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DIVERGENCE PROPERTIES OF SOME MARTINGALE TRANSFORMS

By Burcess Davis

Rutgers—The State University

A martingale difference sequence d = (d., n = 1) relative to the sequence
(%, k = 0) of o-fields is said to satisfy condition MZ if

@) E@)|Fua) =1 ae foraln
(i) E(|ds| | Faa1) = K a.e.forsome K > 0 and all n.

This definition is due to Richard F. Gundy, who in [3] studies transforms of
martingales with difference sequences d satisfying condition M Z, that is, processes
of the form (3.7 vidi,m = 1,2, ---) wherev = (v;,7 = 1) is a sequence of func-
tions such that v, is §,—1 measurable. v is called a multiplier sequence. Gundy
proves that for such a transform the three sets

A = {lim D7 v; d; exists and is finite}
B = {Zv’ < =}
C = {Evizdiz < o}

are equal with probability 1. Here we prove that, as is known in some special
cases, 4, B, and C are equivalent to the set

DY = {sup D7 vid; < ]}

(and thus also to D™ = {inf > 7 v;d; > — «} ). Thus the sample functions of the
process (37 v; di, n = 1) almost surely either converge or oscillate between
— o and + «. This was conjectured by Gundy in [3]. Y. S. Chow has already
given a partial answer in [2], showing the equivalence of 4, B, C, and |[D| =
{sup [ 2.7 vidi| < }.

The definition of property MZ is extended to finite sequences of martingale
differences in the obvious way. Whenever a statement like (d;, F;, 7 = 1)
satisfies condition MZ is made the Oth o-field required by the definition is to be
taken as {Q, &}. In addition we can and do always assume without loss of gen-
erality that E (d; | $o) = 0 a.e..

Lemma 1. Let e > 0. There is a number 6. = 8.(K) such thatif d = (di, -+, d,)
satisfies (1) and (i) and (v1, -+, v.) = v s a muliiplier sequence such that
POt o8 > €) > ethen

P (supi<e<n IZI; vidd > 8) > 8.

Proor. Suppose this is not true. For ¢ = 1let di = (dij, Fi5, 1 = j £ ny)
be independent martingale difference sequences, that is let Fin;, Fon,, -+ be
independent o-fields, and let (v;;, 1 = 7 =< n;) be associated multiplier sequences
such that for each 7 the conditions of the lemma are satisfied and such that

P(suplgkém ,Z?q Vij dij, > 1/2’.) = 1/2i.
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Let 2, = .1 mi, & = 0. Consider the martingale difference sequence
d = (d.,%.,n = 1) and associated multiplier sequence v’ = (v, 7 = 1) where
dn, = dij, ffn, = 0 (F1ny , Fong, = * 5 Fing » Feitns), and 2),,, = v;, ¢ and j chosen by
therules z; 1 < n < #;,7 = n — 2:1. Then P (D7 v/d/ converges to a finite
limit) = 1, since

P (SUI)k>o ,Ziﬁ-k v;’d," - ZT’ v,-'d,-'l >1 / 2j)
= Z:o=i P<sung§u§z.+1 IZ:';I vildi, - Zf‘=1 Uildi’l > 1/2z+1)
= D imi1 P (SUprgign, | 210 dad > 1/2°) S Doimin 1/2° = 1/27,

However P (2 v/ = «) = 1, since the sets A; = {D_%+1v;* > ¢} are independ-
ent and all have probability exceeding e. This contradicts Gundy’s theorem, prov-
ing Lemma 1. .

In Lemma 1 we add independent martingales and use a divergence result to
show a certain class of martingales cannot be too small. This is in a sense a mir-
ror of an argument used by Burkholder in [1], where he adds independent mar-
tingales in a slightly different way and uses a convergence result to show another
class of martingales cannot be too large.

REMARK. Marcinkiewicz and Zygmund show in [5] that there is a constant
A(K) such thatifd = (di, - - - , d,) is a sequence of independent random variables
of expectation 0 which satisfy (i) and (i) and if (., -, v,) is a sequence of
constants, then E)> .7 dwi = AK)E ((Q_7 dw:)?), implying Lemma 1 in this
special case. However this does not hold in the situation under consideration
here, since random walk R, stopped the first time ¢ it hits —1 or at time =,
whichever comes first, is the transform of the martingale with the first n Rade-
macher functions as differences by the multiplier sequences ([jz<sy, k=1, -+ ,n)
and as n — o, B (Ruinm.n) = ©, B (Ruim.n|) = 2.

LEMMA 2. There s a positive number p. = pe(K) such that if d, v satisfy the
conditions of Lemma 1 and in addition ZI‘ vi £ 2 then P (ZI‘ i di> pe) > pe.

Proor. Let by = D iv:d;. Then (by, 1 < k < n) is a martingale. Let ¢ be
the first k& such that b, = 6c. Then E [b,| = E ([bmiatm,n|) = 8L (sup |bs| > 8.) = 6.
by Lemma 1. Thus E(b,") = 1E(jb.)) = %5, Now E((b,")) = E(b,) =
E(C tvl) < 2. Thusif P (bt > ) < 2, wehaves’ < E(b.") = E (0. T, +52))
+ E (b, T+ <o) Sz + E( (bn+)2)§E I ot >a) )% < 2 + (22)*. This cannot happen
forz < (5./2)°, and thus we can take p. = (5.°/2)°.

LemMA 3. There is a positive number N = \.(K) such that if d = (di, Fs,
1 =7 =< n) satisfies (1) and (ii) and ¢f v is an associated multiplier sequence with
POt o> 1) > ¢ then

P (supi<k<n Z'{ Vidi > Ne) > A

Proor. Let s, = Z’{ v;d;,and for 0 < z < ¢/2let t(x) = ¢ be the first time k&
that D% v& > 2. If P([n)] < 1) = ¢/2 = x, the multiplier sequence = (ux =
v Uelk<tandpp<y, £ = 1, -+, n) satisfies Sul=2, PO ul > x) = ¢/2 > =z,
and thus by Lemma 2, P(sup s& > pz) = PO ur di > 2) > ps.
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On the other hand, let 7 = T, = {|v:| > 1} and suppose P (T') = ¢/2. Then
since v, 7 is F;—; measurable,

E(IT d; sgn vt) = E(Ir sgn sz<dt lfft—l)) =0
E((IT ds sgn 7)t)2) = E(IT dt2) = P<T) =1
E(|I; disgn v]) = E(Iz |di]) = KP(T) 2 Ke/2.

This is the same set of conditions we faced in the proof of Lemma, 2, and as in that
proof we can show, if 8 = (Ke/4)°, that P (Ird; sgn v, > 8) > 8. Thus, since
[v)f > 1lon T, P(dw: > B) = P(jvy| desgnovdr > B) > B.

Now let 2, = 8°/8. Since E(siwy—) = EQ_1"“ " v) £ z, we have using
Chebyshev’s inequality that P (|siwp—1] > B/2) = B/2, so if P(T,,) = ¢/2,
P(sup si > /2) 2 B/2) Z P (Siwy) > B/2) Z P Wiapdimp > B) — P ([Sttwey—]
> B/2) > B — B/2 = B/2. Thus we can take \c = min (ps,, 3/2).

TuEOREM. If d is a martingale difference sequence which satisfies MZ and v s
an associated multiplier sequence the sets A, B, C, D™ are equivalent.

Proor. Clearly A < D*. We will show that B D D*. Suppose d satisfies (i)
and (ii). Pick @ > 0, and let E = {sup p_s0:d: <0, 2.1 vi = o). Assume
P(E) > 0, and let 8 = \p(my2 . Pick 7 so large that there is a set R ¢ &, such that
P(RAE) £8/3,P(RnE) > P(E)/2. Pick ysosmall that P (3 1 v:;d; > v, R)
> P(R) — B/3. Pick j so large that P (3_rt{vs > [(0 — v)/8], R) > P (E)/2.
Then P (Supi<z<j 2 ntivsdi > 6 — v, R) = B as can be seen by applying Lemma 3
to the martingale difference sequence (dnii, Fnyi, 1 < 7 < j) and associated
multiplier sequence (I (B[0 — ¥] ™ )onsi, 1 < ¢ < 7). Hence P (supi 2 sv:d; > 6,
E) 2 P(supigagj 2 ontividi >0 — v, R) — P(Q_iv:di<v,R)—P(RAE)2
B — B/3 — B/3 > 0, contradicting the definition of E. Thus P(E) = 0, and the
theorem is proved.
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