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1 Introduction and Summary.

In the proofs of many of the results of Schoolfield (2001a), the L? distance to uniformity for the
random walk (on the so-called wreath product of a group G with the symmetric group S,,) being
analyzed is often found to be expressible in terms of the L? distance to uniformity for related
random walks on the symmetric groups S; with 1 < j < n. Similarly, in the proofs of many
of the results of Schoolfield (2001b), the L? distance to stationarity for the Markov chain being
analyzed is often found to be expressible in terms of the L? distance to stationarity of related
Markov chains on the homogeneous spaces S;4;/(S; x S;) for various values of i and j. It is from
this observation that the results of this paper have evolved. We develop a method, with broad
applications, for bounding the rate of convergence to stationarity for a general class of random
walks and Markov chains in terms of closely related chains on the symmetric groups and related
homogeneous spaces. Certain specialized problems of this sort were previously analyzed with
the use of group representation theory. Our analysis is more directly probabilistic and yields
some insight into the basic structure of the random walks and Markov chains being analyzed.

1.1 Markov Chains on G ! S,,.

We now describe one of the two basic set-ups we will be considering [namely, the one correspond-
ing to the results in Schoolfield (2001a)]. Let n be a positive integer and let P be a probability
measure defined on a finite set G (= {1,...,m}, say). Imagine n cards, labeled 1 through n on
their fronts, arranged on a table in sequential order. Write the number 1 on the back of each
card. Now repeatedly permute the cards and rewrite the numbers on their backs, as follows. For
each independent repetition, begin by choosing integers ¢ and j independently according to P.

If ¢ # j, transpose the cards in positions ¢ and j. Then, (probabilistically) independently of the
choice of 4 and j, replace the numbers on the backs of the transposed cards with two numbers
chosen independently from G according to P.

If i« = j (which occurs with probability 1/n), leave all cards in their current positions. Then,
again independently of the choice of j, replace the number on the back of the card in position j
by a number chosen according to P.

Our interest is in bounding the mixing time for Markov chains of the sort we have described.
More generally, consider any probability measure, say @, on the set of ordered pairs 7 of the
form 7 = (m, J), where 7 is a permutation of {1,...,n} and .J is a subset of the set of fixed points
of m. At each time step, we choose such a 7 according to @ and then (a) permute the cards
by multiplying the current permutation of front-labels by 7; and (b) replace the back-numbers
of all cards whose positions have changed, and also every card whose (necessarily unchanged)
position belongs to J, by numbers chosen independently according to P.

The specific transpositions example discussed above fits the more general description, taking @
to be defined by

-~ 1
Q(e,{j}) = — for any j € [n], with e the identity permutation,
n
~ 2
Q(7,9) = — for any transposition 7, (1.1)
n
@ () := 0  otherwise.



When m = 1, i.e., when the aspect of back-number labeling is ignored, the state space of the
chain can be identified with the symmetric group S,,, and the mixing time can be bounded as in
the following classical result, which is Theorem 1 of Diaconis and Shahshahani (1981) and was
later included in Diaconis (1988) as Theorem 5 in Section D of Chapter 3. The total variation
norm (|| - ||rv) and the L? norm (|| - ||2) will be reviewed in Section 1.3.

Theorem 1.2 Let v** denote the distribution at time k for the random transpositions
chain (1.1) when m = 1, and let U be the uniform distribution on S,. Let k = %nlogn + cn.
Then there exists a universal constant a > 0 such that

v —Ullrv < 3 |v*-Ulla < ae™® forallc>0.
Without reviewing the precise details, we remark that this bound is sharp, in that there is a

matching lower bound for total variation (and hence also for L?). Thus, roughly put, %n logn+cn
steps are necessary and sufficient for approximate stationarity.

Now consider the chain (1.1) for general m > 2, but restrict attention to the case that P is
uniform on G. An elementary approach to bounding the mixing time is to combine the mix-
ing time result of Theorem 1.2 (which measures how quickly the cards get mixed up) with a
coupon collector’s analysis (which measures how quickly their back-numbers become random).
This approach is carried out in Theorem 3.6.5 of Schoolfield (2001a), but gives an upper bound
only on total variation distance. If we are to use the chain’s mixing-time analysis in conjunc-
tion with the powerful comparison technique of Diaconis and Saloff-Coste (1993a, 1993b) to
bound mixing times for other more complicated chains, as is done for example in Chapter 9 of
Schoolfield (1998), we need an upper bound on L? distance.

Such a bound can be obtained using group representation theory. Indeed, the Markov chain we
have described is a random walk on the complete monomial group G ! S, which is the wreath
product of the group G with S,,; see Schoolfield (2001a) for further background and discussion.
The following result is Theorem 3.1.3 of Schoolfield (2001a).

Theorem 1.3 Let v** denote the distribution at time k for the random transpositions
chain (1.1) when P is uniform on G (with |G| > 2). Let k = $nlogn + gnlog(|G| — 1) + cn.
Then there exists a universal constant b > 0 such that

v =Ullry < 5 w*=Ull, < be™ foralle>0.

For L? distance (but not for total variation distance), the presence of the additional term
tnlog(|G| — 1) in the mixing-time bound is “real,” in that there is a matching lower bound: see
the discussion following the proof of Theorem 3.1.3 of Schoolfield (2001a).

The group-representation approach becomes substantially more difficult to carry out when the
card-rearrangement scheme is something other than random transpositions, and prohibitively
so if the resulting step-distribution on S,, is not constant on conjugacy classes. Moreover, there
is no possibility whatsoever of using this approach when P is non-uniform, since then we are no
longer dealing with random walk on a group.

In Section 2 we provide an L?-analysis of our chain for completely general shuffles @ of the sort
we have described. More specifically, in Theorem 2.3 we derive an exact formula for the L2



distance to stationarity in terms of the L? distance for closely related random walks on the
symmetric groups S; for 1 < j < n. Subsequent corollaries establish more easily applied results
in special cases. In particular, Corollary 2.8 extends Theorem 1.3 to handle non-uniform P.

Our new method does have its limitations. The back-number randomizations must not depend
on the current back numbers (but rather chosen afresh from P), and they must be independent
and identically distributed from card to card. So, for example, we do not know how to adapt
our method to analyze the “paired-shuffles” random walk of Section 5.7 in Schoolfield (1998).

1.2 Markov Chains on (G ! S,)/(S, X Sn—).

We now turn to our second basic set-up [namely, the one corresponding to the results in
Schoolfield (2001b)]. Again, let n be a positive integer and let P be a probability measure
defined on a finite set G = {1,...,m}.

Imagine two racks, the first with positions labeled 1 through r and the second with positions
labeled r + 1 through n. Without loss of generality, we assume that 1 < r < n/2. Suppose
that there are n balls, labeled with serial numbers 1 through n, each initially placed at its
corresponding rack position. On each ball is written the number 1, which we shall call its
G-number. Now repeatedly rearrange the balls and rewrite their G-numbers, as follows.

Consider any @ as in Section 1.1. At each time step, choose 7 from @ and then (a) permute
the balls by multiplying the current permutation of serial numbers by m; (b) independently,
replace the G-numbers of all balls whose positions have changed as a result of the permutation,
and also every ball whose (necessarily unchanged) position belongs to J, by numbers chosen
independently from P; and (c) rearrange the balls on each of the two racks so that their serial
numbers are in increasing order.

Notice that steps (a)—(b) are carried out in precisely the same way as steps (a)—(b) in Section 1.1.
The state of the system is completely determined, at each step, by the ordered n-tuple of G-
numbers of the n balls 1,2,...,n and the unordered set of serial numbers of balls on the first
rack. We have thus described a Markov chain on the set of all |G| - (:) ordered pairs of n-tuples
of elements of G and r-element subsets of a set with n elements.

In our present setting, the transpositions example (1.1) fits the more general description, tak-
ing ) to be defined by

~ 1
Q(Ii, {j}) = m Where K € K and j € [n],
~ o o 2 where kK € K and i # j
QUeid)) = Tomm =i withi,j € [r] ori,j € [n]\ [, (1.4)
~ 2
Q(TK], Q) = m where 7k < TK,
Q) = 0 otherwise,

where K := S, x S,_,, T is the set of all transpositions in S,, \ K, and TK :={rk € S, : 7 €
T and k € K}. When m = 1, the state space of the chain can be identified with the homogeneous
space Sy, /(Sr X Sp—r). The chain is then a variant of the celebrated Bernoulli-Laplace diffusion
model. For the classical model, Diaconis and Shahshahani (1987) determined the mixing time.



Similarly, Schoolfield (2001b) determined the mixing time of the present variant, which slows
down the classical chain by a factor of ﬁir) by not forcing two balls to switch racks at each

step. The following result is Theorem 2.3.3 of Schoolfield (2001b).

Theorem 1.5 Let v** denote the distribution at time k for the variant (1.4) of the Bernoulli—
Laplace model when m = 1, and let U be the uniform distribution on S,/(S, X Sp—,). Let
k= in(logn +¢). Then there ezists a universal constant a > 0 such that

I+ =Tllry < 3 v* =Tl < ae® forall ¢ > 0.

Again there are matching lower bounds, for r not too far from n /2, so this Markov chain is twice
as fast to converge as the random walk of Theorem 1.2.

The following analogue, for the special case m = 2, of Theorem 1.3 in the present setting was
obtained as Theorem 3.1.3 of Schoolfield (2001b).

Theorem 1.6 Let v** denote the distribution at time k for the variant (1.4) of the Bernoulli—
Laplace model when P is uniform on G with |G| = 2. Let k = tn(logn + c). Then there ezists
a universal constant b > 0 such that

It = Tllrv < 3wt =Tlle < b forall e>0.

Notice that Theorem 1.6 provides (essentially) the same mixing time bound as that found in
Theorem 1.5. Again there are matching lower bounds, for r not too far from n/2, so this Markov
chain is twice as fast to converge as the random walk of Theorem 1.3 in the special case m = 2.

In Section 3, we provide a general L?-analysis of our chain, which has state space equal to the
homogeneous space (G ! Sy,)/(Sr X Sp—r). More specifically, in Theorem 3.3 we derive an exact
formula for the L? distance to stationarity in terms of the L? distance for closely related Markov
chains on the homogeneous spaces S;y;/(S; x S;) for various values of i and j. Subsequent
corollaries establish more easily applied results in special cases. In particular, Corollary 3.8
extends Theorem 1.6 to handle non-uniform P.

Again, our method does have its limitations. For example, we do not know how to adapt our
method to analyze the “paired-flips” Markov chain of Section 7.4 in Schoolfield (1998).

1.3 Distances Between Probability Measures.

We now review several ways of measuring distances between probability measures on a finite
set G. Let R be a fixed reference probability measure on G with R(g) > 0 for all g € G. As
discussed in Aldous and Fill (200x), for each 1 < p < oo define the LP norm ||v||, of any signed
measure v on G (with respect to R) by

v\ 1/p v(g)|? \1/p
ol = (Ee]4)" - (QGG%)”.



Thus the LP distance between any two probability measures P and ) on G (with respect to R)
is
p) 1/p (

IP=Qlh = Y IP(g9) - Q9.

geG

r-qQ
R

P-Ql, - (ER

\P@)—Q@Wjﬂp
= Rl

Notice that

In our applications we will always take @ = R (and R will always be the stationary distribution
of the Markov chain under consideration at that time). In that case, when U is the uniform

distribution on G,
) 1/2
IP-Ule = (1613 IP(9) -~ U9)P)

geG

The total variation distance between P and @) is defined by

pP— = P(A) — Q(A)|.
1P = Qllrv max [ P(4) — Q(4)]
Notice that |[P — Qllrv = 3||P — Q1. It is a direct consequence of the Cauchy-Schwarz

inequality that
I1P=Ulrv < 5 P=Ul.

If P(-,-) is a reversible transition matrix on G with stationary distribution R = P°(-), then,
for any go € G,

0 P?* (g9, go)
IP* (g0, ) =P ()5 = —="r5> — L

P (go)
All of the distances we have discussed here are indeed metrics on the space of probability
measures on G.

2 Markov Chains on G ! S,,.

We now analyze a very general Markov chain on the complete monomial group G ! S,,. It should
be noted that, in the results which follow, there is no essential use of the group structure of G.
So the results of this section extend simply; in general, the Markov chain of interest is on the
set G x S,.

2.1 A Class of Chains on G ! S,,.

We introduce a generalization of permutations m € S, which will provide an extra level of
generality in the results that follow. Recall that any permutation 7 € S,, can be written as the
product of disjoint cyclic factors, say

T Uy 17 % Yk U,



where the K := £y + - -- + k; numbers z',(f) are distinct elements from [n] := {1,2,...,n} and we
may suppose k, > 2 for 1 < a < /¢. The n — K elements of [n] not included among the il()a) are

each fixed by m; we denote this (n — K)-set by F(m).

We refer to the ordered pair of a permutation 7 € S,, and a subset J of F(7) as an augmented
permutation. We denote the set of all such ordered pairs ## = (m, J), with 7 € S, and J C F(r),
by Sn. For example, # € Syg given by # = ((12)(34)(567), {8,10}) is the augmentation of the
permutation 7 = (12)(34)(567) € Sip by the subset {8,10} of F(7w) = {8,9,10}. Notice that
any given 7 € §n corresponds to a unique permutation w € S,; denote the mapping 7 — 7 by
T. For # = (m,J) € Sp, define I(#) to be the set of indices i included in #, in the sense that
either i is not a fixed point of 7 or i € J; for our example, I(7) = {1,2,3,4,5,6,7,8,10}.

Let @ be a probability measure on §n such that
Q(r,J) = Q(n~',J) forallwe S, and J C F(x) = F(z ). (2.0)

We refer to this property as augmented symmetry. This terminology is (in part) justified by the
fact that if @) is augmented symmetric, then the measure ) on .S, induced by T is given by

Qr) = > Qr,J) = Q(x~") foreach 7€ S,

JCF(m)

and so is symmetric in the usual sense. We assume that () is not concentrated on a subgroup of
G or a coset thereof. Thus Q** approaches the uniform distribution U on S,, for large k.
Suppose that G is a finite group. Label the elements of G as g1,92,...,9)g- Let P be a
probability measure defined on G. Define p; := P(g;) for 1 < i < |G|. To avoid trivialities, we
SUppose Pmin := min{p; : 1 <i < |G|} > 0.

Let /gl, 52, ... be a sequence of independent augmented permutations each distributed according
to ). These correspond uniquely to a sequence &71,&9,... of permutations each distributed
according to ). Define Y := (Yp,Y1,Ys,...) to be the random walk on S,, with Yj := e and
Yi = &p&—1--- & for all k > 1. (There is no loss of generality in defining Yy := e, as any other
m € S, can be transformed to the identity by a permutation of the labels.)

Define X := (Xp, X1, Xo,...) to be the Markov chain on G" such that Xy := Zo = (x1,-.-,Xn)
with x; € G for 1 <7 < n and, at each step k for £ > 1, the entries of X;_; whose positions are
included in I(&) are independently changed to an element of G distributed according to P.
Define W := (Wy, Wy, W, ...) to be the Markov chain on G @ S,, such that Wy, := (Xj;Yy) for
all k > 0. Notice that the random walk on G ! Sy analyzed in Theorem 1.3 is a special case
of W, with P being the uniform distribution and @ being defined as at (1.1). Let P(-,-) be the
transition matrix for W and let P°°(-) be the stationary distribution for W.

Notice that
0 —»,
P - n' prz

for any (z;7) € G 1 Sy, and that

P(@m), o) = > Q@) I vy | II ee=w)]

PES, T (p)=0m—1 JEI(p) LZ1(p)



for any (&;m),(y;0) € G 1 S,. Thus, using the augmented symmetry of @,

P> (& m) P ((Z;7), (¥;0))

_ [%iﬁlp%] > Q0| IT vu)-| IT te=wu)

pESN:T(p)=0m—1 JEL(p) L&1(p)

-5 BT )] [T [T s

pES T (p)=0n—1 i€l(p iZ1(p) JEL(p) L21(p)

pE8:T(p)=mo—1 - \iel(p) JZ1(p) JEL(p) ¢1(p)

ew| X @0 [T o) | IT 1=
j=1

pES:T(p)=nc—1 i€l(p) LZ1(p)

=P>*(7;0) P ((5;0), (T;7)) -

Therefore, P is reversible, which is a necessary condition in order to apply the comparison
technique of Diaconis and Saloff-Coste (1993a).

2.2 Convergence to Stationarity: Main Result.
For notational purposes, let

in(J) = Q{6€S8,:1(6)CJ}. (2.1)
For any J C [n], let S(;) be the subgroup of S, consisting of those o € S, with [n]\ F(o) C J.

Ifre §n is random with distribution @, then, when the conditioning event

E:={I(r) C J}| ={]\ F(T(7)) € J}

has positive probability, the probability measure induced by 7" from the conditional distribution
(fall it Qg 5. ) of T given E is concentrated on S( . Call this induced measure @s,,- Notice that
QS( " like @, is augmented symmetric and hence that QS( ;) 18 symmetric on Seny- Let Us,, be
the uniform measure on S ). For notational purposes, let

(D) = INQE, — Us,, I3 (2.2)

Example Let @ be defined as at (1.1).A Then Cj satisfies the augmented symmetry property
(2.0). In Corollary 2.8 we will be using @ to define a random walk on G @ S,, which is precisely
the random walk analyzed in Theorem 1.3.



For now, however, we will be satisfied to determine @5( 5, and Qs ), where J C [n]. It is easy
to verify that

A . 1 )
QS(J)(G, {]}) = W for each j € J,
?) 2 o . .
QS(J)((Z? q),9) = W for each transposition 7 € S, with {p,q} C J,
@ S () == 0 otherwise,

and hence that é)\g( 5, 18 the probability measure defined at (1.1), but with [n] changed to J.
Thus, roughly put, the random walk analyzed in Theorem 1.3, conditionally restricted to the
indices in J, gives a random walk “as if J were the only indices.” O

The following result establishes an upper bound on the total variation distance by deriving an
exact formula for ||P* (&, e), ) — P°(-)||3.

Theorem 2.3 Let W be the Markov chain on the complete monomial group G 1 Sy, defined in
Section 2.1. Then

IP* ((Zose),) =P¥ () 7y < 1 IP*((Zo,e),) = P=()II3

INT,

|
INT,

> G [ (=) wel™ au)
]

J:JC[n igJ

D 1 (CR PROS

J:JC[n] igJ

where p,(J) and di(J) are defined at (2.1) and (2.2), respectively.

Before proceeding to the proof, we note the following. In the present setting, the argument used
to prove Theorem 3.6.5 of Schoolfield (2001a) gives the upper bound

IP* ((Zose),) =P¥ () llrv < Q% —Us,llrv + P(T > k),

where T := inf {k > 1: Hy, = [n]} and Hy is defined as at the outset of that theorem’s proof.
Theorem 2.3 provides a similar type of upper bound, but (a) we work with L? distance instead
of total variation distance and (b) the analysis is more intricate, involving the need to consider
how many steps are needed to escape sets J of positions and also the need to know L? for
random walks on subsets of [n]. However, Theorem 2.3 does derive an eract formula for L.

k

Proof For each k > 1, let Hy := U I(&) C [n]; so Hy, is the (random) set of indices included in
(=1

at least one of the augmented permutations él, e ,ék. For any given w = (Z;7) € G 1 Sy, let

A C [n] be the set of indices such that x; # x;, where z; is the ith entry of Z and x; is the ith



entry of ¥y, and let B = [n]\ F'(7) be the set of indices deranged by w. Notice that Hy O AU B.
Then

P (W), = (7)) = > P(Hp=C W= (%7))
C:AUBCCC|n]

= Y PH=CYy=7)-P(X,=F| Hy=C)

C:AUBCCC|n]
= Y PHe=CYi=7) [[pa
C:AUBCCCIn] ieC

For any J C [n], we have P(Hy C J,Y; = 7) = 0 unless B C J C [n], in which case
PHyCJY,=m) = PH,CJ)PYy=m|HyCJ)
- (@{& €S, :1(6) C J})k P(Yy = | Hy, CJ)
= ()P =m| H,CJ).
Then, by Mébius inversion [see, e.g., Stanley (1986), Section 3.7], for any C' C [n] we have

P(Hy=CY,=7) = Y () pmE,cry=nr
J:JCC

= Y )y =n | B C ).

J:BCJCC
Combining these results gives
P (Wi = (T;7) = > Yo D (PP (Y =7 | H © ) [P,
C:AUBCCCn] J:BCJCC ieC
= > (WwmrrMi=rimen Y [
J:BCJC[n)] C:AUJCCC[n] i€C

But for any D C [n], we have

Z H(_pxi) = H(_pxi) Z H(_pxi)
C:DCCCln]icC LieD 1 E:ECln\D icE
= ([I¢-»)| TI @ -ps)
LieD 4 ien]\D
= H [1—1p(i) — pz,]
i€[n]

10



where (as usual) [p(i) =1if i € D and Ip(i) = 0 if i ¢ D. Therefore

PW= (@) = 3 () () P = | He € ) [ 1= Lausli) — pa).
J:BCJC[n] i=1

In particular, when (Z;7) = (Zo;e), we have A = @ = B and

n

P(Wi=(@0ie)) = Y, (D) P(Vi=c|He )]0 -10) — py]
J:JC[n] i=1
= [pri] Z Yk—e‘HkCJ)H<Ii—1)
i=1 JC[n igJ

k
Notice that {Hy C J} = m {I(é’g) - J} for any k and J. So £ ((Yp,Y1,...,Yr | Hx C J)) is
(=1
the law of a random walk on S,, (through step k) with step distribution @s;,- Thus, using the
reversibility of P and the symmetry of Qg ),

n!

IP* ((Zo,e),) =P=()I3 = WP%((fo;e)a(fo;e)) -1

= nl Z H(p%i—l) pin(J)?F P (Yo, =€ | Hy, CJ) — 1

J:JC[n] |igJ

=t S (TL(E - 1) | w0 (108, - sl + o) -

J:JC[n] [i¢J

=t ¥ (1) | w0 @+ -

J:JCln] |i¢J

_— |”], T (1) | sl i)

J:JC[n iZJ

X ‘, T (L 1) | (),

J:JC[n] iZJ

from which the desired result follows. O

2.3 Corollaries.

We now establish several corollaries to our main result.

11



Corollary 2.4 Let W be the Markov chain on the complete monomial group G 1 S, as in
Theorem 2.3. For 0 < j <n, let

M, (j) :=max {pn(J) : |J| =7} and Di(j) :=max{dg(J): |J| =j}.

Also let
B(n,k) :=max{Dy(j) : 0 <j <n}=max{dg(J) : J C [n]}.
Then
IP* ((@ose),) =P* () Ay < 1 [IP*((Zo.e),) = P=()]3
" | n—j
< 1 nyn- /1 -\ 2k
L) ()5 (-1
1 « (7)) 1 e 2k
0 (O T
7=0

Proof Notice that

M- < G-

igJ
The result then follows readily from Theorem 2.3. O

Corollary 2.5 In addition to the assumptions of Theorem 2.3 and Corollary 2.4, suppose that
there exists m > 0 such that M,(j) < (j/n)™ for all 0 < j < n. Let k > Lnlogn +

m
ﬁnlog (priin — 1) + %cn. Then

HPk ((fo; 6), ) — P () ||TV < % HPk ((507 6), ) _ POO(~)H2 < (B (n’ k) i e_gc) 1/2 '

Proof It follows from Corollary 2.4 that

IP* ((Fose),) =P () 7y < § [IP*((d0,e).) = P()]3

" . .\ 2km
) n\n!/ 4 R
S 7 B (n7 k) Z <]> F (pmin o 1) (E>

Jj=0

(2.6)

12



If we let © = n — j, then the upper bound becomes

IP* ((Fose),) =P ()IFv < 3 [IP*((d0,e),) = P()]3

SIS <?Z> (n?i!i)! (s 1) (=™

n .
1 n n! ( 1 )Z i\ 2km
= —1 1-—2
+ 4i:1 <Z)(7’L—Z)' Pmin ( n)

3

1 .. i . 1 ..
< A BR)Y n? (G 1) e Ly e (G

~

=0 =1

Notice that if k > %nlogn + ﬁnlog (zﬁ — 1) + %cn, then
i

6_2C

L) 2|
Pmin

IP* ((Zo,e). ) = PZ()3

6721km/n

IN

from which it follows that

IP* ((Zose), ) = P () gy

IN
P

n

IN
RN,

=0

< iIBMmnk)exp(e ) + Lle*

Since ¢ > 0, we have exp (6_26) < e. Therefore

Bk (™) + 4

- 1) : 6—2ikm/n.

IP* ((Zose),) =P ()ay < 7 IP*((F0.e),) =PEC)E < Blnk) + e,

from which the desired result follows.

Corollary 2.7 In addition to the assumptions of Theorem 2.3 and Corollary 2.4, suppose that
a set with the distribution of I(&) when & has distribution QQ can be constructed by first choosing
a set size 0 < £ < n according to a probability mass function f,(-) and then choosing a set L

with |L| = £ uniformly among all such choices. Let k > nlogn + %nlog (% — 1) +cn. Then

IP* ((Zose).) =P ()llrv < 5 PP ((Zo,e).) =Pz < (B(n,k) + e7*)

Proof We apply Corollary 2.5. Notice that

Q{6€8,:1(6)=L} = { F(0)/(5) i 1L =4,

0 otherwise.
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Then, for any J C [n]| with |J| = 7,

M,(j) = Q{6€8,:1(6)CJ} = Q{6 €8,:1(6)=L}

The result thus follows from Corollary 2.5, with m = 1. O

Theorem 2.3, and its subsequent corollaries, can be used to bound the distance to stationarity of
many different Markov chains W on G @ S, for which bounds on the L? distance to uniformity
for the related random walks on S; for 1 < j < n are known. Theorem 1.2 provides such
bounds for random walks generated by random transpositions, showing that % jlogj steps are
sufficient. Roussel (2000) has studied random walks on S,, generated by permutations with
n —m fixed points for m = 3,4,5,and 6. She has shown that %nlogn steps are both necessary
and sufficient.

Using Theorem 1.2, the following result establishes an upper bound on both the total variation
distance and ||[P* ((Zo, €),-) — P®°(-)||2 in the special case when @ is defined by (1.1). Analogous
results could be established using bounds for random walks generated by random m-cycles.
When P is the uniform distribution on G, the result reduces to Theorem 1.3.

Corollary 2.8 Let W be the Markov chain on the complete monomial group G 1 Sp as in
Theorem 2.3, where @ is the probability measure on S, defined at (1.1). Let k = %nlogn +

inlog ( L _ 1) + %cn. Then there exists a universal constant b > 0 such that

Pmin

P ((Zo;e),) =P () ||ltv < % P ((Zg,€),-) —P®°()|la < be ¢ forall ¢>0.

Proof Let Q be defined by (1.1). For any set J with |.J| = j, it is clear that we have
p(J) = (j/n)® and  dy(J) = Q¥ - Us, |3,

where Qg is the measure on S; induced by (1.1) and Ug; is the uniform distribution on S;.

It then follows from Theorem 1.2 that there exists a universal constant a > 0 such that Dy(j) <
4a?e~2¢ for each 1 < j < n, when k > %j logj + %cj. Since n > j and pmin < 1/2, this is also

true when k = %nlogn + inlog (ﬁ — 1) + %cn.
It then follows from Corollary 2.5, with m = 2, that
IP* ((Zose),) =P () Ay < 7 IP*((F0,e),) —P*()]3
< 4daPem 4 72 = (4a2 + 1) e=%¢,

from which the desired result follows. O
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Corollary 2.8 shows that k = %nlogn + inlog (% — 1) + %cn steps are sufficient for the L?
distance, and hence also the total variation distance, to become small. A lower bound in the L?

distance can also be derived by examining n? (zﬁ — 1) (1 — %)M, which is the contribution,

when j = n—1 and m = 2, to the second summation of (2.6) from the proof of Corollary 2.5. In
the present context, the second summation of (2.6) is the second summation in the statement

of Theorem 2.3 with y1,(J) = (|.J|/n)?. Notice that k = $nlogn+ inlog (zﬁ — 1) — Zcn steps
are necessary for just this term to become small.

3 Markov Chains on (G ! S,)/(S, X Sp—y).

We now analyze a very general Markov chain on the homogeneous space (G 1 S,,)/ (S, X Sp—.). It
should be noted that, in the results which follow, there is no essential use of the group structure
on G. So the results of this section extend simply; in general, the Markov chain of interest is on
the set G™ x (S,,/(Sy X Sp—r)).

3.1 A Class of Chains on (G ! 5,)/(S, X Sh,—).

Let [n] :=={1,2,...,n} and let [r] :=={1,2,...,7} where 1 <r < n/2. Recall that the homoge-
neous space X = S,,/(S, x S,_,) can be identified with the set of all (:}) subsets of size r from
[n]. Suppose that x = {i;,42,...,4,} C [n] is such a subset and that [n]\z = {jr+1,Jr+2,-- -, Jn}-
Let {iq1),i@2),-- i)} € = and {jo11), J@s2) -5 Je+k)} € [0] \ @ be the sets with all indices,
listed in increasing order, such that r + 1 < iy <N and 1 < Joy <r for 1 < £ < k; in the
Bernoulli-Laplace framework, these are the labels of the balls that are no longer in their respec-
tive initial racks. (Notice that if all the balls are on their initial racks, then both of these sets
are empty.) To each element x € X, we can thus correspond a unique permutation

(Jer+1) 1) Gat2) i) - Gtk i)

in Sy, which is the product of k (disjoint) transpositions; when this permutation serves to
represent an element of the homogeneous space X, we denote it by 7. For example, if x =
{2,4,8} € X = Sg/(S3 x Ss), then 7 = (1 4)(3 8). (If all of the balls are on their initial
racks, then 7 = e.) Notice that any given m € S,, corresponds to a unique 7 € X; denote the
mapping 7 — 7 by R. For example, let 7 be the permutation that sends (1,2,3,4,5,6,7,8) to
(8,2,4,6,7,1,5,3); then x = {8,2,4} = {2,4,8} and 7 = R(7) = (1 4)(3 8).

We now modify the concept of augmented permutation introduced in Section 2.1. Rather than
the ordered pair of a permutation = € S,, and a subset J of F(m), we now take an augmented
permutation to be the ordered pair of a permutation m € S,, and a subset J of F(R(7)). [ In
the above example, F(R(7)) = F(7) = {2,5,6,7}]. The necessity of this subtle difference will
become apparent when defining @ For 7t = (m,J) € S, (defined in Section 2.1), define

I(#%) = IR(x),J) = IRTG),J).

Thus I(7) is the union of the set of indices deranged by R(7'(7)) and the subset J of the fixed
points of R(T'(7)).
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Let @ be a probability measure on the augmented permutations §n satisfying the augmented
symmetry property (2.0). Let @ be as described in Section 2.1.

Let 51, 52, ... be a sequence of independent augmented permutations each distributed according
to Cj These correspond uniquely to a sequence £1,&s,... of permutations each distributed
according to Q). Define Y := (Y, Y1,Y2,...) to be the Markov chain on S,,/(S, x S,_,) such
that Yy := € and Yy := R (§xYx—1) for all £ > 1.

Let P be a probability measure defined on a finite group G and let p; for 1 < ¢ < |G| and
Pmin > 0 be defined as in Section 2.1. Define X := (X, X1, Xo,...) to be the Markov chain
on G™ such that Xy := @y = (x1,...,Xxn) With x; € G for 1 < i < n and, at each step k for
k > 1, the entries of X;_1 whose positions are included in I (ék.) are independently changed to
an element of GG distributed according to P.

Define W := (Wy, Wy, Wa,...) to be the Markov chain on (G ! S,)/(Sr X Sp—,) such that
Wi = (Xg;Yy) for all k£ > 0. Notice that the signed generalization of the classical Bernoulli—
Laplace diffusion model analyzed in Theorem 1.6 is a special case of W, with P being the
uniform distribution on Z; and Q being defined as at (1.4).

Let P(-,-) be the transition matrix for W and let P°°( ) be the stationary distribution for W.
Notice that
P> (Z;7) = H D,
™M

for any (Z;7) € (G 1 Sp)/(Sr x Sp—r) and that

P ((#;7),(y50)) = Qp) | I »u, | | TI Wae=w)

PESH:R(T(p)7)=56 JEI(p) LZ1(p)

[lle] > @[ I w] [ IT ter=u)

i=1 PES,:R(T(p)7)=5 JEI(p) eZ1(p)
= > [( 11 »= prz}-[ prj]'[H ]I(xezye)]
pES,:R(T(p)7)=6 zel(p) iZ1(p) JEI(p) L21(p)
= testing
= > @(ﬁ)[m II p= 11 pyg} [ 11 pyj] [ I1 H(yé:$é)]
pESH:R(T(p)5)=7 r/iel(p)  JEI(p) JEI(p) LZ1(p)

= [ﬁ H?:1 pyg] ZpGSn R(T(p)&)=# Q(ﬁ) [Hie[(ﬁ) pmii| : [Hzgj(,;) H(?/ﬁ = CUE)}
=P (7:6)P((7:5), (% 7).
Therefore, P is reversible, which is a necessary condition in order to apply the comparison

technique of Diaconis and Saloff-Coste (1993b).
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3.2 Convergence to Stationarity: Main Result.

For any J C [n], let X(/) be the homogeneous space S/ (S(Jn[r]) X S(Jn([n]\[r}))), where S )
is the subgroup of S, consisting of those o € Sy, with [n]\ F'(o) C J'. As in Section 3.1, let Q be
a probability measure on the augmented permutations 5, satisfying the augmented symmetry
property (2.0).

Let @ and QS( n be as described in Sections 2.1 and 2.2. For notational purposes, let

fin(J) = Q{6€S,:1(6)CJ} (3.1)

Let @ x(n be the probability measure on X /) induced (as described in Section 2.3 of Schoolfield
(1998)) by Qs Also let Uy () be the uniform measure on X (/). For notational purposes, let

di(7) = ()R x = Uxo I3 (32)

Example Let @ be defined as at (1.4). Then Cj satisfies the augmented symmetry property
(2.0). In the Bernoulli-Laplace framework, the elements Q(x, {;}) and Q(, {i, j}) leave the balls
on their current racks, but single out one or two of them, respectively; the element @(Tli, )
switches two balls between the racks. In Corollary 3.8 we will be using @ to define a Markov
chain on (G ! S,)/(Sr x Sp—,) which is a generalization of the Markov chain analyzed in
Theorem 1.6.

It is also easy to verify that @S( 5y is the probability measure defined at (1.4), but with [r] and
[n] \ [r] changed to JN[r] and JN([n]\ [r]), respectively. Thus, roughly put, our generalization
of the Markov chain analyzed in Theorem 1.6, conditionally restricted to the indices in J, gives
a Markov chain on (G 0 S(J)) / (S(m[r]) X S(m([n}\[r]))) “as if J were the only indices.” O

The following result establishes an upper bound on the total variation distance by deriving an
exact formula for |P¥ ((Zo;€), ) — P>(-)|3.

Theorem 3.3 Let W  be the Markov chain on  the homogeneous  space
(G Sn)/(Sy x S,—) defined in Section 3.1. Then

IP* ((#:8),) = P* () 7y < 7 IIP"((F0;8).) = P03

> (7) 11 (pi _ 1) fin ()R di(J)

J:JC[n] (lJH[T’”) igJ

3

AN,

where fin(J) and di(J) are defined at (3.1) and (3.2), respectively.
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Proof For each k& > 1,

(G v 5n)/ (S

deranged by 7. Notice that H, O AU B.

let Hy

k

UIE) < .

(=1

For any given w

(;7) €

X Sp—r), let A C [n] be the set of indices such that z; # x;, where z; is
the ith entry of # and x; is the ith entry of Zy, and let B = [n] \ F(7) be the set of indices

The proof continues exactly as in the proof of Theorem 2.3 to determine that

P (W, =

(T;7))

In particular, when (Z

P (W, =

k
Notice that {Hy C J} = m {T(ég) - J} for any k and J. So £ ((Yo,Y1,...,

(To; €))

2.

J:BCJC[n]

) =

J:JC[n]

g

/=1

ST ) )k By

S ) pi=é Hec )] (3

J:JC[n]

(Zo; €), we have A = & = B and

igJ

Px;

(D) i (N)F P (Vi =7 | Hi € J) )1t = Tavs(d) — pay].
i=1

n
Ye=é| Hy C D)1 -1,6) —py]
=1

—1).

the law of a Markov chain on S, /(S, x Sp—) (through step k) with step distribution @y
Thus, using the reversibility of P and the symmetry of Q x(,

1P (o

é)v') -

P13

()

n

P (%03 €), (Z0:€)) — 1

[1;

1= lez

1
Px;

I1(

| igJ

_1)_

()
I )

J:JC[n] (\JH[LH) iZJ e
()
+ |J] H(piz
J:JC[n] (\JO[TH) iZJ

fin(J)*"

()% 1QF x )
1
2k
:un(‘]) ( 7] )
[JN[r]|

P (Yo =€ | Hop € J)

- ﬁX(J)H% +

(

1

||

rﬂ)

|JA[



from which the desired result follows. O

3.3 Corollaries.

We now establish several corollaries to our main result.

Corollary 3.4 Let W  be the Markov chain on the homogeneous  space
(G 1 Sp)/(Sy x Sp—y) as in Theorem 3.3. For 0 < j <n, let

My, (j) = max {fin(J) : |[J| = 5} and Dy(j) := max {Jk(,]) ] = j} .

Also let
B(n, k) := max{]_N)k(j) 0<5< n} = max{dk(J) :J C [n]}

Then
IP* ((F;€),) =P () Fv < 1 IP*((@0,8) — ), P03

< 102 ()5 ) () o

=0 j=0 g o) (1) \Pmin

T n—r (Z) n—(i+j) — "
HEEOFT)E (0
Jj=0 g

i=0 j=

where the last sum must be modified to exclude the term fori=1r and j =n —r.

Proof The proof is analogous to that of Corollary 2.4. O

Corollary 3.5 In addition to the assumptions of Theorem 3.3 and Corollary 3.4, suppose
that there exists m > 0 such that M,(j) < (j/n)™ for al 0 < j < n. Let k >

ﬁn <logn+log (ﬁ—l)—kc). Then
ko ~ 00 1 E /o o~ oo ~ e 1/2
1P ((7:8), ), P= (Vv < 5 [P ((@0,0),) ~P¥C)s < 2(B(nk) + ) .

Proof It follows from Corollary 3.4 that

IP* ((@o;€),) =P¥ () 7y < 7 IP*((F0;8),-) = P<()]3

SO G6E E)T

i=0 j=0 J (ZJZFJ)

Ly n—r 1 n—(i+7) <’L—|—j>2km
: OJZO()( J >(Zji) (7o) . :

I



where the last sum must be modified to exclude the term for ¢ = r and j = n — r. Notice that

(05 - ()05

Thus if we put 5/ = i+ j and change the order of summation we have (enacting now the required
modification)

IP* ((Z0:), ), P () [y < 1 IP*((£0;€),) —P>()]3
rAG—0)

<tpeny (NEE-)7E)T Y (7))

i=tv(r—(n—7))

rA(j—0)

SO E-TET 2 ()

j=0 =0V (r—(n—yj))
rA(G—0) ' ‘
Of course Z ("~7) < 277 If we then let i = n — j, the upper bound becomes

i=0v(r—(n—j))

IP* ((Fo:8),) =P () v < 1 IP*((@os€),) = P=()II3

~ n . In % . m
S % B(””k)ZQZ(Z) (pnllin _1> (1_%)2k
=0

n .
w12 (7) () -
=1

n

~ 1 ; iy "1 . i
B (n’ k) 5(2”/)1 (pnllin o 1) 6_2ka/n + %Z _|(2n)z (pliin - 1) e_Qka/n'

i=0 i=1

|
INT,

Notice that if k > ﬁn (logn + log (zﬁ — 1) + c), then

672ikm/n < €
L@=-yn
pmln
from which it follows that
IP* ((Zo;8),) =P () lav < 1 IP"((F0;8),-) = P()II3
< LBEmBY 2+ 131 ey
< 1 B(n, )Zﬁ(e )+ 1D (2e7)
=0 =1
< ié(n,k)exp(% °) + e “exp(2e°)



Since ¢ > 0, we have exp (2¢7¢) < €. Therefore
IP* ((@0:6),) =P () Ry < & IPF(@0:6),) ~PC)IE < 4(Bnk) + ™),

from which the desired result follows. O

Corollary 3.7 In addition to the assumptions of Theorem 3.3 and Corollary 3.4, suppose that
a set with the distribution of I( ) when & has distribution Q can be constructed by first choosing
a set size 0 < £ < n according to a probability mass function fn(:) and then choosing a set L

— 1) + c). Then

Pmin

with |L| = ¢ uniformly among all such choices. Let k > 2n <logn + log (

[P (#:2).) P Ollrv < & 1P* (0.8 ) - P¥O < 2(Blnky + )

Proof The proof is analogous to that of Corollary 2.7. O

Theorem 3.3, and its subsequent corollaries, can be used to bound the distance to stationarity of
many different Markov chains W on (G 1 S,,)/(S, % S,_,) for which bounds on the L? distance
to uniformity for the related Markov chains on S;;;/(S; x Sj) for 0 <i<rand0<j<n—r
are known. As an example, the followmg result establishes an upper bound on both the total
variation distance and ||P¥ ((Zo,€), ) — P®(-)||2 in the special case when Q is defined by (1.4).

This corollary actually fits the framework of Corollary 3.7, but the result is better than that
which would have been determined by merely applying Corollary 3.7. When G = Zy and P is
the uniform distribution on G, the result reduces to Theorem 1.6.

Corollary 3.8 Let W  be the Markov chain on the  homogeneous space
(G U S)/(Sr X Sp_y) as in Theorem 3.3, where Q is the probability measure on S,

defined at (1.4). Let k = 4n <logn+10g( 1) —|—c>. Then there exists a universal
constant b > 0 such that

Pmin

IP* ((£9;€),-) — P> () lrv < % |P* ((£0;6),-) — P2 < be=¢/2  for all ¢ > 0.

Proof The proof is analogous to that of Corollary 2.8. O

Corollary 3.8 shows that k = 4n <logn + log (
distance, and hence also the total variation distance, to become small. A lower bound in the L?
distance can also be derived by examining 2n (priin — 1) (1 — %)%, which is the contribution,
when i+j = n—1 and m = 2, to the second summation of (3.6) from the proof of Corollary 3.5.
In the present context, the second summation of (3.6) is the second summation in the statement

of Theorem 3.3 with ji,(J) = (|J|/n)?. Notice that k = In (logn + 10g< - 1) — c) steps
are necessary for just this term to become small.

1) + c) steps are sufficient for the L2

Pmin

Pmin
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