ON THE DISTRIBUTION OF THE LARGEST LATENT ROOT OF THE
COVARIANCE MATRIX
By T. Sucryama'
Columbia University

1. Summary. The distribution of the largest latent root of the covariance
matrix caleulated from a sample from the normal multivariate population with
population covariance matrix ¢°I are presented by author [10] in 1966. The pur-
pose of this paper is to find the distribution of the largest latent root for arbi-
trary 2.

2. Preliminary result. Let A be a diagonal matrix with diagonal elements
1>M>N>--->N\ >0, then the following result on a beta-function
integral is shown in [10]

(21) f1>)q>)‘2>...>)\p>o IAIt_(p_H) 12 'I - Alu_(p+l) 12 Cx(A) Hi<.1' (x’l - )\,) Hl?=l dX|
= (T(p/2) /7" ™) (Ty(t, £)Tp(w)/To(t + u, ¢))Cu(I,)

where I, is the identity matrix (p X p), C«(A) is zonal polynomials defined for
each partition k(ky, - -+ , kp), k1 = -+ = k, = 0 of k into not more than p parts
as certain symmetric polynomials of Ay, N2, -+, \,, and

Tp(t, ) = PP [[Pa T + ki — (i — 1)/2),
Ty(t) = A" P H[2aT(t — (5 — 1)/2).

A detailed discussion of zonal polynomials may be found in A. T. James (6),

and (7).
In (2.1), let w = (p + 1)/2, then the left hand side of (2.1) is written as

follows
(2.2) Jsasneson>0 (AP 2 0 (A) TTici i — Ny) T1 21 s
Now, let I; = N\i/\, 7 = 2, -+, p, then we can write (2.2) as follows
(23) [an"PdN
St 150 1M TEP PN TT22 (1 — 1) THici (4 — 1) T1P=dli

where

Iy 0
(24) A = R , A = (3 g)
0 L, !

Since [§M"* 7 dN = 1/(pt + k), we have the following lemma.
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LEmMA. Let A, be a diagonal matriz with diagonal elements1 > I, > -+ > 1, > 0
and let k be a partition of k. Then

f1>12>~-~>t,,>o (A2 000) TT2= (1 — 1) Ili<i (I = 1) [1P= dl:
= (pt + k)(Tp(p/2)/x"'")
(T, )Tp((p + 1)/2)/To(t + (p + 1)/2, «))Cu(I,).

3. The distribution of the largest latent root. Suppose the sample consists of
N observations from a normal p-variate population with covariance matrix Z.
After the usual orthogonal transformation to eliminate the sample means, we
have a (p X n) matrix,n = N — 1,

In T
X=1- .
xpl ce e xp”
Then, the joint distribution of the latent roots Ay, Az, -+, N\, of the symme-
tric matrix XX’ is written as follows:

(3.1) Const D ro O v (Cu( —2=7) /! C(1,))
AP C(A) [ Tici O — ) TI2-dN

where
M 0

A
0 "
with 0 >N >N > - >)\p>0,and
Const = ™'/ |2[™/2/2" /P, (p/2)T,(n/2).

The derivation of the joint distribution of the latent roots A1, Xz, -+, A, has
been described in detail in A. T. James [6] and Y. Tumura [11].
Now, let

(3.2) i =N/N, i=2 -, p.

Integrating with respect toly , - - - , I, , from (3.1) we havethefollowingformula:

(33)  Const 20 e (Cl =327 )/BICI,) N oty siyool M7
COM) T2 =0T L (Bt T T P=edll;

where A; and 'A; are the same matrices as (2.4). Therefore, using the lemma,
we have the probability element of the largest latent root A,

(IZ™21,((p + 1)/2)/2" T y(n/2))
(34) 227 20 ((pn/2 + E)Tp(n/2, k) /To((n +p + 1)/2, )ENC(—1 37

2k) /2—1
.)“(WH' ) ] dxl X
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As usual, if a is such that the gamma functions are defined, then (a). =
T'»(a, k)/Tp(a). Therefore, (3.4) may be rewritten as
(217" To((p + 1)/2)/2" Ty((n + p + 1)/2))
(3.5) F 20 226 ((pn/2 + B)(n/2)/ (0 4 p + 1)/2)k)C(—327)
.xl(pn-l-Zk) /12—1 d)\l .

Thus we have the following theorem:
TueEOREM. Let U has the Wishart distribution W(p, n, £). Then the distribution
of the largest latent root of the positive definite symmetric matrix U is given by (3.5).
Let £ = Iin (3.1), and using

(3.6) exp (trZ) = 250 2.« C(Z)/k,
we rewrite (3.1) as follows:
(3.7) Const [A|" ™2 exp (=3 trA) [Tici i = N) [TF1dNs.
Using (3.6) again, (3.7) can be rewritten as follows:
(3.8) Const-M™" " exp (—iN)
Dm0 2o [P —30) TTeci O = Ny) TT -1

e 0
A = T
0 A

with A > X > --- > N > 0.
Letl; = Ni/AM,2 =2, .-+, p,in (3.8). Then, using (2.1), from (3.8) we have
the probability element of A; in the null case

(= Tpa((p + 2)/2)/2""T(p/2)Tp(n/2))
(39) Dm0 2 (Tpma((n — 1)/2, k) /Tpa((n + p + 1)/2, )k)C( —3I1)
AR oxp (—N/2) dNy .

This formula has been obtained by the author [10]. And also, by letting £ = I
in (3.4), we have the probability element of A; in the null case

(Tp((p + 1)/2)/2""Ty(n/2))
(3.10) - Dm0 e ((pn/2 + K)Tp(n/2, ) /Tp((n + p + 1)/2, k) C( —3I,)
AR

Therefore, the two expressions of (3.9) and (3.10) are equal. But, direct verifica-
tion of this is left.

where
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