ON THE EFFICIENCY OF THE NORMAL SCORES TEST
RELATIVE TO THE F-TEST!
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1. Discussion. Let X, , X,, -+, X, be independent and identically distrib-
uted with common cdf F(z) and let ¥, Y,, ---, Y, be independent and iden-
tically distributed with common cdf F(6z) where 0 < 6§ < . For testing
H: ¢ = 1, Klotz [2] proposed the normal scores test and showed that the asymp-
totic efficiency ews,r of the normal scores test relative to the F-test can take any
value between .47 and «. It was also conjectured therein that the above efficiency
can take any value between 0 and «. The purpose of this note is to prove the
above conjecture by exhibiting a class of underlying distributions for which the
efficiency tends to zero. The expression for eys,r is given by (see Klotz [1])

ews.r = [(B — 1)/2][[20 (87{F(2)}/el®7"(F (2)}])3f"(2) da]’
= [(8: — 1)/2)I" (say),

where f is the density corresponding to the edf F and B; is the usual kurtosis
defined by

B = E{X — E(X)}'/|E{X — E(X)}T
with the random variable X baving cdf F. Take
f(z) = c(l=|/(1 — |z[))™ 0<a<l —-1zgzsg

1
where ¢ = 1/2I'(1 + «)I'(1 — «). It has been shown in [1] that [ '{z}]’ =<
(1 — ) ¥ s0 that we have

[ {F (=)} < [F(z)(1 — F(z)I™
(1.1) S W@ dyI? for z 20,
< 2 —2) (a4 1) for z=0.
Since f(x) is symmetric about zero, we have
I = 2[5 (&(F (2)}/el& " (F(2)}])f(2) {af (2)} dz
= |[&7{F(2)}fzf(2)]e' + acfo @7{F(2)}I2 (1 — 2)" " do
— (1= ) [i @{F(2)}f(2) da.
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From (1.1) and the fact that c — 0 as @ — 1, it can be shown that I* = o((1 — «))
as a — 1. Further, by easy evaluation, 8: = 3(4 — @)(3 — a)/10(1 — &) (2 — a).
It follows now that exys,» — 0 as « — 1.
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