APPROXIMATE FORMULAS FOR THE PERCENTAGE POINTS
AND NORMALIZATION OF ¢ AND x*!

By HEnRY GOLDBERG? AND HARRIET LEVINE
Statistical Research Group, Columbia University

1. Introduction. The x2 Distribution and Student’s ¢{-distribution are func-
tions of a parameter n (degrees of freedom) and approach the normal distribu-
tion as n approaches infinity. The normal distribution is a good approxima-
tion to these distributions for large n. For small or moderate n, a better
approximation may be obtained by using a function of ¢(or x*) which approaches
the normal distribution more rapidly as n increases. Hotelling and Frankel
[7] pointed out that an additional advantage of the normalization of a distribu-
tion is that further statistical tests are possible with the normalized variate.
Normalizing t(or x°) is equivalent to transforming it into a function which is
normally distributed to a required degree of approximation; that is, a normally
distributed variate of zero mean and unit variance is expressed as a function of
i(or x*) in powers of 1/n.

The reverse problem of expressing (or x°) as a function of a normally dis-
tributed variate of zero mean and unit variance in powers of 1/n is also of prac-
tical importance in connection with significance tests for which the significance
levels, or percentage points, of the ¢ and x* distributions are required.

Cornish and Fisher [1] (see also [2]) have given a method for the normalization
of distributions which approach normality as the number of degrees of freedom,
n, increases and whose cumulants are expressed in power series of 1/n, so that
the order of magnitude of the rth cumulant is that of n ", A method has
also been given for expressing a variate with such a distribution as a function
of a normally distributed variate of zero mean and unit variance in powers of
1/n.

It is the purpose of this note to apply the Cornish-Fisher method (1) to the
derivation of asymptotic formulas for the percentage points of the ¢ and x* dis-
tributions and (2) to the normalization of these distributions. Tables are
given which indicate the accuracy of these approximations and compare them
with other approximations. Tables are also given to facilitate the calculation
of the approximations for the percentage points of ¢ and x%.

1 This paper reports work done in the Statistical Research Group, Division of War Re-
search, Columbia University under contract OEMsr-618 with the Applied Mathematics
Panel, National Defense Research Committee, Office of Scientific Research and Develop-
ment. The work was first reported in an unpublished memorandum, ‘“Application of the
Cornish-Fisher method to an approximation of the significance levels of ¢ and x*’ (SRG
number 507, April 28, 1945).

2 Henry Goldberg died April 19, 1945.
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2. The Cornish-Fisher method.! Consider the random variable y with
probability distribution function f(y), expected value E(y), and variance o*(y).
Let K, denote the rth cumulant of  and a, denote the rth relative cumulant of

K, . . .
y; ie., a, = K- Let x denote a normally distributed variate with zero mean
2
and unit variance.
For every p, (0 < p < 1), let y, be defined by

[P iy =»

and z, by
Zp 1
BV =L
That is, corresponding to every y, , there is an z, having the same probability
integral (p). The Cornish-Fisher Method for expressing a normally distributed
variate with zero mean and unit variance as a function of a standardized variate
with the same probability integral gives

) p ~ bo + biz, + bid) + bez, + bz + be2h + -
where z, is the standardized variate corresponding to y,; i.e.,

. = Y~ EQ@)

? o(y)

and the b; are defined in terms of the relative cumulants.
Cornish and Fisher give also the following expansion for a standardized vari-
ate as a function of a normally distributed variate:

) zp ~ € + CiTp + CTh + Ty + Xy + CsTy + oo

where the ¢; are defined in terms of the relative cumulants.

3. An approximation for the percentaige points of Student’s ¢-distribution.

The standardized variate z = t(n ; 2) can be expressed as a function of the

normal variate, z, in powers of 1/n by using the Cornish-Fisher equation (2).

Omitting terms of degree greater than two in 1/n gives, after simplification, the

following asymptotic expansion for &:
x“+x+5x‘+16x3+3x

in 6n2 o

3) t~z+

3 Churchill Eisenhart suggested the use of the Cornish-Fisher Method for obtaining per-
centage points of the chi-square distribution not given in existing tables, a problem which
arose in several connections, including the computation of a table of factors for tolerance
limits for normal distributions according to two formulas devised in the Statistical Re-
search Group, one by A. Wald and J. Wolfowitz and the other by Albert H. Bowker, both of
which are published elsewhere in this issue of the Annals of Math. Stat. The table will be
included in a volume by the Statistical Research Group, T'echnigues of Statistical Analysis,
to be published by the McGraw-Hill Book Company in 1946; its preparation, including the
work reported in the present paper, was directed by Albert H. Bowker; the Statistical Re-
search Group was directed by W. Allen Wallis.
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For simplicity, the subscript » which appears in the Cornish-Fisher equation
(2) has been dropped. It should be understood, however, that the x and ¢ used
in expansion (3) have the same probability integral. It is interesting to note
that the first two terms were derived by Peiser [4].

TABLE 1

Table of Polynomials Required for the Approximation for the Percentage Points
of the t-distribution™®

Probabilig) Integral Ty = £1() £@)
.999 3.090232 8.150129 19.692529
.9975 2.807034 6.231221 12.850916
.995 2.575829 4.916548 8.834762
.99 2.326348 3.729074 5.719746
.975 1.959964 2.372271 2.822499
.95 1.644854 1.523769 1.420203
.90 1.281552 .846585 .570891
.75 .674490 .245335 .079490

* This table can be used for determining z, fi(x) and fx(z) correspondingto
the complements of the selected values of p by using the relations

% .
Tip = —Tp
H(—=2) = —filz)
Jo(—x) = —fo(z).

To facilitate the use of the approximation, tablés of the required polynomials
in z have been computed for selected probability integrals. The approxima-
tion can be written

JONE L

n
where
3
hiw) =12
and

_ 52° + 162° + 3z
fao(x) = 96 .

Table 1 gives values of z, (or z), fi(x) and f»(x) for selected values of the prob-
ability integral p. Table 2 gives approximate and exact percentage points of ¢
for selected values of p and degrees of freedom. The exact values were taken
from Merrington [5]. Table 2 shows the high degree of accuracy of the three



TABLE 2

Comparative Table of Approximate and Exact Values of the Percentage Points
of the t-distribution

Approximate Percentage Point

Probability Degrees of Exact Per-
Integral (p) Freedom Normal 2 Term 3 Term centage Point
.9975 1 2.8070 9.0383 21.8892 127.32
2 5.9226 9.1354 14.089
10 3.4302 3.5587 3.5814
20 3.1186 3.1507 3.1534
40 2.9628 2.9708 2.9712
60 2.9109 2.9145 2.9146
120 2.8590 2.8599 2.8599
.9950 1 2.5758 7.4924 16.3271 63.657
2 5.0341 7.2428 9.9248
10 3.0675 3.1558 3.1693
20 2.8217 2.8437 2.8453
40 2.6987 2.7043 2.7045
60 2.6578 2.6602 2.6603
120 2.6168 2.6174 2.6174
.9750 1 1.9600 4.3322 7.1547 12.706
2 3.1461 3.8517 4.3027
10 2.1972 2.2254 2.2281
20 2.0786 2.0856 2.0860
40 2.0193 2.0210 2.0211
60 1.9995 2.0003 2.0003
120 1.9797 - 1.9799 1.9799
.9500 1 1.6449 3.1686 4.5888 6.3138
2 2.4067 2.7618 2.9200
10 1.7972 1.8114 1.8125
20 1.7210 1.7246 1.7247
40 1.6829 1.6838 1.6839
60 1.6702 1.6706 1.6707
120 1.6576 1.6577 1.6577
.7500 1 0.6745 .9198 L9993 1.0000
2 L7972 .8170 .8165
10 .6990 .6998 .6998
20 .6868 .6870 .6870
40 .6806 .6807 .6807
60 .6786 .6786 .6786
120 .6765 .6765 .6766
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term approximation for » > 10 and the superiority of this approximation over
the two-term approximation derived by Peiser.
4. An approximation for the percentage points of the x? distribution. The

2 —n
standardized variate z = X NZn can be expressed as a function of the normal

variate, z, in powers of 1/n by using the Cornish-Fisher equation (2). Retain-

TABLE 3

Table of Polynomials Required for the Approximation for the Percentage Points
of the x2 distribution™

Tl | G (@) Gi(@) Gu(2) Gilo)

.999 4.370248 5.699690 .619006 [—1.602112 | 1.273498
.9975 3.969745 4.586292 .193953 |—1.113149 .875184
.995 3.642773 3.756598 | —.073888 | —.802518 .622768

.99 3.289953 2.941263 | —.290266 | —.541971 .411597
975 2.771808 1.894306 | —.486382 | —.272398 .194832
.95 2.326174 1.137029 | —.554981 | —.122957 .077898
.90 1.812388 428250 | —.539450 | —.017722 .002186
.75 .953873 | —.363376 | —.346842 .060220 | —.030881

* This table can be used for determining the G;(x) for values of z correspond-
ing to the complements of the selected values of p by using the relations

:61_, = - xp

Gi(—z) = (—1)iGi(x), forz =1,...,5.

ing terms in n~** gives, after simplification, the following asymptotic expansion
for x*:

) X ~n + Giz)n' + Go(z) +

Gs(x) + Gu(x) + Gs(:’) 4 .-

n! n n
where
Cly=2
Gy(z) = 3@ — 1)
1

Gy(z) = 94/2 (xs ~ Tz)

1
Gu(@) = — 10z (6z' + 142° — 32)
1
Gs(x) = m 92° + 2561° — 433z).
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As before, the subscript p which appears in the Cornish-Fisher equation (2) has
been dropped. The z and x* which are used in expansion (4) have the same
probability integral. The first four terms were derived by Peiser [4].

Table 3 gives values of the Gi(x) for selected values of the probability in-
tegral p. Table 4 compares various approximations with the exact percentage

TABLE 5
Comparative Table of Approximate and Exact Values of the Probability Integral of t

Probability Integral of ¢

n=1 n=2 n =10 n = 20

Approxi- Approxi- Approxi- Approxi-
mate Exact mate Exact mate Exact mate Exact

1| .5311 | .5317 .6351 | .5353 .5388 | .5388 | .5393 | .5393

L7734 | .7500 .7917 | .7887 .8206 | .8296 | .8354 | .8354
1.0000 | .8976 | 1.0000 | .9523 L9954 | .9933 | .9967 | .9965
1.0000 | .9372 | 1.0000 | .9811 | 1.0000 | .9997 | 1.0000 | 1.0000
1.0000 | .9474 | 1.0000 | .9867 | 1.0000 [ .9999 | 1.0000 | 1.0000

DOTW = O

TABLE 6
Comparative Table of A pproximate and Exact Values of the Probability Integral of x2

Probability Integral of x2

n=2 n = 10 n = 20 n =29

Approxi- Approxi- Approxi- Approxi-
mate Exact mate Exact mate Exact mate Exact

1 .3963 | .3935 | .0010 | .0002 | .0000 | .0000 | .0000 | .0000

5| .9646 | .9179 | .1098 | .1088 | .0004 | .0003 | .0000 | .0000
10 | 1.0000 | .9933 | .5594 | .5595 | .0323 | .0318 | .0005 | .0004
20 | 1.0000 | 1.0000 | .9768 | .9707 | .5420 | .5421 | .1071 | .1071

30 | 1.0000 | 1.0000 | 1.0000 | .9991 | .9305 | .9301 | .5860 | .5860
50 .9916 | .9910

points of x* for selected values of p and degrees of freedom. The Peiser four-
term approximation, the Wilson-Hilferty approximation,

: _ _2 2\
x?-n<1 9n+xp1/§7—l>

and the Fisher approximation,

Xz;» = %(xp 4+ vV2n — 1)2
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are given for comparison. The exact values were taken from Thompson [6].
Table 4 shows the high degree of accuracy, and the general superiority of the
Cornish-Fisher approximation, for » > 10. For low probabilities (.005) the
Peiser approximation is often better than the full series; for small n, (1, 2), the
Wilson-Hilferty approximation is often better.

6. Normalization of ¢ and x% The Cornish-Fisher equation (1) applied
to the ¢-distribution or, alternatively, a formal reversion of the power series
(3) gives the asymptotic expansion

41, 13+ 8 +3 ]
(5) z t[l n + 967 + .
Expansion (5) agrees with the first three terms of an expansion derived by Ho-
telling and Frankel [7].
Applying the Cornish-Fisher equation (1) to the x° distribution gives the
expansion

1 2
™ 3888021} { —68649n + [128469x" + 29056]
(6) - % [53553x" + 2208x" — 386] + % [34257x° + 792x* + 238x]]
1 3993
o (25221x° + 304x"] + — ¥ + }

6. Accuracy of the normalizations of  and x2. The accuracy of the normaliza-
tion (5) of ¢ may be judged from Table 5, which compares the approximate value
of the probability integral with the exact, value. The approximate value is the
normal probability integral corresponding to the value of z computed from (5)
for the given values of { and n. The exact values were obtained from Student’s
tables [8]. For fixed n, the approximation improves as ¢ decreases from mod-
erate to small values. The approximation appears to improve as ¢ increases
from moderate values (about 3) to large values because of the more rapid ap-
proach to unity of the probability integral of a normal variate.

The accuracy of the normalization (6) of x° may be judged from Table 6,
which compares the approximate value of the probability integra} with the exact
value. The approximate value is the normal probability integral corresponding
to the value of z computed from (6) for the given values of x’ and n. The exact
values were obtained from the table of Pearson [9].
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