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0. Summary. A conjecture of Hanurav (1968), that subject only to a mild

restriction, any arbitrary estimate is admissible in the class of all unbiased estimates
of its expectation (which is a population function) is shown to be false.

1. Preliminary. U = {uy, u,, -, uy} denotes a finite population. A sample s
means any non-empty subset of U. .S denotes the set of all possible samples s.
A sampling design d is determined by defining on S a probability p;

€)) pis) =0 forall seS, and
Zsesp(s) = l

With each unit u;, i = 1,2, ---, N, is associated a variate value x;- x = (x,, x5,
.-+, xy) denotes a point in the N-dimensional space Ry. Estimates and their admissi-
bility in the unbiased class are defined as follows.

DEFINITION 1.1. An estimate e is a function defined on SXRy, such that for any
s € S, e depends on x through only those x; for which u; € s.

DEerINITION 1.2. For a given sampling design d, an estimate e = {e(s, x)} is an
unbiased estimate of a population function V(x), if

@) Y sespls)-els, x) = V(x), for all x e Ry.

DeriniTION 1.3, For a given sampling design ¢, an unbiased estimate e of a
function V' (x) is admissible in the class of all unbiased estimates of V(x), if there
does not exist any other unbiased estimate e,(s, x) of V(x), such that

3 Yses P(s)e(s, X) = V(X)]* < Y scs p(9)lels, x) =V (X)]?

for all x € Ry and the strict inequality holds in (3) for at least one x € Ry.

2. A conjecture regarding admissibility in the unbiased class. In the following
we take the sampling design d as fixed. For convenience, let S denote the subset
of S consisting of all those samples s for which p(s) > 0. Let g = g(s, x) be any
arbitrary estimate (Definition 1.1). Then g is an unbiased estimate of the population

function
(4) G(X) = ZSES p(S)g(S, X).
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Hanurav (1968) has expressed the conjecture, that if for each se S, g(s, x)
depends on (s, x) fully, i.e. g(s, x) is not independent of any x;, i€ s, then g is
admissible in the class of all unbiased estimates of G(x). We shall show this con-
jecture to be false by constructing a counter-example.

Let & = h(s, x) be an arbitrary estimate (Definition 1.1) such that

©®) Yses P(S)h(s, x) = 0 for all x € Ry, and
(6) h(s,x) # 0 for at least one s € S, for at least one x € R.

Let K = {K(s, x)} be any arbitrary nonnegative estimate, i.e.

@) K(s,x) = 0 for every s € S, and every x € R.
Put

(8) g(s, x) = K(s, x) - h(s, x), and
) e(s, x) = g(s, x)+ah(s,x), where o > 0 is a constant.

Then both g(s, x) and e(s, x) are unbiased estimates of G(x) defined by (4).
The estimate e = {e(s, x)} is inadmissible for G(x) because by (9),
Yses P(s)e(s, X) = GX)P = Y5 P()[g (5, X) = G(X)]?
= o ) o5 POR*(s, X) +200 Y 5 P()h(s, X)[g (s, %) — G (x)]

(10) = a2 Zsegp(s)hz(sa X)+2d ZSES p(S)h(S, x)g(s, X), by (5)
= (xz Zss§ p(S)hz(S, x)+2d Zsesp(s)hz(s, X)K(S, X) by (8)
g OCZ Zseg p(S)hz(S, X) by (7),
2 0;

and by (6) the strict inequality holds in the extreme right-hand side of (10) for at
least one x € Ry.

The estimate e(s, x) in (9) is therefore inadmissible.

Since h(s, x) and K(s, x) are arbitrary subject only to the restrictions in (5),
(6) and (7), they can be so chosen that for each s, e(s, x) depends on all x;, i€,
and further so that G(x) in (4) is not a mere constant but involves all the x;,
i=1,2,--+, N. The following is a simple illustration.

The population consists of three units, U = {uy, u,, u3}; the sampling design
assigns positive probabilities to only three samples s, = (uy, u,); s, = (Uy, U3)
and s3 = (u3, uy); p(sy) = p(sy) = p(s3) = %.

Let h(sy,X) = x;—Xx,; h(s;,X) = x,—x3; and h(s;, X) = x3—x;, so that
Y ses P()A(s, x) = 0 for all x € R;.
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Putting in (8),
K(s,x) =

g(sl’ X) =

g(sb X) =

g(s3, X)

Then
G(x)

Thus G (x) depends on each of x,
e(sy, X) =
e(s,, X) =

and
e(s3, X) =

if

h(s,x) > 0
h(s, x) = 0,
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we have

, X, and x;. Next taking o = 1 in (9), we have

Thus for each s, e(s, x) depends on all the x;, i € 5, but the estimate e = {e(s, x)}
1s inadmissible being inferior in variance to g = {g(s, X)}.
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