NOTES

A SOLUTION TO A COUNTABLE SYSTEM OF EQUATIONS ARISING IN
MARKOVIAN DECISION PROCESSES'

By Cyrus DeErMAN AND ARTHUR F. VEINOTT, JR.

Columbia University and Stanford University

Let {X,},n =0, 1, --- , be a Markov chain having a state space consisting of
the non-negative integers and having stationary transition probabilities {p.j}.
Let {wy}, 7 = 0, 1, -- -, be a sequence of real numbers. Consider the system of
equations

(1) g+ vi=wi+ Dimpi;, i=0,1,---,

in the unknown variables {g, vo, v1, ---}. In [2], the system (1) arises incon-

nection with conditions for the existence and construction of optimal rules for

controlling a Markovian decision process. For a finite state space, existence of

solutions to (1) is guaranteed by the condition that the Markov chain have at

most one ergodic class of states. (See [3].) In this note we give conditions ensuring

the existence (Theorem 1) and uniqueness (Theorem 2) of solutions to (1).
For<,j,n =0,1, -+ ,let

Z.(3) =1, if X,=7 andif Xun 0 for 0<m=n
=0, otherwise,
0F = B( X a0 Za()| Xo = 1), and mao = 2 im0l -

If the last series converges absolutely, then m. is the mean first passage time from
¢ to 0 and we say my is finite. If the m. are all finite, as we assume throughout,
the state 0 is positive recurrent and there is only one recurrent class.

Let Yo = D orowiZn(j) and cio = E(D ueoYa|Xo = 7). By an obvious
generalization of Theorem 5 in [1], p. 81, we get cio = 2 -0 opisw; provided the
series is absolutely convergent. If the series is absolutely convergent we say ci is
finite. In applications w; is often the cost incurred when in state ¢ 5o ¢y is then the
expected cost during a first passage from ¢ to 0.

TuroreM 1. (Existence.) If the numbers mq and cio, ¢ = 0, 1, -+ - , are finite,

then the numbers
(2) g = Coo/moo and v; = Cip — gmiqo , 1 = O’ ]_, ceey,

satisfy (1) and D 5 piv; converges absolutely, i = 0,1, -+ - .
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ProoF. Let wi* = wi — g and Y, * = D 7ow;"Za(j). Then for ¢ = 0,1, -+,
E(27-0Ya" | Xo = 1)

= w4 Xha L B(Ya" | Xo
= w4+ 2o Daa B(Y." | Xo
wi* + 250 it

50 (1) holds. The interchange of expectation and summation is justified since the
finiteness of the mu and cio imply that Y aeo BE(|Ya* | Xo = ¢) < . This in
turn implies that the series above are absolutely convergent so the interchange
of summations is also justified.

123

7, X1 = J)psi

1, X1 = J)pii

TrroreM 2. (Uniqueness.) If the numbers mi and cio , © = 0,1, ---,are finite,
if 2o wi(co — (co/moo)min), ¢ = 0, 1, -+, converges absolutely, and if
{g,v0,01, -} is a sequence with Do opivi i =0,1, -, converging absolutely,

then {g, vo, v1, - - -} satisfies (1) of and only if there is a real number r such that
(3) g = coo/moo and Vi = Cio — gMao + 7, 1=0,1,---.

Proor. It is immediate from the hypotheses and Theorem 1 that {g, vo, 01, - - }
defined in (3) satisfies (1) and > s opiw; converges absolutely as well as
32 o piw; . Let {g’, v, o1/, -+ -} be any othersolutionto (1) with S i
converging absolutely for ¢ = 0, 1, --- . Hence > e opavi is absolutely con-
vergent. Now premultiplying both sides of (1) by m: = oDoi/ Moo , SUMMing over
i=0,1, - ,using therelations D= m; = land m; = D o PriTr 53 = 0,1, -+,
and the fact that the interchange of summations is justified, we get g = D iomaws
which is independent of {v,, v, - +-}. Thus since {g, vo, v1, ---} satisfies (1)
we must haveg = g’

Letting A; = v — v, ¢ =0,1, -+, we get from (1) subtracting one system
from the other that

(4) Ay = 270 pil, i=0,1,-
Let p¥ = Pr (Xn = j| Xo = 1). Evidently for N = 1,2, ---,

APk <l + (N — 1) oo; Jj=0,1,---,
so that
(5) N7V p% Al < [ + opoillAdl, J=0,1,---.

Since the series on the right side of (5) converges absolutely by hypothesis, and
limyoo N7 Dy ply = w5, we get from the dominated convergence theorem

that
(6) limyaw Dogeo N7 e pHA; = 250 mids .
Since from (5), D 50 p¥;A;j converges absolutely we can iterate (4), yielding

(7) Ai:Z;LOp?iAi) i=0,1,"';n=1)27"'°
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Hence on substituting (7) into (6) A; = Z;Lo mid;, ¢t = 0,1, -+ . Thus A; is
independent of ¢, which completes the proof.

ExawmpLE. If the sequences {m} and {ws},7 = 0, 1, - -+ , are bounded, then so
is the sequence {cq}, ¢ = 0, 1, - - - , since |cio| < sups,; mxo |w;|. Thus Theorem 1

applies and, in addition, the solution to (1) given in (2) is bounded. This result
is used in [2].
We remark that since

2o or [ul Z ofor D2imo i [us]
where
ofor = Pr (Dm0 Za(k) > 0| X, = 0) > 0,

D70 opxi |uj| is absolutely convergent for every recurrent state k provided that

=0 oP0; Juj| is absolutely convergent. Thus under the assumption of one recur-
rent class the hypotheses of Theorems 1 and 2 could have been stated only for
state 0 and the transient states.
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