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If this value be denoted xo, then we take X = v/(Gn)- ln(x’/n), so that we are
effectively transforming x* by first forming the ratio of x* to its mean, raised to
the power of its standard deviation, and then taking one-half the natural loga-
rithm of this quantity. The expansion for the probability may be obtained from
(7) and (8), or from (9), by putting N = 2n (m — ny)/(ny + ne) = 1 and
N/ (m + ng) = 0, or from (10) with ¢ = § = n™". It has been developed from
first principles by the author in [7].
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THE MIXTURE OF NORMAL DISTRIBUTIONS WITH
DIFFERENT VARIANCES!

By D. TEICHROEW?
University of California, Los Angeles

1. Introduction. In some practical problems, the observed variable may have
a normal distribution whose- variance varies from one observation to the next.
The purpose of this note is to give the formula for the marginal distribution when
the variances are assumed to be distributed according to the Gamma distribu-
tion.

2. The distribution in the general case. We assume that the conditional den-
sity of X, given o, is

flx/d®) = (2 )! i —wo <z < o, @ >0,
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and that the density function of the variance is

g(e®) = F ()\)

Multiplying these two densities together and integrating immediately yields the
marginal density function of X in the form

flz) = W f ) exp {—-[ag.,-2 + (x2/2a2)]} (gz)k-alz daz,

which, using a formula for the modified Hankel function [3], p. 39, gives

a*(x0/20)" " Inayp(xV/ 2a)
V72T (\)
The distribution function of X could be obtained by integrating the density
function or by evaluating two hypergeometric functions, for, by the Paul Lévy

inversion formula ({4], p. 93, Eq. (10.3.1)) the well-known relation between sin z
and Jy2(z), and Formula 1 of [2] (p. 434), we have

2(20z") rrex — 13 3 oz’
Vor [(2ax2)x~llzza/zr()\)r(%) £ (2 g M §’—2—)

ré —» 1 ax
+ g ()]

where 1F; denotes a generalized hypergeometric function defined as

¢ (@M a>0, A>0.

f@) =

Flx) = 3 +

Z (ﬂl)n n

n=0 ('Yl)n(‘YZ)n o
where (8), = BB + 1) --- B+ n — 1); (B)o =

The density and distribution function can also be obtained from the char-
acteristic function which is

WFe Bry7v1,7232) =

_ 1
0= ar e

3. The distribution when X is an integer. For A\ = =, an integer, from [1], p
40 and [1], p. 128, No. 67b, we get

i@ = V3 =V @2n — v 2)1(2-02/2)"
T m=D!2Y T wln—2z— DI

The distribution function can also be expressed in closed form if A\ = 7 an integer
by the following formula ([1], p. 127, No. 66¢c)

sin «¢ _ T _ e
[ @I o [1 =D "-‘(‘”’)]’
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where Fo(z) = 1, Fi(2) = 2z + 2, and F.(2) = (z + 2n) F._y(2) — 2F_(2), for
a>0;x20;n=1,2 3---. These recurrence relations could be used to com-
pute a table of the distribution function.

4. Moments. The moments are obtainable directly from the expansion of the
characteristic function

1L _ A8 A+ D & A+ DO+2) &
( f)* a? & 214 P 318"
1+ -
2a
We have
pr =0 0=p;=p5 =pr =
7
He = Mg =

1
ﬁl=0162=ﬁ=3(1 +X>.

As one would expect, the variance of X increases as A increases. It is interesting
to note that 3, is always greater than 3.
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METRICS AND NORMS ON SPACES OF RANDOM VARIABLES

By A. J. THoMASIAN!
University of California, Berkeley

1. Introduction and summary. Let X be the space of random variables defined
on an abstract probability space (2, @, P) where we consider any two elements of
X which are equal a.s. (almost surely) as the same. Fréchet [2] exhibited a metric
on ¥ (for example, E[| X — Y |/(1 + | X — Y |)]) with the property that con-

Received May 23, 1956; revised October 8, 1956.
1 This paper was prepared while the author held a National Science Foundation Fellow-
ship.




