NOTES

DISTRIBUTION OF THE LIKELIHOOD RATIO FOR TESTING
MULTIVARIATE LINEAR HYPOTHESES!

By S. K. Karr?
Towa State University

1. Introduction. Random orthogonal transformations having elements de-
pending on certain random elements have been used by Wijsman [4] to derive the
Wishart distribution and the important statistics such as Hotelling’s T2. The
purpose of this paper is to use these transformations in a simple derivation of the
result that the likelihood ratio for testing multivariate linear hypotheses is dis-
tributed as the product of ¢ independent Beta variables (cf., Anderson [1],
Section 8.5.2). Indirect derivations through the use of moments etc., are given
in Wilks [5] and Bartlett [2].

2. Notation and results. Let X be a ¢ X r matrix of N(0, 1) variables and ¥ a
g X s matrix (s = ¢) of N (0, 1) variables, all variables being independent.
Let A;» = XX', By, = YY". In terms of the canonical reduction as given by
Hsu [3], it can be shown that the likelihood criterion for testing a general linear
hypothesis with r constraints (r < ¢) can be written in the form

_ B
IAG-"+B!L'I

- If ¢ =1, the problem is trivial. In the following, we shall assume ¢ > 1.
Denote by z:;, y:; the (7, j)th elements and by z.. , ¥:. the 7th rows of the mat-
rices X and Y.

Let ¢; be the column vector yi./(y1.y1.)}, so that cie; = 1, and complete
a with s — 1 additional columns to an orthogonal matrix |c;:2s||. Following
Wijsman [4] we make a random orthogonal transformation from ¥ to Z,

(1) A

(2) Z = Y"CI:QB".
In the first row of Z all elements are 0 except z;; , which is equal to
(3) 2y = (yl-yi-)’.

If the first row and column of Z are deleted, there results a (¢ — 1) X (s — 1)
matrix ¥, whose elements are N(0, 1) variables, independent of each other and
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of zy [4]. Furthermore [4],
(4) |Bea| = |YY'| = |22'| = 24|VV'| = 2u|Bei,e,

where we have set Bg_1,1 = VV'.
Let Q4 be an r x,(r — 1) matrix Whose‘ columns are mutually orthogonal,
and orthogonal to ;. Define the following column vectors:

’ ’ ’ ’ ’ ’
C2 = . / (zl.xl. + yl.yl.)*, C3 = Y. / .21 + yl.yl.)*,
’ ’ ’
¢y = ca(cacs / czcg)*, = — 63((3;02 / 0363)},

and transform || X:Y] to W with the following orthogonal transformation

(5) W=|X:Y|

cz:cs: 0: Qp

Since the vectors ¢; and c; are zero with probability zero, that such a random
orthogonal transformation can be chosen measurably follows from the argu-
ments of Wijsman [4]. The elements in the first row of W are 0 except wy , which is

(6) wy = (21, + Y1y1.)

It can be easily checked from (5) and (2) that the (g — 1) X (r + s — 1)
matrix T, which results after deleting the first row and column of W, can be
written as

(1) T = |U:vl,

where U is the (¢ — 1} X r matrix

To. ¢ Yollllca Qa

(8) U=

"o 1 yellles O

and V is as defined before. Moreover, the elements of U are N (0, 1), independent
of each other, of V, of wy and of 2z, . Setting UU’ = A,,,,, We can write,
analogously to (4),

‘|A¢-" + Bq,al

WX:YIIX: Y] = [WW’| = wh|TT'|
(9)

w?.llAIq—l.r + Bq—l.a—ll~
Substitution of (4) and (9) into (1) gives

( 10) A zgl IBq—l ,s—ll

B 'l;ﬁ_; lAq-l.r+ Bq—l,s—ll

Using (3) and (6), the first factor, 21,/ w1 , on the right-hand side in (10), which
we will denote bY Brz.e2, is & B-variable with degrees of freedom r/2 and s/2.
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Moreover, the second term is independent of the first. By repeated application
of the above procedure, we obtain A as the product of ¢ independent 8-variables

Bri2,s 5 Bri2.a=1/2,-- Br/2,—a+1)/2 -
If r = 1, ie., if z is a column vector, we have

(11) AT =14 X(YY)7'X.

Since X’(YY’)™'X is Hotelling’s T* times a constant, equation (11) implies
that the product of the ¢ independent Beta variables Bi/s,s2, By, o1y , e,
Bu/2,e—g+1s2 1s distributed as the reciprocal of one plus a constant times an F
variable.

If the null hypothesis is not true, let E(x;;) = pi;. If the matrix (u;;) is of
rank 1, which really means r = 1 (since the multivariate hypothesis is assumed
to be in canonical form, we transform X and ¥ to £ and g respectively through
the relations

§= MXand n = MY,

where M is a ¢ X ¢ orthogonl matrix with (#11 s B2yt )/ (O %wi) ! for
the first row. Obviously E({n) = ( Z.=1 p,.l) E(t3) = Oforis< 1 and E(g) =

0. By treating £ and 5 along the same lines as the matrlces X and Y in the above
discussion, we obtain equation (10) in which, now, z} = n.7;. ,

’
wfl = gl + m-m.,

and the components U and V of A4, and By, are matrices of independent
Varlables, distributed as N (0, 1). Since &; has a non zero mean, we refer to
Z51/wh as a noncentral Beta variable and conclude that A is distributed as the
product of one noncentral and ¢ — 1 central independent Beta variables.
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