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MINIMAL SUFFICIENT ¢-FIELDS AND MINIMAL SUFFICIENT
STATISTICS. TWO COUNTEREXAMPLES

By DIETER LANDERS AND LOTHAR ROGGE
University of Cologne

In this paper there are solved two problems raised by Bahadur (1954)
which concern the relation between the existence of a minimal sufficient
o-field and the existence of a minimal sufficient statistic. Two examples
show that the existence of a minimal sufficient ¢-field is neither necessary
nor sufficient for the existence of a minimal sufficient statistic.

1. Introduction. Let 3 be a family of probability measures (p-measures) on a
o-field .97 over a basic set X. If 4, Be % we write' A ~ B(P)iff P(A A B) =0
for all PeB. If <Zand & are subsystems of % we write <% C Z () iff for
every Be <7 there exists C € € with B ~ C(3). We write &~ & () iff &' C
< (P) and € c Z(P). If P| % is a p-measure, %, a sub-s-field of . and
f: X—> R a P-integrable .%“measurable function, P*of denotes the P|.o7-
equivalence class of conditional expectations of f, relative P|.%7, given .o/, We
write g € 3 of iff g € P of for every P e P. The o-field 7 C & is sufficient
for P| 7iff P~ol, + @ for every 4e.¥. The o-field o7, C & is minimal
sufficient for | o7iff &7 is sufficient for PB|. 7 and ., c V() for every
o-field 7] C % which is sufficient for 3| .97

A statistic T': X — Y is sufficient for | & iff the o-field &7: = T-H(A(Y)) n &
is sufficient for 3| %, where #(Y) denotes the power set of Y. A sufficient
statistic 7: X — Y is minimal sufficient for 3| .97 iff for every sufficient statistic
U: X — Z there exists a function g: Z — Y such that T = g o U P-a.e.

The concepts of minimal sufficient ¢-fields and minimal sufficient statistics were
introduced by Halmos-Savage [4] and Bahadur [1] in 1949 and 1954, respectively.
Both concepts have received considerable attention. The concept of minimal suf-
ficient statistics has a great intuitive appeal but it is more difficult to handle than
the concept of minimal sufficient o-fields. In 1954 Bahadur [1] investigated both
concepts and showed that minimal sufficient ¢-fields exist for dominated families
of p-measures and minimal sufficient statistics exist for separable families of
p-measures. Then Bahadur inquired for the exact relation between the notion
of minimal sufficient statistics and minimal sufficient o-fields; whether, for ex-
ample, the existence of a minimal sufficient o-field always implies the existence
of a minimal sufficient statistic. The paper of Bahadur and Lehmann [2] casts
some light upon this question but the problem remained unsolved. Up to that
time it was not known whether minimal sufficient ¢-fields and minimal sufficient
statistics exist in general. In 1958 Pitcher [5] constructed a family of p-measures
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for which neither a minimal sufficient ¢-field nor a minimal sufficient statistic
did exist. His example, however, did not answer the question whether the ex-
istence of a minimal sufficient o-field always implies the existence of a minimal
sufficient statistic or the converse. The following two examples show that in
general none of these implications is true.

2. Two counterexamples. The following example shows that even for a
dominated family of p-measures a minimal sufficient statistic need not exist.
Consequently the existence of a minimal sufficient ¢-field does not necessarily
imply the existence of a minimal sufficient statistic.

We remark that our example is a slight modification of an example which
was communicated by Savage to Bahadur (see [1] page 441) for showing that
there exist dominated families of p-measures which are not separable. But
neither Savage, nor Bahadur and Lehmann, seem to have realized that this
example can also be used to solve their problem mentioned above.

ExaMPLE 1. Let X = {0, 1}R and %" = X, g %, where %7 is the power set
of {0, 1}. Let P, Q be p-measures on %7, defined by P(1) = 1, Q(0) = Q(1) = }.
Foreachre Rlet P(r)| ¥ = X,cr Q.| %, where Q, = Qfors ++ rand Q, = P.
Let QR|.%7 be the R-fold product measure of Q, and .9 the completion of .&
with respect to QR. As P(r)| % « QR|.% we may extend P(r)| .7 to .57,
reR. Let B|.: = {P(r)| . : re R} U {QR|.o7}. Then |5 is dominated
by OR|.% ¢ B|.7. For each r ¢ R the function 4, : X — IR defined by “&,(x) = 2
if x, = 1 and = 0if x, = 0” is a density of P(r)|.%” with respect to QR|.7.
As o7 is the o-field induced by the family of densities 4,, r € R, .% is minimal
sufficient for 8| % according to [1] page 439. Therefore each o-field which is
sufficient for §3|.7 is QR | o7-equivalent to .%7.

Now we shall show that there exists no minimal sufficient statistic for | .%7.
Assume, conversely, that 7: X — Z is a minimal sufficient statistic for |
Then .57, is sufficient for | % and hence QR|.9-equivalent to .. Therefore
for each r e R there exists Z, C Z such that T-Y(Z,) e % and

(1) T7(Z,) ~ =7 (1)(C%) ,

where 7, denotes the projection of X onto the rth component. It is easy to see
that the system of all .%“measurable sets of positive QR-measure has the same
cardinal number as R. Letr, e R, « < 7, be a well ordering of the real num-
bersand 4, € %7, a < 7, be a well ordering of the sets with positive Q®-measure.

Now we shall construct by induction over a < » elements x, € 4, with
(X0 %7} 0 {x,, %} = @ (a #+ B) and T(x,) # T(%,”), where % is the element
of X, distinguishing from x € X only in the component r,. Assume that x, € 4,
is defined for all « < 8. According to (1) there exists Be .7, Q®(B) = 1, such
that for all xe B

(2) T(x)eZ, if and only if (%) = 1,



MINIMAL SUFFICIENT STATISTICS 2047

Let Bf: = {%': xe B}. Then Bfe.o” and Q%(B’) = 1. Therefore C: = 4, n
BN B e o and Q%(C) > 0 because Q®(4,) > 0. Since C has a cardinal num-
ber greater than that of R there exists x, e C such that {x,, %,/} n {x,, %,°} = @
for all « < §. Since x,e B n B* we have %,/ ¢ B whence (2) implies T(x,) +
T(x,?). As x,e A, this concludes the induction.

Now we shall define a sufficient statistic U: X — X. Let U(x): = xif x # x,,
a <7, and U(x,): = %,% a < 5. Then U (z;) (1)) A n;X(1) = {x,} for each
a <7 As {r;X(1): @ < 7n} generates % and QR®{x,} = 0, we obtain that
U7 ~ 7(QR), whence U is a sufficient statistic for $8|.97. As T is a mini-
mal sufficient statistic for §B|J§?’ there exists 4 e %, Q®(4) = 1, such that
x,ye A and U(x) = U(y) imply T(x) = T(y). By definition of .o/ there exists
a countable R, C {r,: a < 7} such that 4 belongs to the o-field generated by
n, .7, re Ry, say . . Since each .%~measurable set of positive QR-measure
contains uncountably many x,, a < 7, there exists r, ¢ R, such that x, e 4. As
Ae 7, and r, ¢ R, we obtain %,# € 4, too. Since x,, %,’ € 4 and U(x,) = U(x,")
by definition, but T'(x,) # T(%,?) by construction of x,, we obtain a contradiction.

The following example shows that even for a family of p-measures on a count-
ably generated o-field the existence of a minimal sufficient statistic not necessarily
implies the existence of a minimal sufficient s-field.

ExaMPLE 2. Let X: = [0, 1] x [0, 1], & the o-field of all Borel sets of [0, 1]
and <Z'* be the o-field of all Lebesgue-measurable sets of [0, 1]. Let S c [0, 1]
be a set of inner Lebesgue-measure 0 and outer Lebesgue-measure 1. Let T: =
S x [0, 1] and .%7 be the o-field on X generated by <#x <#and T, i.e.,

& ={ANT+BnT: A Be Zx F}.
For each r € [0, 1] let Q,| %7 be the p-measure defined by
Q,(ANT+ BnT)=4XA,) + 34(B,), A, BeBx F

where 4 denotes the L-measure on [0, 1] and 4,: = {se[0, 1]: (s, r) € 4}. Let
P.| %7 be the p-measure with density p,.(s, #): = 2s(s, ¢t € [0, 1]) with respect to
0,| %, re[0,1]. As T is a set of inner measure 0 and outer measure 1 with
respect to 4 x 4| < x <7 the set function P|. %7 defined by

PANT 4+ BnT): =(2x A, A, Be Bx F&
is uniquely determined and a p-measure. Let P: = {P,, Q,: re[0, 1]} U {P}.
We remark that for each C e .o
1) 0,(C) =0 forall re[0, 1] implies P(C) =0 forall PepB.
(i) Now we shall show that 3| %" admits no minimal sufficient ¢-field:

It is easy to see that for each r € [0, 1] the o-field &7, : = {4 e ¥ 4, € Z*}
is sufficient for | .97 and contains all 3| %~null sets. Therefore, if a minimal
sufficient o-field for 3| .o would exist, it is contained in N {7, : r [0, 1]}.

(a) At first we prove that the g-field N {7, : r [0, 1]} is H| . equivalent
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to Z'x & Obviously ZF'x & N {7, re[0, 1]}. Hence it suffices to show
that foreachC: = A n T + Bn Te N{Y,: re[0, 1]} there exists a P-equiva-
lent element of <&'x <&, namely 4 n B. By definition of %, we have C, =
A, 0 S+ B, nSeZ* for each re[0, 1]. Since S is a set of inner A-measure
0 and outer 2-measure 1 we obtain A(C, A 4,) = A(C, A B,) = 0 whence C, ~
(4 n B),(2) for all re[0, 1]. This implies C ~ 4 n B(Q,) for all re[0, 1] and
hence according to (1) C ~ 4 n B(P). This proves (a).

(b) Now we prove that M {7, : r ¢ [0, 1]} contains no sufficient ¢-field for
Bl
Assume conversely that 2 c M {7, : r € [0, 1]} is a sufficient o-field for P | 7"
Hence there exists fe $“17. As by (a) N {7, : re[0, 1]} is P|.o equivalent
to ' x # there exists a &% x <% measurable function g such that f = g P-a.e.
As fe 0,915 and g is &% x <% measurable, we have

2(,) = 0.(0) = 0,(/) = 0AT) = }

forallr €[0, 1]. Hence P(g) = (4 x 4)(g) = } according to the theorem of Fubini.
However [ ¢ P“15 and P(T) = 0 imply g = 0 P-a.e. contradicting P(g) = 1 > 0.
As a minimal sufficient o-field has to be contained in (), .., -, (b) implies (i).

(ii) Now we shall show that the identity /: X — X is a minimal sufficient
statistic for | ¥":

(a) At first we prove that <% x ' c V,(P) for every sufficient statistic
U: X— Z.

It is easy to see that for each r € [0, 1]<Z x <Z is minimal sufficient for B, : =
{P., Q.}. As U is sufficient statistic for L3,, we obtain &' x Z' C ¥ (B,). As
&7, is sufficient for P,: = Y {P,: r €[0, 1]} Lemma 2 implies that <Zx % C
75(%,) and hence by (1), &' x & 7 ,(P). This proves (a).

As X, endowed with the usual topology is a complete separable metric space
with Borel field <& x <% and I is %, <% x <& measurable Lemma 1 implies
according to (a) that 7 = g, o U P-a.e. for each sufficient statistic U with some
appropriate function g,,. This proves (ii).

3. Auxiliary lemmas. In this section we prove two lemmas which are auxiliary
to Example 2.

LEMMA 1. Let 5 be a family of p-measures on a o-field %7 on X. Let Z be a com-
plete separable metric space with Borel field € and f: X — Z be .57, ‘& measurable.
Then for each g: X — Y with & C 7 () there exists a function h: Y — Z such
that f = hog P-a.e.

Proor. Since fis f~'€”, € measurable, [~'€ C % (P) and < is the Borel
field of a complete separable metric space it is easy to see that there exists an
&7, €-measurable function f*: X — Z with f = f* §3-a.e. Hence according to
[3] page 251, there exists a function #: Y — Z such that f* = hog whence

f=hogP-a.e,
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LeEMMA 2. Let B, i€ 1, be families of p-measures on a o-field 7 and P =
U{Bi:iel}. If &, &7 C7 are o-fields such that 7, is sufficient for P| .7
and 7y < () for each i eI then 7y C ().

PRrOOF. Let 4, € .97, be given. Since .97, is sufficient for §3| 97 there exists
feP~il, . Then 4,: = {x: f(x) = 1} € %7,. As by assumption 4, ~ A,(;) for
some 4; € %, wehave 1, =1, = f$P;-a.e., whence 4, ~ 4,(P;). As this holds
for each i e I we obtain 4, ~ A,(P).
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