ON MOMENT GENERATING FUNCTIONS AND RENEWAL THEORY!

By CHARLES STONE

University of California, Los Angeles

In this paper, which is complementary to [2], we discuss renewal theory for a
distribution function having at least one tail that decreases exponentially fast.

Let F denote a one-dimensional right-continuous probability dlstrlbutlon
function and f its characteristic function, defined by

f(0) = [2,e™ dF(z), —0 <0< ®.

Let F™ denote the n-fold convolution of F with itself and H the renewal function
defined by

H(z) = X2 asa F(x), —w <z < .

We call F a lattice distribution function with lattice constant d > 0 if the
measure correspondmg to F is concentrated on the set {jd| —»o < j < «}
but not on the set {jd' | — < j < «} for any d’ > d. F is lattice with lattice
constant d if and only if f is periodic with period 2 d ' and f(8) ¥ 1for —x d* <
9 < wd’, 0 5 0. F is non-lattice if and only if f(8) 5 1 for § > 0. As a special
case, we call F strongly non-lattice if

lim infig)ne [1 — £(8)] > 0.

In the non-lattice case set d = 0. In general, set [z]; = d[z/d] for d > 0 and
[x]la = x for d = 0.

THEOREM. Let F have finite first moment p > 0. (7) If for somer, > 0, F(z) =
o(e™") as x — — oo, then for somer > 0

(1) H(z) = o(e™) as T — — o,

(ii) If F has finite second moment ps , if for some ry > 0,1 — F(x) = o(e™™**)
as r — «, and if F is either lattice or strongly non-lattice, then for some r > 0
(2) H(z) = {lzls + (d/2)}/p + w/24" + o(€7) asz — w.

Note that [z]s + (d/2) = z in the non-lattice case. Actually, in (i) we can
allow y = - with no essential change in proof. The above theorem was sug-
gested by [2] and a remark of Gelfond [1].

Proor. Let g denote the moment generating function of F defined by

9(s) = JZo e dF (),

the domain being all complex numbers s for which the integral exists absolutely.
Then g(#) = f(6), —0 < 0 < o,
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Suppose that F has finite first and second moments u and p. respectively. If
for somer; > 0,1 — F(z) = o(e ") as £ — o, then g(s) is analytic for 0 <
RNs < 71, continuous for 0 < Rs < r1, and
(3) g(s) =1 + ps + (u/2)s" + o(s") as s— o and Rs = 0.

If for some r, > 0, F(z) = o(e™*) as * — — o, then ¢(s) is analytic for
—r; < RNs < 0, continuous for —r; < Rs = 0, and

(4) g(s) = 1 + ps + (u2/2)s* + o(s") as s—0 and RNs = 0.

In the remainder of the paper F is assumed to have finite first moment p > 0.
We first prove (ii) in the lattice case. Suppose that F has finite second moment
s, that for some r, > 0, 1 — F(z) = o(e™) as ¢ — o, and that F is lattice
with lattice constant d = 1 (clearly there is no loss of generality in assuming
that d = 1). Let P,(k) denote the jump of F™ at k and set

e = D meo Pa(k).
Then w, and H(k) are finite, v, = H(k) — H(k — 1),
limpw (us — %) = 0 and  limyaw (H(k) — k/u — (p2 + u)/26%) = 0.
(See [2] for elementary proofs of these known results.) It follows from (20) of
[2] that
(5) wp—p = @) I e ™1/l — g(8)] — 1/[u(l — €™)]}ds, k= 0.

Clearly g(s + 2x7) = g(s) for 0 £ Rs < r;. Recall that g(#0) # 1 unless /2~ is
an integer. Thus by (3) there is an r, such that 0 < r, < r, and g(s) # 1 for

0 < RNs < r2. From (3) and (5), the continuity of g on Rs = 0, Cauchy’s theorem,
and the Riemann-Lebesgue lemma we see that for any r such that 0 < r < r,

6) w — wt = 20) I /I — g(r + 8)] — 1/[p(l — €T} do
= o(e™™) as k — ©

from which (2) easily follows. This completes the proof of (ii) in the lattice case.
Suppose next that F is strongly non-lattice and has finite second moment us .
Set

Uz, h) = 2 meo (F™(x + h) — F™(x)), h > 0
Then U(z, h) and H(x) are finite, U(z, h) = H(z + k) — H(z),
litzsw (U(z, h) — (h/u)) = 0 and  limg.., (H(z) — z/p — pa/20") = 0.
(Again, see [2] for elementary proofs of these known results.) Set
Viz, b, a) = [Zll/a(2r)e ™ Uz — y, h) dy.
Then by a proof similar to that of (36) in [2], we get
(7) V(z, h,a)
= h/2u + (B/2r) [2o R{eT(1 — ™) /ihole™ " [1/(1 — g(i6))]} db.
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It is easily seen that for allr > 0
(h/27) [Z0 R{eT[(1 — ™) /iRle™"""2(i/ub)} db

= x(h/2u) + o(e™™) asz — + o
uniformly for a and & is bounded sets.

We now suppose further that for some r; > 0,1 — F(z) = o(¢ ™) asz — o
and proceed to a proof of (ii) in the strongly non-lattice case. By supposition
g9(0) ¥ 1 unless § = 0 and, in fact, g(#) is uniformly bounded away from 1 if
0is bounded away from 0. Thus by (3) and some elementary continuity properties
of g, there is an r, such that 0 < r, < r; and g(s) 5 1 for 0 < Rs < r,. Thus by
(3), the continuity of g on Rs = 0, Cauchy’s theorem, and a form of the Riemann-
Lebesgue lemma, we obtain that for any r such that 0 < r < r»

Zw€ UL — ™) /300" 1/ (1 — g(i8)) — 1/—iuf] dB
ol e—z(r+i0)[(1 _ e-—h(r+t'0)) /(r + w)]eaﬁ(rﬁo)”/z
/(1 = g(r +48)) — 1/—p(r + )] do
o(e (1 + |log al])) as T — o

uniformly for a and & in bounded sets. Combining the above, we have that for
0<r<m
(8) V(z, h,a) — h/u = o(e7""(1 + |log a|)) as r — o

uniformly for a and h in bounded sets.
Let N be a finite number such that U(z,h) < Nfor —o <z < « andh < 2.
There is an z, such that, for z = z,, 2¢7** £ 1 and
1

lvlzz V2w

2 —
eV P dy <

Then for z = z,
Ulx+e™ —y, 1 —2"%) < U(x, 1)

é U(x - 6—722 - Y, 1 + 26-—722)’ 'yl é e_Tzz)
and hence

Vix+e™, 1 — 27, ¢"/z) — Ne** < Uz, 1)
S (A=) W(x — e, 1 4 267, ¢ /z).
We now obtain from (8) that for 0 < r < rs
U(x,1) — u" = o(ze™) as T — o,
which yields that for 0 < r < r,
(9) U(z,1) — u™ = o(e™™) as T — .

Equation (2) is a simple consequence of (9). This completes the proof of (ii).
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Finally, we prove (i). Suppose that for somer; > 0, F(z) = o(e'**) asx — — .
If we suppose additionally that F has finite second moment u, and is strongly
non-lattice, then by an argument similar to the preceding one we get, that for
some r > 0, H(z) = o(e™) asz — — «. The general case is easily reduced to this
special case. For we can always find a probability distribution function G such
that G(z) = o(¢'"*) asx — — =, G has positive first moment and finite second
moment, G is strongly non-lattice, G(z) = F(z) for —» < z < o, and hence
G™(z) = F™(z)for — w < z < . Then by the above special case of (i), for
some r > 0

H(z) = 2 ma F™(2) £ D00 @™ (2) = o(®) as T — — o,
This completes the proof of (i).
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