ON MULTIPLE AND PARTIAL CORRELATION
COEFFICIENTS OF A CERTAIN SEQUENCE
OF SUMS

By
CarL H. FiscuEer

In a recent paper* the writer considered a sequence of q vari-
ables defined as follows: The first variable, x, , is defined as the
sumof n values of a variable, t , drawn at random from a pop-
ulation characterized by a rather arbitrary continuous probability
function, f(t). Each succeeding variable, x;, (i >1), is defined
as the sum of kl—l,i. values of t drawn at random from the Ny
valués composing x;_y » plus the sum of nl-ki_llivalues of t drawn

at random from the parent population,
For variables thus defined, it was proved that the correlation

coefficient between any two consecutive sums, x; and X4, is
independent of the probability function, f(t), and is given by
(1) r ki,i.+1
X (non )2
L1+l
1t was further shown that the correlation coefficient between
two variables not consecutive in the sequence is equal to the pro-

duct of the respective coefficients of correlation between all inter-
mediate pairs of consecutive variables. Thus, the coefficient of

correlation between x; and X5 (j<p)is

B o . n ;
XjXiey Xja) jeld Xg-2,p-1 *®p-1%p
01", in a simpler notation,

(2) r‘jpx r‘j’]+1'rj+1,j+2, e e r‘p—z' p-i.r‘p—l'p-

* On Correlation Surfaces of Sums with a Certain Number of Random
Elements in Common. Annals of Mathematical Statistics, Vol. IV, pp. 103-

126. May, 1933.
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Let us now determine the multiple and partial correlation co-
efficients existing among a sequence of variables thus defined.

Consider the fundamental symmetric determinant, 2 , which,
with its various co-factors, appears in the standard formulas for
multiple and partial correlation coefficients.’s If we substitute for

each " (j#i-14, 'H-l), in R , its equivalent from equation

(2), we have

1 2 2237 12723 7G1q
2 1 23 2354 g1
fi2 2 %3 1 B Giq
()R N27%3%4 3% A 45°%,q
W; 237" g-2,q-1 '";a' Q-2.91 Q2917 - %19

M3 91,9 23°°9-4,q 4 G1q° 1

Multiply the second row of I by ry, and subtract it from the first
row. Now multiply the third row by r;5 and subtract it from the
second row. Continue this process, multiplying the j-th row by
rj.yj and subtracting this row from the (j-1)st row, until all
possible rows have been so treated. Equation (3) may now be

written

1 H. L. Rietz, “Mathematical Statistics”, Carus Monograph No. 4, pp.
94-100.
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2
(1'r12) 0 0 0 0o
r‘u(1~r:;) (1-r, § O e} 0
R (170) ry(1-n3) @5t oL 0 0
(4)?2
Maphdns)  medng)  mdng) o000

’ 2
"n’is"'&z,q-i(i"ﬁ-i,q) 5 Gaqr (M51q) 5 q-2.9- At Gag) (e 414 0

1

12737 Q19 % %te WTeng 7 Tgriq

The expansion of 2 may now be readily accomplished. The-
application of this same method of procedure to each of the various
®; i’ (where Q is the co-factor of the element r; i ), yields
without difficulty the results made use of in the remainder of this

paper.
A. Multiple Correlation Coefficients.

The formula for the multiple correlation coefficient of one

variable on the remaining q-1 variables is .

- i
(5) TR £ v 2
J 123““]'1) ‘+1l ij

From equations (3) and (4) we derive the following expressions
for the necessary R and ij v (3=1,2,3.- q),
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R (rJnddegdgl) - (rG g qulirg g )s
R~ (- )15 Mi-52 '"(1""§1-Z.q-1)(1""2.1;q);
Ry (2nd)an?)in2)- - (2 5 0 )2y o);
© 1233 Agnie2)1-n2) - - (trd 0 )ik )

(i N2 )(1 ) (i ri 2,]-.1)(1 -1,3 75, J+1)(1 r’ i1, l"l)

) (1"212-2,q-1 )(1‘f‘ﬁ-1,q);

Ry-1,q-1= (15 )la5d)- - (s 2 ) 2q1daq)
Raq=(tr2lg2) -+ - (a2 ) (trdz 1),

Upon substituting the proper values from (6) in formula (5)
for the multiple correlation coefficients of the first and last varia-
bles, respectively, on the others in the sequence, we find

(7) q.234....q=r‘12;

@) "q-123---q-17 "q-1,q -
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The multiple correlation coefficient of any other variable, x j»on
the remaining q-1 variables is given by
. 1
r [ EA-nd )(r )]z
i-123--.q (Trt, % )
(9) J-1,10 i+ '
2
. l’(ﬂﬁ,z +rfia-2riyrdia )J z
(triy ird )
It is to be noted that the right member of (9) is independent
of all of the simple correlation coefficients except g and rj i,y -

B. Partial Correlation Coefficients.
The formula for the partial correlation coefficient between

any two variables is
, .
(1) fjiz34..q = W

From equation (3) we derive the following expressions for the
co-factors of elements other than those of the principal diagonal
of the determinant. Because of the symmetry of the fundamental
determinant, we know that pij ‘jS ; hence in expanding the
co-factors of the elements of each row, we shall consider only the

Qij where L £ .
1. The co-factors of the elements of the first row are

Ry = (113 {1"33)""(i‘";-l,q~1)(i'rqz-1,q);

(11)
R, =0, (i=345,-q).

2. 'The-co-factors of the elements of the second row are

"Raa= (i""ii )"za (i"'éf)"'(i""é-z,q& )(1'ré-1,q );

’Qu: 0, (i= 4,5,5,--~q).

(12)
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3. 'The co-factors of the elements of the j-th row are

(13)— N (1 12 )(1 3 (1 111)3,1*1(1 ,|+1 ]+2) @ql,q)
Rj, =0, (i=j+2,j+3,+q)-

4. 'The co-factor of the last element of the q-ih row is

(14) q-1.9° (-, 12)(1 33)""(1q2q1)q-1q

We see at once that all partial correlation coefficients between
non-consecutive variables vanish, as each co-factor > i = 0 if
i¢j-1.,j, j+1 . The non-vanishing coefficients, those be-

tween consecutive variables, are given below.
(15) 1, 345-- 12 (1(1.~zrr) ’
q 12 23

3

(1- r,-1 i )(t- rfia, )+2) ;

1 ,
’J+ 1234.-- q -“"'1 (1 n 1] 1*1)(1 J,)*i “1 ]*Zj

3

(16)

(17)  r1,q-1234---q-2=Tq-1 q‘—(i drat)
q ay l_(i ré -2,q-1 q-1,q)

From (16) we can state that in general the partial correlation
coefficient of consecutive sums x; andxj,q is independent of all
simple correlation coefficients except ri1,j° r‘j,«’ e and r‘j o142
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C. Sumumary.

1. The multiple correlation coefficient of a variable x;

To summarize, we have shown that

J
on the remaining variables ot our sequence is inde-

pendent of ail simple correlation coefficients except
those between: x; and the immediately preceding and
the immediately following variables, respectively.

The partial correlation coefficients between all pairs
of non-consecutive variables in our sequence are zero;
a result that appeals to the intuition when it is recalled
that we are eliminating the effect of the variables that
form the connecting links between the two under con-

‘'sideration.

The partial correlation coefficient of any pair of con-

secutive variables, x ; and x is independent of all

simple correlation coeFﬁcienth+ 1except those between
the two consecutive variables in question, between the
first of these and the variable immediately preceding
it, and between the second of the pair and the variable

immediately following it.

Cal N. Feaclan



