SAMPLING IN THE CASE OF CORRELATED
OBSERVATIONS
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Dr. E. C. Rhodes, in a paper in the Journal of the Royal
S'tatistical Society,! has considered the distribution of character-
istics of samples of NN when the individual observations are not
assumed to be independent. As he points out, there are many
important cases in which the usual assumption of independence
or randomness in the observations is not justifiable. In the pres-
ent paper will be explained a method based on the semi-invariants
of Thiele for the calculation of the characteristics of the sought
distributions in this case which is especially to be preferred to the
method based on moments when it is supposed that the observa-
tions arc normally correlated. In the case it is further assumed
that only consecutive observations are correlated, in addition to
Dr. Rhodes’ results, the third semi-invariant (which is the same
as the third moment about the mean) of the variance and the
mean and the variance of the third and fourth moments about
the mean are given.

Let the N observations composing a sample be given by val-
ues of x,, x,, - - -, %, respectively and let F;(In'ra»' )
be the 77 -way probability function of &, 1 Xy, ++ -, and z,,.

IThe Precision of Means and Standard Deviations When the Individual
Errors Are Correlated, Vol. 90 (1927), pp. 135-143.
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Then the semi-invariants, A yst o X, x,, .. x, are
defined by
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which is to be regarded as a formal identity in ¢, ¢,,--¢,.

( g Ajt) (¥) s first expanded by the multinomial law and
r ° . .

then each term A, ,AJ A ; ~--in the result is replaced by

A

e
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We shall pass over the characteristics of distributions of
means, since the method of semi-invariants is equivalent to that
of moments in this case, and take up the distribution of moments
about the mean in samples of N . Following the method pre-

viously used by the author in the case of independent observa-
tions,? let

N
6: X -2 R
2
@) N . a;j=- ';'l
=;.'. a; ;% with
= _ N-=I
i = N
Then let V (§,,6,, - - - -,8,,) be the probability function of

8, .85, s 8y (Z 8 = 0. The semi-invariants Apg¢ -
of 8,86, -+, 6y, aredefined by

1Following Cramér, I distinguish between probability and frequency func-
tions. £, (xl, P ,,)is the “cumulative” frequency function
and thus the integral is an 77-way Stieltjes integral,

2An Application of Thiele’s Semi-invariants to the Sampling Problem:
Metron, Vol. 7, No. 4 (1928), pp. 3-75.
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We have at once,

-t ~ ®) wr («)
(,{3, t, %, Ajey) = (Z,4: t.)

and as the author has previously remarked,! we can also write

N N x) LN )
(4) (Z' t,2 A a‘-j) - (z; AL t,)
so long as the relation is only used to find the values of )\',. st s
in which at least one of the subscripts is zero.

Then S, (V,) ., the k¥ ’th semi-invariant of the »7 ’th
moment about the mean in samples of /V, is given by the formula

Sy (V)=
{Ns,'t*...)_ It " r ‘3 ,,t
) (’I) "fsftfu)-/].‘K- %,ﬂ,dzﬂ,"\')b,”b ”‘“\)c ne -
,‘V-KZE"' = S t) 2 (3 2
[a,./ °a'/"] [b,/be.L-J [c,./c‘./---] ristt! .-

lloc. cit.,, pp. 18, 19.
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’ .
the notation V), ,,, referring to moments of §,, - - 8O0 s
the summation including all terms for which

,”(al +ae+...)+‘s(b’+baq..-.)q.‘t(c/+cz+-..)+.. cex= K

¢,z C,> -
e e 1

(a,+a2+--.)>(b,+b2+---)>(c,+ca+--~ )RR
In particular:

S,(0) =4 SV @YV Ve ot 5 )

= +
no: no- 'no--0 "6no--0 q9mo-o’;

S, (V,) =% [Zu;,,'o r2zv,, -(2v,) 7],

0
w9)

/ 4 I} ’ [
S V) s [EVsn 0t B2, 00621, 4 SHEY,, IEV,,)
-6z V) NEV, ) 2(80) )%

! . .
On writing out the moments V w In terms of the semi-
L

invariants A rs¢ " and then using (4) the sought semi-invariants
are obtained.

In the case that the & observations are normally correlated
and £, (x,, x,, -+, x,)is the N -dimensional normal prob-
ability function, the left-hand member of (4) vanishes for kK = 3.

If we suppose that the standard deviations of X, X, , X,

~
are all equal {which we shall always do) and take as the simplest
case that x, , ZL,, - -,x, are normally correlated and that

1See the author’s paper cited, p. 21, formula (25).

2For a detailed explanation of this kind of calculation see the author’s paper
cited, pp. 23-27.
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the correlation as measured by the Pearsonian coefficient, . .. ,
. . (]
is the same for each pair, x,, x;, of the set of M observations,
we get

’\lzo- Agzo = Xoaao= T N_A_/{(AZO-/\”)= NT:‘.—I(l‘r)Aao’

R _d
10 1010 " owo N(AZa'A”)= X/’(/"')AM»

if the common value of Te; x; be denoted simply by . But
if the observations are independent and the parent population is
normal we have

I _ ] _ 1 - _ N-'

)\zo = )‘ozo = )‘oozo st = N ’\zo ’
D ! O A

)\uo- Alou)= A¢mo = N /\20 *

Thus it follows that the distributions of the characteristics
of samples of A/ in this particular case of dependent ohserva-
tions are the same as if the observations were independent and
taken from a normal population of variance ( /-r) A 20 -

In case £, (=x,, X, -2 Z,)is normal it is convenient to
express the right hand members of (5) directly in terms of the
semi-invariants A . st...for 7=2,3, 4. For that purpose we
shall adopt the following notation. Let the linear form fl a; A \j
be denoted by A;. Then (4) becomes

. ) N )
(6) (Z;!Aitz‘:)“ = (7,: A'i ti) :

Thus in a symbolic sense A‘- ’s and /\‘- 's are equivalent. But with
regard to the subscriots of the A terms in the expansion of the

left member of (6) we use a different convention than for the
subscripts of the A ’s. We set

~

13ec the author, loc. cit., p. 19.
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o2 AozogAZZ' B

wo=A,. . A =A

12"\ 0s0 13>

We get
51 (\)2)=*/vZA‘-‘- ’
5, (%)= 52[IEA, +2ZA, A, +AZAL - (ZA;)?]is),

the summations, of course, running over all values of ¢ and J
from / to N . But since

r 2
the second relation reduces to
2 2
Similarly
3

33(\)2)=£_3. ZA;, +32AiiAfj *6ZA; Aix Ajg),

SulVe) ~s (EAT +4Z AT, MG +4Z A, AL AT, 22 AT,

“)

.

*BEALAG AL A +AZAG AL ACEA AL Ay Ary )

5,(V;)=0,
S, (V)= Ne(SZALH6ZA, A, A, +4ZA%),
S,(V;)=0,
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S,(V)=mZ AL,
48
S (Vo)< 52 (2ZAT +3Z A Ay A +ZAT)).

To illustrate the use of these formulas and to give some
results in a case of practical interest, let us suppose that the set
of NV observations composing a sample may be assigned an order
in which only consecutive obserations are correlated and in a
constant degree.  Thus our observations might be prices or indices
taken at the ends of consecutive time intervals, \We suppose, then,
that

Allqg)\ A ::....:,‘A

oo~ “‘oorio 20

A = A

= A = . . .
o1 too1 oro/

.=O

The first step in the calculation is to obtain the values of the
various A s which enter into the formulas (7). A,, is found
from AZ, A, from A, A,and so on. We get

= (/-4 . 2
AII AIV‘N (, N ~Ne ) AZO ’

+2r 2r
A2£=A33=...¢A~_"~~,=(/~ N m)kao ,

= = I+ 2r
AL 'A~-1,~ =(r- N ~Ne ) ’\ao

J

(8)A23=A34 ... =A/v-a,-/ =(r- gﬁ?_r_ i/—ré )A,, .
A’3=A’4 D ‘AI,N-I ,
¢A2,N 'Aa,/v" ) ‘=A~-z;~= _L:_".'_ %) Aaa ,
AI’” I{/ %’é))\”' 1< <Nt
A‘j,(__ _I_fﬁZ_r_ %.Z)A:a I<j< N-{

li-j 1>
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Then, on substitution in (7), we have finally
5, ()= (1= £ )(1- 2 ) A,
S,0) = S[(-4N1-E)s2r? -5+ 52+ 5] X,

These two results are given by Dr. Rhodes, loc. cit., though
there is a slight misprint in the second one as given there. The
remainder of the results given here are believed to be new.

53(\!2)=2—é[(/-§)0 SyoriStde 15 -5 3B %)]

5l [‘}3)80 ’
'Sa‘\}s)=s[("air)(”$)(l-%£) (I 5+ )4» (I--—'r ’;141

5,(V,)=0 ,

- 3 ’
5,()=3[0-4)0- 3D+ S -] Ag,

19,633 L6 30 94 /08)*,4 9,44 64
(AR

He 192 .360 zaa
TN*T NS T NS 7)
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It should be observed that the expressions for 5 (V) for
N < 3 and for S, (V,), kK 2 & for N<5 are in general not valid,
since it can be seen by reference to (8) that all the types of A ’s
used in the formulas (7) do not exist for values of N so small.
But for these small values of N, the values of the characteristics
for which expressions are given above can be readily computed
directly.
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