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RATE OF CONVERGENCE OF A PARTICLE METHOD TO THE
SOLUTION OF THE MCKEAN-VLASOV EQUATION

BY FABIO ANTONELLI' AND ARTURO KOHATSU-HIGA?

Universita di Chieti and Universitat Pompeu Fabra

This paper studies the rate of convergence of an appropriate discretiza-
tion scheme of the solution of the McKean—Vlasov equation introduced by
Bossy and Talay. More specifically, we consider approximations of the dis-
tribution and of the density of the solution of the stochastic differential equa-
tion associated to the McKean—Vlasov equation. The scheme adopted here is
a mixed one: Euler—weakly interacting particle system. If # is the number of
weakly interacting particles and /4 is the uniform step in the time discretiza-
tion, we prove that the rate of convergence of the distribution functions of the
approximating sequence in the LY (Q x R) norm is of the order of Ln + h,

N

while for the densities is of the order /& + The rates of convergence

1
JahlA

with respect to the supremum norm are also calculated. This result is obtained
by carefully employing techniques of Malliavin calculus.

1. Introduction. In a series of articles (see [1, 2, 16]), Bossy and Talay
studied the numerical approximation of the solutions to the McKean—Vlasov
equation and to the Burgers equation. The McKean—Vlasov equation is obtained
as the diffusive limit of a particle system, describing the behavior of a high density
gas. Its solution is a probability law density and it can be represented as the law of
the solution of an associated nonlinear stochastic differential equation (for further
details we refer the reader to [4]).

In their paper, Bossy and Talay choose to approximate the McKean—Vlasov
limit by replicating the behavior with a system of n weakly interacting particles,
each following a SDE discretized in time with step 4 € (0, 1]. In [1] it is proved
that when n — oo and & — 0, then the empirical distribution function of these n
particles converges, in a weak sense to be defined later, toward the solution of the
McKean—Vlasov limit with a rate at least of the order ﬁ + V. Through some
simulations it can be clearly seen that the rate in n is optimal but that the rate in &
is probably better than v/A.

In this article, we prove that the rate of convergence of the scheme constructed
by Bossy and Talay is actually at least of the order ﬁ + h, as they also suspected

on the basis of some numerical simulations they ran.
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To make our introduction more precise, we recall that the McKean—Vlasov
equation can be described by means of four Lipschitz kernels a(x, y), b(x, y),
f(x,y) and g(x,y) from R2 to R and of a differential operator, acting on the
probability measures, defined by

2
LGoh(x) = %[b(x, [ g(x,y)du(y)ﬂ B (x)

+alx. [ 1w dum)re.

A family of probability measure {u,};>¢ is said to be the solution of the McKean—
Vlasov equation if it solves

d
(1L1) (e ) = (e, LGuk) ¥ h € CE(R) (compact support). pr—0 = o,

where 1 is an initial probability measure. Applications and a general discussion
about the above equation can be found in Girtner [4]. For example, this kind of
system is the natural limit equation for the theory of propagation of chaos that
allows the interpretation of the above system as the equation satisfied by the limit
of the empirical measure associated with a random particle system with long-range
weak interaction. Applications of this model arise in Newtonian physics, statistical
mechanics, chemical kinetics and segregation problems in biological populations,
among others.

By associating a martingale problem to the operator L, u; can also be
characterized through the stochastic differential equation (SDE),

xo=5+ [Ca(X [ 7)) ds
(1.2)

t
+ /0 b(xs, /R g(Xs,y>dus<y>)de,

where u; denotes the law of the solution X;, while W is a Wiener process on space,
so that the natural filtration generated by W is extended with an initial independent
sigma-algebra g, to make & an Fp-measurable random variable with law 0. As
shown by Gdértner, under appropriate conditions on the coefficients, there exists a
unique strong solution of (1.2), X;, and its law, u; satisfies (1.1).

The SDE (1.2) is sometimes called nonlinear, since its coefficients involve at the
same time X and its law. In [1], it is suggested that the numerical approximation
of (1.2) must act on two levels. On one, the usual time discretization (see [8]) is
needed, based on simulations of the increments of the driving process W. On the
other, it is necessary to use some empirical measure in order to approximate the
measures /s that appear in the coefficients. To this purpose, the simulation scheme
is expanded introducing n independent driving Wiener processes, each generating
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a particle through an equation that approximates (1.2) (for details see Section 3).
These particles, denoted by X, i = 1, ..., n, will interact with each other through
their empirical measure, viewed as an approximation of wy. By some kind of law
of large numbers (or propagation of chaos as it is better known), this interaction
tends to disappear as n — oo.

Bossy and Talay prove that the empirical distribution generated by the X'
converges to the law of X and therefore give a method to approximate the solution
of the McKean—Vlasov equation (1.1). More exactly, denoting with % the time step
and n the number of particles, they prove the following result, which we report here
for the reader’s convenience, since we will refer to it for the purpose of comparison.

THEOREM 1.1. Leta(x,y)=>b(x,y) =y and assume:

(H-1) There exists a strictly positive constant ¢ such that g(x,y) > ¢ > 0,
Y (x,y) € R
(H-2) The functions f and g are uniformly bounded on R?; f is globally Lipschitz
and g has uniformly bounded first partial derivatives.
(H-3) The initial law g satisfies one of the following:
(1) o is a Dirac measure at xy.
(i1) wo has a continuous density pg so that there exist constants M, o > 0,
n > 0 such that po(x) < nexp(—a%) for |x| > M (if n =0, po has
compact support).

Furthermore, if u(t, -) is the distribution function of X, and u(t, -) the empirical

distribution function of the sequence Xf for i =1,...,n, then for any fixed
t€[0,T],

1
(13) Ellu(t, ) =t ) gy gc(ﬁ+ﬁl>_

If we substitute (H2) and (H3) with the stronger conditions:

(H-2') feC;(R?) and g € C}(R?).

(H-3') The initial law uq has a strictly positive density po € C*(R) and there exist
constants M, 1, o > 0 such that po+ | py(x)| 4 |py (x)| <n exp(—(x%)for
lx| > M,

then u; has a density, denoted by p;(-), and

1 & ;
m(-)—;Z«pg(x{ —X)

j=1

14 FE

LY(R)

2
where ¢ (z) = SR/ Tirg%).
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The goal of our work is to prove that the rate in (1.3) is actually ﬁ + h under

conditions comparable to (H1), (H2) and (H3). We will first establish the result for

the densities showing that the optimal rate in (1.4) is at least of the order —— + ,

nh
when & = h, rather than h + \/% +Vh+ 1.

Our efforts clearly drew inspiration from the remarks made by Bossy and
Talay (see [1] and [2]), who gave numerical evidence that suggested the rate of
convergence was faster than what they proved.

Here we are able to achieve this better rate, by using completely different
techniques from those in [1]. Indeed, we carefully employ Malliavin calculus
techniques together with some ideas brought to light in a recent work by Kohatsu
and Ogawa [7]. The drawback of this method is the high degree of smoothness
required on the coefficients of the equation.

Malliavin calculus allows us to establish when the marginal densities of the
solution of a SDE exist and are regular, so it is indeed very apt to deal with
equations whose coefficients involve probability densities. The introduction of
these techniques in this setting enabled us also to weaken slightly the hypotheses
on the coefficients as well as those on the initial density function. We establish this
result in Section 2 and it is adapted from the similar one obtained by Taniguchi
(see [17]), in the study of the smoothness of densities for time dependent systems.

The key idea in the proof of the result is that the coefficients have to
verify the so-called restricted Hormander condition. The main difference between
Taniguchi’s results and ours is that we do not require any boundedness for the
coefficients; indeed, bounded differentiability in all the required derivatives is
sufficient; under hypotheses (HO) of the next section, this property is satisfied by
the coefficients of (1.2) and we can apply our results of existence and smoothness
of the densities to the process under study. Another difference with Taniguchi’s
paper is the introduction of an initial random variable. If we were to use a
uniform restricted Hérmander type condition, as in [17], this difference would be
minor. However, applications force the study of the case when the initial random
variable is supported on the whole real line. Therefore, such a uniform restricted
Hormander condition would be very restrictive. Here we only require some tail
conditions on the initial random variable. In order to carry out the proof in this
case one needs to study carefully the behavior of all the bounds with respect to the
initial random variable.

In Section 3 we study the approximation errors of the particle method used to
approximate the solution of (1.2); this analysis relies on a technique very different
from the one used by Bossy and Talay. We try to separate as much as possible the
effects of the time discretization and the particle method so that one can find the
optimal rate. We believe this to be the main reason why one obtains /% instead
of h in (1.3) (see, e.g., Sections 6 and 7 in [16]). One of the key points to do so is
an approximation method for the solution of the SDE generated by the difference
equation, briefly explained at the end of the proof of Theorem 3.5.
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The basic idea is as follows: consider formally the quantity

E

1 & ;
E(8:(X,)) — - > (X! —x)
j=1

L'(R)

< E@:(X0) = EG: (X))

+E

1 E ;
E(8:(X})) — - > e (X] —x)
j=I1

LY(R)

The second term is about the order ﬁ (some correlation structure between the X/
has to be studied). The first is a term of the same kind that arises in classical
weak approximation procedures, except that in our case discretization both in time
and in space (measure discretization) is used. By analyzing separately the two
discretizations one gets a better rate of convergence.

To carry out this idea is not as easy as explained above. It presents some extra
complications with respect to the classical case of diffusions and it is essential
for our method to work, that we run a separate study of the time and space
discretizations.

The results for approximations of the distribution function of X, are obtained
with similar techniques to those used for the density functions. For this reason we
decided to explain in detail this second case, technically more demanding, and to
sketch the proofs for the first.

We hope the methods exposed here will help develop similar results also for the
Burgers equation and in general for nonlinear equations.

In the area of numerical approximations to nonlinear equations the particle
method is not the only method available to simulate the solution. There are also
other methods that are related to the one presented here (see, e.g., [3, 5, 6, 14]).

The paper is subdivided as follows. In Section 2, we give the preliminary
results that enable concluding the existence and smoothness of the densities of the
solution of (1.2) under restricted Hérmander conditions. Given that the problem
in one dimension simplifies to elliptic conditions we decided to consider the
multidimensional case.

In the rest of the paper we concentrate on the one-dimensional case, the general
multidimensional case being a straightforward generalization. In Section 3 we
establish our approximation results for densities, while in Section 4 we summarize
those and we derive the distribution function case.

We adopt the convention of writing the same letter (usually C) for a constant
even if it changes from line to line. This constant is always independent of 4, n
and the partition of the time interval. Unless otherwise stated we will also assume
without loss of generality that all constants are bigger than 1.
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2. Preliminary results. Let [0, T'] be a finite time interval and (2, &, P)
a complete probability space, where a standard d-dimensional Brownian motion,
W, is defined. We consider the equation in R”",

t t
@l X, =&+ /0 a(Xy, F(Xy: i) ds + /0 b(Xy, G(Xy: o)) dWs,

where F(x; ug) or G(x; us) denote the functions given by [ra ¢(x, y)d s (y)
(¢ = f, g, respectively) and p; indicates the distribution of X.

We are going to study the existence and smoothness of the density of the
solution of (2.1). For ease of writing, we call a(t,x) = a(x, F(x; uy)) and
b(t,x) =b(x, G(x; Ut)), SO we rewrite equation (2.1) as

t d .t
(2.2) Xt:5+/0 c'z(s,XS)ds—i—Z/(; bi(s, Xs) dWE.
k=1
Next, we introduce a series of hypotheses that we need for our goal.

ASSUMPTIONS.

(HO) £ is an Fp-measurable random variable in R”, such that £ € p=1 LP?. The
functions

aR'"xR->R', bR'xR>R'xRY),  fgR'xR'>R

are all smooth with bounded derivatives, we call M the constant dominating
them all.

(H1) There exists an integer mq and a positive constant ¢, which without loss of
generality we assume smaller than 1/2, such that

mo
ZZ(U(O,“;‘),?))ZZC>O a.e. forall n e §" 1,

i=0vel;

where the sets [; are given by Iy = {bi,....,bg}, ..., I, = {[br,v],v €
I,_1,1 <k <d} and [-,-] denotes the Lie bracket. In this context,
the coefficients are to be understood as vector fields, that is by (z,x) =
i b, x) 2
(H2) The functions by are bounded, let us say by the same constant M as in (HO).
(H3) & has a density u for which there exist positive constants 7, «,  and p such
that

ug(x) < nexp(—alxlﬂ) for |x| > p.

From Hypothesis (HO), it is clear that all the derivatives of v € [J/_, I; are
bounded. Without loss of generality we assume that these derivatives are bounded
by the same constant M.
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Hypothesis (H1) is the so-called restricted Hormander condition, as it involves
only the diffusion coefficients. In the one-dimensional case this reduces to
saying that almost surely |b(0,&)] > ¢ > 0, which is very similar to the
corresponding (H-1) in Theorem 1.1, requiring »(0, x) > ¢ > 0, for all x € R.
In the multidimensional case, instead Hypothesis (H1) becomes actually much
weaker than (H-1), as it may involve the brackets of order higher than one,
while (H-1) does not.

Hypothesis (H2) is similar to (H-2") in Theorem 1.1; note that the smoothness in
the coefficients is needed here to allow the study of the smoothness of the density.
Finally, Hypothesis (H3) is slightly weaker than the corresponding (H-3").

Another difference is given by the fact that in Theorem 1.1 all three conditions
are assumed, while we are going to show, by means of Malliavin calculus
techniques, that it is necessary to assume only Hypothesis (H1) and either
Hypothesis (H2) or (H3). Therefore the combination of Hypothesis (H1) and
(H2) give that the restricted Hérmander condition does not have to be necessarily
uniform as is required in (H-1).

Since all the results in the paper rely heavily on Malliavin calculus, we want to
introduce here some of its terminology very briefly.

Ford € N, we denote by C° (R?) the set of C* bounded functions f: R? — R,
with bounded derivatives of all orders and we assume that a d-dimensional Wiener
process is defined on a probability space.

If we denote by S the class of real random variables F' that can be represented
as f(Wy,..., W) forsomeneN,t,...,1, €[0,T]and f € C},X’(R”d), we can

complete this space under the norm || - ||, given by
d oo p/2
|FIY = E(FIP) + (Zl E(/O IDJF| ds) )
]:

where D/ is defined as

. "f ,
DIF=>" T Wiy oo, W) ljo(s)  forj=1,....d,
i=1

obtaining a Banach space, usually indicated by D!”. Analogously, we can
construct the space D¥?, by completing S under the norm

IFl; , =E(F|")
‘ T T d,k 1,k 2 r/
+Zlk+2+;€ E((/O /O Dk DL F] ds1~~~de) )

j=lkit-tka=j

where Di’ll,,,S[F = Dil e DélF. Finally, we denote D> = npzl Mk>1 kP,
The adjoint of the closable unbounded operator D/: D2 C L32(Q) —
L2([0,T] x Q) is usually denoted by §/ and it is called the Skorohod integral.
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The domain of 8/ is the set of all processes u € L*([0, T] x §2) such that
T
’E(/ D,JFutdt)’ <C|Fl, VYFEeS,
0

for some constant C depending possibly on u.
If u € Dom(§/), then &/ (1) is the square integrable random variable determined
by the duality relation

. T .
E(af(u)F):E</ DfFu,dt) vV FeD!2
0

In the multidimensional case we consider § =} 87,
Finally, for a possibly m-dimensional random variable F we denote its
Malliavin covariance matrix by yr and it is defined as

d T ) )
y£k=zf0 DIF'DIF*ds,  hk=1,....m.
j=1

The Malliavin covariance matrix plays a key role when one wants to determine
the existence and the smoothness of the densities of the solutions of stochastic
differential equations. Namely, following [10] (Proposition 2.1.1, page 78), we
have that for any random variable F € (D}éf )™ for some p > 1, if yF is almost
surely invertible, then the law of F is absolutely continuous with respect to
Lebesgue measure. Moreover if F € D2 (and it is one-dimensional) and Y 'DF
is in Dom(§) then F has a continuous and bounded density given by

fx)=E(l{r>x)8(yz ' DF)).

In particular we will use the fact that if /' € D*° and |y, en p>1LP then F has
an infinitely differentiable density (see [10], Corollary 2.1.2).

The above gives birth to a general formula known as the integration by parts
formula. For any two random variables F, G € D, so that |y1:|_1 € Np>1LP and
fe (CZO(]R), the following integration by parts formula holds:

(2.3) E(f™(F)G)= E(f(F)Hu(F,G))  form=>1,
where H,,(F,G)=H(F, H,,_1(F,G)) and

d
H\(F,G)=H(F,G)=) 8 (Gy;'D'F),
i=1

where 8’ denotes the adjoint operator of D',

Moreover following carefully the calculations in [10], page 41, one obtains that
for any p > 1 there existindices , k, [, ¢, q’, depending on m and p and a constant
C=C(m, p,h,k,l) such that

2.4) | Hu(F. G)lp < Cllyg WL IF I, 41 I Gl



SOLUTION OF THE MCKEAN-VLASOV EQUATION 431

One can determine exactly /, k and p. For this see [12].
Having introduced all the necessary terminology we first quote a result from [7]
about existence and integrability of the solution of (2.1).

THEOREM 2.1. Let us assume that (HO) is satisfied; then there is a unique
strong solution of (2.1) such that, for all p > 1,

E(suple|p> < 0.

s<T

Furthermore Xy € D* for all s € [0, T1.

We are now able to state and prove the main result of this section about the
marginal densities of X.

THEOREM 2.2. Assume that Hypotheses (HO) and (H1) are satisfied together
with either Hypotheses (H2) or (H3). Then yy, le p=1L? and X, has a smooth
density.

REMARK. We would like to point out that the restricted Hormander condition
is needed for the densities to be absolutely continuous with respect to Lebesgue
measure when considering time dependent coefficients. It is possible to construct
easy examples where the coefficients of a SDE verify an unrestricted Hormander
condition at all times and points, but for which the Malliavin covariance matrix
associated to the solution is not invertible (see [17]).

PROOF. Our proof is an adaptation of the method used by [17], extended to
the case when the initial point is random and the uniformity on the Hérmander
condition is relaxed. Since the argument is basically the same under either
Hypothesis (H2) or (H3), we prove the result assuming the latter, being the more
difficult one, and we point out the differences with the other case step by step.

In (2.2) the coefficients are time dependent and because of Hypothesis (HO),
they are smooth in space with bounded derivatives (hence they are also globally
Lipschitz) and globally differentiable in time as many times as needed. Indeed, for
t €10, T] and any k,

ab ab
=22
ot ot

On the other hand, applying It6’s lemma to g(x, -), we get

IE(g(x, X))

ab
(v E(gCx, X)) = 5 100 Efgr X)) =

t n .
E(g(x. X)) = E(g(x,8)) + /0 E[Z g (x, X,)a' (r, X»} dr
i=1

¢ n d . .
+ [ E{ 3 g, (50 X0) 3 B X0)B X»} dr
0 k=1

i,j=1
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and hence we obtain
0E(g(x, Xy))
at

n n d

= E|:Z g (x, Xp)a' (t, Xp) + Z 8xix; (X, Xy) Zbi(t, X)bi(t, Xt):|,
i=1 i,j=1 k=1

which is bounded since all the derivatives of the coefficient g are bounded by

M by hypothesis and we can bound E(|a'(r, X,)|) and E(|l;fc(t, X,)l;,i(t, X))

by exploiting the mean value theorem and Hypothesis (HO). For instance, for

E(|a'(r, X,)|) we have

a'(r, X,)| =

a (0 [ S @)

a (%o [ 1 rtan ) =al (5. [ remmon)

(& [, £Evmoan) -a(o. [ oo
)

(0. [, 0. »uotan)|

+

+

< M(1X, — 51+ MIX, &)
[ revman - [ re @)
em(ls+ [ 1£E0) - FOInoy))

+a'(0. [ £O Do)
< MU1X, — €1+ 2M|X, — £]) + M(E| + MIE])

+a (0. [ 50 smotan)|.

Taking expectations, E(|a@’(r, X,)|) is finite. The same argument applies to the
other term.

Of course, the same procedure may be repeated for a and the spatial and time
derivatives of any order, proving the smoothness in time of the coefficients of the
equation. It is exactly this smoothness that allows us, differently from Taniguchi’s
paper, to include in our discussion coefficients that might not be bounded. Without
loss of generality we assume that all the derivatives of @ and b are bounded by the
same constant M.
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Let ¢ denote the derivative of the stochastic flow associated with (2.2) and
¢! the inverse flow, then both sup, _, |¢,(£)| and sup, _, g7 e (Np=1 L” and
we can write the Malliavin derivative as Df X =4(&)¢, L(&)br(s, Xs) (see [10],
page 109), where by D* we are denoting the Malliavin derivative with respect to
the kth component of the Brownian motion.

Since we already noticed that X; € ID°°, to conclude the existence and regularity
of the density, it is enough to check that

|
e L”,

p>1

d t _ _
vy, = [Z 3] /0 ¢ E)bi(s, Xo)bis, Xs)T;(l(é)Tds;“z(é)T}
k=1

where by T we denote the transpose. Using the L” boundedness of ¢ (&) and
Lemma 2.3.1 in [10], this amounts to showing that for all p > 2 there exists go(p)
such that for all ¢ < go(p),

d
(2.5) P(Z /0 e )b (s, Xbe(s, X0)TET ) ds < e) <eP.
k=1

Following [17] or [10], to prove (2.5) it suffices to show that for all # in the unit
ball §"~!,

d
(2.6) P (Z / t(;;I@)Bk(s, X,), n) ds < s) <egP.
k=19

In particular we will prove that for the same mq of Hypothesis (H1), v(mg) =
5 - 4™0 and for any sufficiently large N € N, we have

d 1 1
—1 = 2
P(;\/(; <§v (s)bk(s’XS)v 77) dS < N”(m())> S va(m())'

In order to do so, we fix T € R™ and we divide this probability into two parts,

d o )
P(Z/ (¢, (®)bi(s, Xy),n) ds <s>
k=19

d .
< P(Z/O (67 )b (s, X), n) ds < &, |£] < r) + P(l€] > 1)
k=1

=p1+ p2.

For p, we use Hypothesis (H3), which gives P(|§| > 1) < Cexp(—arﬁ) for
T > p. At the end of the proof, we will specify how to choose 7 to have (2.5)
satisfied. From now on, we assume without loss of generality that M > 1 also is
an upper bound for maxo<;<m,,ver; [V(0,0)]. As for py, we first note that, given
Hypothesis (H1) and |£| < t, one has that for all n € sn—1, ly—& <Rands <R,
mo
33 v, v, n) = (00, &), )| < 4MPR(R + © + Dd™+2n.

i=0vel;
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If we impose 4M2R(R 41 + 1)d"0"?n < 7» then by solving the inequality we get

R<1ET| 14 ¢ 1
< — .
2 AM2ndmo2 (7 + 1)2

Then choosing R = o et Ve have that the inequality is satisfied.
Therefore we have

20 2 3¢
2.7) Y sy = 50

i=0vel;

when |y —&| < Rand s < R.

If we are instead assuming (H2), it is not necessary to split the probability
in (2.6) into two parts and (2.7) holds automatically with R = Wiﬂ"o” which
does not depend on .

Let us define the stopping time

'f{ e[o —1) |X 5|>R 1271(®) 1|>1}AR
=1n : s —&| = —or — 1| == -
N et s 2 Ol 2] "2

There exists an appropriate constant Co > 1 such that for N > max(Cy(t
+1)2/3 713 > min(%, 1)~1/3 we have oy < % and

d ON -
2.8) pr < P(Z /0 (671 E)bis, Xo),n) ds < e, |€] < r).
k=1

Let us remark that by definition of oy, for any g > 1, we have

1 R 1
P(UN<W)§P( sup IXAY—€|25)+P( sup Ig“s_l(é)—llzz)

0<s<1/N3 0<s<1/N3

E i _ &4 q -1 _ 114
< E|l sup |Xs—&7|+29E( sup & () —1]

R 0<s<1/N3 0<s<1/N3

C 1 \4/?
il q
<(r ()
for some constants C; and C;. At this point, let us remark that
d

S e ©bits, X nf = S (67 E)vls, X9 m

k=1 vely

>2

and let us introduce, as in [17], the following sets:

J OoN | 2 d]
Ej(N)= {ZZ[O (& @)vs, Xo) ) ds < N—y} N{lgl <},

i=0vel;



SOLUTION OF THE MCKEAN-VLASOV EQUATION 435

where y; =5 -4mo=J  for J=0,...,mg (note that y; =4y, and yp = v(mop)).
We now chose in (2.6), ¢ = ﬁ; therefore from (2.8) we get

p1 < P(Z /GN(KS_I(S)gk(S, Xs), n)zds < L €] < T) = P(Eo(N))

Yo
ve 0 N

< P(EO(N) N {UN < %}) + P<E0(N) N {GN - %})

mo—1 1
< P(GN < ﬁ) + ]go P<Ej(N)mEj+1(N)cm {JN _ ﬁ})

e (Bwmn fov= 1))

We now prove that the last probability is actually zero. In fact, the Hormander
condition (2.7), gives that on the set {oy = %}, we necessarily have that on

{s <on}, % <lg '@ < % and | X, — &| < g, hence (2.7) holds a.s. with X
in place of y and consequently,

mo

oN 3
Z Z/O <§S_1($)U(S, Xs), n)zds > gCO’N.

i=0 UEI,'

This implies that on the set

1
En(N) N {O’N = m}

mo ON 1 2 dm() 1
=% [T @t X0 0 ds = T on = 5. el < 7
i=0vel;
we have
3 ¢ 0 oN = 5 d4mo
=X X [T e X0 ds < G

i=0vel;

which is clearly not verified, as soon as N > ( 4‘;#)1/ 2,
It remains to analyze the probabilities P(E;(N) N E;j1(N)° N {oy = %}),

j=0,...,mg— 1. On this set, we have
J oN 4 2 d’
Z Z/ (é‘&‘ (S)U(S, XS)’ 7]> dS S ﬁ
i—0vel; 0
and
j+l i+

S X [T v X0 ds > 1

i=0vel;
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Under these conditions we obtain that for N > (2/d)1/ 15
Jj+1

>3 [l @i x0.a ds
i=0vel;
> e @) v(s. X, nf ds
j+1
=Y ¥ [T @ x0
i=0vel;
- Z Zf T ©s, Xo), ) ds
i=0vel;
d/t1 d/ di+!

= NVitl  NVi = INVi+
On the other hand, the cardinality of the set {v € [;,i =0, 1, ..., j} is less than

d’*2 for any j =0, ..., mo; thus at least one of the terms in the above sum must
dit! 1
be greater than or equal to 55— = 5-~= . Moreover
d’ d’ 1

= <
NYi — NYi+1—9+9 — N4Yj+1—9°

if N> d™0 > dJ, for all j. Taking all these remarks into account, we may
conclude that

-1 -
Ej(N)NEj+1(N)° CL_JOULEJI{/O E)v(s, Xy), n) < N 9}
_1 |
2/ b, 165, X)) ds > 5
N{l§l <t}
The coefficients of (2.2) are differentiable in time and space as many times as
needed and consequently so are the vector fields v € I;, i =0, ..., mg. Applying

It6’s lemma and the integration by parts to ¢, 1 (&)v(s, X5) we obtain

¢ (E)vis, Xy)
s 3 13
=006+ ;:1@){3—: #1045 Yl o] }(r, X,)dr

d s B
+ Y [ @b vl X)W,
h=1""9
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Clearly, ZZZI g“r_l (&)[bp, vI(r, X,) is the diffusion coefficient associated to
¢ E)is, Xs).

With considerations similar to those employed before, it is possible to show that
when s <oy and |£| < 7, due to the bounds on R we have for L = 16d™m0t2 )2,

127 )] <32
s — 2’
|bi (s, X)| < M(s + | Xy — £+ €] + (0, 0)])

§M(2R+r+M)§M(%+r+M>.

Similarly we may conclude that there exists a constant A, depending on n, M, my,
c,d,sothat for s <oy and |§]| < T,

d
(2.9) 15 Eves X)L DT ©)ba, vl X)) <A1+ 1)

h=1

forallv e I;, withi =0, ..., mg. In the same way one can treat the drift associated
to ;;1 (&)v(s, Xs). Without loss of generality we assume that it is bounded also by
Al + 7).

If we assume (H2) instead of (H3), this whole argument goes through, with the
only difference that estimate (2.9) is valid independently of 7.

As shown in [17], if we apply Theorem 8.26 of [15] (with R = Qd)~', 0=1,
My = M, = A(1 + 1)), we obtain form = y; 41 > 5,

1
P(Ej(N)ﬂEj_H(N)C,O’N = ﬁ)

J 1
§ZZP<|S|§I’GNZF’

i=0vel;

[ e @t X s < —

- N¥j+1—9’

[ e @)l vl(s, Xo). P :
];/0 (&7 )b, vI(s, Xs), n) S>m

SiZﬁNyf+l_sexp{ N }

T H11 4242 2
Zouel, 2Ud* (1 4+ 1)
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Summarizing, we can conclude for N > max(Co(t + 1 1)2/3 =173, (2/d)“15
dmo/9. (4d’"0)1/2)

_ _ 2 1
P(,; /0 (& ©bi(s, X5),m) ds < NT)

1
<P(él=1)+ P(oN < N3)
mo—1

1
+ > P(Ej(N) NE;+1(N)N {aN = F})

j=0
C, 1 \4/?
< Cexp(— ath) + (R_ + C2>2"(N3>

mo—1 j
dN
+ ) §j§ijV1+l S ex { —}

P 9m%k2(1+r)2

j=0 i=0vel;
B Ci e "
< Cexp(—at”) + (ﬁ + C2)2 (m)
mo—1
) dN
+ dITIV2NYiH S ex {——}
J.; T om2a+ 02

and the result follows by taking t = O(| log((%)q/“)ll/ﬂ), for any ¢ which is
equivalent to taking N big enough when considering N > Co(t + 1)2/3. O

We would like to remark that it is exactly the use of the restricted Hérmander
condition that makes the above theorem true for time dependent coefficients, since
it enables the use of Theorem 8.26 of [15], which involves only the diffusion
coefficients of the process and therefore does not call for an unrestricted condition.
In fact, one can find a counterexample to the general statement of existence of
densities under the general Hormander condition (see page 310 in [17]).

From the previous theorem we know that there exists a unique solution to (2.1)
with smooth density that we denote by p;(x), which we are eventually interested
in approximating. From now on, we restrict to the one-dimensional case. So
n=d=1.

In order to relate the unique solution of (2.1) to the McKean—Vlasov equation
we recall that, under appropriate conditions (see [16] or [1]), the distribution
function of X;, denoted by u(¢, x), satisfies the equation

—(t x)= —a—[bz(x G (x5 Oyu(r, )))—(t x)} —a(x, F(x; ocu(t, )))—(t x),

u(0,x)= P& <x).
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Under the same assumptions of Theorem 2.2 the density function, denoted by
p:(x) = p(¢, x), exists, is regular and satisfies the following nonlinear equation:

o, )—la—zlﬂ G(x; p(t,)))p(t - F(x; p(t,)) p(t, x)
Py , X _28x2[ (x, G(x; p(t,)) p(t, x)] ax[a(x, (x; p(t,9))p(t, )],
u(0, x) = po(x).

Therefore, it becomes of interest to approximate both the distribution and density
function of X; for fixed ¢ > 0.

To do this, in the next section we introduce a particle method described in Bossy
and Talay [1] and [2] and we evaluate the rate of convergence of this method to the
solution.

3. Particle method. In this section we describe the actual particle method that
we use to approximate p;(x). In order to do so, we proceed by the following steps.

1. Approximate the density p;(x) by Gaussian densities; that is,
pi0) = [ 8:0Ip)dy~ [ 1y =00pi(3) dy = E(@ (X, = ).

_ exp(=2°/2h)
where ¢, (z) = N
2. Consider the difference p;(x) — E (¢ (X; — x)).
3. Given a partition 7 = {0 =1ty < t; < --- < t, = T}, which without loss of
generality we assume to be uniform with mesh #; thatis, h = At =t;41 —¢; for

any i, we define the Euler scheme for (2.1) as

Y =Yy +a(Yowy, F Yy vgey)) (= n(@))
+b(Yy1y» GYyay; vy)) (Wi — Wy,

where (1) =sup{t; <t: t; e w}and F (x; vy1) = [g f(x, ) dvye) (), with vy
denoting the distribution of Y.

4. Consider the difference E (¢ (X; — x)) — E(¢p(Yy — x)).

5. Using n one-dimensional independent Brownian motions, Wi, i=1,....n
independent of W, generate n independent copies of the Euler scheme, which
we denote by Y’ and consider the difference,

(3.1)

1 & ;
E(gn (Y =) = — > on(¥/ —x).

j=1
6. Consider the Euler—weakly interacting particle system given by
X; = X + a(Xfy(t)’ F (X5 fine)) (t = (1))

32) i i i i
+ b(X5y 0 G X3 o)) W, = W),
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where
1 n
1 dx) = — 8., (dx).
My (dx) n; Xf,m( X)
7. Consider the difference

- Z (Y —x)— - Z¢h(XJ —x).
] 1 ] 1
A similar procedure is followed to analyze the approximations for distributions
functions, where the role of ¢, is played by its distribution function ®,(x) =
[ 00 ®n(y) dy. Our aim is to show the following result.

THEOREM 3.1. Assume (HO), (H1) and either (H2) or (H3). Then for any
fixedt € (0, T],

(3.3) /RE( )dxfc(h-i-%),

(34)/ ( )dx<c(h+f \/‘21/4>

Furthermore, if we choose n = O(%)k for some k > 0, then for each p > 1, there
exists a positive constant C, independent of h (and n) such that

1 n
u(t, x) — le{x{gx}
]:

n

pi(x) — — Z¢h(ij —x)

] 1

1
69 su((uer = - ou0xd ) 0,1+ )
G6) sk p(x)——Zd)h(Xf—x) <Cp(h+ o2+ =)
| R~ i i)

Before moving toward this goal, we need to mention a result from [7], that
provides an important tool for the subsequent proofs.

LEMMA 3.2 [7]. Let X, and Y; be defined, respectively, by (2.1) and by (3.1)
and let condition (HO) be fulfilled.

Then X;,Y; € D*® for any t € [0, T] and for any n =0, 1, ... and any fixed
q > 1 we have

sup sup |Ds1 T Dsn Xt| + sup sup |Ds1 T Dsn Yt| <C,
$1seesSn <T || t<T 2 Slyeersn <T ||t<T 2
sup  ||sup|Dy, --- Dy, (X, = Y)|| < Chf,
S1yeeerSp <T |[t<T 2

with C a positive constant that depends only on M, g, n and T .
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By virtue of this lemma, we can prove the following result about the Malliavin
variance that, later on, will help us establish the convergence rate of the
approximations toward the solution.

In the rest of the article we will assume that (HO), (H1) are satisfied and that
either one of (H2) or (H3) is satisfied.

LEMMA 3.3. Let v be a constant in [0, 1] and let W denote a Wiener process
independent of W, then for any fixed s, t € (0, T], a € RT and p € N, we have

sup (Y, — X;) +aWsli, < Kivh + Kaa,
vel0,1]
-1

sup sup |y - lp < o0.
hG(O,l]UE[O,l] Xt+V(Yt_Xt)+\/EWS

PROOF. Let us denote by (Q, £, P) the canonical space where W lives and
let us define the Sobolev norms for the product space € x  in the natural manner,
that is to say (having denoted by P’ = P x P and E’' = E x E). Also recall all
the definitions of Sobolev norms given before Theorem 2.1 also apply here with
D' = D and D? = D. We start proving the first inequality.

v (Y: = X)) +aWsll{ , = E'(Iv(Y; = X,) +aWy|?)

T p/2
+E[</ u2|Dr(Y,—X,)|2dr> ]
0
_ T o p/2
+E[(f a2|DrWs|2dr) }
0

<277 WPE(Y, — X,|P) 4+ aP E(|W;|P)]
T p/2
+va[(/ |D, (Y, — X,)|2dr> ] + (a%s5)P/?
0
<COPIIY: = XilIf , +a” W] ).

But Lemma 3.2 gives that

E(sup|¥; — X,|” | + sup E(sup |D, (Y, — X)|" | < Cy ph?/?
t<T r<T t<T
and applying this estimate in the previous inequality, we get

- ﬁ -
W(Y: — X)) +aWsllf , < Ciph? +a? [WslIf

so our inequality is satisfied.
For the second inequality, we subdivide the proof in steps.
Step 1. By Theorem 2.2, we have already proved

(3.7) lyx, 'l < 0.
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Step 2. We want to show

11

(3.8) ”Vx (¥ — Xt)+aWs“” = sa?

By the definition of Malliavin covariance matrix, we have
T ) T,
VXi+v(Yi=Xp)+aWy =f0 D (X; +v(Y; — X0))| dr+/0 a”| D, Ws|*dr

t
=/ |D, X, (1 — v)—i—vDrY,lzdr-i-azs > a’s,
0

which gives (3.8).
Step 3. Let us consider the set A ={lyyx \ vy, _x,)1aW, — VX:| < %|)/Xt|}- We
have

p
(|)/ Xi+v (¥ — X,)—i—aWSl )

|p1A)+E(

P e
(|th+v(Yt X)) +aWy X u v - x| 149)

<2E'(lyx, 1”14) + E' (17 oo oy, 7 149)

1/2
2B Iy 1P10) + P PE (s, P

From (3.8) we know that E/(ly;IJrv(Y |2P)1/2 < 2 , so taking a = Vh
t t—

Xt)"l‘“ Ws
and using (3.7), we can conclude the proof by noticing that

P’ (A ) = 2kE (|)/ | |th+V(Yt —X)+hW, )/thk) = Chk/z’
for any k. Taking k big enough, one obtains the result. [J

In the light of the previous lemma, we can consider the first step of our
approximation procedure and obtain the following.

LEMMA 3.4. With the above notation and the hypotheses of Theorem 3.1, we
have

(3.9) SuP|Pz(x) E(¢n(X; —x))| < Ch,

(3.10) JL1pi) = E(@n(X = )] dx = Ch.

with C independent of h.

PROOF. To evaluate (3.9), as we did in Lemma 3.3 let us consider a Brownian
motion W, independent of the original one and let £’ denote the expectation on the
canonical product space, while D and D are the Malliavin derivatives with respect
to W and W.
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The difference in (3.9) can be written as
pi(x) = E(¢n(X; — ) = pi(x) — E'(8x(X; +h'PW))

= E'[8:(X,) — 8. (X, +h'2W))].

But as X; and X, + 2!/2W, have smooth densities, it is known that Ga(y —x) —>
3x(y) as a — 0, so the last equality leads to

pi) = E(gn(X; =) = lim E'[¢a(X; = x) = $a(X; + W) = 2)]
=~ lim E'[¢, (X, — )h' Wy + 3¢ (& — x)h W]
- lin%)[hl/zE/(db;(Xt —x))E'(Wy)
+LE' (9 — 0)hW)]
= — lim JhE'(¢;/(& —0)WP),

where &; represents a midpoint between X; and X, + h'2W, and we used the
independence between X and W.

We remark that for any smooth function f we may rewrite the mean value
theorem for two random variables M and N as

(3.11) f(M)—f(N):/(;1 f' (M +v(N—M))dv(M — N).
In our case, using Fubini’s theorem, we have
E' (@) — )W) = fo 1 E'(¢)(X; + v/hWy — x)W{)dv.
In our case, applying the integration by parts formula (2.3), we obtain

E'(¢(& —x)WT)

1
:/0 E'(@!(X; +vWhWi —x)W3) dv

1 _ _ -
- / E'(®q(X, +vW/hW1 — x)H3(X, + v/AW; —x, WD) dv,
0

where by ®, we mean the Gaussian distribution function with density ¢,. By
definition, H is independent of x and 0 < &, < 1, so from (2.4) for some constants
k, b, b’, g and g’ we may conclude that

|E' (¢} (& — x)WP)]

1 _ _ _
< /O E'(®u(X, + vWhW — x)|H3(X, + vWhWy, WH)|)dv

1 ’ _
-1 q 1. 114 2
<€ [ vy X0+ VRN 1 W .
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By Theorem 2.1 and Lemma 3.3, ||yX oA, lk < llvy, ||k is bounded uniformly

in v and k. Moreover ||W1 I3y < oo and | X; + vWhW, lap < I Xellap +
lvv/hWy |l4,» and the two terms are bounded, the first because of Lemma 3.2, the
second can be bounded independently of v and #, if we assume without loss of
generality that 2 < 1.

Consequently we may conclude that there exists a constant C independent of #,
a and x such that |E'(¢]/ (& — x)le)| < C, that implies

|pe(x) — E(¢n(X; — x))| < 3Ch,

and concludes the proof of (3.9).
It remains to show inequality (3.10). We have

/Ipt(X) E(¢n(X, —x))|dx

= J e
-3,

h 1 - -
< - lim/ ‘E’(¢g(X,+v«/ﬁW1—x)W12)\dvdx
2 JrRa—0

hm E d)”(é,—x)Wl)

dx

lim E/(/O ol (X, + VW) — x)duW12>

a—0

_Ehn%// |E (o (X, + vWEW) — ) Ho(X, + v/EW;, WD))| dv dx

< 2/ (I H (X, + oAy, W) dv

In order to assure the interchange between the limit and the integral in the fourth
passage, we are going to show that the family of functions is uniformly integrable.
This will conclude the proof of (3.10).

Uniform square integrability suffices, so we want to prove that
1 _ R
sup / / |E'(¢a(X; + vWHW) — x)Ha (X, + v/BW1, WH)|> dv dx < oo,
ae(0,11/RJO

by exploiting the classical estimates on the exponential tails of the Gaussian
density. For fixed K € R™, let us divide the integral into two pieces,

/ =/ +/ —L+D
R {Ix|=<K} {lx|>K}

Using the same proof as for (3.9) we have that SUpge.11 11 < 2KC12. For I, let

us consider A = {|X; + vv/AW,| < %} and let us notice that if we consider the
function W, (x) = —(1 — @4 (x)) 1 (x>0} + Do (x) 1x <0}, then W) (x) = ¢, (x), hence
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by applying the integration by parts, /> can be rewritten as follows:

1 -
12=/ / |E'(Wo (X, +vW/R W —x)
x>k Jo
x H3(X; + v/RWy, WH (14 + 140))|* dvdx
1 _
52/ / |E'(Wa(X, + vV/hW) —x)
x>k Jo
x Hy(X; + vV/hWy, WH1,4)[* dvdx
1 _
+2/ /]E/(\Da(X;+v«/ﬁW1—x)
(lxl=K) Jo

x H3y(X; + v/RWy, WA 140)[* dvdx.

On A we have that | X; + vWhW — x| > %l, thus for |x| large enough, we can use
the estimate

2
W, (X; + vWhW) —x) < exp(—g—a),

so that
1 ht - -
/{l | K}/o |E' (U (X, + vWhW) — x) Hy(X, + v/BWy, WH1,)[* dvdx
x|>

2 1 _ B
5/ exp(—x—>/ E'(IH3(X; + vwWhWy, WD)} dvdx < C < o0
{Ix|>K) 4a ) Jo

Yae(,1]

On A€, it is enough to apply Chebyshev’s inequality to obtain that

1 _ _ _
/ / |E'(Wo (X, + vWAW, — x)H3(X; + VW, WA 14c)[ dv dx
{lx|>K} JO
1 _ _
5/ / E'(IH3(X; + vWhWy, W) [?) P(A€) dv dx
{lx|>K}JO

1 _ _
5/ / E'(|H3(X; + vWhWy, W)
(ix=K) Jo

k

2 _
x WEQX, +vvVEW Y dvdx < C < oo,
X

fork>1andalla e (0,1]. O
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We can now begin the second step of our procedure. This is rather more
complicated than the first and it needs several lemmas for its proof. The
main ingredient is a cumbersome integration by parts result which is given in
Lemma A.1 in the Appendix. The main result for the second step is summarized
as follows.

THEOREM 3.5. Under the same hypotheses as in Theorem 3.1, the following
holds:

(3.12) su}g]E(qﬁh(Xt—x)—th(Y,—x))‘ <Ch

with C independent of h.

PROOF. By the mean value theorem, we have

E(¢n(X; — x) — ¢ (Yr — X))
= E'(¢n2(X; + \/l_quz —x) — ¢npYr + \/l_zﬁfl/z —x))
= E'(¢),2& +VhW1 2 — 1) (X, — Y1),
where é,l is a random midpoint between X; and Y;. We will repeat this procedure
a few times, keeping in mind that the coefficients F and G are smooth as they
inherit this property from the kernels f and g. Therefore the idea is to add and

subtract the proper terms and apply the mean value theorem to each difference in
the expression for X — Y. We obtain

Xo= = [ an € FOX 1) % = 7o)
+ay(Ys, ) F (X ) — F (Vs v9)1} ds
+ fot{ax(;sl, F(Yy; v5))(Yy — Yiy(s))
+ay (Yy(s), ODIF (Ys; v5) — F (V)5 Unis))1) ds
+ [ b (6, G (X 1) (X, — V)
+ by (Y5, MG (Xy: pts) — G (Y vy)]} d Wi
+ fot{bx(;?, G (Ys; v)) (Y5 — Y(s)

+ by (Yy(s), 02)[G (Y v5) — G(Yy(s); n(s))1} d Wy
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with midpoints [intended in the sense of formula (3.11)],
§.60eX Y, &l g el Yyl
ny € [F(Xs; ps); F(Yy3 v9)], 0 € [G(Xy; 115); G (Y5 vp)],
0) € [F(Ys: v0): F(Yyio vgo)] 607 € [G(Ys: 0g); G(Ypgs)s Uyis))],

where we adopted [V'; Z] as standard notation to indicate the interval with random
variables Z, V as endpoints. By adding and subtracting F'(Y;; us) in the second
term of the first time integral, G(Ys; w) in the second term of the first Brownian
integral, and applying once again the mean value theorem to those, we get

t
X, — Y, =/0 [ax (82, F(Xy; is)) +ay(Ys, n) F'(EX; 1) (X5 — Yy) ds
+ /O {ay(Ys. nOIF (Ys: 115) — F(Yy: vs)]) ds

t
+/0 {ax (fsl, F(Yy; Us))(Ys - Yn(s))
+ ay(Yn(s)a QAVI)[F(YS; V) — F(Yn(s); vn(s))]} ds

+ fo [bx(&. G (X 119)) + by Yy, 1) G (65 1) | (X — Ys) AWy
t
+/0 {bY(YSa U%)[G(YW ws) — G(Ys; Us)]} dW;

t
+'/0 {bx(é‘szv G(Ys; Us))(Ys - Yn(s))
+ by (Y(s), 0D[G (Ys: v5) — G (Yy(s); Uns)) 1} d W,
with és“ , éss € [X§; Y;]. For simplicity of notation, from now on we set

oy = [a (€1, F(Xs: 1)) +ay (Vs n)) F' (] )],
Bs = [bx (&7, G(Xy; 15)) + by (Y5, 1HG'(ED; 115)],

Ht :/0 {ay(YS’ ni)[F(YY’ Ms) - F(Ys; Us)]
+ay (V). O)F (Y53 v5) — F (Y53 vps)) 1} ds
t
+ fo by (Y. 1DIG (Y 115) — G (¥ v9)]

+ by (Yy(s), 02)[G (Ys; v5) — G (Yy(s); Vys)) 1) d W,
dKs = ax(é‘sl» F(Yy; vs)) ds +bx(§s2a G(Yy; vs))dWSa Ko =0.
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With this new notation, the above equation becomes
t t
X =Y, = [t = Yads +BoaWo + H+ [ (4 =Yy dK.,

whose explicit solution is given by

t
X, —Y = gt/ 8;1{st + (Yy — Yy5)) dK
(3.13) 0 .
—d[/ ﬁrdW,,H+(Y—Yn)-K] }
0 s

where &; denotes

exp( [ (ay — B2/2)ds + [ t ﬁsdws).

To simplify further and to regroup the terms in ds and dW;, we consider the
process U; = 8t_1(X, — Y;). With a few computations, from the definition of H,
(3.13) can be rewritten as
t
U, =/0 &1 (Y, — Yy [dKs — Bsby (62, G(Yy: vy)) ds]

+ [ 6 a0 D UF (0 1) = F OG5 0)
+ay (Yoes), OOIF (Y53 v5) = F (V)3 vyis)]
— By (by (Y, nDIG (Vs ) — G (Y3 v)]
+ by (Vy(s), OIG (Y 1) = G (Yo nisy)]) s
+ /0 67 by (Vs LG (Vi 1) — G Yy wy)]
+ by (Y, 0)IG (Vs v5) = G (Y3 vy 1} d W
The differences in F and G can be reformulated making use of their respective
kernels. Indeed, if we introduce independent copies of X and Y, say X and Y and

the canonical space (fZ, F , 13) where they live, we can look at those differences in
the following manner:

F(Yg; s) — F(Ysi vg) = E(f (Y, X)) — E(f (Y, ¥y)
= E(fy(Ys.EN(X, — Yy)),
G(Ys: s) — G(Ys: vy) = E (g, (Y. ED)(X — ¥y)),
F (Y v5) — F (Y603 Vo) = E (2 (&) Vo) (Vs = Ygs))

=+ fy(st Esl)(Ys - Yn(s)))»
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G (Ys: v5) — G (Vo) Unes) = E(gx (&), Vo) (Ys — Vi)
+ gy (¥s, cH (Y — Ys)),

where E denotes the expectatlon in (Q F, P) and where we used once agaln the
mean value theorem, with £}, €2 € [X;; Y] and ¢3, ¢2 € [Yy(s): ¥s] and =

[Y ()} Y,]. Similarly, if we take an independent copy of €, say &, the above
equation for Uy is transformed into

t
U, =/ gs_l(Ys - Yn(s))[sz - ﬁsbx(é-sza G(Ys; Us)) ds]

+/ & [ay (Ys. 1D E(fy (Y. ENE,Ty)
— Beby (Y5, ) E (g, (Y5, E)E,Us) ] ds
+ /Ol &1 (Ys = Yy [ay(YVy), O E(f+ (&, Vo))
— Bsby (V). O E (82 (&) Vi) ] ds
+ /0 & [ay(Yos), O E(fy (Y, L) (V) — Y5))
— Bsby (Yo(5), 0D E(8y (Y, ZD (Vi) — Y)) ] ds

+/0 &by (Y, ) E(gy (Y. E1)E,0,) dW,

[ ~ ~
4 /0 €71 by (V) 00)[(Ys — Yo E (e (€4 Fe)

+ E(gy(Ys’ Esz)<?n(s) - ?v))] dWV

We are finally in position to rearrange the terms and obtain a simpler form
for (3.13),

U = /Ot & ay (Y5, ) E(f3 (Y5, E)E:Uy)
(3.14) — Bsby (Ys, 1)) E (2, (Y5, E)E,U,) ] ds
+ /O &by (Yy, ) E gy (Y, EDE, Ty) d W, + /O ‘&7laz,,
where we set
dZs = (Y5 — Yy()) (A ds + Bgd Wy)
+ E((Yy — Yy(5)As) ds + E((Ys — Yy 5)) Bs) dWs,
By = b, (87, G (Y3 v9)) + by (Yis), O E (82 (81, Vi),
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As=ay (§SI7 F(Yy; Us)) + ay(Yn(s)7 QJ)E(fx (;3, ?n(s))) — Bs By,
Bs = by(Yn(s)» 93)gy(Ys, ESZ)’
As = ay(Yn(s)7 Qsl)fy(Ys, Esl) - lgsés'

It is easy to show that (3.14) has a unique solution and that the sequence of iterates
defined as

_ ! —1 g 1 £1
Ui = [ &7 E([ay (e nd) £, B
— Boby(Ys, nD)gy (Yo, EDE i1 (5) ) ds

3.15 t - o~
G-19) + /0 &, by (Ys, N E(gy(Ys, ENEUk—1(s)) dWs + Up(1),

t
Uon) = [ &1 dz,
0

for k=1, ..., converges to the solution (see [7]).
In Lemma B.2 in Appendix B it is proved that there exists a constant R
independent of k, x and ¢ such that

(Rt)/
it

k
(3.16) |E' (¢}, 2 (& + VW12 — 0)EUD) | <h Y
j=1

Then by the dominated convergence theorem, this implies that
|E'($hya& + VW12 = 0)EU D))

= 1lim |E'(¢}, o (& + VEW1 2 — x)&UL(1))| < heRT
k—00
and the theorem is proved. [J

We now want to establish the same result as Theorem 3.5, for the L! norm.

THEOREM 3.6. Under the same hypotheses as Theorem 3.1, the following
inequality holds:

/RIE(th(Xl —x) — ¢p(Y; —x))|dx < Ch,

with C independent of h.

PROOF.  Since the proof is a slight modification of that of Theorem 3.5, we are
going to sketch it only. By following exactly the same steps as before, we have by
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dominated convergence theorem that
LIE@ X =) = ¥, =) ax
_ /R|E/(¢,;/2(s} + W — X)X, — Y)| dx
= A!E/(¢2/z(€;1 +VhW12 = 2)&U;)|dx

— lim / |E' (@), )2&" + VAW ) — 06 UL(D) | dox.
k—>0o0 JR
One starts by dividing the above integral in two regions,
/R(l{mgK} + 1{|x\>K})|E/(¢;l/2(€t1 +VhW1 2 — x)&U(1))| dx.

Interpreting the midpoint & !in the notation of (3.11), from now on, we use the

notation Z;)’W =X, +v(Y; — X;) + \/EWUZ.

For the region |x| < K one uses the previous results. For the complementary
region one uses the result explained in Remark A.2(c) of Appendix A. In fact one
can explain the result in the remark by noting that

_ 2
X
]E/(qﬁ;,/z(Zf’W —x)&Up(1)1p)| < At exp(—ﬂ),

where A is a constant depending on M and T and B = {|Z,”’W — x| > %}.
Similarly, one also obtains that for fixed k € N,

v At
E' (220" = 0)&U(0)15)| < T

Then we may conclude that

/R |E'(@},5&} + VAW — )& Uo(0)| dx < Aht,

with A a constant independent of ¢, i and Uy. We then proceed by induction on k.
That is, using the definition of Uy in (3.15), we arrive at the following inequality:

/R|E’(¢;l/2(g} + VWi — )6 Uk (1)) | dx

a0

E/// |:¢]/1/2(Z;),W o X)
4

dvduyduydx,

X Z Z,i_l(t, s):| ds

i=1
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where, following the same calculation as in the previous lemmas, we set with a
somewhat simplified notation,

Zp oy (t,5) = &8 ay (Y, F/)E(fy(Ys, ZE)EUr—1(s)),
ZE_((t,5) = &8, Bsby(Yy, GP)E(gy(Ys, ZI)E,Ur—1(s)),
ZR_\(t,5) = Ds&8; ' by(Yy, GP)E(gy (Ys, ZI)EUi—1(5)),

ZE (. s) = Dy 2V 6,67 by (Y, GM2) E (g, (Ys, 21 & Uk (5)).

Then for each of the four terms above one has to apply Lemma B.2 in
the case that |x| < K. For the case |x| > K one has to apply the result in
Remark A.2(c) of Appendix A. The proof is complete by checking that the constant
is uniformly bounded, therefore allowing the definition of R as in the proof of
Theorem 3.5. [

We can pass to the next step in our procedure and consider the difference

(e )

where the Y/ are independent copies of Y. By using the strong law of large
numbers we have that the difference converges to zero almost surely as n — oo
for fixed /. Moreover, we can find the rate of convergence in LY(P); in fact,

(Pn(Y; —x)) — — Z dn (Y] —x)

J 1

E(pn(Y; —x)) — — Zash(Yf —Xx)

] 1

1 n .
= ‘; Z[E(qﬁh(Y; — X)) — on(Y/ —x)]’

j=l1

thus, by taking into account the independence of the copies, formula (3.7),
Lemmas 3.2 and 3.3 and the boundedness of ®;,, we obtain

2
1 & ;
EK; D E(@n(Yr —x)) — dn(Y — x)]) }
j=1
1 & E’ Y, W14 —
_22_: (6n (¥, — )2 (Pna( ;:L/nih_n 1/4 — X))
fn|E (Dnsa(Ys +VhWijg — x)H (Y, +VhW 4, 1)
C

YJMfW lallYs + ~RWyjallp <

= Jin f
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for some a, b positive constants and for all x € R. Consequently,

E(¢n(Y; —x)) — — Zash(Yf —x)

j 1

(3.17) supE(
xeR

) i

Also we have, employing the same argument as the one at the end of the proof of
Lemma 3.4,
) dx

/ (
R
~ \2/mhn R RALSS la=x T = «/ﬁn'

Indeed, for fixed K > 0, by integration by parts

/{ » }(E’(¢h/4<Yl + VAW — ) dx

1 & ;
E(gn (Y —x) == n(¥/ =)
(3.18) =l

_/l - <I>h/4(Y;+\/_W1/4—x)H(Y,+\/_W1/4) 1)| 172 dx
.x

5/ E'(\H(Y, +VhWy 4. D)) dx < CK

{Ix|<K?}

for some constant C, by virtue of Lemmas 3.2 and 3.3. Consider the set A =
(1X; + vVhW,| < %l}. Employing considerations analogous to those at the end
of the proof of Lemma 3.4 by the exponential decay of the function Wy, /4(x) =
—(1 = ®p4(x)) 1 x>0y + Ppya(x)l{x<0), we can prove

/ (E"(¢nya(Y; +\/}_1W1/4—x)))1/2dx
{lx|>K}
1 _
S/ / |E' (W) a(Y; + VEW) 4 — x)
{lx|>K} JO

x H(Y; +vVEW14, (14 +140)]?dx < C < o0

and hence we can obtain (3.18).
We are ready to proceed with our last step.

THEOREM 3.7. Under the same hypotheses of Theorem 3.1, for each p > 1,
there exist positive constants C, and C, independent of x, t and h, such that

(3.19) sup E(
xeR

Z dn (Y] —x) — = Z dn(X] —x)

J 1

1
) Phl 1720 Jn
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forn = O(%)kfor some k > 0,

(3.20) ./RE<

PROOF. As usual, by applying the mean value theorem we may write

on (Y] —x) — pu(X) — x) = ¢, (0! — ) (¥} — X)),

)dxfC

1< ; 1 & ; 1
Z Y/ —x)— = (X! - .
nj§:1¢h( ;i —Xx) nj:1¢h( P —X) N

with ,o,j € [Y,j ; X,j ]. Following the same procedure as before, it is clear that the
difference in (3.19) becomes

1 (

—-FE

n :
> E(Igh(of —0lIY! = X)),
j=1

- : : 1
Z[¢h(Y;J —X) —¢h(XtJ —x)]‘) = ;E(
j=1

> (] — 0 — X))
j=1

=

S| =

In the case of (3.20) one can easily see that

1

fRE(Irﬁi,(p;j — Y — X! ))dx = E(/Rﬁmf — xln(p] —x)dx|¥] — X{'l)

2 . .
= |—EQY/ - X]).
wh

In the case of (3.19), with analogous notation as before, for Z;) = (11— v)X,j +
vY,; we have

. . . 1 , . .
(3:21) E(lgy(of —0IIY/! —Xf|)=/0 E(l¢p(Z = 0llY{ — X[ 1) dv.

Therefore, choosing % + é = 1, by Holder’s inequality, the integrand can be
dominated as

(3.22)  E(1¢,(Z)7 —0NY] = X7)) < g (2] =0l 1Y = X 1,

Furthermore, by the properties of the Gaussian density,

| I 1 v y
E(1¢(Z" = 0I") = ——= ——E(Z" = x1P¢np(2)7 — )
mp 1ﬁh3p/2 1/2
1 1

= b2y (y — ) p ()
T T Jy e~ 0

X |y —z—=xPpnppz)dvdu
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[ [ #1200 /i 42)

X |u — v|p¢1/2p(v) dvdu

1
rl’ lfhp 12

1 P . .
< o7 2 Ceit) [l 2p @) p! (Vi +-2)
i=0

where p:’j (u) denotes the density function of Vtv’j = Z,v’j + «/Ah/2pW1. The
proof of (3.19) is finished once we prove that [ |y|p¢1/2p(y)p,v’](\/ﬁy + x)dy

is bounded, for which it is enough to show the boundedness of p;’(y). The
link described at the beginning of Section 2 between the density of a random
variable and its Malliavin derivative (we are now considering the space  x Q
with derivatives D, D) can be applied here and we have that there exist positive
constants a and b such that

(323) p)=E ({V,v.f JHV, 1>)<||y Ml Vi Il < 00,

By definition, it is clear that

4 4 , 4 ho_
Vs < 1¥ 1+ 1X0 = Y s + H‘/—Wl
2p Lb

Since by Lemma 3.2 we know that || Y; J l1,5 1s finite, the whole questlon is reduced
to evaluating ||Y] XJ||b, ||XJ YJ||1 », for b > 1 and ||y oy lla- The first ones

are proved in the next lemma, while the second is shown in Lemma 3.9 (where we
use the hypothesis n = O (5, LYk for some k > 0). Applying these results to (3.21),
(3.22) and (3.23), we obtain our thesis. [

LEMMA 3.8. Forany p > 1, we have

P 1 i 1
E(Y] — x{IMHl/P < cﬁ, 1Y, —xjh,<C—.

Jn

PROOF. We will only prove the first assertion for p = 2. The proofs of the
second inequality and of the general case are similar. The difference Y}/ — X;
verifies the following equation:

+ [ ( n(;)» F(Y O vn(l‘))) (Xi,(;), F(X;(,ﬁ /l,,(;)))](l‘ — (1))

+[B(Y) 0y G(Y iy vn) — b(XE ). G (X3 @) | (W = W, ).
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We want to show that ¥/ — X! is uniformly bounded in the L? norm. In order to
show this, by virtue of the mean value theorem, we linearize the above equation.
From now on, we denote that by Z! =Y* — X,

Zj = Zyy + ax () (0. F Y3 090)) Zyyo) (¢ = 1)

+ ay (X3 Opoy D) (V)3 o) = F (X005 o) (2 = n(0))

+ bx(sw)@ G(Y) 1y ty@)) Zyry (Wi = W, )

+ by(X, ) O D) G Yy vny) = G(X 3 ) J(WE = W),

(3.24)

with 91(;)(1)6[}7( ,,(t)a Un(z)) F(Xn(,)» Mn(z))], 0,7(,) ) elG(Y; ,,(t)a Un(z)) G(Xn(t)’
()] and én(t) (i), En(t) (i) e [Y’(z), n(t)] By recalling the definition of F and G,
and keeping in mind that the copies of X and those of Y are, respectively, identi-
cally distributed, we can write

F (Y} vg) — F (X} )3 fgr))

=fRf(Y,§<,),y)vn<z)(dy) Zf(Xn(,), Xo0)
Z Vi i) = F T Yoo

i J
Z Yiy Yiu) = F Xy X0

1 . ,
] ]
= X;[ W Vi) = f Ty Y]
j=
1 n L 2 . .
N »J J
+E.Zl{fx()\n<z)’ o) Zno + S K M) Zo
J:

with E/ denoting the expectation relative to W/; similarly for the terms in G,

G (Y} (i Vy0) — G(X ot o))

——Z (e(¥) n(z))) 8- Y]

L o ai i o
s J »J J
2 ex s V) Zyo + 8 X 2y Zyo )
=1
3,i

xi ¥ j
where &6, Aoty € [¥] )3 XE o Tand il 2 € [0 X1
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Hence (3.24) becomes

t
i i,i i,j ~J
Zt = [A 0 Zes) +ZA % (v)}

n
+/ [Bnm n(s)+§35{<s) n(S):|dW +/ Cn(s)ds+/()l Ty AWS.
i
where fori, j=1,...,n,
=a, (£ (), F(Y);0)
+ay (X, 0] ()) ( Zf S O fy(X‘ x%)

j=1
Al =ay(Xf,9.1(i))%fy(Xfa)‘.z’j), i #
B = b, (£2(), G(Y]; )

+by(X!,0231)) ( > Y] + gy (X, )f”))k
j=1

B = —by(X/, 62() - —ey(XLAMD), i,
. . 12 . . . . .
Cl=ay(xL.6}0) - Y [E (f(r].¥D) = frl.¥))],
j=1

Ji=b,(x,62(0)) lZ E'(g(Y!,Y])) —g(x], Y]],

3

form the entries of the matrices that we denote by A and B and of the vectors C
and J. So (3.25) can be written in vector form as

t
(3.26) Z/=H+ fo Zy ) ANy,

where we are using * to denote the transpose of a matrix and sti’j = Afv’j ds +
y , ;

By dW] and dH} = (C) g ds + J) o dW{,...,Cl ds + J) dW]). At the

points of the partition, the process Z is given by Z* =Y ! Z{(Ny =N+

H , which has a unique solution ([13], page 271),

lk+1

m—1

Y WUH,(HE = H) — ((H*, N*1y,, — [H*, N*])],

k=0

zZF =U;

tm [/ m
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where U* and (U*)~! are, respectively, the unique solutions of the matrix
equations,

t t
U;‘<:1+/0 Ul dN:,  (UH =1 —/0 (d(N* = [N*, N*]);) (U, .

Let us remark that the entries of the matrices A and B are uniformly bounded;

namely, it is immediate to see that
2

|AM | BY | < M?+M and |AM), IB"J|<7 fori # j.

From (3.25), keeping in mind that (3_7_, x))2<n Y X 2 and Jensen’s inequality,
we get

12
1Z) 56= [ A5 P1Zi P+ 0= 0 1A PiZ) ) P+ 1C P ds
lJ J i
’/ Byyisy Zns) 4Ws

JF
’/ Byt Zas AW ’/ 24 Ws }
J#i

Taking the supremum over [0,?] and the expectation, by employing Doob’s
inequality for martingales we finally obtain

. t .
£ sup 1ZiP) <orE( [ [0+ M2 sup (2P
0<s<t 0 0<r<s

M4
+72 sup |Z]| +|Cl(v)|j| )

j#i 0<r<s

—|—24E</ [(M+1\42)2 sup |Z!?

0<r<s
m* ,
+ — Z sup |Z,{|2 + |Jl(v)|2i| dS)

n ji 0<r<s

summarized into
9; (1) < f (Klﬁ (s) + 7 Zﬁ (s) + K3x; (s)) ds,

JF
where 9; (1) = E(supg<,<, |Zi), xi(s) = E(|J})|* +1Cp ) |*), K3 = 6T + 24,
K> = K3M* and K| = K3(M + M?)2. Gronwall’s inequality then implies

. t 1K .
E| sup |Zi?) <ex KT/E[— sup |Z/?
(p|s|)_ p(K1T) | =D sup |Z/]

0<s<t i 0<r<s

(3.27) + K3(lJ} P+ IC; (s)|2)} ds,

n
(sup |Z!| ><exp(K4T)K5/ ZE(l Lol 1C 1D ds
i=1

0<s<t
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with K4 = exp(K1T)K> and K5 = exp(K;T)K3. Consequently the problem
is reduced to analyzing the vectors C and J. We can evaluate the last two
expectations by the propagation of chaos. We focus our attention only on
E(]|Cy %) (|| - || here means the Euclidean norm), as the other case is similarly
carried out.

Since the sequence Y’ is formed by independent copies of the original
process Y, also the processes f(Y?,Y/) and f(Y!,¥') become conditionally
independent, given Y*, provided j # [, so for each i and each r = 1, the following
inequality is fulfilled:

] 12 ] ) ] ) 2
ay (X0 @0) > S[E (8] = v, £ v |

E(ciP) = E|
=1

M? . o o
= ﬁiZE{ZI[E’(f(Y;,YJ))—f i, v
J>
I<j

x [EN(f (Y], YD) = f (Y], Y,l)]} + 3 Var(f£(Y}, y,f))}

j=1

2
- ﬁzE[E(Z[Ew:, vh) - £ YD)

2
n I
I<j
! iyl i yiv|vi 4m*
X[E (f(Yr’Yr))_f(Yr’Yr)] Yr +T
< EZE{ZE[Ej(f(Yi YH) — f(vL, vH|Y]
— n2 rotr rotr r
il
oy
, : , 4m* am*
><E[El(f(Y;,Yf))—f(Y;,Yf)\Y;]}+ =0+—.
Substituting in (3.27), we finally obtain
n—1 4
. M A A
E(Z sup |Zf|2> <exp(K4T)KsT Y (g1 —ti) — = —ty < —T
i 0=<t<T k=0 n n n

for appropriately chosen constants I', A and, of course, the same inequality holds
for each component.
To prove the second statement, it remains to show that for all j,

E(|DL(Y! — X)H)|*)ds <C—.
;/0 (D3 = xDPyds = -
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Starting again from (3.26), it is possible to show that for each i the matrix process
(Di Z,] )=X {i) (s, t) verifies the linear matrix SDE,
X6y (s.0)=Kgp (s, 1) + /st X&) (s, r)dNG (s, 7).
where the matrices are given by
(AN (s, 7)) ;= DiA dr - for j #1,
(dNG)(s. 7)), = DAY dr + DIBL* awy,
K\ (s.t)=DiHS fork #i,
K{;)(s.0)=DH + (Z;B})".

With computations similar to those shown before, it is possible to deduce an
inequality analogous to (3.27) with the coefficients of K ;) in place of those of H,
from which will follow the result by propagation of chaos and so we conclude the
proof. U]

We would like to remark that when we apply the inequality of Lemma 3.8 to
our terms in Theorem 3.7 we have

n2mh 5 ! ! ~ 2nh Jan T /nh’

giving the right order of convergence.
It remains to check the boundedness of the last factor.

LEMMA 3.9. Let V") = 2" + [ Wi (where 2"/ = (1 = )X + vY{)
andn = 0(%)" for some k > 0; then the following holds:

sup sup |lyill, <oo  forall peNandt e (0,T].
he@,11ve[0,1] Vi

PROOE. Let X/ denote the unigue strong solution to (2.1) when the stochastic
equation is driven by W/. Thatis, X', ..., X" are n independent copies of X. The
proof goes along the same lines of the proof of Lemma 3.3 so we only sketch it.
The three main points that one needs to check in order to prove the boundedness
of the Malliavin covariance matrix are:

(i) supyeqo, 1) 1V =X/ lh.p < C (G + D).
.o _1
(ii) IIJ/}A({- [, <ooforall peN.

(i) [y usllp <Ch™".
t
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The first inequality uses Lemma 3.2 and the same lines of proof as Propo-
sition 4.1 in [7]. The third inequality is direct. The second one was proved in
Lemma 2.2 for the process X, but clearly the same is true for the copies. [

4. Proof of Theorem 3.1. This brief section is intended to gather all the
results that we presented previously and to finally obtain the proof of Theorem 3.1.

The statement of Theorem 3.1 deals with both density and distribution
functions, but as we announced, we focus our attention only on the proof for
the first ones, for which we have laid out all the necessary results. To get the
same conclusion in the case of distributions, the whole procedure should be
reconstructed, but we will just describe it briefly.

For the densities, we first consider the L! norm (3.4):

el )os

/ |pi(x) — E(n(X; — x))| dx

1 ;
pix) =~ > on(X] —x)
j=1

_|_/R|E(¢)h(X, —x) = (¥, —x))|dx
+/‘ |: :|dx
[ [

i| dx
<Cl|h 1
The above bounds follow from Lemma 3.4, Theorem 3.6, (3.18) and Theorem 3.7.
The analogous result (3.6), when adopting the norm of the supremum follows by

applying instead Lemma 3.4, Theorem 3.5, (3.17) and Theorem 3.7.
Consider now the proofs for distribution functions (3.3):

L] Je=

< /R \E(1ix,<x) — 1y, <xp)] dx

+ [ E
R

(Pn(Y: —x)) — — quh(Y’ —Xx)

Zcbh(Yf —x)—— Z¢h(XJ —Xx)

1 n
ult, x) = ,le{x,"sx}
J:

n

1

dx
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1 n
+/RE[ n s Z (X7 <x)

=A|+ Ay + Aj.

J+

Let us consider the quantity A1, for this one has to prove that there exits a positive
constant C independent of ¢ € (0, 1] and 4 such that

|E(1{x,<x} — ®e(x — X1))| < Ce,
|E(CI>€()C — X)) — Pe(x — Yz))| <Ch,
|E(®e(x = Y1) — Lyy,<x))| < Ce.

The first and third assertions are proved by the same argument as in Lemma 3.4
-1 p . Y
[note that we know that sz+J5W1/2 €(p>1 LP(2) by taking v = 0 in Lemma 3.3]
while the second one is proved along the lines of the proof of Theorem 3.5.
The quantity A, can be analyzed in the same way as we showed in (3.18), while

for Az we have
/RE< < ) dx

n
n E(/R“{Y;jfx} = Lixi <l dx)

1 n
§;ZMW x/) <
=1

1 n

1 n
- Lyi<g ™ n Z Lixs
1 j=1

n -
j=

\/_
This completes the proof of (3.3). For (3.5) the proof is similar to that for (3.4). [

5. Conclusions. In this work, we analyzed the rate of convergence of a
particle method introduced by Bossy and Talay in order to approximate the
solution to the McKean—Vlasov equation and we showed that it is faster than the
one obtained in [1]. Besides, the rate of convergence here obtained seems to match
their simulations run in the particular case of the Burgers equation.

We also analyzed the rate of convergence when approximating the marginal
densities of the solution. In order to carry out the necessary calculations we had to
study the existence and smoothness of these densities.

The problem of obtaining the optimal rate of convergence for the Burgers
equations is still open and the authors hope the method developed here might
apply, if properly adapted, also to this case. The rate in (3.3) is definitely optimal.
In the other results the rate is probably not optimal but the authors believe that
a modification of the present technique should give the optimal rate. In this
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presentation we strived for a unified presentation and not for a case-by-case
study.

Some straightforward generalizations of the above results were not included in
our exposition for reasons of space. For instance, it is not difficult to consider the
case when also the initial random variable has to be approximated or when the
measurement of the error is done through the variances [i.e., L?(Q)] rather than
through the expectations. Yet another generalization is to consider approximations
of the type ¢. rather than ¢y,; if ¢ = O(h") for some r > 0 a similar analysis
can be carried out. For r > 1/2 the rates are the same as the ones obtained here.
Otherwise h>" becomes the dominant rate.

The condition that all coefficients of the equation have derivatives bounded
by M can be further weakened if the arguments given here are analyzed closely.
We assumed boundedness to shorten the length of the paper.

Finally we remark that the condition n = O (%)k for some k > 0 in Theorem 3.1
(used to obtain Lemma 3.9) is merely technical rather than restrictive, since k can
be chosen freely.

APPENDIX A

Here we prove an important ingredient of the proofs of Theorems 3.5 and 3.6
which consists of a complex integration by parts formula that measures with some
accuracy the effect of each component.

It looks a little cumbersome, but we need to state it in this generality to be
able to apply it to Lemmas B.1 and B.2, which provide the steps of the induction
invoked in the proof of the main Theorem 3.5. The statement is divided into two
parts, the first regards bounded functions, while the second gives the analogous
estimate for the the approximations ¢y, >, that clearly are not bounded as & — 0.
The second part requires the introduction of yet another independent Brownian
motion to exploit the integration by parts formula.

LEMMA A.1. Let W and W be two independent Brownian motions, so that
(2.1) and (3.1), defining X and Y, are driven by W, while independent copies
of those, X and Y, are driven by W. E" = E x E denotes the expectation on
the canonical product space Q2 X Q. Let V"', Z" be two sequences of processes
adapted to the filtration generated by W, such that
Sn

1/2q
supE'[sup|Dy, -+ D, V'] T < Cy =Cv(D),

Al STyeees sp<T t<T
( ’ ) " h\2q 1724
sup E [sup|DS1--~Dan¢| ] <Cz=Cz(T)
STy Sy <T t<T

for some constants Cy,Cz > 0, some g >4 and foralln=0,1, ..., 4.
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Moreoverleta: R* - R, y: Rt xR* - R, B: R x R® — R be differentiable
real valued functions, for which exist positive constants Cy, Cg, Cy,, such that

@ |0, 1(0, 0)] < Cq,
(A2) supyco.71 185 lloss SUPseo. 77 185 (0, 0)] < Cg,
SUPe(0, 7] 175 lloo. supsco.77 1750, 0) < Cy,

foralli=1,...,4 (f(i) denotes any partial derivatjve orgrder i). o
Then, ifwe set QS = (Q§7 Q?) = ((Xn(s)7 Yn(s)a Xn(s), Yn(s))a (XS7 Y;, X, Ys)),
we have

t S . .
‘E”[Vﬁa@?) /0 gy [ i @haw) dwgz}
n(s
< CyC7C,CyCyChr,

(A.3)

where dWSO =ds, and (W', W% = (W, W), J1, 2 =0,1,2 and C > 0 depends
only on the constant appearing in Lemma 3.2 and it is independent of h and Cy,
Cz,Cq, Cg, Cy.

Let W be a Wiener process independent of W and W and let E"' = E x E x E
denote the expectation in the cross product space supporting all three independent
processes. Let us take a(gg) =u(X;, Y) = ¢}(11/7%(X; +v(Y;— X))+ \/EWI/Q —X),
for p € {0, 1}. Then, if (A.1) holds with q > 32 and B and y verify (A.2) for
i=1,..., p+3,wehave

t s 4 4
‘EW[V/’O{(Q;Z)/O Z?,BS(QS) ( )Vn(r)(gi)dwrlldwsjz}
n(s
< CyCzCgCy,Cht,

(A4)

uniformly for v € [0, 1].

The constant C in (A.4) is not the same as in (A.3) and in (A.4) clearly «

is no longer assumed bounded. From now on, we use the notation zZ/ W=
X +v(Y; — X;) + VhWi .

PROOF. We prove (A.3) only when j; =1, j, = 1, which is computationally
the most cumbersome case; all the others can be treated similarly by applying the
integration by parts one or two times less. Indeed, we have to use integration by
parts one time less each time we have a Lebesgue integral instead of a stochastic
one. Also, when j; = 1 and j, = 2 (or vice versa), which corresponds to double
integrals with respect to the two independent Brownian motions, the procedure
we are going to describe simplifies, as some terms will become zero, because the
processes V" and Z" depend only upon W. To simplify notation, we are going to
omit the arguments of the functions.
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By the integration by parts formula of Malliavin calculus with respect to W, we
have

t N
‘E//|:Vlh05/0 Z?,Bv /( ) Vn(r)dWr de]
n(s

t s
= ‘E”[/ Ds{Vlhoe}ZfﬂS/ Yoy AW, ds]
0 n(s)

t s
= ‘E”[/(; “ Dr[DS{V,ha}Z?,BS]yn(r) dr ds]
n(s

tors
= /0 /( )‘E”[Dr[Ds{V,hoz}Z?,Bs]yn(r)]\ drds.
n(s
It is then clear that to obtain (A.3), it suffices to show that

sup |E"[D,[Ds{V/'a} Z! Blynir ]| < CvCzCaCpC, C,
s€[0,7]
re(n(s),s]

where C is a positive constant that depends only on 7" and the constant appearing
in Lemma 3.2. Applying assumption (A.1) and Holder’s inequality, we get

|E" (DA Ds{ V! @} Z] Bs Vv )|
< E"[|D, Dy(V}' ) Z" B,y
+ | Ds{V/ e} D 22 B vy + | Ds{ V! et} 22 Dy By vy ]
< 1y {1 ZH 14 (1B lall Dy Ds{ VY|4 + 1Dy Bs |4l Ds {V, et} |14)
+ 11D, Z! 1411 Bs lla | D {V, e} 14}

From now on, we denote each component of U by U’ fori =1,...,8. We are
going to analyze each single term. By using assumptions (A.1), (A.2) and Holder’s
inequality, the following hold for any r, s, t € [0, T']:

(A ZMa<Cz,  ID.ZMs<Cy
2 3y u
B lyanlls = |2 —57=0; +||yn<r)<9>||4scy(2 ||U:||4+1);
i=1 t 4 i=1
LI N 8.
(C) 1Bslla < Za UL+ 1BsO)lla < Cp| Y IULIa + 1)
imp 9% 4 im1
B B . .
(D) | DyBslla < a—‘DrUS+—SDrUS6 < Cs(IDr Xslla + | D, Ysla);
x5 dxe 4




466 F. ANTONELLI AND A. KOHATSU-HIGA

IDs(V]a)ll4

4
o .
D, v} (Z U a@)

i=1 !

n( oo do
V, —Dth'i‘EDsYz
2

<
0x1

*|

4 4

8

E .

® ca{nDSV,hns(l +> 01U, ||8) + IV s (I Ds X s + ||Dsz||8>}
i=5

8
<CyCqy [Z 1Uf lIs + 1+ 1I1Ds X lls + IIDsYzIIS}
i=5

I D, Dy {Va} |4

4
o .
< ||DrDsV;h||8<Z B_U’l+4 + IIOl(Q)||8>
i=11 0% 8
T EC N EE
+ID V8| Y — DU + 11DV 1| — Dy Uf
._ 3)6,' - axi
i=1 8 i=1 8
h 0%a i+4 7y i+
Vs | Y T —DUTDU;
(F) i,j=1,2 OXi0Xj 8

o .
+ — D, D, U
”i,gzaxi T

| J

< cvca{z |U!|Is + 14 2(I1Ds U |Is + | DsUL|Ig)
i=5

2
+ (IDsU 116 + IDsULl16)” + | D, DsUP s + | D, DSUL s -

By virtue of all the previous estimates and using Lemma 3.2, we may conclude
that X and Y together with their Malliavin derivatives are bounded in the L” norms
(p < 16) uniformly in ¢, let us say by a common constant C, so we finally get

sup |E"[Dy[Ds(V{'a) Z{ Bslynn |
s€[0,1]
ren(s),s]

<CyCzCuCpCy(4C + 1 (BC + 1)(4C? +20C +2).

To prove the second result in the statement, we restrict to the case j; = 2,
j2 =1 (also to deal with a different case). Even if we do not have uniform
bounds on the derivatives of «, a double application of integration by parts will
help us. Again, by integration by parts, the problem is reduced to showing that

|E’”[l~)r{DS[VIh¢}(l’/’%(Z;)’W — x)]Zfﬂs}Vn(r)]l is bounded uniformly in s, » and v.
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Carrying out the calculations, we get
BV D DotV (2 =0zt s )|
< |E" 0452 — 0 DV 2L D)

1 T T ~
+E" (g5 20 — 0D 2} v VI 2 D, B4

= |E"[®np(Z)"Y — ) Hpi1 (20, ND)|

+ |E"[@nn(Z)Y — ) Hpia(ZPY, NP

where N! and N? are obviously defined through the above equation. By
applying (2.4) to the above terms we may conclude that for g3 > 4,

|E"[DADV A (2 — 20 B Yynn)|

-1 ym V,W myp 1
SCer1||)/Ztv,vg,||q1 1Z: " 1 pia.go IV T pt1.43

—1 n v,W n 2
+Cp+2||yzu_wl|d11 1Z: " 3.0, 1Nl p2,ds s
t

but || VZ_VIW g |l VZ_VIW ll4, are bounded by virtue of Lemma 3.3. Moreover, we know
t t

W . .
that || Z/ lp+3,90 < 1Xellp43.90 + Y2l pa3,90 < +00 and the increasingness of

the Sobolev norms implies that also the term || Z, W | p+2,4, 18 bounded.

It remains to evaluate || N'|| p+1,q; and | N 2 p+2,d5- We will show the bounded-
ness only of the first term, as the proof is the same for both.

If we apply Holder’s inequality for Sobolev norms, we obtain

1 horh 7
IN ||p+1,q3 = ”)/n(r)Ds Vl Zs Drﬁsl|p+l,q3
h h ~
< Va) lp+1,6, IDs V2 pr 1,65 1 Z5 | p41,65 1 D Bs L p-1,64

< CvCzllvyr)ll p1.6 1DrBs |l p41,64»

where % + bl—z + % + ,71—4 = q% (this is the reason why one requires ¢ > 32 in the
statement). On the other hand, it is easy to prove that, if f is a smooth function
with its derivatives and | f(0)| all bounded by a constant A and G is a random
variable, then

1f(G)lp+1.9g = AANG p+1,ng;

for appropriate A and n. Consequently, in our case we have

”yn(r)”p—l—l,bl = AIC)/(”Xn(r)”p—l—l,nbl + ||Yn(r)||p+1,nb1),
1Dy Bsll p+1.65 < A2Cpp(C),
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for some fixed polynomial function p, constants A1, A, and integers m, n, which
concludes the proof. [J

REMARK A.2.

(a) The same technique applies also to prove

- t .
E@yz” —ovl [ zipaw))

t
<p(OCVCy [ Cz)ds,
0
j=0,1,p=0,1

for some properly chosen polynomial p, when B depends only on X, Y and
verifies (A.2). Here Cz(s) stands for the bound in (A.1) where instead of 7' one
has s, for s € [0, T']. For example, when the inner integral is stochastic, we have

= t
@’ - [ Zipaw)

l‘ —
—1 ymyy 7. Wma hoh
< /0 [ 022 15 g, 1DV 25 Bl

+ ”VZ_,JW 02 102 0, I D ZE Y V) Z2 Bl py.as  ds
and we may proceed as before.

(b) The previous lemma holds even when o is a smooth random function
independent of W, W, with the bounds in (A.2) holding for every w. In this case,
the same proof goes through, since the Malliavin derivatives of « do not intervene
in the computation; only the spatial ones intervene. Therefore the right-hand side
of (A.3) will yield a random function bounded by the same constant uniformly
in w.

(c) Combining the above proof with the end of the proof of Lemma 3.4, under
similar conditions to (A.4), one can obtain that for any k € N and |x| > K for a
positive constant K,

t N ) )
‘E///I:Vtha(gtz)/(; Zﬁ‘ﬂs(Qs)/( ) yn(r)(gbdwrjl dejz]
n(s

2
X 1
<CyCzCgC,Cht - — ).
< cveresC,cn (=33 ) + 1)
(d) Finally, we remark that one might assume a lower degree of integrability
in (A.1), if one chooses to penalize the other terms more when applying Holder’s
inequality.
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APPENDIX B

In order to prove (3.16), we proceed by induction, the first step being carried out
in the next lemma and the general case in Lemma B.2. Here we use the notation
established before Theorem 3.5.

LEMMA B.1. Let éll be a random point between X, and Y; in the sense
of (3.11) and Uy(t) = fé 8;1 dZ. Then there exists a deterministic constant A
depending on M, but independent of t, x, Uy, such that the following hold:

B |E' (¢}, )2 (& + VRW1 2 — )& Uo(1))| < Ath,
|E (X, ¥1)&Up(t))| < Ath.

Here u: Q x R?> — R is any smooth random measurable Junction with its first
four derivatives bounded by M uniformly in 2, independent of W. (X, Y, U) is an
independent copy of (X, Y, U).

PROOF. Recalling the definition of Z, we can rewrite

|E/(¢)l/1/2(€t1 + VWi — )& Uy ()|
- t
= ‘E/[%/z@zl +~VhWip —x)gz/o & (Ys — Yy(s) As

+ E((?v - ?W(S))AS)}dsiI

_ t
+ ‘E/[@,/z@,l N _x)gt/O &, (Yy — Yy(s)) By

+ E((?v - ?n(s))és)}de}

The four terms in the above expression are qualitatively very similar (due to the
hypotheses on the coefficients) and they differ basically only in the integrators.
We show inequality (B.1) only for the fourth one; this is the most complicated
term since it contains both Brownian motions. The proof of all the other terms
runs along similar lines. As an independent copy of ¥, ¥ must verify an analogous
equation,

?S - ?)7(‘?) = a(?n(s)y F(?n(s); Un(s)))(s - ﬂ(S))
+b(Yy(s), G (F5); V() Ws — Wics)),

so substituting the latter in the fourth term of the previous inequality, this term
becomes
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(OGN
& /O t 8;1E[1§sa(17,7(s), F(Yy(s): Unes))) /n () dr] dWS)
+ (6}, + Vi = )
X /Ot S;IE[BSI)(?W(S)» G(?n(w Un(S))) /77;) dWr] dWs).

Again we look only at the last term, as the other can be treated similarly. As
we already mentioned, the midpoint &' is to be understood in the sense of

expression (3.11), so recalling the definition of z""  under the expectation E"’
on  x Q x Q (therefore E” = E’ x E), we have

’ 1 / U,W
E A bppp(Z" —x)dvé;
t . - ~
x/(; gs_lE[Bsb(Yn(s)vG(Yfl(S);UU(S)))
n
_ ! 11 / U,W
= ) E ¢h/2(Z[ _-x)gl

t L . s -
xfo S‘V_IBsb(Yn(s),G(Yn(s);vn(s)))/ dWrdWs> dv,
S

’ dW,} dWS>
(B.2) 5)

and we are in condition to apply Lemma A.1. If we recall the definition of B and
we translate the midpoints 92 and g“s appearing there in the notation (3.11), we
obtain that this last term can be actually expressed as

| 1 B (61027 08 [ 61,y 6218, (1, B
x /S b(Yy(s), G (X(s)3 vy(s))) AWy dW)CI
[ L o
X /0 g! by (Yn(s), (1 — &)G (Yy(s)s Vnis)) + G (Ys; vy))
x gy (Ys, (1 = ) ¥y() + 1Y)
x /S b5, G Frisy: vis))) dW,dWs] dydedv.

1(s)
Indeed, by virtue of Hypothesis (HO), the functions

y<x1>=b(x1, /R g(xl,z>dvn<s)),
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ﬂ(X1,Xz,X3,X4)=by<X1,(1—8)/Rg(m,z)dvn(s>+8/Rg(x1,z)dvs>

x gy(x3, (1 — p)xz + pxa),

respectively, applied to Yy, (5) and (Y (s), Yn(s), Y, ?s), verify condition (A.2). They
are differentiable four times and the derivative of order i of each of them is
bounded by C; = 220+D M2(+2) i the worst of cases. Besides, & and its inverse
are solutions to SDEs with coefficients with bounded spatial derivatives. Therefore
it is not difficult to prove that they satisfy forn =0, 1,...,4 and g € N (see [10],
Theorem 2.2.2),

sup E[sup |Dy, --- Dy, 8,|2‘1]
(BS) S1yeeesSp <T t<T
+ Supsl,...,sngT E[SungT |Ds1 o Ds,, gt_l |2q] = C,

for some positive constant C independent of 4 which without loss of generality we
assume is the same as the one appearing in Lemma 3.2.

So we can take Z! = &7, V' = &, p=1, y and B as above, satisfying (A.1)
and (A.2). From here, we conclude that (B.2) is bounded by some constant A > 0
and

‘El<¢},/z(%}l + \/}_lWI/Z —x)&

t N
X / 8s_1E|:BSb(Y77(S)’ G(Yy(s)s Un(s))) /( dWr] dW;) < Ajth.
Repeating the same argument with all the other terms, we can find a proper con-
stant A such that the thesis is satisfied. The proof for the case |E (u(Xy, Y, Xo, Y,)
& Uo(t))l < Ath is similar. Indeed, as before, we may decompose & Uo(t) into its
integral terms and apply the first part of Lemma A.1 with a uniformly bounded
smooth random function, as we observed in Remark A.2(b). [

We now prove the second step of the induction in the lemma that follows.
LEMMA B.2. There exists a constant R > 0, independent of t, h, x and k such

that

k+1 (Rt)
E'(@h)0(&! +VhW1 )2 — )& U (D) < h Y

j=1

k+1
B, P0ET ) <h Y. (R”

j=1

Here u: Q x R?> — R is any smooth random measurable function with its first four
derivatives bounded by M uniformly in Q.
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PROOF. We proceed by induction. Having proved the case & = 0 in the
previous lemma, let us assume the result true for k and prove it for k + 1. From the
proof we will determine the constant R. Using (3.15), we have

|E' (¢h2(& +VEW1 2 — )& Uii1(1)))]

< |E(¢h & +VEW1 2 — )& Us(1)))|
+ ‘El<¢},/z(%}l +VEW 2 — )&

[ ad ~ ~ ~
X /(; gs_lE(ay(YSv nsl)fy(Ys, fsl)gsUk(S)) dS)

+ ‘E((ﬁ}l/z(‘é} + \/EWUZ —x)&

x fo 6V E(Bby (Y, n?)gyws,éf)ésﬁk(s))ds)

+ ‘El<¢;l/2(‘§tl + \/EWUZ —x)&

X/(; gs_lby(YSaUE)E(gy(Ys»ész)ésl}k(s))dws)

By the previous lemma, the first term in the right-hand side of the inequality is
certainly less than or equal to Aht; hence let us focus our attention on the other
two terms.

First we rewrite the above inequality, by using the midpoint notation (3.11), for

Bs> &‘sl, SS, Sf, r;sl, and r;sz, so we have

|E' (¢}, )2 (& + VW12 — x) & Uit1 (1))

1 rl
§Aht+//
o Jo

E/((ﬁ;l/z(z;)’w —x)&

x / L6 ay (Y, FOE(fy (Y, EDG, Uk<s>)ds) dedv
0

Lk

= t
E (012" —006 [ 670,20 G (X))

x by(Yy, GE)E (gy(Ys, £2) & Ui (s)) ds) drdedv
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! ! ! / / v, W ! —152 & /
[ [ e (sp@” —ns [ 670 6o6 @t

X E(gy(Ys, gf)ésﬁk(s)) ds) d\dedv

ok

E/((ﬁ;l/z(z;)’w —x)&

t ~ ~ ~ ~
x [ 671y, G By (5, EDE D) W, ) | e,
0

where we set F{ = (1 — &) F(Xg; ug) + eF (Y5 v5), G5 = (1 — e)G(Xy; ug) +
eG(Yg:vg) and Zh = X, + A(Y; — X;), forO< A, v, e < 1.
Let us notice that the functions

B1 (x5, x6) =ay(x6, (1—¢) /R Frs. 2 dy(2) + 6 /R f<x6,z>dvs<z>),
Ba (x5, x6) =by(x6, (1—¢) /R (x5, 2) dps(2) + ¢ fR g(xé,z)dvs<z>),
Ba(xs, x6) = by ((1 — 2)xs + Axe, fR g(xs5.2) dus(z)>,

Ba(xs, x) = fR g0 (1= )xs + Axe, 2) diss (2),

Bs(xs, x6) = Ba (x5, x6) B3 (x5, X6) + B3 (X5, X6) Ba (x5, Xp),

all have derivatives up to order 4, uniformly bounded by a fixed constant depending
on M, that we will denote with Cy,.

We now want to apply Remark A.2(a), taking Vth =&, Zﬁ’ = SS_IE(fy(YS, ésl)
x&;Ux(s)) or ZI' = &7 E(gy (Y5, EHEUi(s)) and Bs(x1, ..., xg) = Bi(x1,X2),
i=1,2,5, so we have to verify that the hypotheses of Lemma A.1 are satisfied.
We have to find a bound for IIZ? lln,q» for g large enough and n < 4. For this, first
note that & and &, ! verify (B.3), in the sense of Sobolev norms with respect only
to W, just as in Remark A.2(a).

Using the usual midpoint notation, our task is made equivalent to finding a
bound for (&7 E (uy(Ys, Z)EUk(5))lln.q> Where Z¥ = X, + ©(¥, — X,) for
0 <7 <l and u is either f or g. Itis important to observe that in this case u (Y, -)
is a smooth random function independent of Uy and of t € [0, 1].

By Holder’s inequality we have for n <4,

|65 E(uy (Y, ZDEUK() |,y < NE ln gy | By (Y5, ZDETR())],

< Ci]| E(uy(Ys, ZDHEUi(s))|

n,qz’
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with — q1 + 5= q. For example, consider the case when n = 2. We derive our
estimate only in this case, to keep the computations more understandable. For
n =3, 4 it is just a matter of considering also the Malliavin derivatives of order 3
and 4. By differentiating we obtain

Dy E(uy(Ys, ZHEU(s)) = Dy Yy E (uyy (Ys, ZD)EUk(s)),
Dy Dy E(uy(Yy, ZD)EUk(s)) = Dy Dy Yy E (yex (Ys, Z1)EUi(s))
and consequently we have that
| E(uy (Y, ZDE:Ti()) 52,

< E(|E(uy (Y, ZD)E,Ux(5))| )

E
[( 1D, Y5 P|E (uy (Y, ZD)EUn(s)) | dr

T T - o ) q2/2
[0 [ 1D DR E a4 ZDE D) duar )|

But uy(Yy, -) and uy., (Y;, -) have derivatives uniformly bounded by M for all w;
therefore we see that the inductive hypotheses can be applied to conclude that

k+1( t) o
‘ ( 85 Or Q@ =Uy, Uyx, Uyxx,
j=1
which implies

k+1 k+1 ~
(R S) (Rs)/
| E(uy (Y, ZDEUk()) |5,y <h D 1+ 1Y ll2,4,) <Ch Y T

Jj=1 : j=1 :

because of Lemma 3.2. Summarizing, it is possible to find a constant C,
independent of all the parameters, that depends polynomially on the constants M,
T and the constant C in Lemma 3.2 such that

~ ~ ¢ k+1
[E/(9},2(6! + VW12 = )& Uiia(0)| = Aht + € [

j=1

k+1 i1
(Rt)
<h<Rt+Z( +1>')

choosing R > max(A, cCy).
Similarly as in Lemma B.1 one may prove that for a random function,
independent of W u: © x R*> — R with derivatives bounded by M uniformly
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in  x R? one has that

i o k+1 (RI)J+1
|E(u(Yr, X)) & Up1(1))| < h<Rt + 12::1 m>

This concludes the proof. [
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