z?\Q(n — 1), and every path connecting dB(I™*)
with Z2\@Q(n — 1) must pass one of the points in ¢@(n). Note also that
29 T(9B(x*), Z2\Q(n — 1)) < T(9B(I™), ZX\Q(n — 1))

' < T(9B(x*), Z2\Q(n — 1)) + 41og? .

In fact, (2.9) is clearly true if * C [—n, n]?. If k* ¢ [-n, n]?, then we can find
a point y in JA(k*) which does not belong to @(n — 1). Then there is a point
x € dB(I') such that ||x — y| < 4log®n. Let r be a shortest path connecting x
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with y. Then r is also a path connecting Z%\ @(n — 1) with B(I'™*). Hence,
(2.10) ?(c?B(F*), Z27\Q(n — 1)) < i(r) < 4log®n.

Since dA(k*) N Z2\Q(n — 1) # &, we have T(JA(k*), Z2\Q(n — 1)) = 0. This,
together with (2.10) proves (2.9) in the case that «* ¢ [—n, n]?.
Now we want to use the mixing property (1.2). The random variable in this

case is T(o?B(K*), Z?\Q(n — 1)) which depends on the configuration in the set
V = {x € Z2; d(x, B(x*) N Q(n)) < log® n}. Note that we have

(2.11) 0< T(&B(K*), Z7h\Q(n—-1)) < f(&B(I‘*), dQ(n)) < n.
Put
W ={x e B(I™*)N Q(2n); d(x,dB(I'*)) > log2 n}.

Then we have W > V, d(V, WC) > log®n, and Z(I'*) C Fyec. By (1.2) and
(2.11) we have for w € E;(I'),

|Eg 1[T(9B(x"), Z2\Q(n — 1)) | Fye](w)
(2.12) — E; 1[T(0B(x), Z2\Q(n — 1))]|
< Const. x n - n? exp(—alog® n) = Const. x n® exp(—alog®n).

Taking conditional expectation of (2.12) with respect to ug (- | 7 (I'*))(w), we
obtain

|Eg 4[T(0B(x), Z2\Q(n — 1)) | 7 (I')|(w)
(2.13) — Eg o[T(9B(x*), Z2\Q(n — 1))]|
< Const. x n® exp(—alog®n)
on E,;(I'*). Therefore, it follows from (2.13) and (2.9) that for w € E;(I'"*),
|Eg y[T(2B(A}), 0Q(n)|F|(w) — Eg 4[T(4B(I™*), 0Q(n))]]

< |Eg 4J[T(2B(x*), Z2\Q(n — 1)|7(I)]

(2.14) —E 1 [T(B(x), Z2\Q(n — 1))]|
+8log%n

< 810g2 n + Const. x n® exp(—a log2 n).

Since the estimate (2.14) is uniform in I* such that E;(I'*) # &, we have
|Ep alT(9B(A}), 9Q(n)|F1(w)

2.15) > Eg y[T(2B(T), 9Q(n)) 15,1 (w))|

< 8log? n + Cn®exp(—alog®n).
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It follows from (2.15) that, for w € E; N E;_;,
A (w)| < |i — (i - 1)

+ Y |Eg o(T(9B(T}), 9Q(n))) — Ep 1(T(9B(T), 9Q(n)))|
T, T5

x1g g,y (W)
+161log? n + Const. x n® exp(—alog?n).
It follows from Lemma 4 that for ', I’y C [—n, n]? with E;(I)NE;_1(I'}) # O,
E; w(T(B(I}), 0Q(n)) < Eg y(T(9B(T), 3Q(n)))
< By ((T(2B(I}), 9Q(n))) +log>n,
so that for w e E; N E;_;,

(2.16) |A;(w)| < 171og® n + 1 + Const. x n® exp(—alog®n).
It follows from (2.5), (2.8) and (2.16) that there exists C such that
(2.17) IA;| < Clog®n.

Finally, it follows from the Azuma—Hoeffding lemma and (2.17) that

1p n(T((0,0),9Q(n)) — E4 ,T((0,0), 9Q(n)) = xv/nlog”n)
= pg n(M, > x/nlog®n)

< kg (iup M, > x/nlog? n)
<n

< exp(—%(xﬁlog2 n)2/ 3 C%log* n)
i=1
< exp(—x2/2C?).
Similarly, we can repeat the same argument to the martingale
—M; = Eg ;[ Eg 4[T((0,0),9Q(n))] - T((0,0), 9Q(n)) | 7]
to show

e, n(Eg 1[T((0,0), 9Q(n))]-T((0,0), 9Q(n)) = x/nlog”n) < exp(—x?/2C?),
proving (2.3). Now we show Theorem 4 from (2.3).

PROOF OF THEOREM 4. First, note that it suffices to prove Theorem 4 for
x> 1. If 0 < x < 1, then choose C4 in Theorem 4 sufficiently large such that
Cge! > 1; then the right-hand side of the desired inequality is always greater
than 1, and Theorem 4 is trivially true.
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To show Theorem 4, we need to estimate the probability
5,1 (T((0,0), 5Q(n)) = T((0, 0), 9Q(n)) = x/n).
Note that it follows from the definition of T and T that
T((0,0), 5Q(n)) = T((0,0), Q(n)).
Let E(vq,...,v,,) be the event
{ max{|¢~(v;)|, |¢F(v;)|} = log®n for 1 <i <m}.
Let {r,} denote the paths from (0, 0) to /Q(n) with passage time 7'((0, 0),
Q(n)). If
T((0,0), 5Q(n)) — T((0, 0), 4Q(n)) = xv/n,
then there are at least |x,/n| vertices, denoted by {vy,...v|, 5} in each r,
such that [ (v;)| = log?n or |~ (v;)| > log®n, where for a real number &,

| €| stands for the least integer not less than ¢. Then E(vq, ..., v,,) occurs for
some vy, ...V, with |lv; —v;| > 3log®n if i # j, and for
. { EN J .
9log™ n

This implies that
g, 1(T((0,0), 9Q(n)) — T((0,0), 4Q(n)) = xv/n)
(2.18) < > tp n(E(vy, ...\ )
V1, Uy €Q(n); v —v ;|28 log n (i)

Let us estimate the right-hand side of (2.18). We use (1.3) for V; = Q(log® n)+
vy, Vo = Use jem{Q(log”n) +v;}, A = E(v;) and B = E(vy, ..., v,,). Then by
(1.3) and (1.6) we obtain

pp, w(E(y, ..., 0,))
(2.19) < [pg w(E(v1)) + C(2log® n + 1)? exp(—alog® n)|ug 4(E(vg, - - ., v,))
< 9log* n x [exp(—a; log” n) + C exp(—alog® n)]us 4(E(vg, ..., vy)).
If n is sufficiently large, then we can make
9(2n + 1)?log* n[exp(—a; log® n) + C exp(—alog® n)] < 1/2,

where (2n+1)? is the number of points in @(n). Then, summing up both sides
of (2.19) over v; € Q(n), we obtain for sufficiently large n,

Z H’B,h(E(Ula"'avm))
U1, 0, €Q(R);
llvi—v;lI=3log? n (i#))

> mp, h(E(gs ..y Uy)).
Vg, . Uy €Q(R);
llv;—v;lI=3log?n (i#j)

(2.20)

=<

N[
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Iterating (2.20), we have

(2.2D) > 1o w(B(vy, ..., v,)) < (37 < (B)lrvalologin-t,
U1, - Uy €Q(R);
||Ui*Uj||Z310g2 n (i#j)

By (2.21) and the fact that
T((0,0), 9Q(n)) — T((0,0), 9Q(n)) < n,
if n is sufficiently large, then taking x = 1, we have
E(T((0,0), 9Q(n)) < E(T((0,0), dQ(n)) + v/n + n(L)l/rl/9loe*n-1
S ECO’ n + Zﬁ.

Therefore, if we also take n large such that log?n > 6, we get by (2.3) and
(2.21),

1 n(Ico.n — Eco | = x+/nlog? n)
< g, w(IT((0,0),9Q(n)) — T((0, 0), 9Q(n))| = x+/nlog®n/3)

+up 1 (IT((0,0), 9Q(n)) — E4 4 T((0,0), dQ(n))| = xv/nlog® n/3)

(%)Zx\/ﬁ/(27 log? n)

(2.22)

< Const. x exp(—ax?/9) +

for some @ > 0. Therefore, Theorem 4 follows. O

REMARK. Equation (2.22) proves a rather stronger statement than Theo-
rem 4. In fact, it is easy to see that the same estimate as Theorem 4 is true
if x = O(y/n/log?n). However, the type of estimate in Theorem 4 cannot be
obtained from (2.22) if x >> /n/log?n, since in this case, the main term is
the second term in the right-hand side of (2.22). This is a kind of probability
estimate of moderate deviations for ¢, , — Eg ,(co ,)-

PROOF OF THEOREM 2. Let
J = min{;j: (n,0) € A(A})}.
Clearly we have
(2.23) A(AG) € A(AL 1),
and by Lemma 2, we know that

(2.24) A(AY) c [-nlog? n, nlog®n).

LEMMA 5. There exists a path r with t(r) = d_, such that r is contained
inside A(A%).



368 Y. HIGUCHI AND Y. ZHANG

PrROOF. Let y realize T\((O, 0), (n,0)) and, for vertices @ and b on r, let
r(a, b) denote the portion of r connecting a and b. Since there are infinitely
many closed dual circuits surrounding the origin, the existence of y can be
seen from the following reason. Suppose, contrary to the lemma, that there
exists a vertex x on r outside of A% [the first dual circuit surrounding both
(0,0) and (n, 0)]. Then there exists a vertex a € dB(A%) on r((0,0), x) and
vertex b € JA(AY) on r(x, (n,0)) and we have

T((0,0), (n,0)) = £(r((0, 0), x)) + i(r(x, (n, 0)))
> T((0,0), a) + T(b, (n, 0))
=dJ + T(b, (n,0))
> J —1+T(b, (n,0))
= T((0,0),5) + T(b, (n,0)) > T((0, 0), (., 0)),

a contradiction. O

Let
Si = Eg 14ldo n — Eg 1(do )| F}.
It follows from Lemma 5 and (2.23) that
(2.25) Ai =Si_Si—l =0 lfl 2n+1

We want to use the Azuma—Hoeffding lemma again for the martingale {S;}7-,.
To this end, we have to estimate |A,;| for every i > 1. [By (2.25), we only have to
estimate |A;| for 1 < i < n.] The argument hereafter in this section is similar
to that we made to obtain (2.14)—(2.17), but there are some necessary changes.
Let us fix i with 1 < i < n arbitrarily, and let

Fi={i <J} ={A(A;) # (n, 0)},
Fy={i = J} ={A(A) # (n,0), A(A]) > (n, 0)},
Fy={i > J} ={A(A]_;) > (n, 0)}.

Itisclearthat Fl,FQ,F3€<7';'and FIUF2UF3=Q
If w € F3, then by Lemma 5, there exists a path r in A(A}_;) which realizes

T((O, 0), (n, 0)). Therefore if w € F'3, then
Si_1(w) = S;(w) = T((0, 0), (n, 0))(w) — E4 4[T((0,0), (n,0))]

and A; = 0.
If w € Fy, we know that

(n,0) € AMNAALY),

and by Lemma 4, the distance between A} ; and (n,0) is not larger than
log2 n.
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Let r be a path consisting of two pieces ' and r” such that r’ connects (n, 0)
with some point x € dB(A]_;) which satisfies

|x = (n, 0)] = d((n, 0), dB(A;_1)),

and r” realizes f((0,0), y)(w), where y is the neighboring point of x in
JA(A;_;). Then by Lemma 1, if w € F'y, we have
i —1<T((0,0),(n,0) < {(r) <i—1+log’n.

This means that both S; and S, ; are between i — 1 and i — 1 + log® n. Thus
we have for w € F,,

A;] = 1S; = S;_1| < log”n.

Finally, let us discuss the case that w € F;. For a dual circuit I'* such that

(0,0) € A(I'*) and (n, 0) ¢ A(I'™), let
E;I*)={A% =T"}

for j =i or i — 1, as before. Note that w € E ;(I'*) implies that j < J(w) and
therefore I'* should lie inside of [—nlog® n, nlog? n] by (2.24). Let * be a dual
circuit surrounding I'* such that
(2.26) 3log®n < d(dB(I'™*), dA(k*)) < 4log® n.

If k* surrounds (n, 0), then we argue as in the case that w € Fy and obtain
that |A;| < 4log® n, since the distance between A’ and (n, 0) does not exceed

4log®n by (2.26), and the assumption that x* surrounds (n,0). So, assume
that «* does not surround (n, 0), that is, (n,0) € B(k*). In almost the same
way as in (2.14), we can show that

can B8 W T@B(AY), (n,0)) | #] = Eg 4[T(@B(I™), (n, 0))]
< 8log® n 4+ C((2n + 4)log® n + 1)%nlog® n exp(—alog® n),

for w € E ;(I'"). Here, the factor ((2n+4) log® n+1)?nlog® n is the only change

from (2.14), and this comes from the fact that T(&B(K*), (n,0)) < nlog?n,
(2.26) and the fact that I'* lies inside of [—n 10g2n, nlog2 n]. By (2.27), we
obtain as before,

1A;(w)[=1[S;(w) — S;_1(w)]
<17log? n + 1 + Const. x n®log® n exp(—alog?®n)
< Const. x log2 n.

Now we are ready to use Azuma—Hoeffding’s lemma to obtain

<|a0,n - EB,haO,nl
Mg, n

Jrlog’n

> x) < exp(—aéxz)
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for some constant a;, > 0. Finally, we can use the same argument as in the
proof of Theorem 4 to estimate the probability

/‘LB,h(dO,n - aO,n = x\/ﬁ)>
and obtain for sufficiently large n, for any /n > x > 1,

2
tp,n(lao n — Eg 1o n| = x+/n log”n)

2
< Const. x exp(—ayx2/9) + (%)2xﬁ/(2710g n)

(2.28)

Therefore, Theorem 2 follows. O

3. Concentrations at vn. Before we prove Theorems 1 and 3, we need
to show the following lemmas. Let E, be the event that there exists a path r
with the last vertex v € dQ(n) starting from (0, 0) such that

t(r) = T((0,0), 9Q(n)).

If there are many such v, we pick a v with the smallest x coordinate, then the
smallest y coordinate. Clearly,

3.1 Eg,T((0,0),0Q(n))= 3 Egu(T((0,0),0Q(n)) | E,)up n(Ey,).
uedQ(n)

We divide dQ(n) into two parts:
91Q(n)={u € 9Q(n); ug n(E,) = 1/n*};
9 Q(n)={u € IQ(n); mp w(E,) <1/n%}.
Since T'((0, 0), dQ(n)) < n, and the number of points in JQ(n) is 8n, we have
1
(3.2) Y Eg u[T((0,0),9Q(n)) | E,|us n(E,) <8n- nog = 8.
ued, Q(n)

So, the effect of points in dy@Q(n) in (3.1) is bounded. Assume first that u €
d1Q(n) is on the right boundary of 9Q(n). Let £/, be the reflected event of E,,
with respect to the line

{v = (v}, v?); v! =n+ [log’n}.

By symmetry, note that we can simply connect u and u’ by a path with length
2|log® 1] so that

Eﬁ,h(ao, 2n+2L10g2nJ | Eu N E;)
< Eg ,(T((0,0),u) | E,NE),)
+Eg 1(T((2n +2[log®n],0),u') | E,NE,)+2|log’n|
=2E; ,(T((0,0),u) | E, NE,)+2|log”n].

(3.3)
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Let

6 . 1/2
E, = {a0,2n+2|_log2 n) = Ep 1(@0 90120102 n)) — (a—ZnUOg nj) ’
where a5 is the constant given in Theorem 2. Then we have

. C ’
Eg 1(a oni2p0g2n)s (E3)°NE,NEY)

6 1/2 /
= [ B0 o)~ (onlog™n) | < s (D By L),

where Eg ,(X;A) = Eg ,(X1,). Dividing both sides of the above inequality
by ug n(E, N E,), we obtain

Eﬁ,h(ao, 2n+2|log” n | Eu N E/u)
(3.4) 6 5 1/2
> |:Eﬁ,h(ao, on+2|log?|) — (a—2n10g n) :| x (1— g n(ES | E,NE)).

Now we estimate ug ,(E; | E,NE}) foru € 9,Q(n). Weput A=E,, B=E,,
V,=Q(n) and Vy, = Q(n) + (2n + 2|log? n|, 0), and use (1.3) to obtain
(3.5) ug w(E,NE,) > pg 1(E, g n(E,) — Const. x n? exp(—2alog® n).

By symmetry, and since u € 9, Q(n), ug 4(E,) = g 1(E,) > 1/n% So if n is
sufficiently large, then we have from (3.5),

(3.6) pp n(E,NE,) > in
On the other hand, by Theorem 2 we have
pp n(EY) < Cyn™°.
Therefore it follows that
pp n(Er | E,NE,) < Cyn™?

for sufficiently large n. This means that in the right-hand side of (3.4), the
term

6 1/2 /
|:EB,h(aO,2n+2[log2j) - (a—2n10g5 n) :| x ug n(Ey | E,NE,)

goes to zero as n tends to infinity. Thus, there exists a positive constant C;
such that we have

(.7 Ep 1(aq, 904201082 n)) = Ep n(a0, 201201082 | £ N E) + C7(nlog® n)'2.
By mixing property we have
Eg 1 (T((0,0),u) | E,NE,)

(3.8)
< E4 1,(T((0,0),u) | E,)+ Const. x n” exp(—alog”n).
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To see this, first we use (1.4) for V, = Q(n), Vy, = Q(n) + (2n + 2|log?n)),
X =1T((0,0),dQ(n))1g , and obtain

Eg 1(T((0,0),9Q(n)1g, | Fv,) < Ep 4(T((0,0),dQ(n)); E,)
+Const. x n® exp(—alog?n).
Taking expectation on the set E; with respect to ug 5, we obtain
Eg 1(T((0,0),9Q(n)); E, NE,)
< E; 1(T((0,0),9Q(n))1g Yup 1(E,) + Const. x n® exp(—alog®n)
= Ep 1(T((0,0),9Q(n)) | E,)pp n(E,)ip n(E,)
+ Const. x n® exp(—alog® n).

By (3.5) and the fact that 7'((0, 0), dQ(n)) < n, the right-hand side of (3.9) is
not larger than

(3.9)

Ep 1(T((0,0),9Q(n)) | E,)up n(E, N E,)
+Const. x n% exp(—alog®n).
By (3.5), (3.9) and (3.10) it follows that
Eg 1(T((0,0),9Q(n)) | E, NE,) < Eg ,(T((0,0),u) | E,)

(3.10)

+Const. x n” exp(—alog®n),
which proves (3.8). Combining (3.3), (3.7) with (3.8) we have
Eg h(ao, 2n+2|log? 1| )
. <2E; ,(T((0,0),u) | E,) + C7(nlog’ n)"/* + 2|log” n
+Const. x n” exp(—alog® n)
< 2E; ,(T((0,0),u) | E,) + Cg(nlog® n)"2.

for some constant Cg > 0. Note that 7'((0, 0), u)(w) = T'((0, 0), IQ(n))(w) if
w € E,, and hence

(3.12) EB,h(a0,2n+2[10g2 nj) = ZEB,h(T((Oa 0),dQ(n)) | Eu) + Cs(n log® n)'2.

In the case that u € J; @(n) is not on the right boundary of /Q(n), we argue
in a similar way as before. For example, if u is on the top side of dQ(n), we
define E’, to be the reflected event of E, with respect to the line

{v=(v%v%); v’ =n+ [log’n]}.

Then we define

6 1/2
El = {T((O, 0), (0,2n + 2[10g2 nJ)) < Eg; p(ay, 2n-+2]log? nj) — (01—2nlog5 n) }
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By the rotation invariance of ug 5, T'((0, 0), (0, 2n + 2|log® n])) has the same
distribution as @ 9,,9|10g2 ), and We can argue just as before to obtain (3.12).
Thus, from (3.1), (3.2) and (3.12) we obtain

2E; 1(T((0,0),9Q(n)) =2 3 Eg 4,(T((0,0),9Q(n)) | E,)ug n(E,)
ued, Q(n)

5
> Y Eg (g anipi0g?n) s, n(E,) — Cs(nlog n)l/?
ued Q(n)

= EB,h(aO, 2n+2|log? nJ) —8—Cg(n 1085 n)1/2

> Eg (@ 9,) — 8 — Cg(nlog’ n)"/? — 2log® n.

The last inequality above follows from a subadditive argument. This says that
for sufficiently large n, we have

(3.13)  Eg4 5a0,9, < 2E4 4(T((0,0), 9Q(n))) + Const. x (nlog® n)"/2.
Note that

(3.14) Eg 1con < Eg aq,,-

Clearly, by (1.8), (3.13) and (3.14),

E
(3.15) lim —&-k%0n _

n—o00 n

Let
N, =min{|r|:#(r) = ag ,},
where |r| stands for the length of the path r. We will show the following
lemma.
LEMMA 6. Ifv > 0, there exist Cy > 0, C1y > 0 and a4 > 0 such that
kg n(N, = Con) < Cygexp(—ayn).

PROOF. Lemma 6 for i.i.d. first passage percolation is proved in [10]. Here
we show it for Ising first passage percolation. For number y and a path r, let

t,(r)=3[X(e)+7]

eer

and
T,(A, B) = inf{¢ (r):r a self-avoiding path from A to B}.
Clearly, for y > 0,
—yN, >T_,((0,0),(n,0)).
We also know that

ao!n <n.
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To show Lemma 6 we only need to show that there exists v > 0 such that
(3.16) mg, 1(T_,((0,0),(n,0)) < 0) < Const. x exp(—ayn).

We use a standard Peierls argument to show (3.16). For a given positive integer
k, partition the bonds of Z2? into some blocks

{[ik, 2 + k) x [k, (j + DR); i, j € Z},

where [ik, (i+1)k) x [ jk, (j+1)k) is a subset of Z? which contains the vertices
in [ik, (1 + 1)k] x [j&, (j + 1)k] and the bonds in

[ik, G+ DR x [jk, (J+DE]I\{x=0G+DER}U{y=(j+ 1)k}

We denote [ik, (i + 1)k) x [Jjk, (j + 1)k) by B(i, j). Note that two different
blocks do not have an edge in common. Assume that 7', ((0, 0), (n,0)) < 0.
Then we can find a path r from (0, 0) to (n, 0) such that ¢_,(r) < 0. We take
such a path r and fix it. Suppose that there are m blocks which are touched
by the path r. Clearly,

(3.17) m> %

We say blocks B; and B, are connected if B; is one of eight neighbors of
B,. Note that these m blocks are connected so that we call these m blocks a
block animal. Note also that there are at most A™ block animals which contain
B(0,0) and consist of m blocks for some positive constant A. For each block
B(i, j) which is touched by r, we consider

B1(i, j) = [(i = Dk, (i +2)k] x [(J = Dk, (J + 2)].

We assume that m > 8. Then r has to cross B;(i, j) \ B(i, j). We say that
the block B;(i, j) is good if there exist more than one disjoint dual circuits in
B, (i, j) surrounding B(i, j), such that every edge e which crosses one of these
dual circuits satisfies X(e) = 1. We call such dual circuits dual 1-circuits. If
By(i, j) is not good, then we call it bad. It follows from (1.6) that for given
& > 0 there exists & such that

(3.18) mg, n(B1(0,0) is good) > 1 — &.

Let us take y = 1/9k2. Then, since t_,(r) < 0, there are at least m/2 bad
blocks on the block animal. For 0 < a,b < 3, let L, , denote the set of all
(i, j)’s such that (i, j) = (a,b)mod4. Therefore, if T_,((0,0),(n,0)) < 0,
then we can find some a and b such that there are at least (m/2) x 1/16 bad
blocks on the block animal in {B(i, j); (i, j) € L, »}. If (Z, j) and (%, 1) are
from the same L, ,, then B,(i, j) and B,(k,[) are squares of side length 3%
which are in distance not less than k. Thus, taking % sufficiently large, by
(1.3) and (3.18) we can make the conditional probability as small as we want;

(3.19) wg, n(B(i, j)isbad | & ;) < 2s,
where 7; ; is the o-field generated by
{w(x):d(x, B(i, j)) > k}.
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It follows from (3.19) that
s, 1(T_((0,0), (n, 0) < 0)

3
there are at least |I'|/32 bad blocks
> > Mg, h( Ty )

= inL,,NT

r:block animal containing a, b=0
B(0,0), T|>n/k?

m m m/32
< Y 16xA (m/32>(23)

m>n/k2

< 16 exp(—ayn)

by taking & small. Lemma 6 is proved. O
With Lemma 6 and the method in [16], we have the following lemma.

LEMMA 7. For each t > 0, if v > 0, then there exist constants C1,Ci5 > 0
and as > 0 such that we have for sufficiently large n,

pg, n(@o, 4n < 4t) < CunZ(MB,h(ao, on < 2t+2[log” n]))"/2+C 1, exp(—as log” n).

PROOF. By Lemma 6, we have
bp, n(@o 4n < 4t) < pp p(ag 4n < 4t, Ny, < 4Cyn) + Cygexp(—4ayn).

Consider a path r from (0, 0) to (4n,0) with passage time 7'((0, 0), (4n, 0))
and |r| < 4Cyn. For 0 < i < 4, consider the first (resp., last ) vertex b, (resp.,
a;) on r that has first coordinate equal to in. Clearly, there exists 0 < i < 3
such that the sum of passage time on the bonds of r between «; and b, ; is
at most 7'((0, 0), (4n, 0))/4. Given two vertices a = (a', a?) and b = (b', b?),
let us denote by H,(a, b, t) the event that there exists a path p from a to
with passage time at most ¢ and |p| < 4Cyn, such that each vertex visited by
p except a and b has a first coordinate larger than the first coordinate a'® of a
and smaller than the first coordinate b! of 5. Then we have

3
/J“B,h(aO,ALn = 4t’ N4n < 4CQn) = Z Z /’LB,h(Hn(a7 b> t))

i=0  a=(a!,a?),al=in
b=(bL, b2), bl=(i+1)n
|a®|, |b%|<4Cqn

Therefore, we can find some a and b with |a! — b!| = n such that
(8.20) g, n(H,(a, b, 1))4(8Cyn)* + Cigexp(—dayn) > pg (@, 4y < 4t).

Take such a and b. Let H = H,(a,b,t) and H’ be its reflected event with
respect to the line {v = (v!,v2); v! = b' + [log®n|/2}. Then we have H N
H' c {T(a,a + (2n + |log®n],0)) < 2t + |logZn]}. Note that by definition
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H = H,(a, b, t) is an event in the rectangle of vertical side length 4Cyn and
horizontal side length n, centered at (a +b)/2. By (1.3) and invariance of ug 5
with respect to translation and reflection it follows that

pg, n(@g, on < 2t + 2(log”n|)
(3.21) > g, 1(T((0,0), (2n + [log® n], 0)) < 2t + |log”n|)
> pg p(H,(a,b,t))? — CndCyn exp(—alog®n).

Therefore, Lemma 7 follows from (3.20) and (3.21). O

PrOOF OF THEOREM 1. We follow the method in [16] to show Theorem 1.
Let

&= Eg a0 -

Let K, be a sufficiently large constant, which we will specify later. We take
4t = 2£&,, — Ko(2nlog®(2n))"/2 in Lemma 7 and obtain that

tg, (g, an < 2&5, — Ko(2n 10g5(2n))1/2)
1/2
= Cl1n2[#«3, w(@o on < &on — (Ko/2)(2n 1085(2n))1/2 + 2U°gz n| )]

+ C 5 exp(—aslog® n).

If n is large, then 2|log? n| < (K,/4)(2nlog®(2n))!/2, and then we apply The-
orem 2 to obtain

[125.1(@0. 20 < €an — (Ko/2)(2n1og’(2n))"2 + 2[log? n])]""*
< Const. exp{ —%(KO/AL)2 log(2n)}

< Const. x n™*

if K, > 8,/2/a,, where a, is the constant in Theorem 2. Therefore if n is
sufficiently large, then

g n(@o 4n < 2&5, — Ko(2nlog®(2n))"?) < Const. x n=2.
Since 0 < a, , < n, it follows from this that
$an = Eg plao, an; @0 4n = 265, — Ko(n log® n)'/?]
> [265, — Ko(nlog” n)' (1~ O(n™?))
= 265, — Ko(nlog”n)'? + O(n")
> 2&,, — (Ko + 1)(nlog® n)'?

(3.22)
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for sufficiently large n. Let K = K, + 1, and use (3.22) for 2*n rather than n
to get

log® 2’1"'+1n)1/2 _ bany

§2k+2n
(3.23) +(K/2)( ~girr z e

2k+2n

Iterating (3.23), we get

(3.24)

b _ g log®(2n) 1/2+ Eqhazy,
2n ~ 2n 2k+2p

for some constant K > 0. Theorem 1 follows from (1.8) and (3.24) by letting
k— oco. O

ProoOF OF THEOREM 3. Theorem 3 follows from (3.13),
CO,n = aO,n

and Theorem 1. O
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