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To prove (a), note that for | ;| < a;, 2, > 0, we have

ff.z .an(ul)u?) Sexp (—ltllx1—|{2|x2)
(4) + £
ff exp (| t| w4 | ta| u2) dFa(ur, u2) < Moexp (—| |2 — ] x2),
ug=zxs

where ¢.(| 1], [&2]) < M,. Such a number M, = M4, &) exists since
{en(t1|, | 2| )} converges for | #;| < a;. This gives an estimate for M,(z; , 2»),
which shows that (a) holds. The Helly selection principle ([2], pp. 60-62 and
83) leads to (b). The relations (¢) and (d) follow immediately from Theorem 1.

From Theorems 1 and 2 we obtain

TuEOREM 3. Let {Fn(21, 22)} be a sequence of df’s and let {oa(ty, &)} be the cor-
responding sequence of mgf’s which are all assumed to exist for | t;| < a;. Then the
necessary and sufficient condition for the convergence of {on(ty , t2)} for |t:| < as
1s that the relations (a) and (b) of Theorem 2 be satisfied.
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A NOTE ON THE MAXIMUM VALUE OF KURTOSIS

By H. C. Picarp’
University of Ghent

In “A note on skewness and kurtosis,” J. E. Wilkins (Annals of Math. Stat.
Vol. 15 (1944), pp. 333-335) gave a short and elegant proof of the inequality for
skewness and kurtosis

(1) B: > B + 1.

Then he gave an upper bound, depending on the population size N, for the skew-
ness:

) max 8, = (N — 2)/(N — 1)}

Now we shall derive an upper bound for, the kurtosis. It will appear that the
sign “=" in (1) is valid for the upper bounds, and the two maximum values
indeed arise in the same “extreme” population.

To find the maximum value of the kurtosis 8. we consider the function Sz}
in the z-space, where 227 = N and Zz; = 0. We have to maximize Zz} — AZz? —
pZz; . The maximizing values are given by the N equations, found by differ-
entiation with respect to x:

(3) 4ot — 2Nz — p = 0,
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MAXIMUM KURTOSIS 481
together with the two relations =z = N and Zz; = 0. Multiplication with z;
and summation over all N equations give
4NB; — 2N\ = 0;
hence
max 3 = I\

Since it is not possible that all values of z in the population are equal, the equa-
tion (3) of third degree must have at least two different real roots, and hence it
has three real roots, which we may represent by

1/23—)‘ cos a, ,‘/Z—x cos (a + %), /‘/gg—‘ cos (a + #m),

where cos 3¢ = 4 cos’a — 3 cos @ = u/(21/3)*%. Suppose the number of those
roots is, respectively, k, I, and m, with sum N. Writing » for I — m, we have,
since not all values in the population can be the same,

1<k<N-1 E=0
[mszv—k] > {|vlszv~2}’
with » even if N — k is even and v odd if N — k is odd. Zz; = 0 gives, since
A # 0,
(k — 31 — im) cos a + (3431 — 2v/3m) sin a = 0,
3k — iN) cos @ + }v/3vsin @ = 0,

3k — N
tana = — —-———v \/§ s
. 3k —N
cos a = AL

V/@k — Ny + 3

: o 2 .
Hence our second relation Zz; = N gives

?% = kcos’a + I(—1 cos @ + 14/3 sin a?z + m(—1% cos @ — 34/3 sin @)*
=keossa+ (I + m)Ecos’a + Esin’®a) — (I — m)-14/3 sin a cos
plcy ?\;))22+302+ - kﬁ(f;%?%

@ toivi SN ovs
- %k - iN B (3k(ik1;)2N-})—33v2'
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To find the maximum kurtosis we have to find the minimum possible value

g
of the expression (4). Partial differentiation of (4) 5(3k———17) gives

33k — N)’ " 28k — N)*
Bk — N)2 + 32 ' {(8k — N)% + 3u?}2
_ =3Bk = M) — '@k — N)’ + %' _ —3{Bk — N)' + %'} + %'
{(Bk — N)* + 3v?}? {8k — N)* + 3v%}2
81,4 27,4
< — 320 + '210 <
S@r=-mr+ap =0
Hence 3N/2\ for every v, is decreasing with increasing k, so that we have to
take the greatest possible value of k. In that case 3k — N is certainly positive
and we have to take the smallest possible value of | v | to minimize 3N /2\. I
virtue of the conditions of & and v we have the ‘“extreme” combinations k¥ =
N —1,|v|=1and k = N — 2,v = 0. Substituting in (4) gives for A, respec-
tively, 2(N®* — 3N + 3)/(N — 1) and N. Since those values are equal only for
N = 2or 3, and

8 _
i

N*— 3N + 3
N —1

if N > 4, we find for our upper bound

2 >N

N —3N +3:2

max B; = IN = N —1 .

And indeed

max $; = max ﬁf 4+ 1.

2 After writing this paper, the author derived the more general formulae:

(N — 1)t .,__1

max fan = NN — Dn

and

N =1)§{ (N —1)ym+2 1}
N(N —_ 1)n+l .

max Sen+1 =

Their proof will be published shortly in the Dutch mathematics and physies periodical
Simon Stevin.



