BIBLIOGRAPHY ON THE MULTIVARIATE NORMAL INTEGRALS AND
RELATED TOPICS

By SuanTi S. GupTa!

Bell Telephone Laboratories, Stanford Uniwversity and Purdue Universily

This bibliography lists references pertaining to the evaluation of the probability
integrals of the multivariate normal and the multivariate { over rectangular
domains. References on some other relevant topics are also listed. The references
are divided in 12 different sections with a section for the miscellaneous and
additions. Several references are relevant to more than one section and hence
they have been cross-listed.

An earlier version of this bibliography was circulated to the members of the
Committee on Mathematical Tables of the Institute of Mathematical Statistics
and to the members of the Subcommittee on the Multivariate Normal. Many
comments and suggestions were received from colleagues. However, any re-
sponsibility for any omissions or errors rests solely with the author. In spite of
all the efforts to make it an exhaustive bibliography this claim may not be
justified.

A. TABLES OF THE BIVARIATE NORMAL

[1] DuNNETT, CHARLES W. (1958). Tables of the bivariate normal distribution with cor-
relations 1/4/2. (Deposited in UMT File. Author’s abstract appears in Math.
Comp. 14 79.)

[2] NATIONAL BUREAU OF STANDARDS (1959). T'ables of the Bivariale normal distribution
and related functions. Applied Mathematics Series 80. U. S. Government Printing
Office, Washington.

(3] Pearson, Kari (1931). Tables for Statisticians and Biometricians 2. Cambridge
Univ. Press.

[4) TABLES OF THE BivaRIATE NoRMAL DisTRIBUTION (1948). University of California
Statistical Laboratory, Berkeley. (Described in Math. Tables Aids Compul. 2
372-373. These tables have since been included, essentially in their original form,
in [2].)

B. TABLES OF TWO PARAMETER FUNCTIONS FOR COMPUTING THE
BIVARIATE NORMAL AND RELATED ARTICLES

5] CavwEeLL, J. H. (1951). The bivariate normal integral. Biometrika 38 475-479.

[6) GErRmoND, H. H. (1944). Miscellaneous probability tables. Applied Mathematics
Panel, National Defense Research Committee.

[7) NicnoLson, C. (1943). The probability integral for two variables. Btometrika 33
59-72.

8] OwWEN, D. B. (1956). The bivariate normal probability distribution. Research Report
No. SC-3831(TR), Sandia Corporation, Albuquerque. (Available from OTS.)

9] OweN, ). B. (1956). Tables for computing bivariate normal probabilities. Ann. Math.
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[10] P6Lya, G. (1949). Remarks on computing the probability integral in one and two
dimensions. Proc. Berkeley Symp. Math. Statist. Prob. 63-78. Univ. of California
Press. .

[11] SnEpPARD, W. F. (1900). On the calculation of the double-integral expressing normal
correlation. T'rans. Cambridge Philos. Soc. 19 23-66.

[12] TeicHROEW, D. (1955). Numerical analysis research unpublished statistical tables.
J. Amer. Statist. Assoc. B0 550-556.

See also [2] and [92].

C. COMPUTING MULTIVARIATE NORMAL PROBABILITIES

[13] ArTkEN, A. C. Lecture notes. (See the note in [57]).

[14] Curnow, R. N. and DunNETT, C. W. (1962). The numerical evaluation of the multi-
variate normal integrals. Ann. Math. Statist. 38 571-579.

[15] Das, 8. C. (1956). The numerical evaluation of a class of integrals. I1. Proc. Cambridge
Philos. Soc. 62 442-448.

[16] DunneETT, C. W. and LamuM, R. A. (1960). Some tables of the multivariate normal
probability integral with correlation coefficient 3. (Deposited in UMT File.
Author’s abstract appears in Math. Comp. 14 290.)

[17] GupTa, SHANTI S. (1956). On a decision rule for a problem in ranking means. Insti-
tute of Statistics, Univ. of North Carolina, Mimeograph Series No. 150. (Tables
Al and AIL)

[18] GupTa, SHANTI S. (1962). Tables of the probability integrals of the equally cor-
related multivariate normal. Unpublished.

[19] Iam, PeTER (1959). Numerical evaluation of certain multivariate normal integrals.

- Sankhya 21 363-366.

[20] JonN, S. (1959). On the evaluation of the probability integral of a multivariate normal
distribution. Sankhya 31 367-370.

[21] KiBBLE, W. F. (1945). An extension of a theorem of Mehler’s on Hermite polynomials.
Proc. Cambridge Philos. Soc. 41 12-15.

[22] Kupb, A. (1958). On the distribution of the maximum value of an equally correlated
-sample from a noimal population. Senkhya 20 309-320.

[23] Lorp, FREDERIC, M. (1958). A formula for evaluating the multivariate normal integral
over a rectangular region when the correlation matrix has only one common
factor. Unpublished.

[24] MaLLows, C. L. (1959). An approximate formula for bivariate normal probabilities.
Technical Report No. 30, Statistical Techniques Research Group, Princeton
Univ.

[25] McFapbpEN, J. A. (1955). Urn models of correlation and a comparison with the multi-
variate normal integral. Ann. Math. Statist. 26 478-489.

[26] MEHLER, G. (1866). Reihenentwicklungen nach Laplaceschen Functionen hoherer

 Ordnung. J. Reine Angew. Math. 68 161-176. 4

[27] MoRraN, P. A. P: (1956). The numerical evaluation of a class of integrals. Proc. Cam-
bridge Philos. Soc. 63 230-233.

[28] OweN, D. B. (1957). A table of a special case of the multivariate normal distribution.
Unpublished. ‘ .

[29] OweN, D. B. and G. P..StEck (1961). Moments of order statistics from the equicor-
related multivariate normal distribution. Ann. Math. Statist. 33 1286-1291.

[30] OwenN, D. B. (1962). Handbook of Statistical T'ables. Addison-Wesley, Reading, Mass.
(Sect. 8.10 and 8.11).

[31] Pearson, K. (1901). Mathematical contributions to the theory of evolution. VII. On
the, correlation of characters not quantitatively measurable. Philos. Trans.
Roy. Soc. London Ser. A 195 1-47.
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[32] PrackeErT, R. L. (1954). A reduction formula for normal multivariate integrals.
Biometrika 41 351-360.

[33] RuBEN, H. (1960). Probability content of regions under spherical normal distributions.
1. Ann. Math. Statist. 31 598-618.

[34] RuBeN, H. (1960). Probability content of regions under spherical normal distribu-
tions. II: The distribution of the range in normal samples. Ann. Math. Statist.
31 1113-1121. ;

[35] RuBEN, H. (1960). On the geometrical significance of the moments of order statistics
and of deviations of order statistics from the mean in samples from Gaussian
populations. J. Math. Mech. 9 631-638.

[36] RuBEN, H. (1960). On the geometrical moments of skew-regular simplices in hyper-
spherical space with some applications in geometry and mathematical statistics.
Acta Math. 103 1-23.

[37] Rusen, H. (1961). Probability content of regions under spherical normal distribu-
tions. ITI: The bivariate normal integral. Ann. Math. Statist. 32 171-186.

[38] RuseN, H. (1961). On the numerical evaluation of a class of multivariate normal
integrals. Proc. Roy. Soc. Edinburgh. Sect. A 65 272-281.

[39] Rusen, H. (1961). The distribution of homogeneous quadratic functions of normal
variables. Report No. D1-82-0126, Boeing Scientific Research Laboratories.

[40] StECK, G. P. (1958). A table for computing trivariate normal probabilities. Ann.
Math. Statist. 29 780-800.

[41] StECK, G. P. and D. B. OWEN (1962). A note on the equicorrelated multivariate
normal distribution. Biometrika 49 269-271.

[42] SomERvVILLE, P. N. (1954). Some problems of optimum sampling. Biometrika 41 420-
429.

[43] STuART, ALaN (1958). Equally correlated variates and the multinormal integral. J.
Roy. Statist. Soc. Ser. B 20 373-378.

[44] Ta1epEN, C. C. (1962). Evaluation of the probability integral of the maximum and the
maximum modulus of a sample of equally correlated standard normal variate.
Submitted for publication.

See also [57], [59], [61], [63], [68], and [80].

D. MULTIVARIATE NORMAL INTEGRAL OVER AN N-TANT AND SOME
PROBABILITY INEQUALITIES

[45] AxpERsoN, T. W. (1955). The integral of a symmetric unimodal function over a sym-
metric convex set and some probability inequalities. Proc. Amer. Math. Soc. 6
170-176.

[46] An1s, A. A. and E. H. Luoyp (1953). On the range of partial sums of a finite number
of independent normal variates. Biometrika 40 35-42.

[47] Bacon, Ravpa HovT (1963). Approximations to multivariate normal orthant proba-
bilities. Ann. Math. Statist. 34 191-198.

[48] BouN, JoHANNES (1959). Untersuchung des Simplexinhaltas in Réumen konstanten
beliebiger Dimension. J. Reine Angew. Math. 202 16-51.

[49] CrOVER, J. (1962). Certain convexity conditions on matrices with applications to
Gaussian processes. Duke Math. J. 29 141-150.

[50] CoxETER, H. 8. M. (1935). The functions of Schlifli and Lobatschefsky. Quart. J.
Math. Ozford Ser. 6 13-29.

[51] DaRLING, D. A. and Siecert, A. J. F. (1953). The first passage problem for a con-
tinuous Markov process. Ann. Math. Statist. 24 624-639.

[52] Davip, HerBERT T. (1963). The sample mean among the extreme normal order sta-
tistics. Ann. Math. Statist. 34 33-55.
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[53] Davip, F. N. (1953). A note on the evaluation of the multivariate normal integral.
Biometrika 40 458-459.

[54] Davip, F. N. and C. L. MarLrows (1961). The variance of Spearman’s rho in normal
samples. Biometrika 48 19-28.

[55] DerN, M. (1905). Die eulersche Formel in Zusammenhang mit dem Inhalt in der
nichteuklidischen Geometrie. Math. Ann. 61 561-574.

[56] GupTa, SHANTI S. (1961). Percentage points and modes of order statistics from the
normal distribution. Ann. Math. Statist. 32 888-893.

[57] KenparL, M. G. (1941). Proof of relations connected with the tetrachoric series and
its generalization. Biometrika 32 196-198.

[58] KeNpALL, M. G. and A. STUuART (1958). The Advanced Theory of Statistics, 1. Hafner,
New York.

[59] McFaADDEN, J. A. (1956). An approximation for the symmetric, quadrivariate normal
integral. Biometrika 43 206-207.

[60] McFappEN, J. A. (1960). Two expansions for the quadrivariate normal integral.
Biometrika 47 325-333.

[61] MoraN, P. A. P. (1948). Rank correlation and product-moment correlation. Bio-
metrika 36 203-206.

[62] Poincarsf, H. (1905). Sur la généralisation d’un théoréme élémentaire de géométrie.
C. R. Acad. Sci. Paris 140 113-117. '

[63] RuBEN, H. (1954). On the moments of order statistics in samples from normal popu-
lations. Biometrika 41 200-227.

[64] Savacg, I. R. (1962). Mill’s ratio for multivariate normal distributions. J. Research
Nat. Bur. Standards 66B 93-96.

[65] ScaLAFLI, L. (1858). On the multiple integral [*dz dy --- dz whose limits are
p=azx+by+ -+ hz>0p2>0,--c,p,>0and 224 --- 4+ 22 <1.
Quart. J. Pure Appl. Math. 2 269-301, 8 59-68 and 97-108.

[66] SLEPIAN, D. (1962). On the one-sided barrier problem for gaussian noise. Bell System
Tech. J. 41 463-501.

[67] SonpHI, M. M. (1961). A note on the quadrivariate normal integral. Biometrika 48
201-203.

[68] StECK, G. P. (1962). Orthant probabilities for the equicorrelated multivariate normal
distribution. Biometrika 49 433-445.

[69] vaN DER VaarT, H. R. (1953). The content of certain spherical polyhedra for any
number of dimensions. Experientia 9 88-89.

[70] vanx DER VaarT, H. R. (1955). The content of some classes of non-euclidean poly-
hedra for any number of dimensions with several applications. I and II. Nederl.
Akad. Wetensch. Proc. Ser. A 68 200-221.

See also [41].

E. INTEGRALS EVALUATED WHICH ARE RELATED TO THE MULTIVARIATE
NORMAL INTEGRAL

[71] BecarorER, R. E. (1954). A single-sample multiple decision procedure for ranking
means of normal populations with known variances. Ann. Math. Statist. 25
16-39.

[72] Bosk, R. C. and GueTa, SHANTI S. (1959). Moments of order statistics from a normal
population. Biometrika 46 433-440.

[78] Crark, CuARLES E. (1961). The greatest of a finite set of random variables. Oper-
ations Res. 9 145-162.

[74] DunnerT, C. W. (1960). On selecting the largset of k£ normal population means. J.
Roy. Statist. Soc. Ser. B 22 1-40.

[75] Hoso, T. (1931). Distribution of the median, quartiles and interquartile distance in
samples from a normal population. Biometrika 23 315-360.
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[76] KamaT, A. R. (1958). Incomplete moments of the trivariate normal distribution.
Sankhya 20 321-322.

[77] Kamar, A. R. (1953). Incomplete and absolute moments of the multivariate normal
distribution with some applications. Biometrika 40 20-34.

[78] NaBEYA, S. (1961). Absolute and incomplete moments of the multivariate normal
distribution. Biometrika 48 77-84.

[79] Rocers, C. A. (1961). An asymptotic expansion for certain Schlafli functions. J.
London Math. Soc. 36 78-80.

[80] Rusen, H. (1961). An asymptotic expansion for a class of multivariate normal in-
tegrals. Technical Report 69, Applied Mathematics and Statistics Labs, Stanford
Univ.

[81] RuBEN, H. (1961). A power series expansion for a class of Schlifli functions. J. London
Math. Soc. 36 69-77.

[82] TeicarOEW, D. (1955). Probabilities associated with order statistics in samples from
two normal populations with equal variance. Report of Chemical Corps Engi-
neering Agency, Army Chemical Center, Maryland.

See also [17] and [65].

F. APPLICATIONS OF THE BIVARIATE NORMAL

[83] ANpERsoON, T. W. (1951). Estimating linear restrictions on regression coefficients for
multivariate normal distributions. Ann. Math. Statist. 22 327-351.

[84] BowkER, A. W. and GoopE, H. P. (1952). Sampling Inspection by Variables. McGraw-
Hill, New York.

[85] EAGLE, ALAN R. (1954). A method for handling errors in testing and measuring.
Industrial Quality Control 10 No. 5 10-15.

[86] GruBBs, FrANK E. and Coon, HELEN J. (1954). On setting test limits relative to
specification limits. Industrial Quality Control 10 No. 5 15-20.

[87]1 Havgs, J. L. (1955). The determination of allowable instrumentation error. U. S.
Naval Ordnance Laboratory, Corona, California, Technical Note No. 63-8.

[88] HoreLLING, H. (1947). Multivariate quality control, illustrated by the air testing of
sample bombsights. Techniques of Statistical Analysis. (Eisenhart, Hastay and
Wallis, eds.) 113-184. McGraw-Hill, New York.

[89] MasTERs, J. I. (1955). Some applications on physics of the P functions. J. Chem.
Phys. 23 1865-1874.

[90] Owen, D. B. (1953). A double sample test procedure. Ann. Math. Statist. 24 449-
457.

[91] OwEN, D. B. (1959). Applications of the tables. (Pages XVII-XLII of [2].)

[92] SmiTH, R. C. T. (1953). Conduction of heat in the semi-infinite solid, with a short
table of an important integral. Austral. J. Phys. 6 127-130.

G. PLOTTING THE BIVARIATE NORMAL DISTRIBUTION

[93] OweN, D. B. and WieseN, J. M. (1959). A method of computing bivariate normal
probabilities with an application to handling of errors in testing and measuring.
Bell System Tech. J. 38 553-572.

[94] SuewHART, W. A. (1931). Economic Control of Quality of Manufactured Product. Van
Nostrand, New York. (See pp. 109-113.)

[95] ZELEN, MARVIN and SEVERO, NorMAN C. (1960). Graphs for bivariate normal proba-
bilities. Ann. Math. Statist. 31 619-624.

H. PROBABILITIES RELATED TO THE CIRCULAR NORMAL

[96] BELL A1rcRAFT CORPORATION (1956). Table of circular normal probabilities. Report
No. 02-949-106.
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[97] BeLL, S. (1962). Approximating the normal distribution with the triangular. Sandia
Corporation, Albuquerque, SCR-494.

[98] BeLL, S. (1962). Tables of some expected weighted coverage functions. Sandia Corpo-
ration, Albuquerque, SCR-515.

[99] BELL, S. (1962). Graphs of some expected weighted coverage functions. Sandia
Corporation, Albuquerque, SCR-516.

[100] BOTTENBERG, R. A. (1955). A method for determining cell proportion in a multivariate
normal distribution. Symposium on Air Force Human Engineering, Personnel,
and Training Research 35-47. Publication 455, National Academy of Sciences.

[101] Bronowskl, J. and Nevman, J. (1945). The variance of the measure of a two-di-
mensional random set. Ann. Math. Statist. 16 330-341.

[102] BurriNGgTON, RicEARD S. and May, DoNaLp C., Jr. (1953). Handbook of Probability
and Statistics with Tables. Handbook Publishers, Sandusky, Ohio. 102-105.

[103] CrEw, VicTor and Bovce, Ray (1962). Distribution of radial error in the bivariate
elliptical normal distribution. Technometrics 4 138-140.

[104] CREAGER, J. A. (1955). A simulation method for estimating multivariate probabilities.
Symposium on Air Force Human Engineering, Personnel, and Training Research
99-103. Publication 455, National Academy of Sciences.

[105] DanigLs, H. E. (1952). The covering circle of a sample from a circular normal dis-
tribution. Biometrika 39 137-143. '

[106] DiDonaTo, A. R. and JarnaGiN, M. P. (1960). Integration of the general bivariate
Gaussian distribution over an offset ellipse. U. S. Naval Weapons Laboratory,
Dahlgren, Virginia, Report No. 1710.

[107] DiDonaTo, A. R. and JarNaGiN, M. P. (1961). Integration of the general bivariate
Gaussian distribution over an offset circle. Math. Comp. 15 375-382.

[108] DiDonaTo, A. R. and JarNaGin, M. P. (1962). A method for computing the circular
coverage function. Math. Comp. 16 347-355.

[109] GaRwooD, F. (1947). The variance of the overlap of geometrical figures with reference
to a bombing problem. Biometrika 34 1-17.

[110] GeErMoND, H. H. (1949). Integral of the Gaussian distribution over an offset circle.
Rand Corporation Report No. 94.

[111] GirriLanp, D. C. (1962). Integral of the bivariate normal distribution over an offset
circle. J. Amer. Statist. Assoc. b7 758-767.

[112] GraD, ARTHUR and SoLomon, HerBERT (1955). Distribution of quadratic forms and
some applications. Ann. Math. Statist. 26 464-477. i

[113] GuenTHER, W. C. (1961). Circular probability problems. Amer. Math. Monthly 68
541-544.

[114] GuenTHER, W. C. (1961). On the probability of capturing a randomly selected point
in three dimensions. SIAM Review 3 247-251.

[115] Harrer, H. LEON (1960). Circular error probabilities. J. Amer. Statist. Assoc. bb
723-731.

[116] KoLMOGOROFF, A. (1933). Fundamental Concepts of Probability Calculus. Springer,
Berlin. P. 41.

[117] LaUuRENT, A. G. (1957). Bombing problems—a statistical approach. Operations Res. b
75-89. (Errata 6 (1958) 297.)

[118] LaureNT, A. G. (1962). Bombing problems—a statistical approach II. Operations
Res. 10 380-387.

[119] Lows, J. R. (1960). A table of the integral of the bivariate normal distribution over
an offset circle. J. Roy. Statist. Soc. Ser. B 22 177-187.

[120] McNowuty, F. W. (1961). Pellet-effectiveness analysis. Operations Res. 9 522-534.

[121] McNowury, F. W. (1962). Kill probability when the weapon bias is randomly distrib-
uted. Operations Res. 10 693-701.

[122] MavcaLy, J. W. (1940). Significance test for sphericity of a normal n-variate dis-
tribution. Ann. Math. Statist. 11 204-209.
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[123] OBERG, E. N. (1947). Approximate formulas for the radii of circles which include a
specified fraction of a normal bivariate distribution. Ann. Math. Statist. 18 442—
447,

[124] QuENovUILLE, M. H. (1947). The evaluation of probabilities in a normal multivariate
distribution. Proc. Edinburgh Math. Soc. 8 95-108.

[125] RoBBins, H. E. (1944). On the measure of a random set. Ann. Math. Statist. 16 70-74.

[126] RosBins, H. E. (1945). On the measure of a random set. II. Ann. Math. Statist. 16
342-347. :

[127] RoBBiNs, H. E. (1947). Acknowledgement of priority. Ann. Math. Statist. 18 297.

[128] RosBins, H. E. (1948). The distribution of a definite quadratic form. Ann. Math.
Statist. 19 266-270.

[129] SanTaLo, L. A. (1947). On the first two moments of the measure of the random set.
Ann. Math. Statist. 18 37-49.

[130] Smith, E. H. and Stong, D. E. (1961). A note on the expected coverage of one circle
by another, the case of offset aim. SIAM Review 3 51-53.

[131] SorLomoN, HERBERT (1953). Distribution of the measure of a random two-dimensional
set. Ann. Math. Statist. 24 650-656.

[132] Soromon, HERBERT (1960). Distribution of quadratic forms—tables and applications.
Technical Report No. 45, Applied Mathematics and Statistics Labs, Stanford
Univ.

[133] TaE Ranp CORPORATION (1952). Offset circle probabilities. Memorandum R-234.

[134] Voraw, D. F., Jr. (1946). The probability distribution of the measure of a random
linear set. Ann. Math. Statist. 17 240-244.

[135] Voraw, D. F., JrR. (1948). Testing compound symmetry in a normal multivariate
distribution. Ann. Math. Statist. 19 447-473.

[136] WeINGARTEN, HARRY and DiDonaTo, A. R. (1961). A table of generalized circular
error. Math. Comp. 16 169-173.

[137] WiLks, S. S. (1946). Sample criteria for testing equality of means, equality of
variances, and equality of covariances in a normal multivariate distribution.
Ann. Math. Statist. 17 257-281.

See also [30].

I. LATENT ROOTS RELATED TO MULTIVARIATE NORMAL

[138] AxpERsON, T. W. (1951). The asymptotic distribution of certain characteristic roots
and vectors. Proc. Second Berkeley Symp. Math. Statist. Prob. 103-130. Univ. of
California Press.

[139] CrauDHURI, S. B. (1956). Statistical tables and certain recurrence relations con-
nected with p-statistics. Calcutta Statist. Assoc. Bull. 6 181-188.

[140] FisHER, R. A. (1939). The sampling distribution of some statistics obtained from
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[142] FostER, F. G. (1957). Upper percentage points of the generalized beta distribution.
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[143] FostER, F. G. (1958). Upper percentage points of the generalized beta distribution.
II1. Biometrika 46 492-503.
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analysis. Institute of Statistics, Univ. of North Carolina, Mimeograph Series
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Univ. of the Philippines.
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