68 NOTES

Also

k
f gy @D —+d) _ yer k- as7a
A IV

w""‘
3

Then,

H=—L ¢ _ 3635 and K = —— ¢ ™ — 3543,
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All the quantities except 7 in the following approximate equation are known:
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+§zh(h )k — 3) + %5 (n* — 6Rr° 4 3) (k* — 6K° 4 3).
Therefore,

.02617° + .0681r* + .10347° + .1052r + r — .4314 = 0.

Then, r is approximately equal to .4051. Consequently, for practical purposes
we can assume that r = 4.
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NOTE ON THE DERIVATION OF THE MULTIPLE CORRELATION
COEFFICIENT

Consider N observed values of each of n variables. These n-N values may
be tabulated in a double-entry table as follows:

X“ Xm X13 et XlN
Xo Xoo Xog - -+ Xow

where X is the ktt value of the ¢th variable.
Using the * variable as the dependent variable, the general linear relation-
ship between the n variables may be expressed by

Ti= 0121+ @+ - -+ @i Tiag + @1 Tia + -+ @ T (1)
where

«@; is the general parameter which is to be determined empirically;

z;=X;— M

M; is the arithmetic mean of the j*t variable.
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By the method of least squares, the constants of (1) must satisfy the normal
equations:

(Cziar + Cman)ia + - - + Cozi)a-

+ Crixi)i@in + - + Cmzn)ian = Zmzs
(Zzamy)iar + (Z22)ia2 + -+ + (Z2omin1) i

+ C2ozipa)itinn + -+ + (S2ox0)i0n = Za;

.....................................................................
......................................................................

.....................................................................

(Crimaz)ior + (Cximaz2)ita + - -+ + (ZTic1Zn)iGn = ZTi1T;

(Cripz)ion + (Czipxe)ie + -+ + (CTijaZn)i@n = ZTipa®s

Cram)ian + Coam)ae + - + (Z2h)an = a1
where
N
XCmax;) = k_zl Xa — M) (X — M)).

But

(Zzx;) = Nrijoio;,

(E:cf) = NU? = NT,','U,'O‘;‘ (2)
where

r;; is the Pearsonian coefficient of correlation between the ¢*" and jt* variables,
oi, the standard deviation of the 7*» variable.

Substituting the right members of (2) in the normal equations, we obtain
the system:

n
> ruoiorar = 0
=1

n
> raosoriar = 0
=
n
> T,k 0ica0k Gk = 0 (3)

k=1

n
3 Tig1,k Gip10k i@k = 0
=

n
D Tkono @x = 0
=1
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where

Let

T110101 - - * Ta10201

4= , 4)

T1n010n Tan0nOn

A;; be the first minor of the element r;;0,0;in A, x4 be A with the 7't and ktt
columns interchanged, and ;4,; be the first minor of the element in the st
column and 7** row of ;4.

Solving (3) for ;ax by Cramer’s rule, we find

A
Ay’

iy =

But it can easily be proved that
adi = (=17 4u;

hence

A

i

An’ )

= (— 1);-—k+1

Using cofactors of A instead of minors, we have

1y (=1)""*Da _ _ Da
O = o

ity =

Without writing the determinant out in full, we notice that the ¢’s can be
factored out. Hence

2 2 2 2 2 2 2 K
0102 * * * Ok—10kOk+1 * * * 0§—10i05+1 * * * Oq LAy

=T 0107 -+ 110341 -+ - 0n Kis ®)
_ _ oKa
UkKii,
where
Tu * Tin
Kol
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Using these derived values for the coefficients, we may write (1) in the sym-
metric form:

Kaxg, -y + 52—y + - + Ko x, — M) = 0,
g1 g2 Op

or

j Kizi _ (6)

= %
For a multiple correlation coefficient, we use the formula
N i—1 n 2
Z [Iii - (Z OxTr; + Z iakxki)]
k k=i+1

2 j=] =] i
R‘. =1-"1 L
N o}

which measures the amount of observed dispersion from the regression plane
in which X; is the dependent variable.
Substituting the values for the a’s, we find

N
2 (K.-lxu + Kmxz,- + .. + K.-,.x,.,-)z

" o1 02 On
2 =1
Ri=1-1

KL N

Squaring the bracket expression and using (2) we obtain

! [~ N KoK i
K| & S\ Nows

1 [

=1-= 12X KikKilTkl]

2
K;; Lk=1 1=1

=1- KI?' Z <Kz'k ZKuTkz)].

| k=1 =1

The second sum is the sum of the products of the elements in the kt* row
by the cofactors of the elements in the ¢** row. This sum is necessarily zero
unless k = 7; but if £ = 4, this sum is equal to K.
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R?:l—klz—.(K‘«.-K)=1—-
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