NOTES

This section is devoted to brief research and expository articles and other short items.
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THE DISTRIBUTION OF STUDENT’S ¢ WHEN THE POPULATION MEANS
ARE UNEQUAL

By HerserRT RoBBINS
Department of Mathematical Statistics, Universtiy of North Carolina

Let z,, - - , xv be independent normal variates with the'same variance o’
and with means u1, -- -, uy respectively. Set n = N — 1 and let
N

N
1) =2 z/N, &= (z— i/n, t = Ntz/s.

1 1
If all the u; are O then ¢ has Student’s distribution with n degrees of freedom; its
frequency function will be denoted here by

-1
@ g0 = [B(5 ] - @+ emen.
When dealing with situations involving mixtures of populations or in which the
mean exhibits a secular trend, it is important to know the distribution of ¢
when the u; are arbitrary; in the general case let

= ;‘;,m/N, g = i (ui — B)*/N,

a = Ni¥/2*,  \ = N&¥/2".

The distribution of ¢ will be shown to depend on the three parameters n, «, .
If A = 8 = 0, so that all the u; are equal, then the distribution of ¢ determines
the power function of the ordinary ¢ test. We shall here consider the case in
which @ = & = 0, although the u; are different. Denoting the frequency function
of ¢ in this case by f..(f) we shall show that

@

@ ® = ool - oxp (TR Bt /2 =N+ 2,

where F denotes the confluent hypergeometric series, and where, since j

Il
L

5) A= 412‘ u2/24%

In fact, the general distribution of ¢, of which (4) represents the case & = 0,
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may be derived as follows. Using the standard orthogonal transformation
[1, p. 387] let

N N
(6) 2, = Zlciixi, x = Zlciizj ¢G=1,---,N),
= J=
where
o) ;=N (G=1-,N);
then

8 t =nlz / (21;': z“})i.

The joint frequency function of the z; is easily seen to be

N
(9) (21r)-N12 . o'_N * exp {_21: (z; ot a,-)2/2az},
where

N
(10) o = N, 22) ai = N@°.

Thus ¢ is the ratio of a non-central normal variate to the square root of an in-
dependent non-central chi-square variate. It is known [2, p. 138] that the

N
frequency function of ¢ = 2 23/¢" is
2

17N, (1 2)in—1  —q?2 S (%Mlz)"
where
N
(12) A = 2 a}/25" = NG /2%

2 .
The frequency function of v = 2z,/0 is
1 (ov — ay)? 1 . _. 2, (20)*/2
g(v) = ;/—Zr exp{— 22 } = \/é_;re .o 2/2) ,g Txk’

that of ¢ is, by (11),

Bg) = F @D S N @>0
=0 2450 ((n/2) +3)° ’

hence that of u = v/q = n s
fo h(q)g(ug)q dg,

which, after integration, reduces to

3~y S XN (2 W) T(N/2 + 5+ K/2) oN—(N-+25+R) 2
(13) 7 e igo = Jlk! T'(n/2 + j) 1+ ) )
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In particular, if @ = & = 0 then (13) reduces by means of the relation
Fla,v,2) =€F(ly — a, v, — 2) to
I\ ot n—in 1n 21

an [2(3.0] - @+ r (=15 -+ 7),
from which it follows that the frequency function of ¢ is given by (4).

Again, let z; , - -+ , Zy,+n, be independent normal variates with the same vari-
ance ¢° and with means p, -, Wx,+n, Tespectively. Set 3 = Ny — 1,
ng = Ny — 1,n = n; + na, and let

N1 N14Ny

I = in/Nh Ty = Z z;/N,
1 Nit1
2 S 2 2 _ Nfz PR
(15) 81 = ; (x: — %) /1, 8 = e (; Z2) /12

& = (ms + msy)/(m + ma), t = [NiNo/ (N1 + NP @ — &)/s.

If all the u; are equal then ¢ again has Student’s distribution with n degrees of
freedom. In the general case let

Ny N1+4No
Bo=2 /Ny, = 2 w/Ns,
1 Nitl
(16) N1 Ni+N,
g = ; (i — Bn)*/N, Bz = NA\__'_;I (wi — 12)*/Na.

Then we may show as before [1, p. 388] that in this case % = n~* has the fre-
quency function (13), where now
N=Ni+DN—1 x= (N8 + N:g})/27,

a = [NiNo/ (N1 4 No)l( — m)’/d".
In particular, when a = @ — iz = 0, so that @ = @ = j, say, the frequency
function f.(¢) of ¢ is again given by (4), where now

N1+Ny

(18) A= ; (us — B)*/24%

(17

Extensions in this direction to the general linear hypothesis in the analysis of
variance will not be treated here
If we set

(19) w=Q1+¢/m"

where ¢ has the frequency function (4), then w will have the frequency function

(20) gna(w) = [B (% g)] Tl e oyt p (—% 2, - m),
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for 0 < w < 1. Thus for every ¢,
¢ 1+t2/n)=1
(21) 1 - f t fan (@) dz = fo Gnn(w) dw,

It would be interesting to have numerical values of the integral on the left side
of (21) for that value of ¢ for which

t
(22) 1— [ fuo(@) dz = 0.01 or 0.05 (say),
t
but existing tables (e.g. those in [2] and [3]) of the integral of (20) were compiled

for a different purpose and do not supply this information. The following re-
marks throw some light on this subject.

Let us set
_ _ —)\tz/n _1 n _ —1
R() = far(®)/fao(t) = exp {l-l-—tz/n} . F< 519" A1+ &/n) )
(23) = {1 = M&/n)/(1 + £/n) + o(\)}

{14+ M0+ ) 4 o)
=14 An+ )70 = &) + o(A).
Then as A — 0 we have ultimately

R@) >1if|t] <1,
(24)
R@) < 1if |[t] > 1.

Hence for any ¢ > 1 and for sufficiently small A,

(25) 1— f_ : fon(@) dz < 1 — '[ : Fuol®) dz.

The exact range of values of ¢ for which R(f) < 1 depends of course on n and
A. However we shall show that always

(26) R@) < 1if|¢]> 1,

so0 that (25) holds for all n and A > 0, provided ¢ > 1. The proof is as follows.
In terms of w we have

(27) R@) = e ™.F(—=1, n/2, — M) = ¢ F((n + 1)/2, n/2, \v).
Now
F(ln 4+ 1)/2,n/2,\0) = 1

(28) ~(n+ 1)(n+3)--(n+ 2k — 1) .
+1§ nn+2)...(n + 2k — 2) (w)*/k!,
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and by induction on & we may show that forallk = 1,2, ---,

m+Dn+3):--(n42—1)
nln + 2)..-(n + 2k — 2) <1+ k/n,

where the equality holds only for £ = 1. Hence

(29)

(80) F((n + 1)/2,n/2, \w) <1+ Z;‘,l (1 + k/n)- \w)*/k! = (1 + \w/n),

(31) R(t) < 6—)\(1-11:) . (1 + )\'w/n) < e—)x(l—w) . 6)\w/n = e—)\ll—w(l+lln)].
Hence R(f) < 1if w < n/(n + 1), which is equivalent to (26).
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A DISTRIBUTION-FREE CONFIDENCE INTERVAL FOR THE MEAN

By Louis GUTTMAN
Cornell University

1. Summary. Consider a random sample of N observations £y, &z, *** , ZTw,
from a universe of mean u and variance o’.- Let m and §* be the sample mean
and variance respectively:

1< , 1< .
@ m=1—viZ_;x,~, $ =N§(xe—’rn).

It is shown that the following conservative confidence interval holds for ‘u:

(2) Prob {(m — p) = /(N — 1) + AVENI — D} > 1 =27

where A is any positive constant. Inequality (2) also holds if, in the braces, A

is replaced by v/A? — 1, with A = 1.
Inequality (2) is much more efficient on the average than Tchebychef’s in-

equality for the mean, namely,
3) Prob {(m — p)’ < NE/NY > 1 =27,

yet (2) and (3) are both distribution-free, requiring only knowledge about 7.
At the 1 — A% = .99 level of confidence, the expected value of the right member
in the braces of (2) is only about 1/6 the corresponding member of (3); at the
999 level of confidence the ratio is about 1/20.



