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ITO FORMULA FOR AN ASYMPTOTICALLY
4-STABLE PROCESS!

By KRrzyszroF BURDZY AND ANDRZEJ MADRECKI

University of Washington and Technical University of Wroctaw

We study an asymptotically 4-stable process. The main result is an Ito
type formula.

1. Introduction. The purpose of this article is to give a rigorous version
of the It6 formula for a stochastic process introduced in mathematical physics
by Madrecki and Rybaczuk (1989, 1993). Our model approaches the equation
d,u = —d*u from a probabilistic point of view by means of a process which is
4-stable in an asymptotic sense. The mathematical foundations of the model
have been laid in our previous article [Burdzy and Madrecki (1995)]. We plan
to develop further elements of stochastic calculus for the asymptotically
4-stable process in a future paper.

The “squared Laplacian” appears in many equations of mathematical
physics. The research presented in Madrecki and Rybaczuk (1993) was
motivated by several concrete examples. Here is a review of two of those
examples.

The first example is concerned with the Hamiltonian in the “momentum
representation”

2
p —ih i ) ,

H=—+V

2m ap

where p represents momentum and m stands for mass. If we consider the
anharmonic oscillator described by

2 2 2

p mw p
H=—+ x% + Axt = — + P(x),
2m

2m 2
with P(x) = Mx% — %) — An*, A <0, n? = mw?/(4)), we obtain an equa-
tion with potential discussed in Vainstein, Zakharov, Novikov and Shifman
(1982).

Another example is provided by a relativistic particle with mass m moving
at high velocity. The relativistic kinetic energy E is given by
_ 2.2 2 4 2 P ’ p’
E pcct + mc mc~2m 8m303+ ,
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where p is momentum, m is mass and c is the speed of light. If the particle is
moving in the potential field V(x), then, retaining the first two terms, we get
1 9t 1 92
= W&_x“ + ﬁﬂ_xz + V(x)
This leads to a Schrodinger equation of the form

dtu(z,t) *u(z,t) du(z,t)
+c +V(z2)u(z,t) = ———.
024 2 022 ( ) ( ) (9t

See Madrecki and Rybaczuk (1993) for more details and bibliography.

This article is part of a larger project which aims at developing a usable
stochastic calculus which may be successfully applied to equations involving
the squared Laplacian in the same way the classical stochastic calculus is
applied to equations involving the classical Laplacian. Next we will review
other attempts at “fourth order” stochastic calculus and point out their
limitations.

There were at least three other attempts at constructing a “4-stable
process” (we use the quotation marks since it is a classical fact that a genuine
4-stable process does not exist). The oldest construction, due to Krylov (1960),
used a signed finitely additive measure with infinite variation on C[O0, 1] as
an analog of the Wiener measure. The model was further developed by
Hochberg (1978), Hochberg and Orsingher (1994) and later by Nishioka
(1985, 1987, 1994) but the finite additivity of the underlying measure put
strong limitations on the model.

Funaki (1979) used a composition of two Brownian motions to represent
some solutions of J,u = du. The idea was developed in a slightly different
direction by Burdzy (1993, 1994) who considered “iterated Brownian motion”
(IBM) but so far there is no stochastic calculus or potential theory for IBM.

Another model, quite similar to ours in many respects, has been recently
proposed by Sainty (1992). However, his Definition 3.1 can only be inter-
preted as that of an n-stable process with homogeneous, independent incre-
ments, which does not exist for n > 2.

One can also approach the problem of “squared Laplacian” probabilisti-
cally without introducing a 4-stable process. Helms (1967) used only standard
Brownian motion in his paper but it seems that his ideas have not been
developed any further.

Our model has been inspired by a sequential approach to distributions
[see, e.g., Antosiewicz, Mikusifski and Sikorski (1973)].

The next section contains a review of the basic definitions and results from
Burdzy and Madrecki (1995). The stochastic integral with respect to an
asymptotically 4-stable process is defined in Section 3. An It6 formula is
proved in Section 4.

Cy

2. An asymptotically 4-stable process: a review. All definitions and
results in this section are taken from Burdzy and Madrecki (1995). The
reader is asked to consult that paper for the proofs. The sets of all natural,
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real and complex numbers will be denoted N, R and C, respectively. It will be
convenient to identify the complex plane C with R? and occasionally switch
from complex notation to vector notation.

Let (Q,%, P) be a probability space. We will concentrate on CN-valued
random variables Z: (Q,%, P) - (CN, #YN), where %~ is the Borel o-algebra
of CN. Clearly, Z is a CN-valued random variable iff Z is a sequence {Z,) of
complex random variables.

If Z ={Z,} is a CN-valued random variable and f is a function defined on
C, then f(Z) will stand for the sequence {f(Z,)}.

DEFINITION 2.1. If Z ={Z,} is a CN-valued random variable on (Q,.7, P)
and lim, _, ,EZ, exists, then the limit will be denoted &Z and called the first
(asymptotic) moment of Z or (asymptotic) expected value of Z. For example,
the kth (asymptotic) moment of Z is given by £Z* = lim EZ* (if the limit
exists).

n—o

DEFINITION 2.2. Suppose that a CN-valued random variable Z = {Z,}
satisfies the following two conditions:

(1) Write Z, = U, + iV, = (U,,V,) and let u, be the distribution of V,.

n’ n

Then w, has a two-sided Laplace transform. That is,

e, (dv) <o
R

for every ¢t €« R and n € N.
(i1) The complex sequence {E exp(i¢Z,)} is convergent.

Then we define the (asymptotic) characteristic function ¢,(¢) = ¢(Z, ) of
Z by the formula

Uy (t) = (Z,t) = &e'” = lim Eexp(itZ,), t<R.
The set of Z satisfying (i) and (i) will be denoted .Z(Q, CN).

Suppose that X and X, are random elements with values in CN. We will
say that X, converges to X in L2 if lim,,  &(X,, — X)? = 0.

The distribution of a CN-valued random variable Z will be denoted 7;
that is %,(B) = P{Z '(B)} for all Borel sets B € CN.

ProposiTiON 2.1. () If ay, a, € R and Z,, Z, are two independent ran-
dom elements from #(Q,CN), then a,Z, + a,Z, also belongs to F#(Q,CN)
and

(o Zy + ayZy, t) = Y(Zy, ayt)h(Zy, ayt)
for t € R. Moreover, §1,(0) =1 for any Z € #(Q,CN). If Z € %(Q,CN) is
such that Z: O — RN, then sup, c gl ()] = 1.

(1) Let X = {X,} be a sequence of real random variables. If the sequence
{X ) tends to Y in the sense of distribution, then ix(t) = Ee''Y; that is, ()
is the characteristic function of Y in the classical sense.
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Proposition 2.1 shows that the (asymptotic) characteristic function ¢, has
properties similar to those of the classical characteristic functions of real-
valued random variables. However, one can show that i, does not deter-
mine .%,.

DEFINITION 2.3. We will say that a CN-valued random variable Z has a
p-stable (asymptotic) distribution with 0 < p < 4 if there exist two complex
numbers m and ¢ and a real number 7 > 0 such that

(2.1) Py (t) = exp(imt + aolt|?’? + [t|”), t €R.

The asymptotic distribution %7 of such Z will be denoted S,(m, o, 7). We
will also write Z ~ S,(m, o, 7).

The set S,(m, o, 7) is nonempty for each p with 0 <p <4 and each
triplet (m, o,7) € C*> X R,.

PROPOSITION 2.2.  Suppose that Z ~ S,(m,, 0y, 7)), Y ~ S, (m,, 0y, 75) and
ay, ay € R IfZ and Y are independent, then

(1 Z + ayY) ~ Sp(aflm1 + aymy, af %o, + af %0, alfr, + ag’TQ).

Proposition 2.2 and (2.1) justify the name “stable distribution” for
S,(m, o, 7) as they show that these distributions have properties similar to
the classical stable distributions. It will be convenient to renormalize the
parameters m, o and 7. Namely, we will write N,(m, o,7) instead of
S,(m,V30/2,7/8). That is, Z ~ N,(m, o, 7) iff

Yy (t) = exp(imt + V3 0t?/2 + 1¢*/8), tEX.

With this normalization of parameters, m and o may be interpreted as the
mean and variance of N,(m, o,7) [see Theorem 2.1(ii) below]. The third
parameter, 7, is normalized to give the simplest form to the statement of the
“central limit theorem” [see Theorem 2.1(iii) below]. The distribution
N,(m, o, 7) may be looked upon as an analog of the normal distribution.

THEOREM 2.1. (1) Assume that Z and Y are independent, Z ~ N,(m,, o,

7, Y ~ N,(m,, 05, 7,) and ay, a, € R. Then
(a1Z + a,Y) ~ N4(a1m1 + aym,, alo, + alo,, ajt, + aé’rz).

(i) Suppose that Z ~ N,(m, o, 7). Then, for each j € N, there exists a
Jj-asymptotic moment &£(Z’) and £Z = m, &(Z — m)? = o and £(Z — m)? —
0)? = 31. Moreover, if m = o = 0, then the jth derivative of y1,(t) at 0 exists
and

¥y(0) = i'&8(Z7).

(iii) (Central limit theorem) Let {Z}: k,n € N} be a family of complex
random variables and let Z" = (Z},Z%,...,Z},...). Assume that, for all
m,n € N: (1) Z™ and Z" have the same asymptotic distribution, that is,
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S =L (2) for a fixed n, the random variables {Z*}, . | are jointly indepen-
dent; (3) the first four asymptotic moments of Z" exist,

g(Z") =&(Z2") =&(Z2")’ =0
and, for some 7> 0 independent of n,
gz =1>0;
(4) the fourth derivatives ¢’(4,g) of the characteristic functions E exp(itZ}}) are
uniformly convergent on some open neighborhood of 0 as k — .

Then
lim ¢ ([Z' + Z% + - +Z"] /n'/*, u) = exp(Tu?/8), u < R;

n—o
that is, the distributions of the normalized sums S, = (Z' + --- +Z™")/n"/*
tend in a very weak sense to the “normal” distribution N(0,0, 7).

In order to define an asymptotically 4-stable process, it will be convenient
to work with a product of two probability spaces (Q, %, P) = (Q,,5, P;) X
(Q,, %, Py). First we define on (Q,, %, P,) a standard Brownian motion {b,:
¢t > 0} and two families {b,"(n): ¢ > 0},., and {b, (n): t > 0},., of processes
which satisfy the following conditions [the space (Q,,%,, P,) has to be
sufficiently rich]:

1. For each n € N, bj(n) = b;(n) = 0 and the processes b"(n) and —b7(n)
have nondecreasing paths, that is, 0 < b;(n) < b,/(n) and b, (n) < b, (n)
<Oforall0<s <t <o,

2. Forall ¢ > 0,

lim (b,"(n) + b, (n)) =b, P,-as.

3. Let b,(n) = b (n) + b, (n). For every pair (n,¢) € N X R, the random
variable b,(n) has a Gaussian density on R.

Here is one way to construct such processes. We will limit ourselves to the
interval [0, 1]. Recall that a Haar function is given by
g(m-1/2 if(k—-1)/2" <7<k/2™,
H(r) =H(m,k,7) ={ -20n=D/2 ifk/om <7< (k+1)/2",
0, otherwise.
Let {H,} be an ordering of all Haar functions for m >0 and k =
1,3,5,...,2™ — 1, such that H(m, k4, - ) comes earlier in the sequence {H,}

than H(m,, k,, ) if m; < m,. Let X, be ii.d. real standard normal random
variables. Let

b(w) = i X,(o)[H(r)dr, 0<t<l.
n=0 0
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Thus defined, b, is a Brownian motion. Let sgn(x) denote the sign of x with
the convention sgn 0 = 0 and let x,(-), y_,(-) be the indicator functions of the
sets {0, 1} and {— 1}, respectively. Then let

2n ,
b/ (n) = kZOXk[Xl(sgn Xk)fomax(Hk(fr),O) dr

+ x_1(sgn Xk)/:min(Hk(fr),O) dfr}

and

b (n) = T X,| x(ogn X,) [min(F1,(r),0) dr
k=0 0

+ x_1(sgn Xk)/:max(Hk(T),O) dr].

These processes satisfy conditions 1 to 3. A typical Brownian path has
unbounded variation and, therefore, it cannot be represented as a sum of two
monotone functions. The functions b, (n) and b, (n) provide an “approximate”
decomposition of this type as they represent the increasing and decreasing
parts of the truncated series in the Haar function representation of Brownian
motion.

We will also need two independent Brownian motions w; = (w/(#): ¢ > 0)
and w; = (w;(¢): t > 0) starting from x € R and defined on (Q,,.7, P;). The
processes wt, w~ and b may be looked upon as three independent processes
defined on the product space (Q,.%, P). A generic element of Q will be
denoted o = (w,, w,).

DEFINITION 2.4. Suppose that a = a; + ia, € C. A CN-valued process {Z?:
t > 0} defined by the formula

Zf(‘”?”) = Zf(wla wzan) = wat(wlab;(w%n)) + iwt;z(wl’ _bti(wzan))

will be called 4-stable motion starting from a.

In the sequel we will write Z instead of Z° and we will call Z the standard
4-stable motion.

Since our probability space is a product space, the expected value func-
tional & for CN-valued random variables may be written as

&Z = lim (E,(E,Z(n))),
where E; is the expected value on the probability space (1 ;.
THEOREM 2.2. The 4-stable motion Z® ={Z?: t = 0} has the following
properties:

(1) For each (¢,n) € R, X N, the function o - Z(w,n) is F-measura-
ble; that is, it is a random variable.
(i) Z§(n) = a a.s.
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(iii) For anyt > s > 0, the CN-valued random variable (Z* — Z%) has the
4-stable asymptotic distribution N,(0,0,t — s).

(iv) For each natural number I € N and every 0 < s < t, the expectation
&(Zo — Z9)! exists. If | is divisible by 4 and [ = 4p, then

£(2¢ - 22)" = (4p = DI(2p — DIt —5)”,

where k!!'=1-3-5----- k. If | is not divisible by 4, then £(Z¢* — Z%)' = 0. In
particular, £(Z¢ — Z2) =0 ifj = 1,2,3 and £(Z¢ — ZH)* = 3(t — s).

(v) For each p € N, for every sequence t, <t, < -+ <t,, for arbitrary
multi-indices a = (ay, ..., ap) € N? and for arbitrary complex numbers c,,
the asymptotic expectation

p .
Z C“E(Zg+l_zg) l

a=(ay,..., Otp)

exists, provided the sum extends over a finite set of multi-indices a.
(vi) The increments of Z* are asymptotically uncorrelated; that is, for
every sequence t, < t; < -+ <t, and each multi-index a = (ay,..., a,),

&

p _ P .
1z, -2z)") - ez, -2)"

(vii) For every B, B, € N and all disjoint intervals (s, t) and (u,v), we
have

g(z: - z2)" (b, - b,)*| =&(2¢ - 22)" & (b, - b,)".

(viii) The pathst —» Z(w,, w,) € CN are continuous, assuming that CN is
endowed with the product topology.
(ix) For each fixed (w4, n) € Q, X N, the stochastic process {Z{(-, wy, n):
t > 0} has independent increments.

3. Stochastic integral with respect to Z. We will continue to work
with the probability space (Q, %, P) = (Q,,5, P;) X (Q,,%,, P,) introduced
in the previous section. Recall the Brownian motion & used in the construc-
tion of Z. From now on, we will use the letter B to denote it; that is,
B,(w) = b(w,) for w = (w;, w,). For notational convenience we will consider
only the process Z starting from 0, that is, Z, = 0.

We will identify the stochastic integral with a sequence of “approximating
sums.” A similar idea has been applied in Hochberg (1978). Consistency
requires that we define in a similar way analogs of the It6 integral with
respect to Brownian motion and the Riemann integral.

DEFINITION 3.1. Suppose that X = {X,(n)} is a CN-valued stochastic pro-
cess. For an interval [a, b] and an integer m > 1, let ti=a +j(b —a)/m.
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2(i) An (asymptotic) stochastic integral of X with respect to Z is a
CN'.valued random variable [?X, dZ, defined by the formula

b m-—1
|['%,dz,)(m.n) = T X,(0)(2, (1) = Z,().
(i) An (asymptotic) Ito integral of X with respect to B is given by
b m—1
(/ X, dBS)(m, n)= Y X,(n)(B,, —B,).
(iii) We define an (asymptotic) Riemann integral [°X, ds by

b—a)m!
Y )

m .

(fabXs ds)(m,n) -

We would like to define an “asymptotic expectation” operator E for the
integrals defined above. Since they are doubly indexed families of random
variables, we have to specify the order in which we pass to the limit. We will
write

E[’X, dZ, = lim ( limE(bes dZs(m,n))),

m — ® n— o
and similarly for the other two integrals.

PropoSITION 3.1. (i) The mapping X — (°X, dZ, is C-linear.

G) If X, = X X, a (1), where [c,d) C [aa, b), the random variable X is
CN-valued and Xic,a) 1S the characteristic function of [c, d), then

(j;les dZs)(m,n) =X(n)(Zy(n) — Z,(n)).

(iii) The mapping X — [°X,dZ, has the following “isometry property” for
any X which is a polynomial in Z:

E(beS dZS)4 =3[ % (X?) ds.

(iv) The asymptotic It6 integral has the classical isometry property for any
X which is a polynomial in Z; that is,

E([:X st)2 = ['#(x?)ds.

a
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Proor. We omit the easy proofs of (i) and (ii).
(ii1)) We have

E(]abX dZs)4 - lirfln(liran(/abXs dZS)(m, n))4

(3.1) = lim | lim & m;o X, (n)(Z, (n) - th(n))))
= lim& 2 X, (n)(Z, (n) - th(n))) :

Since X is a polynomial in Z, the expression

4
S w0z, - 2,m)
may be represented as a ﬁmte sum of terms of the form
[1(2,,.(n) = Z,(m)",

where the product is taken over a finite set of k. If any power r, is less than
4, then

eL1(2,,.(n) = 2,(m) " =

by Theorem 2.2(iv) and (vi). The only terms that may have nonzero expecta-
tion have the form

4
XA (n)(Z,, (n) = Z,(n))
and so (3.1) is equal to
m-—1

lim ;Og((x )'(2,. (1)~ 2Z,(m)).

m

Another application of Theorem 2.2(iv) and (vi) shows that this is equal to

m-—1

lim 'Z g(X )(tj+1 t)_3/ &(X%)ds.

The proof of (iv) is analogous to that of (iii). O
4. Ito formula.
THEOREM 4.1. For all polynomials f and integers p > 1,

E(f(zb) ~f(2) - ['F(2,) dz,

(41) ;
1+ v2i 1
—(+2—)fabf”(zs) dB, ~ 5 ['F9(2,) ds) —o0.
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First we will prove two lemmas. The first one is a generalization of
Theorem 2.2(vi)—(vii).

LeEmMA 4.1. Suppose that «;, B; € N for every j =1,...,r. Assume that
{(s;,t} - ;- , is a family of pazrwzse disjoint intervals. Then

r

o 1_[1 (th - Zsj)aj(Bt_f n st)ﬁj) B Jl:llg((zt.f N ZS_f)aj(Btj N BS.f)Bj)'

Proor. Recall the notation from Section 2. Recall that B, = b, depends
only on w, and that B,(n) converge to B, as n — «. Assume for a moment
that w, is fixed and j # k. Since b* and b~ are monotone, the increments
Z, —Z, and Z, —Z, are functions of increments of w* and w~ over
dlsJomt 1ntervals Hence, they are conditionally independent.

First consider the case when, for every j, a; = 2y; where v, is an integer.
Then the conditional independence discussed above and (4.6) of Burdzy and

Madrecki (1995) give

El( 1‘[1 (z,(n) - Z,(n))"(B, - Bs_i)ﬁ")

j=

T1&[(2,(n) - 2,m)"(8, - B,)"|

1_111 (2y, - 1)!Y(B,(n) — B,(n))"(B, - st)“f.

One can check that these random variables are E,-uniformly integrable by
calculating their higher moments. Thus one can pass to the limit in the
following formula:

“(11(2,-2,)"(8,-8.,)"

(
lim E2(E1( 1‘[ Z,(n) - Z,(n))"(B, - st)‘*"))

n— o J:1

lim E (1‘[ 2y, — 1)11(B,(n) - B,(n))"(B, —st)ﬁf)

n— o j=1

- E2( T2y, - 1B, -B,)"(B, - st)ﬁf)

Jj=1

1‘[1E2[(2yj - 1B, - B,)"(B, - B,)"].
je
If we take r = 1 in this identity, we obtain

g[(ztj - Zsj)aj(Btj N st)Bj] - Ez[(2’yj B 1)”(Btj B st)yj(Btj - st)Bj]
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- st)ﬁf].

-
_ HlEz[(zyj - 1)1(B, - B,)"(B,
ie
The right-hand side of this identity is the same as the right-hand side of the
identity obtained in the previous paragraph. It follows that the left-hand
sides are equal as well and this proves the lemma.
It remains to consider the case when one of the a;’s is not even. In this
case, the product

J'l—ill (th(n) B ZS/( n))aj(Btj B st)ﬁj

contains a factor of the form (w*)* or (w~)!, where either % or [ is odd, and,
therefore, the E,-expectation of the product must be 0. The same remark
applies to a factor on the right-hand side of the equation given in the

statement of the lemma. O

The following lemma is a slight generalization of Lemma 5.1 of Burdzy and
Madrecki (1995).

LEMMA 4.2.  Suppose that B4, B, € N. Then, for s <t,
£[(z, - 2,)"(B, - B)"] = (B./2 + By — DN(t — 5)"/*F/*
if By and B1/2 + By are even. Otherwise the expectation is equal to 0.

Proor. If B; and B,/2 + B, are even, then the result follows from
Lemma 5.1 of Burdzy and Madrecki (1995). It remains to discuss what
happens when one of these conditions is not satisfied.

If B, is even but B,/2 + B, is odd, then the proof of Lemma 5.1 in Burdzy
and Madrecki (1995) shows that

g[(zt - ZS)B1(Bt — Bs)ﬁz] — E,(B, - BS)B1/2+B2.

Since the distribution of B, — B, is centered normal, the expectation is equal
to 0.

If B, is odd, then we argue as in the proof of Lemma 4.1. The expression
(Z(n) — Z(n))P(B, — B,)?> must contain a factor of the form (w*)* or
(w™)’, where either k& or [ is odd, and, therefore, the E,-expectation of this
expression must be 0. When we apply the E,-expectation and pass to « with
n, we obtain 0 for the value of the expectation in the statement of the lemma.

O
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ProoF oF THEOREM 4.1. Fix some interval [a, ] and an integer m > 1.
Let ¢; =a + j(b — a)/m and
Atj=t,,, —t,

J
AB;=B, -B,,
AZ;=Z,  —Z,,

AU = (2, ~ th)z - (L+i/2)(B,,, ~B,),
4
AVvJ = (th+1 - th) - 3(tj+1 - tj)‘
Recall that f is a polynomial and Z, = 0. Let d be the degree of f. We
have

j-1
th = Z (Z;:,H1 - Ztk)
k=0
and

d (k)(th) 5
f(th+1) - f(th) a f/(th) AZJ = ng T(th+1 B th) :

Therefore, (4.1) is a limit of

m f"(th) .
¢ jg‘o 21 [(th+1 h th)2 - (1 + ”/g)(Btjﬂ B Bti)]
f(3)(th)
+ 3! (th+1 - th)3
f(4) Ztv
+ %[(zm ~7,) = 3(tj,, - tj)]
d fo(z, b
+k2 ]Ey J) (th+1 _th)k
=5
(4 2) n f’,(zi;%)(ztml tk))
> 2!
j=0
<|(2,.,-2,) - @ +i2)(B,, -B,)]
@(yJ-1 —
+ £ (Zk=0(§§k+l Ztk)) (th+1 a th)3
rOxizo(2
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The last expression is equal to

gl X (e} {B){})
{a}, {8}, {vj}
(4.3)

N
x ¥ T1(az,)"(au,)"(av,)"|.
ky J=0

where:

@) the first sum is taken over all sequences of integers {a;}, {8}, {y;}
between (and including) 0 and N = pd;
(i) the second sum is taken over a subset (depending on {«a},{ B}, {y,}) of
all sequences k,..., ky of integers between (and including) 0 and m;
(iii) the coefficients c({a;},{ 8}, {y;}) can be equal to 0 for some {e},{ B}, {v;}.

Let us consider the expectation of a single term in (4.3). It follows easily
from Lemma 4.1 that

N

(4.4) g(jl:%(Azkj)a,(AUkj)ﬁj(Aij)W) _ ij)g[(Azkj)aj(AUkj)Bj(Aij)n].

We will analyze expectations of the form %[(Aij)"f(AUkj)BJ’(Aij)VJ’]. First
suppose that y; > 1 and write

@ B; Yi “j B; i1
45) #[(82,)"(aU,)"(av, )] = #[(a2, )" (a0, )" (aV, )" "4V, |.
Observe that (AZ,CJ_)“J'(AUkJ_)BJ‘(AV;CJ_)“/J_1 is a sum of terms of the form
C(Z(tkj+ 1) - Z(tkj))a or C(B(tkj+ 1) - B(tkj))b or C(Z(tkj+ 1) - Z(tkj))a(B(tkj+ 1)
—B(t,,))®, where a and b are integers. Here ¢ may contain the (nonrandom)

factor JAtk_. If a is divisible by 4 and a > 0, then, according to Theorem
2.2(1v),

#|e(2(ti,1) - 2(1,,))" AV, |
- #[el () - 2(n))
(00 = 2(8) = 3000 =0
s - ey(8,)",
where a; = 1 +a/4 > 2. If a > 0 but a is not a multiple of 4, then the same

theorem implies that the expectation in (4.6) is equal to 0. Another applica-
tion of the same theorem shows that & Aij = 0 and so we conclude that the

expectation in (4.6) is equal to 0 if @ = 0. We see that (4.6) holds for all a if
we allow ¢, to be equal to 0.

(4.6)

= ey(Aty, —cy(At, )"

_ c3(Atkj)1+a/4
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A similar argument based on Lemma 4.2 shows that
b
#le(B(t,1) - B(1) 8V, |
b
= g[c(B(tij) - B(t, )

<((2(t1,02) ~ 2(01))" = 301,01 1)

A)1+b/2 _ cz(Atkj)Hb/z _ 03(Atkj)1+b/2 _ CS(Atkj)a2>

J

(4.7)

= cl(Atk

with a;, = 1 + b/2 > 2 provided b is even and greater than 0. Otherwise the
expectation is 0 so (4.7) holds with ¢; = 0.
Finally, we analyze the most complicated case. We observe that

ezt ) - 2(6)) (Bl ) - 3o ) 53,

B g[c(z(tij) N Z(tkj))a(B(tij) B B(tk.f))

b

4
(4.8) X((Z(tkﬁ—l) - Z(tkj)) B 3(tkj+1 B tkf))]
_ CI(Atkj)1+a/4+b/2 _ Cz(Atkj)1+a/4+b/2
_ CS(Atkj)1+a/4+b/2 _ C3(Atkj)a3,

with a; =1+ a/4 + b/2 > 2 assuming «a is divisible by 4 and b is even (see
Lemma 4.2). In other cases the expression is equal to 0.
When we combine (4.6)-(4.8) and assume that y; > 1, (4.5) shows that

«j

(4.9) #[(82,)"(a0,)"(av, )| = c(88,)",

where a, > 2 and ¢ is a constant which may be equal to 0.
Next we assume that y, = 0. Hence, the expectation in (4.5) becomes
g[(Aij)“f(Aka)ﬁf]. Assume first that 8; > 2 and write, as in (4.5),

@j

(1) #[(32,)"(30,)"] - #[(a2,)"(30,)" (80,

If «; =0 and B, — 2 = 0, then we can show just as in the proof of Theorem
5.1 of Burdzy and Madrecki (1995) that

aj

(4.11) #[(82,)"(su,)"] = #[ (a0, )] =0,
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Now suppose that either a; > 0 or 8; — 2 > 0. Then (AZ,QJ,)%(AU,QJ,)EF2 is a
sum of terms of the form c(Aij)“(ABkJ_)b where a and b are integers. We
have

ooz (38,00,

way lm) (B4
: —2(1 + iﬁ)é”[c(Azin)a(ABk.f)b(Aij)z ABk_,]

+(1+V2)'#[e(a2,)"(8B,)" (4B, ).

Since either a or b is greater than 0, Lemma 4.2 and Theorem 2.2(iv) show
that each expectation on the right-hand side of (4.12) is either equal to 0 or is
equal to c(A¢, )" with r > 2. It follows from this and (4.11) that if g; > 2,
then

(4.13) #|(82,)"(a0,)"] = (a1,

with r > 2 and some ¢ which may be equal to 0.
Suppose that B; = 1. Then

@)

#[(82,)"(av, )" ]

(4.14)
- g’[(Azkj)“f(Aijf] -1+ iﬁ)g[(Azkj)% ABkj],
and another application of Lemma 4.2 and Theorem 2.2(iv) shows that the
expectations on the right-hand side are either equal to 0 or equal to c(Atz, )’
with r > 2, provided «; # 2. Thus (4.13) is true also in the case 8, = 1 and
a; # 2.

If B; =1and «; = 2, then

#[(82,)"(s0,)"] = #[(82,) (82, )’]
(4.15)
-(1+ i\/§)%[(AZkJ_)2 ABkj] = c Aty .

By analyzing all possible products in (4.2), we see that we may remove from

formula (4.3) all the products l_[JN= O(Aij)“f(AUkj)BJ(Aij)VJ with y; =0, 8, =1

and «; = 2 unless there is m # j such that y, > 1or ,, > 3, @, # 4.
Finally, assume that both B; and y; are equal to 0. Then Theorem 2.2(iv)

yields
(4.16) £(8Z,)" =c(At,)

for some r > 2 if a; # 4 (c may be equal to 0). If «; = 4, then

a;j

(4.17) &(AZ,) " =cAt,.
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However, if «a; = 4, then we may assume that there exists m # j such that
a,, >3, «a,, # 4. The products which do not satisfy this condition do not
contribute anything to the expectation in (4.2).

Now we combine the estimates contained in (4.9), (4.13) and (4.16) to
obtain

@j B; i r

(4.18) #[(82,)"(a0, )" (8, )| = e(at,)
for some r > 2 unless one of the following conditions is true:

(@) vy, =0, B=1and a; =2, or

() y,=0, B;=0and a; = 4.
If any of these two conditions holds, then
(4.19) g[(Azkj)“’(AUkj)B-f(Aij)V’] = cAty,
and there exists m # j such that
(4.20) #((82,)" (a0, )" (A, )| = e(At,,)",
with r > 2. Hence, in view of (4.3), estimates (4.18)—(4.20) give

y f‘v[(Azkj)a’(AUkj)Bf(Aij)”

By ky J=0

&

II
™
o
=
~~
>
N
o
N
R
P
>
S
_
>
A~
>
=~
_
3

(4.21) = X ll_v[g[(Aij)aj(AUk_,‘)Bj(AVk_,ﬂ)yj]

N
N m -
< Ile; X (a8)7,

where at least one r; is greater than 1. The inequality sign in (4.21) is due to
the fact that the summation in (4.3) is taken over some but not necessarily all
ks between 0 and m. Let A*# = max; At;. Then the right-hand side in (4.21)
is less than or equal to

(b-a)"(&0)”,

with some p > 1 and, therefore,
N

g Z 1_[ (Aij) J(AUkj)Bj(Aij)yj
kyJ=0

converges to 0 as A*¢t — 0. The first sum in (4.3) extends over a finite set of
sequences, so the expectation in (4.3) goes to 0 as A*t — 0. O
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For many functions f, the process f'(B,) is a martingale and then
b
Ef(B,) — Ef(B,) = 5 [ Ef'(B,) ds.

We have the following analog of this identity for the asymptotically 4-stable
process Z.

COROLLARY 4.1. If fis a polynomial, then

Ef(Z,) - Ef(Z,) = +['¥(2,) ds.

Proor. If we apply Theorem 4.1 with p = 1, we see that it will suffice to
show that [°f(Z)dZ,= 0 and [’f"(Z,) dB, = 0. It will be enough to show
that

m-—1
&L f’(XtJ_(n))(thH(n) B th(n)) =0
j=0
and

m-—1
&S F(X,(m)(B,., - B,) =0
j=0
We obtain these identities from the fact that the increments of Z and B are
“asymptotically uncorrelated” [recall that f is a polynomial and use Theorem
2.2(vi) and Lemma 4.1]. O

We owe the following remark to an anonymous referee.

REMARK 4.1. (i) One may consider an asymptotic integral given by
m-—1 3
Y X,(n)(2,, (n) ~ Z,(n))";
j=0

cf. Definition 3.1(3). This integral is analogous to an integral considered by
Hochberg (1978). In a sense, this is “an integral with respect to a process
composed of a 3 /2-stable process and a Brownian motion.”

(i1) It seems that Theorem 4.1 should hold for holomorphic functions.
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