SOME RELATIONS AMONG THE BLOCKS OF SYMMETRICAL GROUP
DIVISIBLE DESIGNS

By ‘W. S. ConNoOR
National Bureau of Standards*

1. Summary. It is well known that if every pair of treatments in a symmetrical
balanced incomplete block design occurs in A blocks, then every two blocks of
the design have A treatments in common. In this paper it will be shown that
a somewhat similar property holds for symmetrical group divisible designs.
In the course of the investigation there will be mtroduced certain matrices which
are of intrinsic interest.

2. Introduction. Some of the combinatorial properties of group divisible incom-
plete block designs were considered in [1]. Here we shall need the definition of
group divisible designs and the three classes into which they fall. An incomplete
block design with v treatments each replicated r times in b blocks of size k is
said to be group divisible (GD) if the treatments can be divided into m groups,
each with n treatments, so that the treatments belonging to the same group
occur together in A\; blocks and the treatments belonging to different groups
occur together in A, blocks, A; £ N\, . The three exhaustive and mutually exclusive
classes into which the GD designs fall are as follows:

(a) Singular GD designs characterized by r — A\; = 0;
(b) Semi-regular GD designs characterized by »r — Ay > 0, 7k — vA2 = 0; and
(¢) Regular GD designs characterized by r — Ay > 0, vk — vAe > 0.

In this paper we shall study classes (b) and (c) for the symmetrical case,
that is, the case when r = k, or equivalently, b = ».

3. The incidence and structural matrices. In [2] there was defined the structural
matrix for balanced incomplete block designs. We now shall define the incidence
matrix, and two structural matrices for GD designs.

Let us consider first the incidence matrix of a GD design,

(3.1)

where the rows represent treatments, the columns represent blocks, and n;; = 1
or 0 according as the 7th treatment does or does not occur in the jth block.
From the conditions satisfied by the design it is easy to see that

(32) zb: Nig = T (t=1,--- ,1)),

=1

! This work was begun while the author was at the University of North Carolina.
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and

b
(3.3) Zl Nij Nuj = )\1 or )\2,

= -
according as the ¢th and uth treatments (z £ u) do belong or do not belong to
the same group.

Throughout the paper let us adopt the convention that the treatments

nw—1) + 1, n(w — 1) + 2, - -+, nw shall belong to the wth group (w = 1,
«++,m). Then

(3.4) NN =
B B---A

where the elements of the nan submatrix A are r in the principal diagonal and
A\ elsewhere, and the elements of the nan submatrix B are N\; everywhere. Of
course NN’ contains v = mn rows and columns.

Now choose any ¢ < b blocks of the design. Let the submatrix of N which
corresponds to these ¢ blocks be denoted by N, . Let s;, be the number of treat-

ments common to the jth and wth chosen blocks (j, v = 1, 2, --- , ¢). Then the
t X ¢ symmetric matrix
(3.5) 8t = NoNo = (si)

is defined to be the intersection structural matriz of the ¢ chosen blocks. The jth
row or column of S; corresponds to the jth chosen block and the successive
elements of the jth row or column give the number of treatments which this
block has in common with the 1st, 2nd, - - - , {th chosen blocks.

We next shall consider another structural matrix. Let s7, denote the number
of treatments from the wth group which blocks 7 and » have in common. Then

m
w
(3.6) 2 ST = Sju,
w=1
m
w
(37) . z; Sj; = k
: £
Now consider the matrix
1 1 1
S11 S22 v St
2 2 2
(3.8) G, =} S Sz Su
Si1 Sy cc- St

and the product matrix
(3.9) { = GiGy,
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where the element in the jth row and the wth column is the sum of products of
the number of treatments which the jth chosen block and the uth chosen block
contain from each group. We define S§ as the group structural matriz of the t
chosen blocks. '

4. The characteristic matrix. We shall define an analogue of the characteristic
matrix which was developed for balanced incomplete block designs in [2]. For
the remainder of the paper, except for the last section, we shall restrict our
attention to the regular GD designs.

Let the columns of N be permuted so that the first ¢ columns correspond to the
¢t chosen blocks. Then let the incidence matrix be extended by adjoining ¢ new
rows, so that the elements of the jth adjoined row are zero, except for the
jth which is unity. We thus get )

o
(4.1) N; = ,
¢ 0

where I, is the identity matrix of order ¢, and 0 is the ¢ X (b — t) zero matrix.
Then

. [NN' N
(42) N] Nl = , .
No I,

The evaluation of | N1N7 | leads to
(4.3) | NiN1 | = k)™ — Nk — o\)™ 1| C, |,

where the typical element of C, is

(44) ¢ = (rh — N (TkSyu + N k) + (A1 — M) (rk Zl 8% S — Mg k2>,
where 65, = (r — Ny — k) or —sj,, according as j = u or j # u. The matrix
C, is defined as the characteristic matriz of the t chosen blocks. The jth row or the
jth column of C; corresponds to the jth chosen block of the design.

We observe that the characteristic matrix is related to the two structural
matrices as is described in the following theorem.

THEOREM 4.1. For the reqular GD designs there exists a (I1-1) correspondence
among the elements of the intersection structural matriz St, the group structural
matriz St, and the characteristic matriz C, . This correspondence is given by

Ct = rk(rk - 1))\2)[(7’ - )\1)1; - It] + Tk()\l - )\2)8? + X2k2(7' _ Xl)Et 5

where E, 1s the singular t X t matriz all of whose elements are unity.
For the particular case when r = k, the value of | NNy | as given by (4.3)
-reduces to

(4.5) | NWNL| = 7200 = N7 — o)™ 7| Ce
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where the typical element of C; is
(4.8)  cju = P — M) Gju + ) + P\ — No) ( D898, — n)\2>.
w=1

We shall state an analogue of Theorem 3.1 of [2]. The proof is as for that

theorem.
TueoreM 4.2. If C, is the characteristic matrix of any set of t blocks chosen

from a regular GD design with parameters v, b, r, k, m, n, Ay, and Nz, then
A |Ci|20ift<b—ou,
@@ |Ce|=0¢t>b— v and
i) r2P — N)TE — oN)™ Y| €, | is a perfect integral square, if
t=>b—v. :

5. Inequalities on s;, for regular symmetrical designs. Let { = 1. Then since
the factor outside of | C1 | in (4.5) is positive, it follows from Theorem 4.2 that
| C1 | = 0. Hence, from (4.6),

(5.1) A\ — Ag) [Z (830" — 7 + o\ — nxg] = 0.
w=1
Since "\ — Ng) # 0,
(5.2) > (80 = 7 — ohg + ns.
w==1

Now let ¢ = 2. Since ¢y = ¢2 = 0, it is necessary by Theorem 4.2 that ¢, =
¢ = 0. Hence from (4.6),

e

m (A — ),

(5.3) S12 = A2 +

where

m
e= 2 s¥ish — nhs.

w=]1

From (5.2) and the observation that s, 2 0(j = 1,2;w = 1, --- , m), it follows
that

(5.4) —nh S e 277 — o\,

From (5.3) and (5.4) we obtain ‘
TuareoreM 5.1. For a reqular symmetrical GD design the number of treatments

sj, common to two blocks satisfies the inequalities
)\2(7’ ol )\1)/(7‘2 - 1))\2) é Sju é )\1 ,

when Ny > No . The inequalities are reversed when N\ < Ns .
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6. The block structure for regular symmetrical GD designs when r? — v, and
M — X are relatively prime. We need to consider the distribution of the treat-
ments contained in an initial block B, among the other blocks. Let n; be the
number of blocks among the remaining (b — 1) blocks which have j treatments
in common with B; . Then from the definition of the design we obtain

k
dn=b—1=v—1,
=0

(6.1) .
Z.%jnf =r(k—1) =r(r— 1).

Also consider M = D 54j(j — 1)n;, which is twice the number of pairs of
treatments of B; which lie among the other blocks. M is given by

(6.2) M= ; sh(sh — DO — 1) + Zl &1 st — 1).

z,w=

zHEW

From (3.7) and (5.2), since r = k,

(6.3) Z_} stu(sti — 1)'= (n — Dy,

(6.4) 2—1 shisty = (m — 1)n\s.
rw

Hence

(6.5) M=(n-1)MN=1)+ @m— 1Dn)A)A — 1).

Now consider
k

(6.6) B = Z; (G = MG — M,
<

From (6.1), (6.5), and (6.6) we obtain
(6.7) B =0.

Hence the following lemma.
LemMa 6.1. If for a regular symmetrical GD design n; denotes the number of
blocks which have j treatments in common with a given tnitial block, then

Now let ¥ — v\, and \; — \; be relatively prime. It follows from (5.3) that
s12 cannot lie in the open interval (A1, A;). Then every term of B is positive or
zero. But since B = 0, every term must be zero. We thus get

TurorEM 6.1. If for a regular symmetrical GD design r* — vhs and M — e
are relatively prime, then any two blocks have either N1 or \, treatments in common.
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We further observe that even if ¥ — vA; and \; — \; are not relatively prime,
it still may not be possible to choose the elements of G; of (3.8), subject to the
restrictions of (3.7) and (5.2), such that sj, is integral, but is not \; or A, .
Consider, for example, the GD degign with parametersy = b = 45,r = k = 9,
m = 3,n = 15,\; = 3, and A, = 1. The highest common factor of 7* — v\; and
M — Agis 2. It is clear that the only positive integers which satisfy (3.7) and
(5.2) are 1, 1, and 7. But then we must have either Y w5752, = 51 or 15,
which correspond respectively to A\; and A, .

Now assume that the condition of Theorem 6.1 is met, or more generally,
that positive integers do not exist which meet the restrictions of (3.7), (5.2)
and Lemma 6.1 and imply values of s;, other than \; and N\, . Then from (6.1)
we obtain

m,+m, =0v—1,

(6.8)
Moy + Ay, = r(r — 1),
whence
m,=n—1
(6.9) . ’

M, = (m — 1)n,

so that with respect to any initial block B;, there are (n — 1) other blocks
which have \; treatments in common with it, and (m — 1)n other blocks which
have \; treatments in common with it.

From (5.3) we see that

(6.10) Zl siishi=r+ (n— D\

implies that blocks 1 and j have \; treatments in common, and conversely. But
then from (5.2) and (6.10), it follows that

(6.11) Zl s1187; = 21 (st)’,
which implies that s;; = s, (w =1, -+ ,m;j = 2, --- , b). Hence, if blocks

B, and B; have \; treatments in common, and blocks B; and B, have \; treat-
ments in common, then B; and B, have A, treatments in common. We thus
have

TrEOREM 6.2. If for a regular symmetrical GD design r* — v\; and Ay — \; are
relatively prime, then the blocks fall into m groups of n blocks each, which are such
that any two blocks from the same group contain N\, treatments in common and any
two blocks from different groups contain N, treatments tn common.

As has been indicated above, this theorem could be stated somewhat more

generally.

. 7. The semi-regular class. For this class rk — vA; = 0, and hence the above
theory does not apply. We shall give a simple example which demonstrates
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for small v that there do sometimes exist solutions in which sz % N\ or \; for
some j and u.

Consider the GD design with parameters v = b = 8, r =k = 4, m = 4,
n =2,M =0,and \, = 2. One sE)lution is

1 1 110 0 0 0]
00001111
11000011
NO_[001 11100
01101010
10010101
10100110
(010110 0 1

which has the property that the blocks break up into 4 groups of 2 blocks each,

which are such that two blocks in the same group have zero treatments in

common and any two blocks from different groups have 2 treatments in common.
Another solution is

1 1 110 0 0 0]
000O0OT1T111
10011001
yo_[01 100110
01010101
10101010
00110011
1 100110 0]

which is such that any initial block has 1 treatment in common with each of
three blocks, 2 treatments in common with each of three blocks, and 3 treat-
ments in common with one block.

We shall now obtain inequalities for the number of treatments s; in common
to any two blocks of a symmetrical semiregular GD design. Since for a semi-
regular GD design, rk = v\, it follows that r — A\; = n(A\; — \1), from which
we obtain the following lemma.

Lemma 7.1. For a semi-regular GD design, it is necessary that Ny > Ay .

Now let » = k. Choose any two blocks and let the columns of N be permuted
so that the first two columns correspond to the chosen blocks. Then to N affix
m new columns, the wth of which contains (\; — A;)! in the rows which cor-
respond to the treatments of the wth group, (w = 1, --- , m), and zero else-
where. Let the augmented matrix be denoted by N, . Now form

(71) N; = ’
, I 0
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where I is the identity matrix of order 2 and 0 is the 2z(b + m — 2) matrix all
of whose elements are zero. Then

(7.2) | NoNs | = (r 4+ — N7 — N7 | Be |,
where B, is a 2 X 2 matrix with elements
(7.3) by = b = (r + 2he — M)(—N) + M,

bie = by = (r + vhe — M)(—8) + At

As for Theorem 4.2 it is necessary that | NsN3 | = 0, and since the factor out-
side of | By | in (7.2) is positive, it is necessary that | Be | = 0. Hence, the follow-
ing theorem:

TuporeM 7.1. For a symmetrical semi-regular GD design, the number of
treatments common to two blocks, sj , satisfies the inequalities

A\ < 2)\2 7'2

1=8ju=ml—>\l-

I wish to express my thanks to Professor R. C. Bose for suggesting this
problem.
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