NOTE ON THE DISTRIBUTIONS OF THE STANDARD DEVIATIONS
AND SECOND MOMENTS OF SAMPLES FROM A
GRAM-CHARLIER POPULATION

By G. A. BAkER

T. N. Thiele in his “Theory of Observations” makes the following statement
with regard to the distributions of the higher half-invariants in samples of n:
“Not even for u, have I discovered the general law of errors.”* The purpose
of this paper is to shed some light on the distribution of u. and to give the distri-
bution of second moments about a fixed point when the sampled population
can be represented by a Gram-Charlier series.

The distribution of the second moments about a fixed point of samples is
given in complete generality. It is known that if the sampled population is
normal there is a simple relation between the distribution of the standard
deviations of samples of n and the distribution of the second moments of the
samples about the mean of the population. It was thought that such a relation
might exist in case the sampled population could be represented by a Gram-
Charlier series. Such is not the case. Again, it was thought that by obtaining
the distribution of the standard deviations for samples of 2, 3, 4, . - - it might
be possible to deduce empirically a general law of distribution. This proved an
unfruitful line of investigation but required so much labor that the results
should be reported to save others time and energy.

First, suppose that a population may be represented as

1) f@) = aopo(z) + asps (x) + ases(x) + - - -
where
di(e¥)
@,(x) = dxi .

Then applying Theorem II of the author’s paper on “Random Sampling from
Non-Homogeneous Populations’? we deduce at once the following theorem.
TueoreM I. The distribution of the second moments about the origin of
(1) of samples of n drawn at random from a population represented by (1) is
precisely the same as the distribution of the second moments about the same

point of samples of n drawn from a population represented by the first term of
n—2 1

(1), that is a normal population, and is proportional to z 2 ¢ 2~ (loc. cit.)

1 Thiele, T. N., “The Theory of Observations,” reprinted in the Annals of Mathematical
Statistics, Vol. 2, No., 2, May, 1931, p. 208.
2 Metron, Vol. 8, No. 3, Feb. 28, 1930.
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This is not so surprising as it may seem at first if it is remembered that the
odd subscript terms of a Gram-Charlier series slice off frequencies on one side
of the mean of aspo(z) and add them onto the other side in the same manner.

If we suppose that a population is given as

@ f@) = awpo(x) + asps(z) + aupu(x) + - - -

in the same manner we get the following theorem.

TuareorEM II. The distribution of the second moments measured from the
origin of (2) of samples of n drawn at random from (2) will be a combination
of distributions of the type of Theorem I with only even subscript terms con-
tributing anything. The variations in the component distributions will consist
of differences in the constant factors and the exponent of z, the estimate of the
n —2

second moment. The lowest exponent will be

For instance, if
®3) @) = aopo(x) + asps(x) + aspa(x)

and n = 2, the estimates of the second moment will be distributed as pro-
portional to

2
e“"‘[(ao + 3)* — 12a,(a, + 3)z + (36a$ + 6aya, + 18“4);—,

o X8

-—36a4ﬁ

4
+ 9a} %] .

Thus, it can be said that we know the distribution of the second moments of
samples about a fixed point if the sampled population is of the Gram-Charlier
type in the sense that given the number of terms necessary for an adequate
representation and the number in the samples we can write down the desired
distribution. However, this is not a simple matter. Further, if some relation
existed between the distributions of the second moments about a fixed point
and the standard deviations of the samples we would know the latter distribution
also. Such a relation is not apparent for samples of 2 and 3.

Let us investigate the correlation surfaces of the means and standard devi-
ations of samples of 2 and 3 drawn at random from a population represented
by the first few terms of a Gram-Charlier series after the method of Dr. A. T.
Craig.® The distributions of the standard deviations can then be obtained
immediately by integration.

Suppose that

4 J(x) = awo(z) + asps(x) + aspu(z)

3 Annals of Mathematical Statistics, Vol. 3, No. 2, May, 1932, pp. 126-140.
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and that we are considering samples of 2. The probability of the concurrence
of z; and z, is

(6)) J(@)f(x2)

and

®) = -84+
Te= s+

where s is the standard deviation and z is the mean of a sample of 2. By means
of (6), (6) becomes

) e al 4+ aas(—6s2r — 223 + 67)
+ aoas(2s* 4 12522 — 1252 — 1222 + 6)
+ aj(—s® + 3s'z? 4 6s* — 352t — 9s? + 922 — 62 + 2°)
+ a3a4(28% — 6s2® — 6sir 4 6525 — 12s%% 4 18s%r — 227
+ 1825 — 4223 4 18x)
+ ai(s® —4s5r? — 1285 4+ Bsizt + 12s%? + 42s* — 45%5
+ 12s%* — 36s%? — 36s? 4 28 — 1228 4 422* — 3622 + 9)).
To find the distribution of s we must integrate from — « to « with respect
to z. Thus, (8) is obtained.
VT e_'z[ag + aya,(2s* — 6s%) + a§(—-~s6 + 1—2-584 - %sz + %5)

(®)

If we retain only twe terms of (3), i.e. use
9 @) = aupo(z) + asps(z)

and consider samples of 3 we obtain as the correlation surface of « and s

2
!—8—1 ge¥@a"H3) [a?, — 0% (_404% 4 24zs® — 247)
V'3 4

2
+ ‘% (—84s° 4 525225t — 2752z%s?
(10) + 5765t — 100822s® — 288s* — 55862¢ 4 270z* — 17282?)
3
+ %’i (28s° — 61892%s* — 282%s* — 6292° + 288s* 4+ 1344z

+ 4608z*s> — 288s® 4 7293:2)].
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The distribution of s can be obtained as before. The processes involved in
obtaining (7) and (10) are so complicated that the general rule for writing the
distribution of s is not apparent. Also, the relation of the distributions of s to
the corresponding distributions of the second moments about a fixed point is
not apparent.

In summary, the general distributions of the second moments about a fixed
point of samples from a population represented by a definite number of terms
of a Gram-Charlier series and the distributions of the standard deviations of
samples of 2 and 3 from the same type of population are given and compared.
No apparent relation exists between them.



