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This, in general, will not be the case, for on most soils there is a block difference.
In this particular test the ground used had been previously filled in with well
mixed soil. The efficiency for the analysis given in [1] relative to the randomized
complete blocks was less than 1.00.

This paper and the previous one show what a long tedious procedure is neces-
sary to analyze the data, when the design does not follow the rules for the
construction of the lattice, triple lattice, etc. The complexity of these methods
stresses the importance, to those designing experiments, of not deviating from
the established design if the most information is to be secured from the data with

simple calculations.
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FURTHER REMARKS ON LINKAGE THEORY IN
MENDELIAN HEREDITY

By Hirpa GEIRINGER
W heaton College

In the following an explicit formula for the distribution of genotypes in case of
three Mendelian characters will be given [formula (5)]. The complete discussion
of the case m = 3 suggests a supplement (as stated in the last paragraph of this
paper) to the general limit theorem dealing with m characters.

In an earlier paper' recurrence formulae have been derived which furnish the
distribution of genotypes in the nth generation if the distribution in the (n — 1)th
generation and the “linkage distribution” (1.d.) are known. It was also
shown how to “integrate” this system of difference equations so as to determine
the distribution in the nth generation directly from that in the Oth generation.
This last method, though straightforward, requires however in each particular
case quite a few operations.

In case m, the number of Mendelian characters, equals two, an explicit
formula for the problem in question had been known. Denote by p(z:, ),

! HiLpa GEIRINGER, Annals of Math. Stat. Vol. 15 (1944), pp.25-57. The notation
in the present Note will be the same as in this paper.
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(x1,22 = 1,2, - - - k), the “distribution of transmitted genes” in the original, Oth,
generation, by p™(x;, ;) that in the nth generation and by ¢ the “crossover
probability” (c.p.). Then the simple formula holds:*

1) PP (@1, @) = (1 — ¢)"p(1, ) + [1 — (1 — ¢)"Ip1(x0)Pala2).
This may also be written:
(1) PP (21, 1) = pi(E)Pe(xs) + (1 — ©)"[p(21, 72) — Pr(r)Pa(a2)],

where p;(x;) are the marginal distributions derived from p(z:, x2). (1’) shows
that, if in case of independence of the original distribution, p(x; , 22) = p1(x1)pa(xs)
then p™ (1, x2) = p(x1, x2) for every n. The same is true for arbitrary p(z; , 2»)
if ¢ = 0. Otherwise, if ¢ > 0 the second term to the right in (1’) tends towards
zero as n —  and the well known limit theorem results.

In case m = 3, a remarkably elegant explicit formula exists’ which may be
deduced from the author’s general theory. In this case the 1.d. is completely
equivalent to the three c.p.’s ¢iz2, €23, c1s. The ¢;; are probabilities with sum =<
2, and for which the triangular relation

(2 Cij+ Cik = Cix

holds. If (e, e, ) (e, = 0, 1) denotes the eight values of the 1.d. we have (see
quot. [1], p. 32) 1(000) = I(111), 1(100) = 1(011), 1(010) = I(101), 1(001) = I(110),
hence three independent values only. We may introduce

@) 21(000) = »(000) = v, 20(100) = »(100) = v, 20(010) = v(010) == v,
2l(001) = 0(001) =0v3; W + U1 + V2 + V3 = 1.

It follows easily that

(4) Ci,'=1),'+1)j, (175], 1,] =. 1, 2, 3)

The original distribution p(x;, 2, 3) has marginal distributions p.;(x; , x;),
p:(x;). These values will be denoted briefly by pus, P12, Pes, P13, D1, D2, D3
respectively. Writing in an analogous way p™ (z12s25) = piss the new formula is
the following:

Piss = Pipaps + [0 4 01)" — 05 )PP — Pipaps) + [0 + 02)" — v51(Papis

— pipaps) + [(o + v5)" — vol(Psprz — P1peps) + v6 (Prss — P1PaPs).
This useful formula permits to compute readily p{s; for every n. In terms of the
¢.;, writing

(6) dij =1 — ¢, vo =1 — 3(cee + ¢ + cu),

()

it reads

(5" Pl = pipps + (ds — v5)(P1p2s — Pipaps) + -+ v (Pras — P1PaPs).

2H. S. JENNINGS, Genetics, Vol. 12 (1917) pp. 97-154.
3 Professor Felix Bernstein called this author’s attention to the biologically interesting

case m = 3.
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In these formulae the role of independence of the original distribution is clearly
seen: If p;; = pp; and pus = Prpsps then pisy = puss for every n and every Ld.
The same holds for every n and every pus if v = 1, which implies that all ¢;; be
zero. If in (5) all d;; < 1, hence all ¢;; > O the limit theorem lim p{3 =

n—o0
Pipeps results.  ¢;; > 0 means that complete linkage between any two genes is
excluded. If, on the other hand, e.g. vy > 0,01 > 0,9 + t1=dy = 1, ¢ = 0,
hence vy < 1, vs = v; = 0 we get piss — PiDas. If s = ¢ = O the triangular
relation (2) shows that ¢;3 = 0 too, a case considered above.

It should be noticed that (5) is, of course, in agreement with the author’s
equation (41) in quot. [1]. It only has to be observed,—an obvious fact not
mentioned in my earlier paper,—that in the former setup the sum of all the ™
for every fixed m equals one. Thus for m = 3:

(n) ) )
) a4 ol + s + aihh + ai3s = 1, (for every n),
and
(8) ol =00, B =+ v)" — vy = di — vg.

aé,’{; = (v + v2)" — 05 = dis — vg.
ashh = (o + v3)" — o3 = dis — v;.

The preceeding complete discussion of the case m = 3 suggests a remark
concerning the general case of m characters. In my earlier paper the influence
on the main limit theorem of certain ways of degeneration of the 1.d. had not been
explicitly considered. In the following we shall use the v-distribution which
is a little shorter to write than the 1.d. I(e;1, €2, - - - €w). The v-distribution con-
tains only 2™ values with sum one, defined in a way similar to (3). The main
limit theorem ([1], theorem II, p. 42) states in our present notation that
©) lim pi’.m = p1p2- - -Pm,
if “complete linkage” between any group of genes is excluded. That implies
that not only v, =1v(0,0, - - - 0) = 1 must be excluded but even v;;....(0, - - - 0) =
1, where this last probability denotes a marginal distribution of the y-distribution
of an order =2. To assure this it is necessary and sufficient that nov;;(0,0) =1,
ornod;;=,;(0,0) = 1,ornoc;; = 0. Hence (9) holdsif and only if noc;; = 0.
If this condition is not satisfied the 1.d. degenerates in various ways and the limit
theorem is to be modified accordingly. If, in particular, 2o = 1, all ¢;; = 0, and
3. .m = DPu...m for every n.

Between these two extreme cases (“no c;; = 07, “‘all ¢;; = 0”) are the different
possibilities of r < m groups of completely linked-characters (see [1] p. 36, iv)).
Consider e.g. m = 7 and v13(0000) = 1, v5;(000) = 1 (this is realized if
2(0000000) > 0,»(0000111) > 0 with sum of these two numbers equal to one) then
lim pfé‘.’. .7 = PuuDssr. Herethefour charactersl, 2,3, 4actas one character and

n—rc0

Piris = Puse for every n.  Also i) = psszr. Orif, form = 6,di = dsy = dss = 1
(realized if »(000000) > 0, v(110000) > 0, »(001100) > 0, »(000011) > 0, with



DEFINITION OF DISTANCE 393

the sum of these four values equal to one) then p{s...e — Pipsupss . 1f however
for m = 6 merely diz = ds = 1 (realized if, in a notation analogous to (3), v , vs ,
Vs, Uss, U1z, Vst , U1zs , U1zs are the only non-zero values of the 1.d.) then pi s —
P12P34PsPs -

In general, with a proof which consists in a modification of the reasoning (p.
41), of my earlier paper, we may state the following complement to the main
limit theorem (9): If the L.d. is such that r < m disjoint groups Gy , Gz ,- -+ G
of completely linked characters exist,~i.e. such that within each group no crossover
takes place, each group containing as many of the m numbers as compatible with the
definition but not less than two, and all groups together containing s = m of the m
elements, then, as n — «, Pi3..... converges towards the product of those marginal
distributions (of the original generation) which correspond to these groups multiplied
by the marginal distributions of order one of the remaining free elements which are not
contained in any such group. In a formula:

(10) lim D61.6o - CrvstirVstz s Tm — P61 Py Pe, Prys+1Pvots - Prvm-
n—*0

We may also characterize these linked groups of maximum size by stating that
while within each group no crossover takes place there must be at least one ¢.p. #
0 among any two such groups and at least one among any group and any free
element. It may however be noted that if there is one c.p. > 0 among two
groups of complete linkage (or among a group and a free element) then all ¢.p.’s
among these two groups are different from zero. In fact, it follows by repeated
use of the triangular relation (2) that if one c.p. among two disjoint groups of
complete linkage is zero, all of them are zero. If, e.g., (1,2,3) and (5, 6,8) are two
groups of complete linkage, i.e. v12(000) = 1 and vs5(000) = 1 and if besides
15 = 0, then v125565(000000) = 1 and these six elements form a group of complete
linkage. _

It may be noticed that the above statement of the generalized limit theorem
becomes simpler and more elegant by counting “free elements” as groups. It
might then run as follows: If Gi, Gs, - -+ Gi(t = m) are the maximal groups «of
completely linked characters, then, under the hypotheses of the earlier paper, the gene
distribution in successive generations approaches a limit in which the original (mar-
ginal) probabilities within each group G are preserved and genes and sets of genes
fromd ifferent groups are independently distributed.

ON THE DEFINITION OF DISTANCE IN THE THEORY OF THE GENE

By HiLpA GEIRINGER
Wheaton College
In several letters to this author Dr. I. M. H. Etherington of the University of

Edinburgh has raised questions concerning the author’s definition of “distance”
proposed in Section 10 of her paper on Mendelian heredity,' comparing it with

1 Annals of Math. Stat., Vol. 15 (1944), pp. 25-57.



