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Abstract A Large Deviation Principle (LDP) is proved for the family 1 7 f(a7) - Z;
where %Z? dz» converges weakly to a probability measure R and (Z;);en are R?-valued
independent and identically distributed random variables having some exponential mo-
ments, i.e.

Ee®?l < 400 for some 0 < o < +oc.

The main improvement of this work is the relaxation of the steepness assumption con-
cerning the cumulant generating function of the variables (Z;);en. In fact, Gértner-Ellis’
theorem is no longer available in this situation. As an application, we derive a LDP for
the family of empirical measures 1 377 ZiOur.

These measures are of interest in estimation theory (see Gamboa et al. [7], [12], Csiszar
et al., [6]), gas theory (see Ellis et al. [11], van den Berg et al. [22]), etc. We also de-
rive LDPs for empirical processes in the spirit of Mogul’skii’s theorem. Various examples

illustrate the scope of our results.
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1 Introduction

Let (Z;)ien be a sequence of R?-valued independent and identically distributed (iid) ran-
dom variables satisfying:

Ee®?l < 400 for some > 0. (1.1)

Let (z]', 1 <i<mn, n>1) be a X-valued sequence of elements satisfying:
L 25 weakly R.
n—oo

Here, R is assumed to be a strictly positive probability measure, that is R(U) > 0 whenever
U is a nonempty open subset of X. We prove in this article a Large Deviation Principle
(LDP) for the weighted empirical mean:

A o (— LS s Zi> ,
! fm(a?) - Zi !

where each f; is a bounded continuous function from X to R? and - denotes the scalar
product in R?.

The main improvement of the paper is to remove the steepness assumption on the cumu-
lant generating function of Z; (for a definition of steepness, see [9], def. 2.3.5). Without
this assumption, the Gértner-Ellis theorem is no longer available. More precisely, one can-
not expect to use Cramér’s exponential change of measure technique to derive the Large
Deviation lower bound. Our approach consists of using an exponential approximation to
(loosely speaking) deduce the stated LDP from the sharp form of Cramér’s theorem (see
Bahadur and Zabell [2] and Section 6.1 in [9]) which holds true under condition (1.1).
Similar LDPs are studied by Ben Arous, Dembo and Guionnet [1] in a context where the
empirical measure - 21 w7 is random. For related work concerning quadratic forms of
gaussian processes, see Bercu, Gamboa and Lavielle [3], Bercu, Gamboa and Rouault [4],
Gamboa, Rouault and Zani [13], Bryc and Dembo [5], Zani [23] and the references therein.
In the case where the strict positivity of the probability measure R is not satisfied, coun-
terexamples are built in Section 2.3 to show that the LDP can fail to happen.

As an application of the previous LDP, we derive various LDPs in infinite dimensional
settings. We first establish the LDP for the following sequence of empirical measures:

1 n

The rate function driving the LDP has the following form:

d a
/A* “ dR+Is(us),

where p has the Lebesgue decomposition u = pg + s with p, < R. This family is
of interest in applications. It has been studied by Dacunha-Castelle and Gamboa in [7]



and the LDP has been established by Gamboa and Gassiat in [12] to prove convergence
results via the Maximum Entropy on the Mean (MEM) method in estimation theory.
Following them, we shall call L,, the MEM empirical measure. Van den Berg, Dorlas,
Lewis and Pulé in [22] and Ellis, Gough and Pulé in [11] have also studied such LDPs in
more physical settings. We improve the previous works in two directions. We consider
R-valued variables (Z;) and we remove the steepness assumption which stands in both
papers. We also show that the assumption of strict positivity of R is necessary. Finally,
we describe a side-effect in Section 3.2 in the case where the support of R (the space X)) is
not compact. The LDP for (L,,),>1 is also present in the book of Dembo and Zeitouni ([9],
Section 7.2) where it is used to derive other results among which Mogul’skii’s theorem. It
is established under the following strong moment assumption:

Eet?l < 400 forall a>0. (1.2)

It is interesting to note that no additional term involving ps appears under condition
(1.2), i.e. I(p) = [A*(dp/dR)dR if 4 < R and oo otherwise. In the context of Sanov’s
theorem, the relation between exponential moment assumptions and the appearance of a
singular term has been studied by Léonard and the author in [15].

The MEM Large Deviation Principle is then used to derive Mogul’skii type theorems.
Namely LDPs are derived for the random functions:

[nt]

ZZZ- and t— Zn(t) = Zn(t) + (t — [:L?/—ﬂ> Z[nt]+1'
=1

n-

= 1
t— Zp(t) =

Following Lynch and Sethuraman [16] (see also de Acosta [8]), the LDPs are de-
rived in bv, the set of bounded variation functions endowed with the weak-* topology
o(bv, C([0,1],R?)). Under condition (1.2), the LDPs are well-known (see [9] for an up-
dated account). Under condition (1.1), the LDP has been established by Mogul’skii [17]
and the interesting form of the rate function is due to Lynch and Sethuraman [16]. For
related work concerning processes with independent increments and satisfying condition
(1.1), see de Acosta [8], Léonard [14], Mogul’skii [18].

The paper is organized as follows. The LDP for the weighted empirical mean is stated in
Section 2. The LDP for the MEM empirical measure is established in Section 3. Mogul’skii
type theorems are derived in Section 4. In Section 5 we prove the LDP for the weighted
empirical mean. Finally, Sections 6 and 7 are devoted to additional proofs related to
examples.

2 The LDP for the weighted empirical mean

We introduce here some notations and the main assumptions that hold all over the paper.

2.1 Notations and Assumptions

Let X be a topological vector space endowed with its Borel o-field B(X) and let R be
a probability measure on X. We denote by C(X) (resp. Cy(X)) the set of R-valued



(resp. R?-valued) continuous bounded functions on X, by LL(X) the set of R¢-valued
R-integrable functions on X and by P(X) the set of probability measures on X'. We shall
sometimes drop & and denote the previous sets by C, Cy, L}i.

Let | - | denote a norm on any finite-dimensional vector space (usually R, R? or R™*?).
We denote by || - || the supremum norm on the space of bounded continuous functions
from X' with values in R, R or R™*? j.e. | f|| = sup,ex |f(2)]. As usual, &, is the Dirac
measure at a. We shall make the following assumptions:

Assumption A-1 The family (z})1<i<nn>1 C X satisfies

n—oo

]. " wea
— g O LMY R where R € P(X). (2.1)
n 7

1

Assumption A-2 R is a probability measure on (X,B(X)) satisfying

if U is a non-empty open set then R(U) > 0.

Remark 2.1 The combination of Assumptions (A-1) and (A-2) is standard (see [1], [11]
and [12]). In Section 2.3, we derive counterexamples in the case where Assumption (A-2)
is not fulfilled. O

Assumption A-3 Let (Z;)ien be a sequence of R%-valued independent and identically
distributed random wvariables with distribution Pyz. The following exponential moment
condition holds:

Ee?l < 400 for some o > 0. (2.2)

Here, Py is the image of P, that is P{Z; € A} = Pz(A), where Z; : (Q, F,P) — (R, B(R)).
Furthermore, we denote by A the cumulant generating function of Z and by A* its convex
conjugate:

A(N) = logEe*? for A e R?,

A(z) = )\suﬂgd{)\-z—A()\)} for z € R,
€

where - denotes the scalar product in R?. As usual, Dy = {A € R?, A(\) < oo} is the
effective domain of A.

Let a be a m x d matrix and let z € R?. We denote by - the usual matrix product, that is

where a; is the 7 row of the matrix a. Hence, - denotes the scalar product X - z or the
matrix product a - z, depending on the context. Let f : X — R™*? be a (matrix-valued)



bounded continuous function, then

fi(z) -z
f(z) -z = : :

where each f; € Cy(X) is the j* row of the matrix f. Let u : X — R? be a measurable
function, we denote by

Jy Fi(@) - u(z) R(dz)
/X £(2) - u(z) R(dz) = 5
S fm(x) - u(z) R(dx)

We now introduce the weighted empirical mean and study it in the sequel.

Al &
LB 215 ¢
(L, T) n;(ﬂc

We shall follow the convention that x € X, y and 6 are elements of R™ and z and A, of
R

2.2 Statement of the LDP

We state here the main result of the article. Both results of Section 3 (LDP for empirical
measures) and results of Section 4 (LDPs for random functions) rely on it.

Theorem 2.2 Let f : X — R™*? be a continuous bounded function. Assume that (A-1),
(A-2) and (A-3) hold. Then the family

(L, f) = Zf

satisfies the large deviation principle in (R™, B(R™)) with the good rate function

If(y) = sup {0 Sy — / A[Zé?jfj(:r)] R(d:r)} for y € R™, (2.3)
ferm E Ot

where f; € Cy4(X) denotes the ™" row of the matrix f.

The proof of Theorem 2.2 is postponed to Section 5.

Remark 2.3 Note that the rate function I is expressed as the convex conjugate of
v A X [>°7"0;fj(x)] R(dx) which plays the réle of the limiting cumulant generating function.



2.3 Counterexamples when Assumption A-2 is not fulfilled

Consider the following empirical probability measures over the space [0, 2]:

P 1 n—l(s 52

TRty

Then R,, (weakly) converges to ¢(dz) where ¢ denotes the Lebesgue measure on [0,1]. As

a measure on [0, 2], £ does not satisfy (A-2). We build in this section a probability measure

Pz and a sequence of iid Pz-distributed random variables Z; satisfying Assumption (A-3)
such that:

e if f is a continuous function whose values are 0 on [0, 1] and 1 on 2, then the random

variables )
1« i f(2) Zn,
- 2z 7 o an
n ; ! (n) it n " n

do not satisfy a LDP.
e if f is a continuous function whose values are 1 on [0, 1] and —1 on 2, then the random

variables . .
1 — i f(2) 1 — Zn
- - Z;+ =27, =~ Z; — —
i)z TR
i=1 i=1
do not satisfy a LDP.

The first counterexample shows that a particle can fail to satisfy a LDP and illustrates
the regularizing effect of the mean: Though % does not satisfy a LDP, %Z? Z; satisties

a LDP (Cramér’s theorem). We shall prove in Lemma 5.1 that 1 Ziv(n) Z; holds as soon
as N(n)/n — p>0.

The second counterexample, whose study is much more involved, shows that even if
%Z?il Z; satisfies a LDP, the addition of a single contribution % can break the LDP
and illustrates the fact that “without all the exponential moments, a single particle can
modify a LDP”.

These remarks give us a better understanding of Assumption (A-2) (strict positivity of R).
In fact, assume that % does not satisfy a LDP and consider + f(z;)Z;. Assumption (A-2)
ensures that there cannot be, around any point xy € X, a single particle which would
break the LDP. In fact, there are enough points around z( to ensure the regularizing effect
of the mean. Let us explain the phenomenon. Let V' be a neighborhood of x¢ on which f
is almost constant (recall that f is continuous): f ~ a. Then,

1 ¢ 1 1
- Z f@i)Z; = - Z f(@i)Z; + - Z f(@i)Z;
1 z;€V ZEZ¢V

SN g

z, €V

Q



Let us compute the number of x;’s which belong to V:

Nv(n)

Ny(n) =t{z; €V} =) 1y(z;) and — R(V) >0,
1

where the last limit follows from (A-2) as soon as R(0V') = 0. This ensures that around
xo, %inev Z; satisfies a LDP (recall Lemma 5.1, previously mentionned). Thus, the
phenomenon encountered with the second counterexample cannot hold. We shall first
study the case of the “single particle” %

2.3.1 Example of a particle which does not satisfy a LDP

Consider the random variable Z with distribution

e dn

1+a3

Pz(an) =P{Z =an}=C for n > 0,

where a, = 16" and C' is a normalizing constant. This probability measure has two
interesting features: It is “lacunary” and the rate function A*(z) is linear for z large
enough (see Proposition 6.1 and its proof). We first show that:

n—oo n,

1 Z
lim inf — logIP’{— 6]1,2[} = —o0. (2.4)
n

In fact, consider the subsequence ¢(n) = 2a,, then

P{Z/¢(n) €]1,2[} = P{o(n) < Z < 2¢(n)} =0,

as ¢(n) = 2a, > ay, and 2¢(n) = 4a, < apy1 = 16a,. Therefore, (2.4) is proved. We
show now that

1 VA 8
limsup—logIP’{— €[l+n,2 —77]} > ——. (2.5)
n—oo T n 7

Consider the subsequence ¢(n) = 14a,,—; then

P{% e [1+77,2—77]} —P{Z =ap) = c—

Therefore lim,, 1/¢(n)logP{Z/¢(n) € [1+n,2 —n]} = —8/7 and (2.5) is proved. Assume
now that % satisfies a LDP with rate function J, then:

1
—8/7 <limsup —logP{Z/n € 1+ n,2—n]} <— inf  J(u)

Moreover,

1
— inf J(u) <liminf —logP{Z/n €]1,2[} < —oc0.
u€]l,2] n n

Necessarily, one should have inf, g}y o J(u) = +00 > 8/7 > inf,c[14y 2y J(u), which is
impossible. Hence % does not satisfy a LDP.



2.3.2 The second counterexample

Let Z; be iid and Py-distributed (as defined previously). We show here that 1/n 77! Z;—
Zy /n does not satisfy a LDP. The counterexample is based on the following idea: Consider
the event {Z, — Zn/n € [z—2¢,2+2¢|} where z is negative and where Z, = 1/n 317" Z;.
As 7, is always positive, the only way the previous event is realized is by Z,/n being
large. As the “particle” Z,/n does not satisfy a LDP, the same should hold for Z,, — Z, /n.

Proposition 2.4 The random variables (1/n> 1" Z; — Z,/n) do not satisfy a LDP.

The proof of this proposition, technically involved, is postponed to Section 6.

3 The LDP for MEM empirical measures

We establish here the LDP for empirical measures.

3.1 The LDP

In Theorem 3.1, we state a LDP for empirical measures. We first introduce a few notations.
Denote by C}j(X) the topological dual of Cy(X). We endow it with the weak-* topology
& = 0(C},Cq) and with the associated Borel o-field B(C}). If £ € Cj(X) and f € Cq(X),
we shall denote by (&, f) the duality bracket.

Assumption A-4 X is a compact Hausdorff space.

In the case where X" is compact, the continuous linear forms over Cy(X) are vector mea-
sures. We denote by M4(X) the set of vector measures with value in R, that is 4 € M%(X)
iff o = (p1,...,uq) where each p; € M(X). Let f € Cg(X) and p € M*(X). We denote
by

d
A
/X o) u(da) 23 /X fla)( de). (3.1)

Let f : X — R™*4 be a (matrix valued) bounded continuous function and let f; € Cy(X)
be the 7 row of the matrix f. We denote by

R Jx fi(@) - plde)
/ f-dp= :
f)( fm(x) ' ,u(d:r)
We shall endow M%(X) with the weak-+ topology ¥ = o(M¢% Cy) which makes every
linear form I'y : u — [ f - dp continuous and with the associated Borel o-field B(M¢Y).

Let u € M%(X). We denote by p, its absolutely continuous part with respect to R and
by ps its singular part.

(3.2)



Theorem 3.1 Assume that (A-1), (A-2) and (A-3) hold. Then the family

1 n

satisfies a large deviation principle in (C;(X),E,B(C}))) with the good rate function

€)= swp {(& 1) /A dx)}.

feCy(X)

Assume moreover that (A-4) holds. Then the LDP holds in (M%(X), %, B(M®)) with the

good rate function

() = sup / @) ntds) = [ Alf(@) Rldo)}

feCq(x
/ A*[é’ﬁ( >] R(dz) + /X o[ B (2] (),

where p(z) = sup{\ -z, X\ € Dy} is the recession function of A* and 0 is any real-valued
nonnegative measure with respect to which ps is absolutely continuous.

(3.3)

Remark 3.2 [Role of 6] If the Z;’s are R-valued, one can choose 6 = |us| = pt + uy
(where ps = puf — pg by the Hahn-Jordan decomposition) and the rate function is given
by:

/ A [T AR+ p(LuF () + p(— L) (X).

In the R?-case, one can choose 0 = 3¢ |1*| where ps = (ul, ..., ud). O

Remark 3.3 [Compactness of X] Without the compactness assumption, the continuous
linear functionals on Cy(X) are no longer measures. They are regular bounded additive
set functions [10]. Moreover, Assumption (A-4) is central to identify the rate function
(see (3.3)) via an identity due to Rockafellar [21]. O

Remark 3.4 In the case where Ee®?| < oo for every @ > 0, the recession function is
p(z) = sup{\-z, A € R¢} = 400 everywhere except in zero where p(0) = 0. Hence I(u)
is finite only if p is absolutely continuous with respect to R and the rate function is:

d
I(p) = / A* [dg( )} R(dz) if 4 < R, 400 otherwise.

This is in accordance with Theorem 7.2.3 in [9] where no extra term involving u, appears.
O



Proof e The LDP. Denote by C/(X) (resp. C'(X)) the algebraic dual of Cy(X) (resp.
C(X)). Denote by (, ) the duality bracket between these spaces and consider the mapping

<§7 f1>
Pfi,fm :C%(Aﬂ _+E¥n7 5'_9 : )
(&, fm)

where f; € Cq(X). Then py, . (Ln) = (Lp,f) satisfies a LDP by Theorem 2.2. By
Dawson-Gaértner’s theorem, L, satisfies a LDP in C/;(X) endowed with the weak-* topol-
ogy with the good rate function

HO=swp s sup (D BES) [ ALY butia)] Rido))

m21 f1,..,fm€Cy(X) OER™ 7

— sw {(6.) - [ Af@I R} for ¢ € i),
feC4(X) X

e Restriction of the LDP. Let us show that I(§) < +oo implies that £ is a continuous

linear form (i.e. £ € Cj(X)). Assume that I(£) < 4+o0c. Then for all f € Cy(X), f #0

e <10+ [a(Zr) ar< 1o+ a(3). (3.4)

where A|z| denotes the cumulant generating function of |Z]. For a large enough Ay (%)

is finite by (A-3) and (¢, f) < K||f||. Considering —f, we get |(&, f)| < K|/ f||. Thus ¢ is
a continuous linear form and the LDP holds in the stated space by Lemma 4.1.5 in [9].
If moreover Assumption (A-4) holds, Riesz’s representation theorem implies that £ can
be represented as a R%-valued measure over X, i.e. £ € M%(X). We shall denote it by p.
We can now apply Lemma 4.1.5 in [9] to obtain the LDP in (M%(X),%, B(M?)).

e Representation of the rate function. Under (A-2) and (A-4), Theorem 5 in [21] yields

dita dps
100 = [ [ )] man s [ oG]
= | & [Ge@] R+ [ o[ %] as,
where p is the recession function of A* and 6 is any real-valued nonnegative measure with

respect to which g is absolutely continuous. As A is the convex conjugate of A*, p is the
support function of A ([19], theorem 13.3), that is:

p(z) =sup{\-z, X\ e Dp}.

Hence Theorem 3.1 is proved. O

3.2 Side-effects in the noncompact case: A fact and a heuristic

Assume that R is a probability measure on Rt satisfying (A-2) and that there exists
a sequence (x7') satisfying (A-1). Let (Z;) be iid Pz-distributed R-valued nonnegative
random variables where Pz(dz) = 1jg o)(2)e* dz. In this case (A-3) is satisfied and Ly,
satisfies a LDP in (C(R"), &, B(C5)) by Theorem 3.1.

10



The fact

Consider p,, = a R+ 9§, then I(u,) <1+ A*(a). In fact,

) = sup { [asan+son- [ A(f)dR}

FEC(RT)

- fecu?glil)), fgl{/adeJFf(n)—/A(f)dR},

where the last equality follows from the fact that [A(f)dR = 4oc if f > 1 (one can
check that A(A) = 400 if A > 1). Finally if f <1 then:

/ade—A(/de)—i—l
A*(a) + 1.

/ade+f(n)—/A(f)dR

IN

AN

Thus I(p,) < A*(a) + 1. Therefore p,, € {I < A*(a) + 1} which is a compact set. Hence
pn, admits cluster points (as limits of converging subnets since C(R™) is not metrizable)
which obviously are not measures.

The heuristic

A heuristical interpretation of the previous remark is the following: In a large deviation
regime, L, can behave asymptotically as a R + §,,. This legitimates the appearance of
linear forms which are no longer measures in the non-compact case. To see this, first note
that the “particle” % satisfies a LDP with good rate function

* ]z ifz>0
0 (Z)_{ +o00 else ’

Therefore the contribution of one particle is of importance in the LD phenomenon. Since
lim, 1/n )" 5x? = R which is spread over R, there exists a subsequence of (z}'), say @,
satisfying lim,, x,, = +00. Consider now

12 Z
L, = - le San + 7"5%.
1=

A large deviation behaviour can occur with % being large, the rest of the empirical
measure being standard. This heuristic yields L, ~ m R + §,, where m = EZ.

3.3 Example: Lack of strict convexity for the rate function /

In this example, we shall consider the following setup: X = [0,1], R(dx) = {(dx
where /(dz) stands for the Lebesgue measure on [0,1], (z}') = (i/n) and Pz(dz) =

3
C.l[o,m)(z)f;—;, dz. Thus (Z;) are nonnegative real valued random variables. Let

11



z* = N(1) and m = EZ. Standard considerations yield that A is not steep and A*
is linear for z > z*:

AN(z) =2z—2"+ A" (z") for z>2z" (3.5)

In this context, the recession function is p(z) = z and it can easily be shown that the
rate function I(u) of the MEM large deviation principle is finite only if p is a positive
measure. Therefore, I has the form:

L) = /[0 A (B ()] () + s0,1).

if 1 is a positive measure and I(u) = 400 otherwise.

3.3.1 The value of the rate function I for a special measure

Let x be the Cantor function on [0, 1], that is & is continuous, non-decreasing from [0, 1]
to [0,1] and k’s derivative is f-a.e. null. In particular,  is the repartition function of a
probability measure p, singular with respect to £ and

I(€ + :un) = A*(l) + :un[ov 1] = A*(l) + 1

3.3.2 Existence of several minimizers under a convex constraint

Consider the convex constraint C = {u € M ([0,1]), (u,1) = E} and denote by M the set
of minimizers of the rate function I under C. Then the following holds:

Proposition 3.5 Let E be a real number:

1. if E € [m,z*), then there exists a unique minimizer of I under the constraint C.
This minimizer p is defined by %(m) =F and I(p) = A*(E).

2. if E > z*, then every positive measure satisfying p = pq + p1s where g(x) = dd%(x)
satisfies g(x) > z* £ — a.e. and (u,1) = E is a minimizer. Moreover, I(n) =
E — 2"+ A*(2%).

The proof of Proposition 3.5 is postponed to Section 7.

Remark 3.6 In view of part 2 of the previous proposition, all the following measures
belong to M in the case where £ > z*:

a b(dx) + B 0u(dz) + 7 px(dz),

where a + f+~v = E, a > 2" and v € [0,1]. In particular, there are infinitely many
minimizers. Il

Remark 3.7 As a by-product of the second part of the proposition, the rate function
I fails to be stricly convex on its domain D; = {u, I(p) < co}. A similar fact has been
noticed in the context of Sanov’s theorem in [15]. O

12



4 Mogul’skii type results

In this section, we derive functional LDPs for the random functions

[nt]

0 =232 and 1 200 = 200) + (1= 20) 2
n
=1

t— Zy(t) =

n <

where [z] denotes the integer part of z. These results are essentially corollaries of the MEM
large deviations principle previously derived in the case where X = [0,1], R(dx) = ¢(dx)
is the Lebesgue measure on [0,1] and (27) = (%). One can check that, in this situation,
Assumptions (A-1) and (A-2) hold true.

Following Lynch and Sethuraman [16] (see also de Acosta [8] and Zani [23], chapter
4), we introduce some notations. Let bv([0,1],R?) (shortened in bv) be the space of
functions of bounded variation on [0,1]. We identify bv with M?([0,1]) in the usual
manner: To f € bv there corresponds u/ characterized by p/([0,t]) = f(t). Up to this
identification, Cy4([0,1]) is the topological dual of bv. We endow bv with the weak-x
topology o (bv, Cq([0,1])) (shortened in o) and with the associated Borel o-field B,,.
Let f € bv and u! be the associated measure in M?([0,1]). Consider the Lebesgue
decomposition of puf, uf = ,uf; + u£ where u£ denotes the absolutely continuous part of
! with respect to dzx and pf its singular part. We denote by fa(t) = il ([0,t]) and by

fo(t) = 1 ([0,4)).
4.1 The LDP for the discontinuous line Z,(.)

The LDP for the discontinuous line can be found in [9] in the case where A(\) =
In EeM% < oo for all A € R?. It is established under the supremum norm topology.
In the following theorem, we loosen the assumptions on the exponential moments of Z;.
However, the LDP is stated under a weaker topology.

Theorem 4.1 Assume that (A-3) holds. Then the random functions (Z"(t))te[o 1 satisfy
the LDP in (bv, oy, By) with the good rate function

Mﬁ—éﬂmwwMH/'mmmwm,

[0,1]

where 0 is any real-valued nonnegative measure with respect to which u£ s absolutely
continuous and f = dui/df.

Remark 4.2 Note that the definition of f! is f-dependent. See also Remark 3.2. u

Proof consider IT : M% — by where



and recall that L, = 1/n >} Z;0,,. Then II is a continuous bijection and II(L,) = Zn. As
L,, satisfies the LDP with the good rate function (3.3) by Theorem 3.1, the contraction
principle yields the LDP. O

4.2 The LDP for the polygonal line Z,(.)

The LDP for the polygonal line Z,(.) has been established by Mogul’skii in [17]. Our
results differ from his. In fact, our LDP is derived under a weaker topology than in [17].
However, both the state space and the rate function are explicit here.

Theorem 4.3 Assume that (A-3) holds. Then the random functions (Zn(t)> 01 satisfy
telo,
the LDP in (bv, oy, By) with good the rate function

a(f)= [ A de+ / p(£1(6)) O (t),

[0,1] [0,1]

where 0 is any real-valued nonnegative measure with respect to which uf; 1s absolutely
continuous and f = dul /de.

Proof Let f € Cy([0,1]) and consider the empirical measure L,, characterized by

Z/ t)dt - Z;,
i—1)/

where the integral f 1wy d (t)dt is R?-valued. Then II(L,) = Z, (where II is defined as

in the previous proof) and the theorem is proved as far as we prove the LDP for L,, with
good rate function given by (3.3). To this end, let f : X — R™*? be a (matrix valued)
bounded continuous function and let f; € R? be the 5™ row of f. we introduce (L, f)
defined by

il )2

Lot =Y ( Z/H Dt z>

1 flz/n1 n fm( )dt - Z;

Let us show that (L,,f) and (L,, f) are exponentially equivalent:

/ £ty at — 2/
1/ n

<Z\Z\/ {) — £(i/n)] dt.

Let € > 0 be fixed. As f is uniformly continuous on [0, 1], |£(¢) — f(i/n)| < € for t €
[(i —1)/n,i/n] and for n large enough. Therefore,

(L, £) — (L, )| < Z\Z\

n

- 1
(L £) = (L £} < = > 1] €
1

14



for n large enough and

limsup — 10gP{\<Ln,f> (Ln, £)| > 6}

n

1 J

< hmsup logIP’{l/n g Zi| € > 6} < —Ay, (—) .

€
1

As by (A-3) lim._,o A‘*Z| (g) = 400, (Ly, f) and (L,, f) are exponentially equivalent. Thus

(L, f) satisfies the LDP in R™ with good rate function given by (2.3) and one can prove
the LDP for L,, as in the proof of Theorem 3.1. O

5 Proof of Theorem 2.2

There are two parts in the proof of Theorem 2.2. First we establish the LDP in Section
5.1, then we identify the rate function in Section 5.2.

5.1 The Large Deviation Principle

The proof relies on several preliminary results. Via a rescaled version of Cramér’s theorem
(Lemma 5.1), we establish the LDP for finite-range step functions (Lemma 5.2). Let

f(z) =Y Vagla, (z), then

NAp

A ()
; ' Zapz'

satisfies the LDP principle. Finally, we show in Proposition 5.3 that ((Ly,,f?)),>1 is an
exponential approximation of (L, f) where (f?) is a well-chosen sequence of finite-range
step functions. This step is the key point of the proof and yields the LDP for (L,, f).

(L, f) 2

SI'—‘

Lemma 5.1 Let (Z;);>1 satisfy Assumption (A-3). Assume further that (Na(n))p>1 is
a sequence of integers satisfying:

lim Na(n)

n—oo n

=Ry >0,

then (% JIVA(n) Z) satisfies the LDP with good rate function I(z) = Ra A*(%£;).

Proof We denote by A*(B) = inf,cp A*(2). First, notice that

15



satisfies the LDP with good rate function A* and with speed N4(n), that is

o 1
—A*(B) < hmmfN o )logIP’{ZAEB} and

—A*(B) > limsup

1 A
m s mlogP{Zn € B},

where B (resp. B) denotes the interior (resp. the closure) of B. Indeed, this is a direct
application of Cramér’s theorem in R? (see for example [9], section 6).

Consider on the other hand the degenerate random variables «,, with distribution given
by P{«a,, = NA(” } = 1 and which are independent of (Z2'). It is straightforward to check
that (au,) satisfies the LDP with speed N4(n) and with good rate function given by

0 ift=Ruy
+o0o else.

st = {
Therefore, the couple (o, Z2) satisfies the LDP with speed N4 (n), and with good rate

function

5@ A (t,2) = 8(t|Ra) + A% (2)

(Lynch and Sethuraman [16], lemma 2.8). Hence, the contraction principle yields the LDP
for (a, Z2') with speed N4 (n) and with good rate function

I(2) = {3 & A"(1, ), 12 = 2} = A*(RA)

Thus (£ Zﬁf‘l(”) Z;) satisfies the LDP with speed n and with good rate function
RAA*(z/Ry)

and Lemma 5.1 is proved. g

Lemma 5.2 Assume that (A-1) and (A-8) hold and let (Ay)i<k<p be a family of mea-
surable sets of X such that R(Ay) > 0. Assume further that each Ay is a continuity set
for R (i.e. R(OAy) =0 where Ay, = Ay, — Ay). Consider the step function

p
= Z apla, (x)
k=1

where each ay, is a m X d matriz. Then

(L, f) = Zf
S S RTNC IS PR
1
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satisfies the LDP in (R™, B(R™)) with the good rate function
1nf{ZR Ak Zak ukR(Ak)—y, ukERd}

= it { /X A (u(x)) R(dz), / f(2) - u(x) R(dz) = y }

ueL} X

fory e R™.

Proof e Let f(z) = > 7 agla, (z) and consider the variable Z;. Its coefficient is f(z)
and as x}' can change with n, so does f(z}'). Hence, (L, f) has the following form:

Lnuf Z ay - Zi+- +_ Z ap - Zi,

zell (n) zEIp(n

where Iy(n) = {i < n, 2" € Ag}. Let Na, (n) = #{i < n, 2 € Ay} = >0, 1a,(]).

There exist p independent families (Zi(k),i > 1) Lepe of iid random variables having the
<k<p

same distribution as Z and such that the following equality holds in distribution:

NAl(n NAp(n
(L, f) 2_ Z a;- 29 + Z a,- 27 (£ (L, f). (5.2)

NAk (n) Z?:l 114]6(2:?)

e First note that lim,, -

= R(Ak) as Ak. is a continuity set
k)

= lim,,

for R. Therefore we can apply Lemma 5.1 to each sequence ;- Z . Moreover,

the sequence

1 Na, (n) 1 Nay, (n)
Crer= (G X 200 X 27),
i=1 =1

satisfies the LDP with the good rate function

p
I(z1,...,2) = Y _ R(Ap) A*( ) for 2, € R
k=1

(Ak)

(Lynch and Sethuraman [16], lemma 2.8). The contraction principle yields the LDP for
(Lp, f) with the good rate function

It(y) = inf{

:inf{

Finally the LDP holds for (L, f) by (5.2).
e We now establish the following equality:

= inf {/ A (u dzx), /Xf(x) cu(z) R(dx) = y}. (5.3)

ueL}

R(Ax) A ( (Ak-)) Zak 2=y, 2z € R for1<k<p}

HM’U EM’U

p
R(A wr), > ay -y R(Ay) =y, uy, € R for1§kgp}.
1
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Suppose that u is an e-minimizer, i.e. [, A*(uc(z)) R(dx) < If(y) + € and
J £ ucdR =y. Consider uy = [, uc(z)R(dr)/R(Ag) then 3~ ay - ux R(Ax) =y and

p . (Jensen) p . R(dx) B .
ZI:R(Ak) A (u) < 21: AkA (uel)) 0,3 R(Ak)_/XA (ue()) R(de).

Thus It(y) < inf{ [ A*(u)dR, [f-udR =y}. The converse inequality is straightforward.
Hence (5.3) is proved and so is Lemma 5.2. O

Lemma 5.3 Assume that (A-1), (A-2) and (A-3) hold and let f : X — R™? be q
bounded continuous function. Then there exists a sequence (fP)p,>1 of finite-range step
functions satisfying assumptions of Lemma 5.2 and such that ((Ly, fP))p>0 is an exponen-
tial approximation of (Ly,f), i.e.:

1
lim limsup —log P(|(Ly,,{f?) — (Ly,f)| > §) = —c0 for all o > 0.

P—0 n—oo

Moreover, ({L,,f)) satisfies the LDP with the good rate function

Y(y) = supliminf inf Igp (y') for y € R™,
e>0 P70 y'eB(y,e)

where B(y,e) = {y' € R™, |y — y| < €}.

Proof [Proof of Lemma 5.3] e Approzimation of f by “good” step functions.
As f is continuous and bounded, f(X) is relatively compact in R™*?. Hence, by Proposi-
tion A.1 there exist a,...,ap € R™*4 and e, ... ,€p < € such that

X C Uizlf_lB(ak,ek) where R(af_lB(ak,ek)) —0,

where B(ay, €;) is an open ball centered in ay, with radius €. Since each set £~ B(ay,, ;)
is open, Assumption (A-2) yields that it is either empty or with strictly positive R-
measure. Let us keep the ones with strictly positive R-measure. Hence, we get a cover
of X by R-continuity sets with strictly positive R-measure. Thus assumptions of the
Partition lemma (Lemma A.2) are fulfilled and there exists a partition (C})1<j<4 of X
where each Cj is a R-continuity set and has strictly positive R-measure (Lemma A.2). In
particular, for each [, there exists a k such that

C C f_lB(Oék,Ek). (5.4)

Consider a pairing which associates to each [ a single k(I) such that (5.4) is satisfied.
Denote by

q
fé = Z ak(l) 1Cl'
=1

It is then straightforward to check that ||f¢ — f|| < e. Moreover, f¢ satisfies the properties
stated in Lemma 5.2. In particular, f¢ satisfies the LDP with good rate function Ige. Now
let p = [e~!] where [] denotes the integer part and consider the associated step function

18



fP to obtain the uniformly convergent sequence.

e The exponentially good approximation and the weak LDP. As previously, consider f :
X — R™*d and let f? be the approximating step function as built before. Let 7 be
fixed and consider {|(Ly,f) — (Ly,fP)| > n}. Then there exists p. such that for p > p.,
||fP? — f|| < e. Hence

{(Ln £) = (Lns )] >} = {|1/n Y (£ —£7)- Zi| > 0} C {1/n Y el Z;| > n}.
1 1

Thus

lim sup — logIP’{|<Ln,f> (L, £P)] > n}
n>1

n

<hm>sup 10gP{1/”ZE|Zi|>77}< A\Z|(>

1

By (A-3), lim._o ATZ‘(n/e) = 400 which yields

lim sup lim sup — logP{\(Ln,ﬂ (L, fP)| >n} = —o0
p—oO0  M—00
Thus, (L,,fP) is an exponentially good approximation of (L,,f). As each fP satisfies
assumptions of Lemma 5.2, (L,,fP) satisfies the LDP and by Theorem 4.2.16 in [9],
(L, f) satisfies a weak LDP with the rate function
Y(y) = supliminf inf Igp(y') for y € R™,
e>0 P00 y'EB(ye)
where Igp is given by (5.3).
e Exponential tightness and the full LDP. It remains to show that (L, f) is exponentially
tight. This is straightforward by the following inequality:

lim sup — logIP’{HLn,f)\ > K}

n—oo

K
< limsup logP{l/nZ‘Zi’ > ”fH}— \Zl(uf|y> Koo

Hence the full LDP holds for ((Ly,f)),>1 and Y is a good rate function. Proof of Lemma
5.3 is completed. O

5.2 Identification of the rate function

Recall that

It(y) = inf {/ A (u(x)) R(dx), /f ‘udR =y} foryeR",
uelLy
Y(y) = supliminf inf Igp(y) for y € R™.

e>0 P y'eB(ye)
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In the case where fP is a step function satisfying the assumptions of Lemma 5.2, Igp is
lower semicontinuous as a rate function. This property is not clear for Iy if f € Cy(X).
We first clarify the link between If and T in Lemma 5.4. This is a key point to obtain
the dual identity

fcR™

Y() = sup (05— [ A 031,() Rido)),
j=1
which is proved in Lemma 5.6.

Lemma 5.4 Let f € Cy(X) and assume that (fP),>1 satisfies the properties stated in
Lemma 5.3. Then Y is the lower semicontinuous reqularization of Iy (denoted in the
sequel by lscr Iy ).

The following control will be of help.

Proposition 5.5 Let u: X — R be a measurable function satisfying
[ Aluto) Rde) < 2+ 1,
X

then [ |u|dR < Ky < oo where Ky depends on M but not on u.
Proof [Proof of Proposition 5.5] By (A-3), there exists € > 0 such that {\ € R?, |\| = ¢}

is a subset of the interior of D) and such that supjy—c A(}) is finite. Therefore,

A*(2) + sup A(X) > €|z| for all z € R,
[A|=e

The result follows by integrating both parts of the inequality. O

Proof [Proof of Lemma 5.4] Let u(z) satisfy [f-udR = z. We shall call it a control. Let
us denote by

Cylme) 2 {ueLm, / fp'udR—y|3e}, C() 2 C,(1,0).

C(y.) {u e Ly(@). | [£-uar—y < } cly) 2 ¢(y.0).

e We first show that
Ir(y) <o = T(y) < It(y) (5.5)

Let If(y) = M < oo then by Proposition 5.5,

It(y) = inf { | A"(u)dR, /f~udR:y, /|u|dR§KM}.

uGL;

Let € > 0 be fixed. There exists p} such that ||f? —f|| < e for p > p}. Therefore for p > p;}
and under the condition [ |u|dR < K, one gets:

C(y) C Cp(y, eKnr).
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Thus for p > pf,

v €B(y,eK ) {/ (u) »(y )} < It(y)

And for every € > 0,

liminf  inf : {/A*(u) dR, /fp ‘udR =y'} < Ig(y).

P—00 y'eB(y,eK

Finally,

Y(y) = sup lim inf inf /A* u) dR, /fp-udR: "< Ie(y),
(y) =supliminf = inf { [ A"(u) y'} < Ir(y)

and (5.5) is proved.
e Let us show now that

T(y) <oco = Iscrle(y) < Y(y). (5.6)

Let T(y) = M < oo then by Proposition 5.5,

T(y) =supliminf inf {/ A (u)dR, u € Cy(y), /|u|dR < Ky}
e>0 P=® y'eB(y.e)

Let € > 0 be fixed. There exists p} such that ||[f? —f|| < € for p > p¥. Therefore for p > p;}
and under the condition [ |u|dR < Ky, one gets:

Cp(yv 6) C C(yv 6(1 + KM))

Thus,
inf{/A*(u) dR, u € Cly, e(1+ Knp))} < inf{/ A*(u) dR, u € Cy(y, €)}.
And for every € > 0,
inf{/ A(u) dR, u € Cly,e(1+ Knp))} < limpinfinf{/ A*(u) dR, u € Cyy, e)}.

Finally,

sup inf ITe(y') < T(y),
e'>0Y €B(y,¢)

which is the desired property since sup.~ginf, gy, Ir(y’) is the lower semicontinuous
regularization of I.
e Since T is lower semicontinuous and Iscr Iy < T < If, Lemma 5.4 is proved. Il

Lemma 5.6 Let f : X — R™*?¢ be a bounded continuous function. Recall that

Ie(y) = inf {/A*(u)dR, /f-udR:y},

uGL;
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where y € R™. Then, the following identity holds:
Iscr Ig(z) = sup {\ -z — /A(Z A fi) dR}.
AeR™ N

In particular,

T(y) = sup {6y - / A 6;8;) dR}.
1

fecR™

Proof The functionals [ A* dR and | A dR are convex conjugates for the duality (L}, L)
(see Rockafellar [20, 21]), where L3° denotes the space of mesurable, essentially bounded
functions with value in RY:

/A*(u)dR = sup{[u-gdR— /A(g)dR} for all u € L},

geLT

/A(g)dR = sup{ [ g-udR— /A*(u)dR} for all g € L.

uGL;

Recall that f; (the j® row of the matrix f) belongs to Cy(X). Therefore, f; can be
identified with an element of L3°. Consider the operator A : Lé — R™ and its adjoint
A* :R™ — L% defined by:

Au—/f-udR,ueLcll and A*y:Zyifi,yeRm.
i=1

With these notations and the fact that [ A and [ A* are convex conjugate, the first part
of the proof is a direct application of Theorem 3 in [21]:

sup {0 Yy — /A(A*y) dR} = Iscr inf {/A*(u) dR, Au = y} .
HeR™ uel}
The second part of the lemma follows from Lemma 5.4. |

5.3 Proof of Theorem 2.2

Proof Lemma 5.3 yields the LDP. Lemmas 5.4 and 5.6 yield the stated formula for the
rate function. Hence Theorem 2.2 is proved. O

6 Proof of the second counterexample

Proposition 2.4 relies on Proposition 6.3 which is stated and proved in Section 6.2. We
shall use the following notation:



6.1 Some preparation

We study here very carefully the rate function I which would have been associated to
Zn—Zn /n if this quantity was to satisfy a LDP. We also establish a usefull inequality. The
proofs of Propositions 6.1 and 6.2, though standard, are given for the reader’s convenience.
We introduce the following notations:

0 ifAe[-1,
SN 1ss0) { if A € [~1,00)

)

+o00 otherwise

0*(z) = sup{Az = 0(Al-1400))} =
AER

I(z) = inf{A*(z)+0"(y), x+y =z}

i

—z ifz2<0
+o00 otherwise

Note that * would have been the rate function associated to the particle —Z, /n if this
particle was to satisfy a LDP. Similarily, I(z) would have been the rate function associated
to Zn — Zn/n.

Proposition 6.1 Denote by z* = A'(—1).
o Ifz> 2" then I(z) = A*(z).
o If 2 < 2z* then I(2) = A*(2) + 2* — 2.

In the case where z < z*, the infimum inf{A*(z) 4+ 0*(y), v +y = z} is uniquely attained
forx=2" andy=2—2*.

Proof First note that:

I(z) = sup{A 2 — AQ) = 6(N|[1400)} = sup {Az— AN}
AeR A€[-1,1]

Let us denote by 2% = A’(1). One should notice that the special form of the probability

e 9n

distribution a2
olf z > 27 then

implies that A is not steep and therefore that 27 is finite.

I(z) =sup{A (z = 2) + A 25 — AN} @2 — 2%+ A1) D A%(2),

AER
where (a) and (b) are standard.
oIf z* < 2z < 2% then there exists A\, € [—1,1] satisfying z = A’(\;) therefore I(z) =
2A — A(\,) = A*(2).
oIf z < z* then

I(z)= sup {N(z—=2")+Az2" —A\)} =28 —z+ A" (7).
A€[—1,1]

To prove the last part of the proposition, consider the function A*(z) + 6*(z — x). By
the second point of the proposition, this function attains its minimum for x = z*. Since
A*(z)+0*(z — x) is strictly convex in a neighbourhood of z* | this minimum is unique and
the proposition is proved. O
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Proposition 6.2 Lete > 0 and z < 2" —2¢ be fixed and consider the following quantities:

I, = inf{A*(z) +0*(y), v+y€lz—2€2+2¢, x ¢ (25 —¢,2" +6)},
In = inf{l(u), uelz—2¢2+2¢} =A"(2")+ 2" —2—-2e

Then I, > I.

Proof First note that Iy and I. are always finite and that I. > Iy. Assume that I. = Ij.
Let (2, yn) be a sequence of minimizing elements, that is

Tp +Yn € [z — 26,24 2¢],
Ty & (25 —€,2% +¢),
limy, oo [A*(z0) + 0% (yn)] = I = Ip.

Using the compactness of the level sets of A* and §*, one can prove that there exists a
minimizer (x,,y.) satisfying:

Tx +Ys €[2— 26,2+ 2¢€],
T ¢ (25 —€,25 +e),
A (x4) + 6" (ys) = Lo = A*(2% ) + 2 — 2 — 2e.

The second part of Proposition 6.1 yields that xz, = 2*, which contradicts =, ¢ (2* —
€,2* + ¢€). Necessarily, I. > Iy and Proposition 6.2 is proved. O

6.2 Statement and proof of Proposition 6.3

Let € > 0 and z < z* — 2¢ be fixed. The following holds.

Proposition 6.3 There exists a finite real number A > 0 such that

1 .
liminf —logP{Z,, — Z,/n € [z — 2¢,2+ 2¢€|} < —A. (6.1)
n

n—oo

Moreover, there exist real numbers a € (0,1), 6 € (0,(1 — «)2¢€) and a real number
B € (0,A) such that:

n

1 A
—B < limsup logP{Zn—Zn/nE [z—l—a26—5,z—|—oz2€—|—5]}. (6.2)

The proof of Proposition 6.3, though very involved, is interesting because it gives an
insight on how Large Deviation phenomena fail to occur.

Proof [Proof of Proposition 6.3] ¢ We first prove that there exists a subsequence ¢(n)
such that

log P{Zy(n) — Zsmy/d(n) € (z — 26,2+ 2€)} < —I. < —I, (6.3)

) 1
lim sup ——

n—oo P(n)

24



where I, and I are defined in Proposition 6.2. This will yield the first part of Proposition
6.3. Consider the following notations:

B} = [2" 4 2ke—¢, 2" +2ke +e),
B} = (2—2" —2ke—3e,2— 2" — 2ke+ 3€].
The following is straightforward:

{(Zn— Zujn € [z — 26,2 +2d} | {Zn € B,i} N {—Zn/n € B},
kEZ

The previous union is a union of disjoint sets. Moreover {Zn € B,}:} is empty if k is
negative with |k| large enough (say k¥ < k=~ < 0) since Z, is a nonnegative random
variable. Therefore, the following holds:

P{Zy— Zu/nelz—2cz+2]} < 3 P{Zn e B;}P{—Zn/n € BZ}.
k>k—

Let L > I, be given. By Cramér’s theorem, there exists k™ such that

1 N
limsup—logIP’{Zn > 2F 4 kT e} < —L.

n—oo N

Furthermore,

~

P{Z, — Z,,/n € [z — 2¢, 2 + 2€|}

kt+
< Y P{Zy € Bi}P{~Zu/n € B}}
k=k—

+P{Zn > 2t +k+e}. (6.4)

Let us give the guideline of what is done next: We know from Proposition 6.1 that the
infimum
inf{I(y),y € [z — 2¢,z + 2¢]} = I(z — 2¢)

is uniquely attained for I(z — 2¢) = A*(2* ) + 0*(z — z* — 2¢). Therefore, consider
T ={Zy~2* YN {=Zp/n~ 2z — 2" — 2€}.

The event 7 can be seen as the “most typical” subset of {Z, — Z,/n € [z — 2¢, z + 2¢]}
since the infimum of the rate function is “realized” on 7. If we choose a subsequence ¢(n)

such that 7
¢(”) *
— ~Nz—2t =2 =0,
{ p(n) }

then the Large Deviation upper bound shall decrease and we shall obtain (6.3). We
formalize this in the sequel.
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Consider the subsequence defined by ¢(n) = [ 2an, ] where [z] denotes the integer part

2* te—z

of x. It is then straightforward to check that

IP’{—Zd)(n) €(z—2X -3¢,z — 2" —|—3€]} =0
¢(n) -

for n large enough. Therefore, when considering the subsequence ¢(n), (6.4) becomes
P{Zg(n) — Zo(m)/D(n) € [ — 2€, 2 + 2€]}

kt

< Y P{Zyy) € BIYP{-Zy,)/¢(n) € B}
kO,

+P{Z¢(n) > 2r -I-kJre}.

In other words, the “most typical” subset

Z(b(n) * * 5 * *
— €(z—2L =36,z — 22 +3¢] p N{Zy(n) €[22 — 6,22 +€)}

¢(n)
has been removed. Let k € {k—,...,kT} and k # 0. Usual techniques to derive upper
bounds yield:

. 1 A

lim sup pren) log P{Z4(n) € BLYP{—Zy(n)/d(n) € By}

< —if{A"(z), v € B} —inf{5 (), y € B}
< —inf{A*(x) +0*(y), x+y € [z — 2¢, 2 + 2¢], x € B}

and by Lemma 1.2.15 in [9)],

1 A
lim sup o) log P{Zy(n) — Zpn)/P(n) € [z — 2¢,2 + 2¢]}

n—oo ¢(n)

< sup —inf{A*(z) +0*(y), = +y € [z — 26,2+ 2¢], x € B}}---
k40, k- <k<k+

vV (~L)

—inf{A*(x) + 6" (y), v+ vy € [z — 26,2 +2¢|, v ¢ (25 —€,2" +¢)}

<
S _IE < _-[07

where a V b = sup(a,b) and where the last inequality comes from Proposition 6.2. The
first part of the proposition is then proved.

e Let us now prove the second part of the proposition. Consider {Z, — Zn/n € [z + a2e —
d, z + a2e + 0]} where @ < 1 and § < (1 — «)2¢€. Then

{Znezr —6/2,2° +6/23N{=Zp/n €|z —2" +a2 —6/2,z— 2" + a2 +0/2]}
C{Zy — Zyp/n € |z + a2e — 6,z + a2e + 8]}
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Choose now a subsequence of integers defined by the following inequalities:
an—1 < P(n)(zX —z—a2e—-46/2) <a,
(a)
an, < pn)(zX —z—a2e+9/2) <apg

where a, = 16™. Such a subsequence always exists and

Lo ] Zg(n) }
lim inf logP{ — clz—2" +02e—0/2,2— 2" +0a2e¢+6/2
minf 2y 108 { () [ / /2]
1 a
= lim inf logP{Z = a,} = liminf ——"~ > —(2* — 2 —a2e+§/2),
BT gy 1T =} =Rty = 2

where the last inequality comes from (a). As by Cramér’s theorem,
1 o
liminf —logP{Z,, € [2X —6/2,2" +§/2]} > —A*(2Y),
n—oo N
we obtain:

1 .
limsup —log P{Z,, — Z,,/n € [z +02e — 0,2+ a2+ 0]} > —(A*(2* )+ 25 —z—a2e+5/2).

n—oo N
Finally, as lim,_1 5<(1—a)2e(A*(22) + 22 — 2 —a2e+6/2) = Iy and Iy < I, there exist
a>0, 6§ >0and vy >0 such that A*(z*) 4+ 2" — 2 —«a2e+ /2 < I. — v and the second
part of the proposition is proved. O

6.3 End of proof

We prove here Proposition 2.4.

Proof [Proof of Proposition 2.4] Assume that (Z,, — Z,,/n),>1 satisfies a LDP with rate
function J and choose the real numbers « and § as in Proposition 6.3. Then:

1 . (a)
— inf J(z) <liminf —logP{Z,, — Z,/n € (z — 26,z + 2¢)} < —A,
2€(z2—2¢€,2+2¢) n—oo n

where (a) follows from (6.1) and

() 1 .
- B < limsup—logIP’{Zn — Zn/n € [z+a2e—5,z+a2e+5]}
n

n—oo

< - inf J(2),
[z+a2e—0,z+a 2e+6]

where (b) follows from (6.2). As B < A, one should have

inf J(u) < inf J(u),
u€lz+a2e—48,z+a2e+4] u€(z—2¢,2+2¢)
which is impossible since [z + @ 2¢ — 0,z + @ 2¢ + 0] C (z — 2¢, z + 2¢). O
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7 Proof of Proposition 3.5

Proof One can easily check that the measure defined by dy = F df is always a minimizer
of I under C (Jensen). Therefore, if p is a minimizer:

T S

In the case where E < z*, let us prove that the minimizer is unique. Assume that u and
v are distinct minimizers, that is:

{ o) =FE o () = I(v) = A*(B).

Note that any convex combination apu + Bv belongs to C.

I(ap + pr) = /A* ( dita —i—ﬁdya) dl + apsl0, 1] + B0, 1].

Ife{adg; + 8% < } — 0 then

I(ap+ Bv) > / A (aBa 5% 0 > A*(2%) > A*(B),
{adﬂa+ﬂdua >2* } df

which is impossible since I(ap + fv) < al(u) + fI(v) = A*(E). Therefore, assume that
L {a% + ﬁ% < z*} > 0. In this case,

Jo ()
* dpta dva * dpta dva
= Jatsn spima ooy A (0% + 0% ) A+ [yt gy A (0 + 0% ) df

Since A* is strictly convex for z € (—o0, 2*],

« [ dug dvg a dv,
A( a7 )“‘A(de)” (cw)

on {adfl‘; + ﬁdﬂ < z*} Moreover, the inequality remains strict by integrating (7) over

the set { da | Bl < » } Therefore, I(ap + fv) < ad(p) + BI(v) = A*(E), which is
impossible. Necessarlly, the minimizer is unique.

In the case where ¢ > z*, the only thing to prove is that E{% < z*} =0if pis a

minimizer. Assume that ¢ {% < z*} > 0. We denote by g(z) = %(m).

/A*(g) de :/ A*(g) d€+/ A*(g)de.
{g<z*} {g9>2*}
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Jensen’s inequality yields

o gdl
/ A(g)dl > t{g< 2 IA* (M%)
{g<z*}

g < z*}
Similarily,
f{ >z*} gdt
A (g)dt > t{g> 2PN | =1 |,
/{g>2*} { } Hg = 2"}
Therefore,

o gde ey gdl
[r@a = dg<p (—fgg;jj*})w{gmm (7%;;})

Jrg<sry 9de
{g<z*}

Jig<zy 9t Jigzary 9t

* * z > * * 9_2'} *

t{g < 2" }A <£{g<z*} +0{g > 2"}A g > o7 > A (/gdﬁ),
and I(p) > A*((a, 1)) + (us,1). Denote by aFE = (ug,1) where v € (0,1). As the

maximun slope of the convex function A* is 1, the following inequality is true for every
real number E:

Since < z* and A* is strictly convex on (—oo, z*], we have:

A (E) — A*(aF) <1
FE—aF -
Therefore, I(p) > A*(aE) + E — aFE > A*(F). This is impossible since () = A*(E) as
1 is a minimizer. Necessarily, ¢ {% < z*} = 0 and the second part of the proposition is

proved. O

A Two results concerning R-continuity and partitioning

It has been seen in Lemma 5.2 that step functions f(z) = Y7 _, ayla, (x) where
inf{R(Ax), 1<k <p}>0 and sup{R(9Ax), 1 <k <p}=0,

are relevant to get LDPs. The two following results permit us to construct step functions
of the previous kind which approximate any bounded continuous function. These results
are used in the proof of Lemma 5.3.

A.1 How to get R-continuity in a cover of X'?

In the following proposition, X is a topological space endowed with its Borel o-field and
with a probability distribution R, ) is a metric space endowed with its Borel o-field.
As usual, B(y,€) is the ball centered at y € Y with radius € > 0. Recall that A is a
R-continuity set if

R(OA) =0 where 0A = A — A.
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Here, A denotes the closure of A and A its interior. Let f : X — Y. The following
inclusion will be usefull:

afL(A) C fL(DA). (A1)

Proposition A.1 Let f : X — Y be a continuous function. Assume moreover that the
range f(X) is relatively compact in' Y. Then for every e > 0, there exist (yx, 1 < k <p) C
Y andey,... e € (0,00) such that e, < € and

X C Uizlf_lB(yk,ek) where R(@f_lB(yk,ek)) =0 forke{l,...,p}.

Proof Let € > 0 be fixed and denote by
I(y) = {€ €(0.e], ROOF'B(y,€)) >0},
Je(y) = {€€(0,e, ROF'B(y,)) = 0}.
The set Z.(y) is at most countable. In fact, consider
¢:(0,¢e] — [0,1]
¢ +— Rof ' B(y¢).

The function ¢ is non-decreasing, left-countinuous and admits at most a countable number
of discontinuities. Let us show that if ¢ is continuous in ¢y, then

Ro f~'[0B(y,e0)] = 0. (A2)
In fact,

fin Ro f™'B(y,é) = Ro f'B(y, )
e’ \ €0

by continuity. But
Jim Ro f7'By,€) = Rof™'Nuse By,€)
= Ro f7'B(y, ),
where B(y, ¢p) denotes the closed ball centered in y and with radius €y. Finally,
Ro f~1[0B(y,c0)] = Ro f~' By, co) = Ro f~' B(y,e0) = 0.
The inclusion (A.1) yields that
ROf'B(y,e0) < Ro f~'[0B(y,€)] = 0.
Thus, Z.(y) is at most countable. As Z.(y) U J(y) = (0, €], Je(y) is never empty and
F(X) CUpesxy, g By, ).

As f(X) is relatively compact, there exist (yx, 1 < k <p) C YVand (e, 1 < k < p) C (0,00)
satisfying:
F(X) C U _ Bk ex) = X CUL_ " Blyk, ex).

Moreover, as €; € Je(yx), R(Of 1 B(yk,€x)) = 0 and Proposition A.1 is proved. a
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A.2 A Partition Lemma

Lemma A.2 Assume that (A-2) holds and let (Ag,1 < k < p) be a measurable cover of
X satisfying R(A1) > 0 and R(0Ax) = 0 for 1 < k < p. Then there exists a partition
(B;,1 <1 < q) of X satisfying By = Ay, R(B;) > 0 and R(OB;)) = 0 for 1 <1 < q.
Moreover, for each By, there exists Ay, such that B; C Ay.

Proof We proceed by induction on p. If p = 1 we take B; = A; and the result is proved.
Let p > 1. We can assume that the cover is based on closed sets. In fact, if (Ay)i<r<p
is a cover satisfying the assumptions of the lemma, so is (Ax)1<k<p. If X C Ay then the
partition is reduced to the single element B; = A;. Otherwise X'\ A; is a nonempty open
set and R(X\A;) > 0 by (A-2). Necessarily there exists k satisfying R(A;\A;) > 0. In
fact

p
0 < R(X\A;) <> R(A\A).
2

Now consider the family {41 UAy, A;, 2 <j <p,j # k}. Thisis a cover of p—1 elements
of X satisfying the assumptions of the lemma (recall that the R-continuity sets form an
algebra on X'). Hence we can apply the induction assumption and there exists a partition
(B;,1 <1< q) where By = A; U Ay, R(OB;) =0 and R(B;) > 0 for 1 <1 < q. Now split
B; into O = Ay and Cy = A\ A; then the partition {Cy, O, Bj, 2 <1 < ¢} satisfies
the requirements of the lemma and Lemma A.2 is proved. O
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