NOTES

A VARIABLE PROBABILITY DISTRIBUTION FUNCTION!

By Ruric E. WHEELER
Howard College, Birmingham

1. Introduction and Summary. It is the purpose of this paper to develop an
expression for the probability of z successes in n trials, P(n, ), where the prob-
ability of success on a single trial depends both on the number of the trial and on
the number of previous successes. This result should prove useful in obtaining
various probability functions. It will be noted that this work includes the case
considered by Woodbury [3].

2. Definitions. Letting p. . be the probability of a success and ¢,,, the prob-
ability of a failure on the rth trial after s successes, with p,: 4+ ¢, = 1, we for-
mulate the following definition.

DeriNiTioN 1. We will use the symbol S; to be a function of p.. and z,
where z is the number of successes, with the following defined properties:

(@) S:i = [1i20 pesr,e J[72! Pes,i@ivri, wheres < x (J]i™" is defined to be 1).

(b) The product of S;, S;, and Si in any order (or any number of factors)
is defined to be

1—1 j—1 z—1

H Dies1,e H Piy2,e H Diys,e H Pi44,tQi41,i9j+2,iQk+3,k »

fori < j < k < z, where if S, is a function of z; successes (! = 1, 7, k), then
the quantity « which appears in the formula for the product is the maximum
of z;, x; and zx . It should be noted that the product of S; and S; is not equal
to the value of S; multiplied by the value of S; but is given by the above defini-
tion.

(c) S = H:;%) Peyr,e -

(d) We define S;(S; + Si) to be S;S; + S:Si, where the (4) sign represents
ordinary addition.

(e) S; will represent the product 8:8:S:--- Si to r factors, and from (b),
must be equal IIi= pz+1.:'H;z:i pt+r+l,t'H:=l Qitisi -

(f) Then from (a) and (e), S7'S7 will be

i—1 j—1 z—1

H Det1,t H DPmtt+1,e H Dmtntt41,t H Qivt,i H qmtjtt,s -
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To illustrate this definition, we consider S5S;, which is

1 2 z—1 3 1
tIIO Pey1,e tllz DPatt+1,t tII3 Patet1,t tIIl Q24,2 I]; q3+3+¢,3
=| = = = to=

‘or
z—1

P1,0 P2,1 P2 G3,2 94,2 G5,2 47,3 II?' Di+b,t -
t="

We note that the multiplication of these symbols as defined follows the laws of
positive integral and zero exponents.

LemMa 1. The probability P(n, x) can be expressed as a sum of products of S’s
Jor all n and x, such that n = .

Proor. Let us consider x successes and n — z failures in the following speci-
fied order. Suppose we have ay failures, then a success; oy failures, then a second
success; a failures, then a third success; etc.; finally, the xth success and then
a failures, where ap + a1 + a2 + - -+ + a, must equal n — z. By theorems from
elementary probability theory, the probability of  successes and n — z failures
in this specified order is
az—1

a0 al
tIIl qt,0 Pao+1,0 H Qoo +t+1,1 Pagtar+2,l *°° ; Qaotay+: oy _g+t+z—1,2—1

=

‘Paot+az —1+z,2-1 t111 Qoo+ - taz_1+t+2.2
which we may write in terms of our defined symbols as S5°S1*83* - - - S;°. Since
P(n, x) is the sum of terms such as this, it can be expressed as a sum of products
of S’s for all n and z such that n = z.

3. Development of P(n, x). Let us consider the following partial difference
equation

¢y P(n, 2) = proP’(n — 1,z — 1) + qoP’'(n — 1, ),

where P”(n — 1, x — 1) represents the probability of z — 1 successesinn — 1
trials with the probability of success on the first of the n — 1 trials being ps,,
and where P'(n — 1, x) is the probability of x successes in n — 1 trials with
the probability of success on the first of the n — 1 trials being ps,0 . The bound-
ary conditions for this equation are P(n, z) = 0 forz < 0,z > n, and P(0,0) =
1. Using the generating function G(z, §) = D 1z P(k, z)6*, one may obtain,
under the given boundary conditions, a difference equation involving generating
functions. From (1) we have that

S Pk, 2)0 = > proP"(k — 1,z — 1)6" 4+ > q1.P' (k — 1, 2)6",
k=z k=z k=x

which in turn gives .
2 G(z, 0) = p1o0G" (@ — 1, 0) + q1,00G(z, 0).
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Now let us make use of the displacement operator E. Considering p;,; as a
function of 7 and j, we will use E operating on p;,; to be piy1,i41. From the
properties of E as given in [2],

7—1
E(S;) = (H Det1,e H Deta.t Qit1, .) )

or
[ z
E@S) = III De+1,¢ tql De+2,t Qit2,i4+1 -
= =1

Thus, p1,6E(S:) = H:=0 Det1,t Hf=i+1pt+2,t Qiv2,i01 = Sit, where if S;is a func-
tion of z successes, then S,y is a function of z 4 1 successes. Likewise,

pl,OE(SiSJ' te S’u) = Si+ISj+l ce Sv+l
and p1oE(@:S; + aiS; + -++) = alSipn + @S + ¢+, where the a’s are

constants.

We will now simplify difference equation (2) by showing that G”(z, 6) =
EG(z, 0) and g1, (z, ) = SoG(x, 0). Since these generating functions are power
series in 0, it will be sufficient to show that coefficients of like powers of 6 in
each equation are equal. P”(n, z) has exactly the same form as P(n, x), but has
the subscripts of each p and ¢ increased by one (i.e., each p;,; in P(n, ) is pi+1,j41
in P(n, z)). From the definition and the propertles of E, it is evident that
EP(n, ) = P”(n, x). Thus, since P(n, z) and P”"(n, z) are the coefficients of
0" in G(z, 0) and G”(z, ), respectively, we have EG(z, §) = G”(z, 0).

In a like manner, from the properties of S and the definition of P’(n, z), it
follows that So multiplied by P(n, ) equals g1,0P’(n, «) and hence SiG(x, 8) =
010G (, 9).

By making these substitutions, difference equation (2) becomes

Gz, 0) — SeG(xz, 0)8 = proBG(x — 1, 6)

or (1 — S9)G(z, 6) = EG(x — 1, 6)6. Multiplying both sides of this equation
by 1 + S0 + Si6° + - - - , we obtain

Gz, 0) = (1 4+ S + S36° - - )EG(z — 1, 6)6.
Then, using 1/(1 — Sef) to represent 1 + Sof + 826> 4 -+, we have

®) G, 6) = 1 0 S EGG — 1,0).

Since G(0, ) = 1/(1 — Sob), the solution of (3) becomes

6
A —St)(L — S6) --- (1 —8.0)°

For ordinary multiplication, it is shown on page 313 of [3] that the coefﬁcient
of ™ in an expansion similar to this one is the xth divided difference of So,

(4) G(z,0) =
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polynomial of degree n — x in the S’s. Since our function S satisfies the laws of
multiplication for positive integral and zero exponents, the coefficient of 6™ can -
thus be expressed as the zth divided difference of Sy . Or the probability of z
successes in 7 trials is P(n, ) = A®Sy , where the symbol A is the divided dif-
ference.

It is of interest to see what happens to this expression when the probability of
success on a single trial depends only on the number of previous successes. Since
P(n, ) = A"S; , any term of this polynomial may be written as Sg°St? - -+ S;2,
where the n; may take on values 0, 1,2, --- , n — z. Since our p;,; is now re-
stricted so that it depends only on the number of previous successes (omitting
the first subscripts), each term becomes pgp1 - - - Poaqo i’ - - ¢2%, or P(n, z) =
Popr - -+ Poa1A”qy. This is the expression for P(n, z) that was obtained by
Woodbury in [3].

By specifying the exact law by which the probability of success on a single
trial changes from trial to trial, we may obtain probabilities that determine
various desired distributions. As an example, let the probability of success on
the first trial be expressed as p/1, and let the numerator of this fraction be in-
creased by A for each success and the denominator increased by \ for each trial.
For this distribution, we obtain, from Definition 1,

R p+x . pF+E@—1N gg+r g+ (-1
"TIH AT F I TF@H+r—DANTLIH+XN 14— DA
and
g _pp+t™ p+GE—-DN p+ar
CTI1 F 1+(z—1))\1+(r+1))\
p+ (x— 1 q g+Xx g+ =1\

1+(r+x—1)>\1+i)\1+(i+1))\ T+ G+r=1n
Since S is equal to S} forz' =1,2,8,---,z — 1, and since A*Sg has C; terms,
then P(n, z) = Cz S0 "
PO N (o4 ls = DG < a4 5= )
: 1+ [n— 1! ’

which is the probability of exactly x successes in n trials for the Polya distribu-
tion as given in [1]. ,
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