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Abstract We study a family of coalescent processes that undergo “simultaneous multiple colli-
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1 Introduction

In this paper, we study a family of coalescent processes that undergo “simultaneous multiple
collisions,” meaning that many clusters of particles can merge into a single cluster at one time,
and many such mergers can occur simultaneously. These processes were previously introduced
in [13] by Méhle and Sagitov, who obtained them by taking limits of scaled ancestral processes
in a population model with exchangeable family sizes. Here we take a different approach to
characterizing these processes. The approach is similar to that used by Pitman in [16] for “coa-
lescents with multiple collisions,” also called A-coalescents, in which many clusters of particles
can merge at one time into a single cluster but almost surely no two such mergers occur simul-
taneously. The family of processes studied here includes the A-coalescents as a special case, and
we generalize several facts about A-coalescents.

Let P, denote the set of partitions of {1,...,n}, and let P, denote the set of partitions of
N ={1,2,...}. Given m < n < oo and m € P, let R,,m be the partition in P,, obtained by
restricting 7 to {1,...,m}. That is, if 1 < i < j < m, then ¢ and j are in the same block of
the partition R,,7 if and only if they are in the same block of 7. Following [16], we identify
each m € Py, with the sequence (Rim, Rom,...) € P1 X Py x .... Each P, is given the discrete
topology and P is given the topology that it inherits from the product P; x P X ..., 80 Py is
compact and metrizable. We equip P with the Borel o-field associated with this topology. We
call a Pp-valued process (II,,(t))i>0 a coalescent if it has right-continuous step function paths
and if IT,,(s) is a refinement of II,,(¢) for all s < ¢t. We call a Py-valued process (Il (t))i>0 a
coalescent if it has cadlag paths and if I1(s) is a refinement of I, (¢) for all s < ¢. Equivalently,
(ILo (%))+>0 is a coalescent if and only if for each n, the process (R, Il (t))t>0 is a coalescent.

In [16], Pitman studies “coalescents with multiple collisions,” which are Py-valued coalescents
(Ilo(t))t>0 with the property that for each n € N, the process (R, (t))i>0 is a Pp-valued
Markov chain such that when R, I (%) has b blocks, each possible merger of k blocks into a single
block is occurring at some fixed rate A, that does not depend on n, and no other transitions
are possible. It is shown in [16] that given a collection of rates {A\p; : 2 < k < b < oo}, such a
process exists if and only if the consistency condition

Aok = Aptr1,k T Aor1 ksl (1)

holds for all 2 < k < b. Theorem 1 of [16] shows that (1) holds if and only if whenever 2 < k < b,
we have

1
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for some finite measure A on [0,1]. The process is then called the A-coalescent. When A is a
unit mass at zero, we obtain Kingman’s coalescent, a process introduced in [10] in which only
two blocks can merge at a time and each pair of blocks is merging at rate 1. The case in which
A is the uniform distribution on [0, 1] was studied by Bolthausen and Sznitman in [3].

In [18], Sagitov obtains all of the A-coalescents, up to a time-scaling constant, as limits of
ancestral processes in a haploid population model with an exchangeable distribution of family
sizes in which there are N individuals in each generation. The ancestral processes are P,,-valued
processes obtained by sampling n out of N individuals from the current generation and tracing
their ancestors backwards in time. A simpler formulation of this convergence result is presented
in [12], and similar results for a diploid population model are given in [14].



An important property of the A-coalescent is that the rate at which blocks are merging does not
depend on the size of the blocks or on which integers are in the blocks. It is therefore natural to
pursue a generalization to a larger class of processes that still have this property but that may
undergo “simultaneous multiple collisions.” The possibility of such a generalization is mentioned
in section 3.3 of [16]. We define a (b; k1, ..., ky; s)-collision to be a merger of b blocks into r + s
blocks in which s blocks remain unchanged and the other r blocks contain ki, ..., k%, > 2 of the
original blocks. Thus, b = Z;Zl k; +s. The order of ki,...,k, does not matter; for example,
any (5;3,2;0)-collision is also a (5;2,3;0)-collision. It is easily checked (see equation (11) of
[15]) that if r > 1, k1, ...,k >2,5>0,b= Z;Zl kj+ s, and [; is the number of ki, ..., k, that
equal j, then the number of possible (b; k1, ..., k,; s)-collisions is

bl ( b > 1 -
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We define a coalescent with simultaneous multiple collisions to be a Py-valued coalescent process
(ITso(t))e>0 with the property that for each n € N, the process (R,Il(t))i>0 is a Pp-valued
Markov chain such that when R, II.(¢) has b blocks, each possible (b; k1, ..., k;;s)-collision is
occurring at some fixed rate Ap.g; . k,:s-

In [13], Mdhle and Sagitov generalize the proofs in [12] and obtain coalescents with simultaneous
multiple collisions as limits of ancestral processes in a haploid population model. We now
describe their model and their results. Assume there are N individuals in each generation.

For all a > 0, let yfa])v, ... ,V](\(;)N denote the family sizes in the ath generation backwards in

time, where VZ(%\)[ is the number of offspring of the ith individual in the (a + 1)st generation

(a) )

backwards in time. Note that VNt 1/](\(;7 v = IV because the population size is fixed. The

random variables yia) Yoy V](\?)N are assumed to be independent for different generations. The

distribution of (uia])\,, . ,V](\(i)]\,), which we denote by uy, is assumed to be exchangeable and to
be the same for all a. Therefore, we will suppress the superscript in the notation when we are
concerned only about the distributions of the family sizes. Mohle and Sagitov consider a random
sample of n < N distinct individuals from the Oth generation. They define the Markov chain
(¥ n(a))o2y, where W, y(a) is the random partition of {1,...,n} such that ¢ and j are in the
same block if and only if the ¢th and jth individuals in the sample have a common ancestor in
the ath generation backwards in time. Let (m)y = m(m —1)...(m —k + 1), and let (m)o = 1.
Let ¢ be the probability that two individuals chosen randomly from some generation have the
same ancestor in the previous generation. ;From equation (5) of [13], we have
E(v1,5)2]
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The following result is part of Theorem 2.1 in [13].

Proposition 1 In the population model described above, suppose for all v € N and kyi,..., k. >
2, the limits

. BNk - (Ve Nk,
i i Lo o

exist. Also suppose imy_,oc ¢y = 0. Then as N — oo, the processes (U, n(|t/cn]))t>0 converge
in the Skorohod topology to a coalescent process (Vp, o(t))i>0. Here, Wy, oo(0) is the partition



of {1,...,n} into singletons, and when ¥, (t) has b blocks, each (b;ky, ..., ky;s)-collision is
occurring at some fived rate Ay, . k.s. Moreover, there exists a unique sequence of measures
(Fy)92, satisfying the following three conditions:

A1: each F, is concentrated on A, = {(z1,...2):2; >0 for all i and ZLI x; < 1},

A2: each F,. is symmetric with respect to the r coordinates of A,.,

A3 1= Fl(Al) Z FQ(AQ) 2 ..y

such that all of the collision rates satisfy

lr+s/2]

Ao ooris = D / df b TE (yw) F(dan - dag), (6)
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where .
T (@1, ) = (1= @) (7)
i=1
and for 1 < j <m,
' tj41—2 i2—2 j m-k ‘
Tr(nni)j,s(fvl, ey Tm) = (_1)]+1 Z e Z H ir(l — Z $i)zk+1izk72, (8)
ij=2j—1  i1=1k=0 i=1
when we set ig = —1 and i1 = s+ 1.

Mbohle and Sagitov point out that when s = 0, equation (6) gives
Abier oo kiri0 = / xllg172 s xfr_2 F.(dxy,. .. dz,), (9)
Ay

so the moments of the measures F, are collision rates. Also, equation (9) above and equations
(16) and (19) of [13] imply that

. Bt Nk - (Ve Nk,
ot = i L )

forallr > 1, ky,..., k- >2, and b= Z;Zlkj.

Note that some condition like the existence of the limits in (5) is needed to relate the distributions
uy for different values of N. The condition limy_.o ¢y = 0 ensures that the limit obtained is
a continuous-time process. If instead limy_,o, ¢y = ¢ > 0, then Theorem 2.1 of [13] states that

the limit is a discrete-time Markov chain.

Note that the rates Ap, . ks calculated in (6) do not depend on n. By Lemma 3.4 of [13] and
equation (27) of [13], the rates satisfy the consistency condition

.
Nbiktyeoferss = D bt Lkt e 1ok T SN0+ Tkn, b Zis— 1 Aot ks, s b1

m=1

In section 4, we will prove Lemma 18, which shows that this condition implies the existence of a
Poo-valued coalescent (Ilo(t))i>0 with the property that (R,Ils(t))¢>0 and (¥, o (t))e>0 have



the same distribution for all n € N. Thus, coalescents with simultaneous multiple collisions can
be derived from the ancestral processes studied in [13].

However, Mohle and Sagitov leave open the question of whether every possible coalescent with
simultaneous multiple collisions can be obtained as a limit of ancestral processes in their pop-
ulation model. They also do not discuss the questions of which sequences of measures (F;)52,
satisfying conditions A1, A2, and A3 of Proposition 1 are associated with coalescent processes
in the manner described above, and whether there is a natural probabilistic interpretation of
the measures F., aside from the interpretation of their moments as collision rates.

The primary goals of this paper are to answer these questions, and to establish an alternative
characterization of coalescents with simultaneous multiple collisions based on a single measure
= on the infinite simplex

A:{(:cl,xg,...)::clzxgz...zo,ingl}.
=1

We will show that, up to a scaling constant, all coalescents with simultaneous multiple collisions
can be obtained as limits of ancestral process as described above, and therefore these coalescents
can be characterized either by a single measure Z or by a sequence of measures (F,)%2,. One
advantage to the characterization based on = is that every finite measure on the infinite simplex
is associated with a coalescent process. However, for a sequence of measures (F;)2; satisfying
conditions Al, A2, and A3 of Proposition 1 to be associated with a coalescent process, we will
show that it must satisfy an additional consistency condition that does not appear to be easy
to check.

The rest of this paper is organized as follows. In section 2, we summarize the results that
establish the two characterizations of coalescents with simultaneous multiple collisions. We also
state results that give interpretations of the characterizing measures. In section 3, we give
a Poisson process construction of these coalescents. The Poisson process construction is an
important tool for studying the coalescents and is used in most of the proofs in the paper. In
section 4 we prove the results stated in section 2. In section 5, we build on work done for
the A-coalescent to establish some further properties of coalescents with simultaneous multiple
collisions. We establish there some regularity properties of the coalescents and derive a condition
for a coalescent with simultaneous multiple collisions to be a jump-hold Markov process with
bounded transition rates. We also present some results related to the question of whether the
coalescents “come down from infinity,” meaning that only finitely many blocks remain at any
time ¢ > 0 even if the coalescent is started with infinitely many blocks at time zero. Finally in
section 6, we discuss the discrete-time analogs of these processes, which can also arise as limits
of ancestral processes in the population models studied in [13].

2 Summary of results characterizing the coalescents

In this section, we summarize the results needed to establish the two characterizations of the
coalescents with simultaneous multiple collisions, one involving a single measure = and the other
involving a sequence of measures (F,)22 ;. The proofs of all propositions and theorems in this
section are given in section 4.



We first state the main theorem of this paper, which characterizes coalescents with simultaneous
multiple collisions in terms of a measure = on the infinite simplex A. In the statement of this
result, and throughout the rest of the paper, we refer to the point (0,0,...) € A as “zero,” and
we denote a generic point in A by x = (x1,z9,...).

Theorem 2 Let {Apky  fis i 7 > 1, kiyoo ki >2,5>0,b= Z;Zl kj + s} be a collection of
nonnegative real numbers. Then there exists a Poo-valued coalescent Ilog = (oo (t))e>0 satisfying:

B1: 11 (0) is the partition of N into singletons,
B2: for each n, 11, = R,Il is a Markov chain such that when IL,(t) has b blocks,

each (byky, ..., kp;s)-collision is occurring at the rate Npg,. .. ks

if and only if there is a finite measure Z on the infinite simplex /A of the form = = Zy + ady,
where Zy has no atom at zero and oo is a unit mass at zero, such that Np.i, .. ks equals

s s 00 . [e%s) _
/. <Z T <l)x;@;...xf;xim...xim(l_Z;m l) / S 22 Zo(dx) + al oy 2y
j=1

1=0 i15... A1y 4 j=1
(11)

forallr>1, ky,...,k->2,5>0, cmdb:z;:lkj—f—s.

Definition 3 We call a coalescent process satisfying B2 whose collision rates are given by (11)
for a particular finite measure Z on A a E-coalescent. We call a Z-coalescent satisfying B1 the
standard =-coalescent.

Suppose T € Po, and By, Ba, ... are the blocks of m. If (Il (%)):>0 is a standard =-coalescent,
then we can define a Z-coalescent (IIZ(t))i>0 satisfying II% (0) = 7 by defining i € By and
j € By to be in the same block of II% (¢) if and only if k£ and [ are in the same block of I1(?).
Since any Z-coalescent can thus be derived easily from the standard Z-coalescent, we will restrict
our attention to the standard =-coalescent whenever it is simpler to do so.

For any finite measure = on A, a collection of nonnegative collision rates can be defined by (11),
so Theorem 2 implies that a standard Z-coalescent exists. The following proposition states that
the collision rates of a coalescent with simultaneous multiple collisions uniquely determine the
associated measure Z. Thus, there is a one-to-one correspondence between finite measures = on
A and coalescent processes satisfying conditions B1 and B2 of Theorem 2.

Proposition 4 Let = and Z' be finite measures on the infinite simplex A. Let o = (oo (t))i>0

= =/

be a standard Z-coalescent. If Il is also a standard Z'-coalescent, then & = Z’.
Observe that we can easily recover the A-coalescent as a special case of the Z-coalescent. Suppose
= is concentrated on the subset of A consisting of the sequences (z1,x2,...) such that z; = 0

for all 4 > 2. Then, Ay, .. k.. = 0 unless 7 = 1. When r = 1, the expression inside the double
summation in the numerator in the integrand of (11) is zero unless I = 0, so

Nbskersb—ky = / 2 (1 — 1) 2} Zo(dx) + alig,—2}.
A
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This result agrees with the formula for Ay, given in (2) when A is the projection of = onto
the first coordinate. Note that when = is a unit mass at zero, the Z-coalescent is therefore
Kingman’s coalescent.

We next work towards giving an interpretation of the measure Z. Equation (11) implies that

No.2.0 = /A (f}ﬁ/i:ﬁ) Eo(dr) +a =Eo(A) +a =Z(A). (12)

If Z(A) = 0, then all the collision rates are zero. Otherwise (12) implies that & = Xg;2,0G,
where G is a probability measure defined by G(S) = E(S)/Z(A) for all measurable subsets S
of A. From (11), we see that if = is multiplied by a constant, then all of the collision rates are
multiplied by the same constant. Therefore, unless = = 0, any =Z-coalescent can be obtained
from a G-coalescent, where G is a probability measure, by rescaling time by a constant factor.
To interpret G, we first give the following definition.

Definition 5 Let G be a probability measure on the infinite simplex A, and let S C N. Let
© be an exchangeable random partition of N such that the ranked sequence of limiting relative
frequencies of the blocks of © has distribution G; such partitions are defined in appendic A. Let
O be the random partition of S such that if i,5 € S, then i and j are in the same block of © if
and only if i and j are in the same block of ©. A G-partition of S is defined to be a random
partition of S with the same distribution as ©.

The following proposition, which is the natural analog of Theorem 4 of [16], gives an interpre-
tation of G. We write #m for the number of blocks in a partition .

Proposition 6 Let G be a probability measure on the infinite simplex A. Let oo = (Il (t))t>0
be a standard G-coalescent. Let T' = inf{t : # Roll(t) = 1} be the collision time of 1 and 2. Let
By, Ba, ... be the blocks of Iloo(T'—). Let © be a partition of {3,4,...} on {#Il(T—) = oo} and
a partition of {3,4, ..., #oo(T—)} on {#oo(T'—) < o0} such that i and j are in the same block
of © if and only if B; and Bj are in the same block of oo (T). If P(#11oo(T—) = 00) > 0, then
conditional on {#oo(T—) = o0}, O is a G-partition of {3,4,...}. If P(#I1(T—) = n) > 0,
then conditional on {#1so(T'—) =n}, O is a G-partition of {3,4,...,n}.

Note that essentially the same result would hold if we defined T to be the time at which two
arbitrary fixed integers merged, but we state the result in terms of the collision time of 1 and 2
to simplify notation.

We now turn to the question of whether all coalescents with simultaneous multiple collisions
can arise as limits of ancestral processes in a population model of the type discussed in [13].
Since ¥), »o(0), as defined in Proposition 1, equals the partition of {1,...,n} into singletons,
only standard E-coalescents can arise in this way. Also, it follows from (9) and condition
A3 of Proposition 1 that for coalescents obtained from ancestral processes as described in the
introduction, we have
X0 = Fi(Ar) = 1.

It then follows from (12) that Z is a probability measure. However, since 2.2, is just a time-
scaling factor and the case = = 0 is trivial, Proposition 7 below shows that the family of
continuous-time processes that can be obtained from the ancestral processes studied in [13]
should be regarded as essentially the same as the family of standard =-coalescents.



Proposition 7 Let Z be a probability measure on A. Then there ezists a sequence (N )R—q such
that each pn is a probability distribution on {0,1,2,.. .}N that is exchangeable with respect to
the N coordinates with the property that if for all N, un is the distribution of family sizes in the
population model described in the introduction, then for all n, the processes (W n([t/cn]))e>0
converge as N — oo in the Skorohod topology to (Rpllso(t))i>0, where s is a standard =-
coalescent.

We can use Proposition 1 and Proposition 7 to characterize the coalescents with simultaneous
multiple collisions by a sequence of measures (F}.)>2,. We state this result precisely below. Note
that the result can be stated without referring to the population model that originally motivated
Mohle and Sagitov to study the measures F;..

Proposition 8 Let {Npjoy, ks :7 > 1, k1,..., k. >2,5>0,b= Z;-:l k;j + s} be a collection
of nonnegative real numbers. Then there exists a Poo-valued coalescent satisfying conditions B1

and B2 of Theorem 2 if and only if there is a sequence of measures (F)S2, satisfying

Al: each F, is concentrated on A, = {(x1,...2y) 1 2; >0 for all i and >, x; < 1},
A2: each F,. is symmetric with respect to the r coordinates of A,
A3’ Fl(Al) Z FQ(AQ) 2 ..y

such that (6) holds for all Npj, ... ks in the collection. If such a sequence (Fy)X2, exists, then
it is unique. Moreover, suppose (F)2 is a sequence of measures satisfying Al, A2, and A3
Define a collection of real numbers {Xppy ks 7 > 1, ki, k. >2,5>0,b= Z;Zl kj + s}
by (6). Then, a coalescent process satisfying B1 and B2 exists if and only if (F,.)22, also satisfies

AY: the right-hand side of (6) is nonnegative for all ™ > 1, ky,...,k, > 2, and s > 0.

Conditions A1l and A2 come directly from Proposition 1. The reason for replacing A3 with
A3’ is to obtain coalescents for which Ag.2.0 # 1. Condition A4, which is clearly necessary for
(F)2, to be associated with a coalescent process, can be viewed as a consistency condition on
the measures F,.. The following example shows that A4 does not always hold.

Example 9 Consider the sequence of measures (F,)>2; such that F} is a unit mass at 1, Fb
is a unit mass at (1/2,1/2), and F,, = 0 for all » > 3. Then, conditions Al, A2, and A3’ are
satisfied. If we define Ag.2.0 by (6), we get

Moo = [ 1@ A+ [ 10 B, dro
Ay

Ao

= (1) +1{3(5,.5).

By (7), T{5(z) = (1 — 2)2, so T{3 (1) = 0. Using (8) with j = 1 and s = 2, and recalling that
1o = —1 and i3 = ij41 = s+ 1 = 3, we obtain

11 2—k
T1(?2)(x1’x2) = (-1)? Z H ir(1l — Z:acz‘)i“rir2
i1=1k=0 i=1
= (DA -2 -2)°'()A —21)" = -1



Hence, Ay.0.0 = —1, so (F,)22, can not be associated with a coalescent process.
We next prove a result which interprets the measures F, as distributions of limiting relative
frequencies of blocks of random partitions. This result parallels Proposition 6, which provides
a similar interpretation of Z. We could prove essentially the same result replacing the integers
1,...,2r with any distinct integers i1, ..., %9,.

Proposition 10 Let (F;)$2, be a sequence of measures satisfying conditions A1, A2, A3, and
A4 of Proposition 8, and assume F1(A1) > 0. Let oo = (Il ())t>0 be a coalescent satisfying
conditions B1 and B2 of Theorem 2 such that the collision rates Ay, . ks are defined from
(Fr)2, by (6). Let T, = inf{t : #Ro I1o(t) < 2r}, which is the first time that two integers
in {1,...,2r} merge. Let By, Bs,... be the blocks of Iloo(T,—). Let ©, be a partition of N on
{# (T, —) = 0o} and a partition of {1,2,..., #oo(T,—)} on {#I(T,—) < o0} such that i
and j are in the same block of ©, if and only if B; and B; are in the same block of Il (T}.). Let
E, be the event that Ro,Ilo(T}) consists of the r blocks {1,2},{3,4},...,{2r — 1,2r}. Then,
the statements P(E,) = 0, Aop2. 20 =0, and F.(A,) = 0 are equivalent. For all v such that

3Ly Ly

P(E,) > 0, there exists a probability measure Q, on A, satisfying the following three conditions:

(a) Fr = Aori2,. 2:0Qr-

(b) If P(#11 (T, —) = 00) > 0, then conditional on the event E, N{#Il(1T,—) = oo},
the restriction of ©, to {2r +1,2r + 2,...} is exchangeable, and the distribution
of (firs---s frr), where fj, is the limiting relative frequency of the block of ©,
containing 25 — 1 and 2j, equals Q.

(¢) If P(#11(T.—) = n) > 0, then there exists a random partition O of N whose
restriction to {2r +1,2r 4+ 2,...} is exchangeable such that the distribution of ©!,
restricted to {1,2,...,n} is the same as the conditional distribution of ©, given
E, N {#1l(T:—) = n}. Moreover, ©; can be chosen such that if f;, is the limiting
relative frequency of the block of ©.. containing 2j — 1 and 2j, then the distribution of
(Fhyeeos £1,) equals Q.

Consider again the sequence (F;.)>2; of Example 9 in which F} is a unit mass at 1, F is a unit
mass at (.5,.5), and F, = 0 for » > 3. Suppose there were a coalescent process (Iloo(t))i>0
corresponding to (F,)2,. Define T;, ©,, and E, as in Proposition 10. If P(#Il(T1—) = oc0) >
0, then parts (a) and (b) of Proposition 10 imply that conditional on E1 N {#Il(T1—) = oo},
the restriction of ©1 to {3,4,...} is exchangeable, and the block of ©; containing 1 and 2 has a
limiting relative frequency of 1 a.s. It follows from Lemma 40 in appendix A that © consists of
a single block almost surely on Ej N {#Ily(T1—) = co}. If P(#I1(T1—) = n) > 0, then parts
(a) and (c) of Proposition 10 imply that conditional on £ N{#Ils(71—) = n}, O; has the same
distribution as the restriction to {1,2,...,n} of a partition ©), where the restriction of © to
{3,4,...} is exchangeable and the block of ©) containing 1 and 2 has a limiting relative frequency
of 1 a.s. Thus, © consists of a single block almost surely on E1N{#Il(T1—) = n} for alln € N.
Therefore, #11,(71) = 1 almost surely on Fj. Since Fy C Eq, we have #I1(77) = 1 almost



surely on E,. However, on Ey, R4Il.(T3) consists of the blocks {1,2} and {3,4}. Therefore,
P(E3) = 0. This contradicts Proposition 10 because F»(Ag) > 0. Thus, the interpretation of
the sequence (F,)2, given in Proposition 10 provides another way of seeing that condition A4
does not always hold.

We have established in Theorem 2 and Proposition 4 a one-to-one correspondence between finite
measures = on the infinite simplex A and coalescent processes satisfying B1 and B2. Proposition
8 shows that these coalescent processes are also in one-to-one correspondence with the sequences
of measures (F,)>, satisfying A1, A2, A3’, and A4. These results, of course, yield a natural
one-to-one correspondence between finite measures = on A and sequences of measures (F;)02
satisfying A1, A2, A3’ and A4. The last result of this section shows how to calculate (F}.)22,
given the measure =. We are unable to give a simple formula for calculating = directly from

(FT)?(;I'

Proposition 11 Let Z = =4 4 adg be a finite measure on the infinite simplex A, where =y has
no atom at zero and 6y is a unit mass at zero. Let (F})?2, be the unique sequence of measures
satisfying conditions A1, A2, and A3 of Proposition 8 such that the collision rates of a standard
E-coalescent are given by (6). Let S be a measurable subset of A,. Then,

/ Z ‘T zr {le, Ty ) ES}/Z-’E L—*O dm +a1{r 1,(0,0,...)€S}- (13)

117 Fir

3 The Poisson process construction

In [16], Pitman gives a Poisson process construction of the A-coalescent when A has no atom at
zero. Here we generalize this idea to obtain a Poisson process construction of the =-coalescent
started from any 7 € Py, for all finite measures Z on the infinite simplex A. Our construction
does permit = to have an atom at zero. This construction is a useful tool for studying the
E-coalescent, in part because making computations using (11) can be tedious.

We will first define a o-finite measure L on Z°°, which is a Polish space when equipped with the
product topology. We will then use a Poisson point process (e(t)):>¢ with characteristic measure
L, as defined in appendix B, to construct the Z-coalescent. For each x = (21, z2,...) € A, define
a probability measure P, on Z> to be the distribution of a sequence § = (&;)72; of independent
Z-valued random variables such that for all i we have P(§ = j) = x; for all j € N and
P(§ = —i)=1-3>2, x;. Let z; be the sequence (21, 22,...) in Z* such that z; = z; = 1 and
z = —k for k ¢ {i,j}. Then define a measure L on Z> by

L(A) :/A (PX(A)/ilx§> Eo(dx)Jrai1 ill{ZijeA} (14)
j= i=1 j=i+

for all product measurable A C Z*°. To show that L is o-finite, and to establish some facts that
will be useful later, we define

Ay ={€Z>*:&,...,& are not all distinct} (15)
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for all b > 2 and

A ={£ €27 : & =4} (16)
for all k # [. Note that if k¥ # [ then P,({{ : §& = & = j}) = x? for all 5 € N, which means
Pr(App) = 3272 x2. Therefore,

i

[1]

L(AM)_/AlEO(d:):)—I—aZ > lpean =Z0(A) +a=E(A). (17)

i=1 j=i+1

b b
AISO, Ab = U U AkJ, SO
k=11l=k+1

b b b
L(A) <) > L(Apy) = <2> E(A) < . (18)
k=11=k+1

Define
Ao ={£ € Z% : & = ¢ for some i # j}. (19)
Note that L(AS ) = 0. Thus, the union of the sets in the countable collection consisting of AS,

and Ay for all b > 2 equals Z*°, and L assigns finite measure to each set in this collection. Hence,
L is o-finite, so we can define a Poisson point process (e(t));>o with characteristic measure L.

We now use this Poisson point process to construct a Z-coalescent starting from an arbitrary
T € Px. First, we define for each n a P,-valued coalescent II7 = (II7(¢))s>0 as follows. Let
To,n = 0 and for k > 1, define T} ,, = inf{t > Tj_1,, : e(t) € A,}. Since L(A,) < oo by (18),
it follows from part (b) of Lemma 41 in appendix B that limj_,o T}, = 00 a.s. Therefore, by
the argument used to prove part (c) of Lemma 41 in appendix B, we have e(T} ) € A, for all k
almost surely. We will define II7; to have right-continuous step function paths with jumps only
possible at the times T}, for £ > 1. Therefore, it suffices to specify II7 (T} ) for all & > 0.
Define II7(0) = R,m. For k > 1, if II};(T}—1,,) consists of the blocks Bj,..., By, where the
blocks are ordered by their smallest elements, then II7 (T} ,) is defined to be the partition of
{1,...,n}, each of whose blocks is a union of some of the blocks By, ..., By, such that B; and B;
are in the same block of II7 (T}, ,,) if and only if e(T} ,,); = e(Tk,n);, where e(T} )i and e(Ty ,);
denote the ith and jth coordinates respectively of e(T} ).

Suppose m < n. We claim that (R, II7(¢))>0 = (II7,(¢))s>0. If £ € A, then & € A, so the
processes (Rp,II7(t))i>0 and (II7,(t))i>0 can only jump at times T}, for some & > 1. Thus,
to prove the claim, it suffices to show that R, II7(T},) = II7, (7)) for all & > 0. We use
induction on k. Note first that R, II7 (Tp ) = R 117 (0) = Ry =117, (0) = 117, (Tp,5,). Suppose
E>1 and R, I (T—1,) = U}, (Th—1,). Let Bi,..., By, be the blocks of II7, (Tj,—1,,) and let
Bi,..., B} be the blocks of II}}(T;_1,), where blocks are ordered by their smallest elements.
Fix i,j € {1,...,m} and define h(i) and h(j) such that i € By; and j € By ;). Since B; =
{1,...,m}N B} fori=1,...,b, we have i € B;L(Z.) and j € B;L(j). Therefore 7 and j are in the
same block of II7, (Tk ) if and only if e(Tk . )ni)y = €(Thkn)n(j)- Likewise, i and j are in the same
block of 17} (T}, ,,), and thus the same block of R, 117 (Tk ), if and only if (T n)ni) = €(Thn)n()-
We conclude that II7 (T}, ) = RpI17 (T n), so by induction, (R, II7(t))i>0 = (II7,(t) ) i>o0-

Now define a Poo-valued process 115, = (IIZ, (¢))+>0 such that ¢ and j are in the same block of
IT7% (¢) if and only if 4 and j are in the same block of I (¢) for n > max{i, j}. Then, II7 = R, II7,.
The proposition below establishes that II7 is a Z-coalescent started from .

11



Proposition 12 Let E = Zy 4 adg be a finite measure on the infinite simplex A, where Zg
has no atom at zero and 0y is a unit mass at zero. Let (e(t))t>o be a Poisson point process
with characteristic measure L, where L is defined by (14). For all m1 € Py, define a process
%, = (II5,(t))t>0 from (e(t))e>0 as described above. Then II% is a Z-coalescent satisfying
1"_(0) = .

Proof. That II7 (0) = 7 is clear from the definition of II7 . Thus, it suffices to show that II7
satisfies condition B2 of Theorem 2 for the rates defined from = as in (11). Fix n > 2, and define

= R,II7,. To see that 1I7 is Markov, choose a1, ..., o, € P, and choose times t1,...,tp41
such that 0 < ¢} < ... < ty41. It follows from the definition of Poisson point processes that
the process (e(tm + t))>0 has the same law as (e(t))¢>0 and is independent of (e(t))o<i<t,, -
Therefore, we see from the construction of II7 that

P(Hg(thrl) = O‘m+1|H2(t1) =01,... 7Hg(tm) = am) = P(Hgm (thrl - tm) = am+1)a

from which it follows that II7 is Markov.
It remains to show that the collision rates of II" agree with the rates given in Theorem 2 for
the restriction to {1,...,n} of the =-coalescent. Let Bj,..., B, be the blocks of II7(¢). Let 6
be a partition of {1,...,b} into s singletons and larger blocks Bj,..., Bl of sizes ki, ..., k,. Let
Ag consist of all sequences { € Z* such that if 1 <4,j < b, then & = ; if and only if ¢ and j
are in the same block of 6. Note that 6 is associated with a (b; k1, ..., k;; s)-collision in which
By, ..., By merge in such a way that B; and B; end up in the same block if and only if ¢ and j
are in the same block of §. By the above construction and part (a) of Lemma 41 in appendix B,
this collision is occurring at rate L(Ap). Thus, we must show that L(Ay) equals the expression
for Npiky,.. k:s given in (11).
A point £ € Z* is in Ay if and only if there exist I € {0,1,... s} and distinct positive integers
i1,-..,%p4; such that the following hold:

(a) &m =1ij forall j € {1,...,7r} and m € B.
(b) There exist my < ... <my < b such that &, =i.,; for j € {1,...,1}.
(c) &ém < 0 for the s — I values of m such that m < b, m ¢ B} for all j € {1,...,7},

and m ¢ {my,...,m}.
By summing over the possible values for | and the possible distinct integers i1,...,%,4+;, and
counting the possible values of myq,...,m;, we get
S S o0
k kr. —1
S IR D ) o 9} o)
1=0 i1 Fir j=1

for all  # (0,0, ...). Note also that

Z Z Lizjea0y = L=10=2)- (21)

i=1 j=i+1
It follows from (14), (20), and (21) that L(Ap) equals

/ (Z Z (?)xfll xerwrl, .xir+l(1_2xj)sl>/zx Eo(dx) +a1{r 1,k =2}
j=

1=0 i15... 204y
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which is the expression for Ap, . ks given in (11). Hence, (I3 (t));>0 is a Z-coalescent
satisfying II7 (0) = . O

Definition 13 Let = be a finite measure on the infinite simplex A. Suppose (e(t))i>0 is a
Poisson point process with characteristic measure L, where L is defined in terms of = by (14).
If Il is defined from (e(t))i>0 as described above, then we say Ils is a Z-coalescent derived
from (e(t))¢>0-

Remark 14 Note that by taking 2 = Jg, we can obtain a Poisson process construction of
Kingman’s coalescent. In this case, (14) reduces to

LA =) ) 1 eny (22)

i=1 j=i+1

Equivalently, we have L({z;}) = 1 for all 4,5 € N with i # j and L({{}) = 0 if we do not have
& = z;j for some i # j. The coalescent derived from a Poisson point process (e(t)):>o with the
characteristic measure L defined in (22) has the property that if the blocks are ordered by their
smallest elements, then the ith and jth blocks merge at the times ¢ for which e(t) = z;;.

Lemma 15 Let = be a finite measure on the infinite simplex A. Let (I1oo(t))e>0 be a E-coalescent
derived from a Poisson point process (e(t))i>0 with characteristic measure L, where L is defined
by (14). Let A be a subset of Z°° such that 0 < L(A) < oo, and let Ty = inf{t : e(t) € A}.
Then, oo (Ta—) and e(T4) are independent.

Proof. Let (¢/(t))>0 be defined such that €’(t) = 0 if e(t) € A and €/(t) = e(t) otherwise.
By parts (d) and (e) of Lemma 41 in appendix B, we have that e(T4), Ta, and (€¢/(t))i>0
are mutually independent. Since II(T4—) is a function of (¢/(t));>0 and T4, it follows that
IIo(T4—) is independent of e(T4). O

4 Proofs of results characterizing the coalescents

4.1 Preliminary Lemmas

In this subsection, we give some preliminary lemmas that will be useful for some of the proofs of
results in section 2. We begin with the following result, which can be proved by a straightforward
application of the Daniell-Kolmogorov Theorem.

Lemma 16 Suppose, for each n, that ©,, is a random partition of {1,...,n}. Suppose R0,
and ©,, have the same distribution for all m < n. Then, there exists on some probability space
a random partition O of N such that R,Oy has the same distribution as ©,, for all n.

The lemma below will enable us to construct Ps-valued coalescents from consistently-defined

Pn-valued coalescents. It is proved by an application of the Daniell-Kolmogorov Theorem as on
p.40 of [11].
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Lemma 17 Suppose, for each n, that (IL,(t))i>0 is a Py-valued coalescent. Suppose, for all
m < n, that the processes (R Il (t))t>0 and (I, (t))i>0 have the same law. Then, there exists
on some probability space a Poo-valued coalescent (Il (t))i>0 such that (Rplleo(t))i>0 has the
same law as (IL,,(t))t>0 for all n.

The next lemma gives the consistency condition that an array of nonnegative real numbers
ok, obs 07 2 Lk, ke > 2,8 > 0,0 = 370 kj + s} must satisfy to be the array
of collision rates for a coalescent with simultaneous multiple collisions. This condition is the

analog of condition (1) for the A-coalescent.

Lemma 18 Let {\yp,, ks :7 > 1, k1,00 kp >2,5>0,b= Z;Zl k;j + s} be a collection of
nonnegative real numbers. Then there exists a Poo-valued coalescent Il = (1o (t))i>0 satisfying
conditions B1 and B2 of Theorem 2 if and only if

T
bkt kopis = Z bt 13k ke sk Lkt yoenskris T SAbF 1k, ko 25— 1 T Ao Liky ksl (23)
m=1

forallr > 1, ky,..., k. >2,5>0, andbzzgzlkj—l—s.

When s = 0, we say that sA\pp1.k,,. k,.2:s—1 = 0 even though A\yi1.,.. k. 2:s—1 is undefined, so
that the right-hand side of (23) makes sense.

Proof. Continuous-time Markov chains on a finite state space can be constructed with arbitrary
nonnegative transition rates. Thus, we can define for each n a Markov chain II,, = (IL,,(¢)):>0
with state space P, and right-continuous paths such that II,,(0) is the partition of {1,...,n}
into singletons and, when II,(¢) has b blocks, each (b; k1, ..., k,;s)-collision is occurring at rate
)\b;k1,...,kr;s'

Define for each n a process 0,, = (0,(t))>0 by O, (t) = RyI1,41(t). Suppose O,, and II,, have
the same law. Then R,,II,, and II,, have the same law for all m < n. By Lemma 17, there exists
a coalescent process (Il ())¢>0 such that (R,II(t)):>0 has the same law as (IL,(t));>o for all
n. The process (Il (t))s>0 satisfies conditions B1 and B2 of Theorem 2. Conversely, suppose
IIo = (Iao(t))e>0 satisfies B1 and B2 of Theorem 2. Then, II,, has the same law as R,II., and
©,, has the same law as R, (R,+11l) = R,Ilw, so ©,, and II,, have the same law. Thus, we
must show that ©,, and II,, have the same law for all n if and only if (23) holds.

Let U = inf{t : {n + 1} is not a block of IT,,41(¢)}. On the event {t > U}, we have that
#11,,11(t) = #0,(t) and O,, undergoes a (b; k1, ..., k,; s)-collision at time ¢ if and only if 11,11
undergoes a (b; k1, ..., ky;s)-collision at time t. Therefore, after time U, if ©,(¢) has b blocks,
then each (b; k1,. .., ky;s)-collision is occurring at rate A, . ks

Next, suppose ©,, undergoes a (b;k1,...,k;s)-collision at time ¢ < U. Then, II,,+1 could
undergo any of r 4+ s+ 1 possible collisions at time ¢, as can be seen by considering the following
three cases:

Case 1: The block {n + 1} could remain a singleton at time ¢, in which case II,,;1 undergoes a
(b+1;ky1,...,k; s+ 1)-collision at time ¢.

14



Case 2: The block {n + 1} could join one of the s blocks of ©,(¢) that consists of a single block
of ©,(t—), in which case II,,11 undergoes a (b; kq,...,k;,2;s — 1)-collision at time ¢.

Case 3: The block {n + 1} could join one of the r blocks of ©,(t) consisting of two or more
blocks of ©,(t—). Then, II,,+1 undergoes a (b+ 1;k1,. .., km—1,km + 1, kmi1,. .., kr; s)-collision
for some m € {1,...,r}.

Thus, before time U, the rate of any (b; k1, ..., ky; s)-collision for the process ©,, is the same as
the sum of the rates at which II,,; is undergoing one of the r + s+ 1 collisions described above.
The definition of I, implies that this rate equals the right-hand side of (23).

It follows from the results proved in the last two paragraphs that if (23) holds for all r > 1,
ki,..., k. >2,5>0,and b= 22:1 k; + s, then ©,, and II,, have the same law for all n. Con-
versely, suppose 0, and II,, have the same law. Then the initial rate at which II, is undergoing
an (n;kq, ..., kp;s)-collision is Ap:k, . k,.s by definition, and arguments in the previous paragraph
imply that the initial rate at which ©,, is undergoing an (n;ki,...,k,;s)-collision is given by
the right-hand side of (23) with b = n. Hence, (23) holds when b = n. Thus, if ©,, and II,, have
the same law for all n, then (23) holds for all r > 1, k1,...,k, > 2,5 > 0,and b = Z;Zl kj+s. O

4.2 Proof of Theorem 2

In this subsection, we prove Theorem 2. Recall that in section 3, we constructed from a Poisson
point process a standard =-coalescent for an arbitrary finite measure = on the infinite simplex
A. This construction proves the “if” part of Theorem 2. However, Lemma 18 provides a way of
proving the “if” part of Theorem 2 more directly by checking the consistency of the transition
rates defined by (11). We provide this alternative proof below.

Proof of “if” part of Theorem 2. Suppose = = =3 + ady is a finite measure on the infinite
simplex A, where Zy has no atom at zero and Jp is a unit mass at zero. Define Ay, . k,..s by
(11) for all » > 1, ki,....k > 2, s >0, and b = 377, kj +s. By Lemma 18, to prove the
existence of a Ps-valued coalescent process satisfying conditions B1 and B2 of Theorem 2, it
suffices to verify (23) for all r > 1, ky,..., k. >2,5>0,and b = Z;Zl ki + s.

It suffices to verify (23) separately when Zy(A) = 0 and when a = 0. When Zy(A) = 0, the
right-hand side of (23) is 0 + 0 4+ Xpy1:ky,.. kyis+1, Which equals Api; k.. When a = 0, the
right-hand side of (23) can be written as

R E!
A =

s S oo
_ S k1 km—1_km+1_km+1 kr . ) N\s—1
W(x) = (l) (@i oy ) (1= E z;)
m=1 1=0 i1 Fir 11 =1

s—1 ) N
o i r? s—1-—1
+ SZ Z < l ) (xil -..l'irxir_,_lxiﬂﬂ...xiﬂ_lﬂ)(l_ij)
Jj=1

1=0 i1 7. Firp 141
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s+1 s+ 1 oo
+ > > < z )(xf;. b )=yt (24)
j=1

1=0 i1#... 704
Let A, B, and C be the three terms on the right-hand side of (24). We have
S S o0 T
k kr _
=3 T (1) e )0 S (S )
1=0 i15...£1, 4, j=1 m=1
Also, we have

8_1 k ko oo »
B = (l—l) 1...:1: xwrlxzr” xir+l)(1_zxj)s
j=1

= 1117’é #Zrﬂ

o
— oy et T
PTGkt (1= Yyt e e )

ir xl'r«kl xlr-&-l
= 1117’é #Zrﬂ

o0

$ k Ky -1

- Z Z ([ > ( 211 s Ly Ty - 'xir+l)(1 - ij)s (xir+1 +...+ xiTH)
=1 i1 Pl Jj=1

and

S k1 kr S+1 l
+ (l_1>(xi1...xirxir+l i, )( Zac

S k1 k s l
l> (2! )( g xj)° (1 = E x; + g Ti, 141)s

Zr+l+1 ¢S

where S = {i1,...,i,4;}. By adding the above expressions for A, B, and C, we see that W (x)
equals the numerator of the integrand on the right-hand side of (11), which implies (23). This
completes the proof of the theorem. O

The proof of the “only if” part of Theorem 2 relies heavily on exchangeability arguments. Some
well-known results that we will apply are reviewed in appendix A. It will be convenient to make
the following additional definition.

Definition 19 We call a Poo-valued process (Iloo(t))e>0 exchangeable if (Iloo(t))i>0 has the
same distribution as (61l (t))e>0 for all finite permutations o of N, where o(i) and o(j) are in

the same block of 611 (t) if and only if i and j are in the same block of T (t).

Note that any coalescent process satisfying conditions B1 and B2 of Theorem 2 for some collec-
tion of rates {Npky,. ks 7 > 1 Ky kr 2>2,52>0,0= Z;’:l k; + s} is exchangeable.
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Lemma 20 Let (a;);°, be a sequence of nonnegative real numbers such that > 2, a; < 1. Let
(bi)52, be a bounded sequence of real numbers. Suppose b; = b; whenever a; = aj, and suppose
oo afb; =0 for all k € N. Then b; =0 for all i such that a; > 0.

1

Proof. We may assume, without loss of generality, that a; > as > .... Suppose there exists an
i such that b; # 0 and a; > 0. Let m = min{i : b; # 0}, and let s = max{r > 0 : amir = am}.
We have

[e'e] m+s [e’e]
i=1 i=m i=m+s+1
for all £ € N. Note that
m—4+s
aﬁl Z b;i| > aﬁl|bm|
i=m
because by, = byy1 = ... = byys by assumption. Choose B < oo such that [b;| < B for all i.
Then
x x [o@)
Y afb|<B ) af<Bayl. Y a<Bapl.
t=m-+s+1 t=m-+s+1 i=m-+s+1

We have aﬁz|bm| > Baﬁ;}s 4 for sufficiently large k because ap1s11 < @y and [by,| > 0, which

contradicts the fact that the expression on the right-hand side of (25) is zero for all k € N. O

Proof of the “only if” part of Theorem 2. Suppose we have a collection of nonnegative
coalescent process o, = (Il (t))+>0 satisfying conditions B1 and B2 of Theorem 2 with collision
rates Apk,, . ks We wish to show that there is a finite measure = on the infinite simplex A
such that all of the collision rates are given in terms of = by (11).

Let T = inf{t : 1 and 2 are in the same block of Il (t)}. We may assume that 7' < oo a.s.
because if the rate at which the blocks containing 1 and 2 are merging is zero, then all collision
rates are zero and (11) holds with = = 0. For n > 2, let E,, be the event that 1,2,...,n are in
distinct blocks of I (7). Since Il is an exchangeable process, the probability that no pair
of integers in the set {1,2,...,n} merges before 1 and 2 merge is at least 2/n(n —1). Therefore,
P(E,) > 0. Let I';, be a random partition of {1,...,n} whose distribution is the same as the
conditional distribution of I, (7") given E,. We claim that there exists a random partition O,
of N such that ©,, = R,,0, has the same distribution as I';; for all n. By Lemma 16, it suffices
to show that R,,I",, has the same distribution as I';,, for all m < n.

Fix m < n. Let 6 be a partition of {1,2,...,m} in which 1 and 2 are in the same block. Let
s be the number of singletons in @, and let ki,...,k, be the sizes of the larger blocks of 6.
It follows from condition B2 that if II,,(t) consists of m singletons, then the merger of the m
singletons into the blocks of the partition 6 is occurring at rate A, k..s- Also, the total rate
of all mergers involving the blocks {1} and {2} is Xo;0.0. Thus, P(I'y, = 0) = Aoy krss/A2:2:0-
If T1,,(t) consists of n singletons, then condition B2 implies that the total rate of all mergers of
{1,2,...,n} whose restriction to {1,2,...,m} is the merger of m singletons into the blocks of ¢
is also Ay, kos- Therefore, we have P(R,,,I'y, = 0) = Aty kris/A2:2:0. Thus, R, I'y, has the
same distribution as I';,.
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Let ©/ be the restriction of O to {3,4,...}. Since Il is an exchangeable process, O is
an exchangeable random partition of {3,4,...}. It follows from Lemma 40 in appendix A that
each block of ©/_ has a limiting relative frequency. Let P, > P, > ... be the ranked sequence
of limiting relative frequencies of the distinct blocks of ©/ , where P, = 0 if ©/  has fewer
than n blocks with nonzero limiting relative frequencies. Note that the blocks of O, also have
limiting relative frequencies, and (Pj)?il is the ranked sequence of limiting relative frequencies
of distinct blocks of © ..

We now label the blocks of O, having nonzero limiting relative frequencies by By, Bo, ..., where
B; has limiting relative frequency P; on {P; > 0} and blocks with the same limiting relative
frequency are ordered at random, independently of ©. On {P; = 0}, the block B; is undefined.
Define a sequence of random variables (Z,,)5°_; such that Z,, = i on {m € B;} and Z,, =0
when the block of ©,, containing m has a limiting relative frequency of zero. Let F denote the
o-field generated by (PJ);";l Let Py =1-— Z?; P;. We make the following claim regarding the
distribution of the sequence (Z,,)5%°_;:

Claim. We have P(Z,, = i|F) = P; a.s. for all m > 3 and i > 0. On {P; > 0}, we have
P(Zy =i|F) = PZQ/Zjil Pj2 a.s. for all # > 1. Moreover, the random variables 71, Z3, Zy4, . ..
are conditionally independent given F.

Before proving the claim, we show how we can use the claim to complete the proof of the “only
if” part of Theorem 2.

Let 6 be a partition of {1,2,...,b} into s singletons and larger blocks Dq,...,D, of sizes
k1,...,k, respectively. Assume that 1 and 2 are in the block D;. Then, as we showed in
the third paragraph of this proof,

Abiker .o rss = A2:2:0P (0 = 6). (26)

By Lemma 40, almost surely every block of the exchangeable random partition ©/_ having a
limiting relative frequency of zero is a singleton. Therefore, if ¢,j > 3, then almost surely ¢ and
Jj are in the same block of O if and only if Z; = Z; # 0. On {P; > 0}, the claim implies that
Z1 = Zs > 0 a.s., so for all positive integers ¢ and j, we have that almost surely ¢ and j are in
the same block of © if and only if Z; = Z; # 0. Therefore, on {P; > 0}, the event that ©, = 6
is the same, up to a null set, as the event that there exist [ € {0,...,s} and distinct positive
integers 41, ..., %-4; such that the following hold:

(a) For all j € {1,...,r} and m € D;, we have Z,, = i;.
(b) There exist my < ... <my < b such that Z,,,, =i, for j € {1,...,1}.
(¢) Zm = 0 for each of the s — [ values of m such that m <b, m ¢ D; for j € {1,...,r},

and m ¢ {my,...,m}.

Note that [ is the number of singletons in O3 that are in blocks of ©4, having nonzero limiting

relative frequencies. For now, fix [ € {0,..., s} and fix distinct positive integers i1, ...,%,1;. The
claim implies that for j € {2,...,r}, we have
P(Zy = ij for all m € D;|F) = P, as. on {Py > 0}. (27)
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Since 1 and 2 are in Dy, it follows from the claim that
P(Zy =iy for all m € D1|F) = PP 2P(Z) = i1|F) = Pkl/ZPQ a.s. on {P; > 0}. (28)

Also, we have

P(Zy; =ipyj for je{l,...,l}|F) =P, ... P, as. on {P; >0} (29)

and
P(Z, =0|F) =P, as. on {P, >0} (30)
for all m > 3. By summing over the possible values of [ and 41, ..., %,4; and counting the possible
values of my, ..., m;, we can conclude from equations (27) through (30), conditions (a), (b), and

(c) above, and the conditional independence of Z1, Z3, Zy, ... given F that

roum- (55 (et rn nn) S0 e 0

1=0 i15... 204y Jj=1

On {P; = 0}, the claim implies that Z,, = 0 almost surely for all m > 3, so ©/_ almost surely
consists of all singletons. The exchangeability of 11, implies that the probability, conditional on
the event that O consists of all singletons, that 1 and 2 are in the same block as ¢ is the same
for all ¢ > 3, and therefore must be zero. Therefore, on {P; = 0}, almost surely O consists of
the blocks {1,2},{3},{4},...,{b}. It follows that P(Op = 0|F) =1 as. on {P; =0} if r =1
and k; = 2, and P(0, = 0|F) =0 a.s. on {P; = 0} otherwise. Therefore, P(©, = 0|F) equals

<§: 2 (&>}ﬁqi? PMB”J']%HPSC/E:P>1WQM+1h1mﬂkﬂo}

1=0 i17#... 704
(31)

almost surely.

By Lemma 40 in appendix A, the point (P, P,,...) is in A a.s. Let G be the distribution of
(P1, Py,...). Write G as Gg + adp, where G has no atom at zero and dy is a unit mass at zero.
By taking the expectation of the expression in (31), we see that P(0;, = ) equals

/(Z > <Z>R’?PZ§2- PEPy, . P P l)/ZPQdeal{r L2y (32)

=0 i17#... i

Let 2 = Zg + adp, where ZEg = A2,2,0Go and a = Aa.2.0c. Note that = is a finite measure on A.
It follows from (26) and (32) that the rates Ay, ..s are given by (11). Hence, Theorem 2
follows from the claim. [l

Proof of Claim. Since O/ is an exchangeable random partition, the sequence (Z,,)%_s is
exchangeable. It is clear from the definition of this sequence that its limiting empirical distribu-

tion is the probability measure with an atom of size P; at j for all j > 0. The o-field generated
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by this random distribution is F. Lemma 38 in appendix A implies that the random variables
Zs3, 2y, ... are conditionally independent given F and that

P(Z,, =i|F) =P as. (33)

for all m > 3 and ¢ > 0. By the exchangeability of I, the sequences (Z1,Z3, Zy,...) and
(Z1, Z4(3) Zo(4), - - -) have the same distribution for all finite permutations o of {3,4,...}. By
Lemma 39 in appendix A, Z; and (Z,,)°_5 are conditionally independent given F. It follows
that the random variables Z1, Z3, Zy4, . .. are conditionally independent given F.

Define Q; = P(Z; =i|F) for all ¢ > 1. It remains only to show that @Q); = PZQ/Z;’L P? as. on
{P; >0} for all i > 1. Fix kK > 4 and n > k. Then make the following definitions:

T = inf{t : 1 and 2 are in the same block of I (t)}.

Ty = inf{t : k — 1 and k are in the same block of I (t)}.
E, ={1,...,n are in distinct blocks of Il (7'—)}.
E,r={1,...,n are in distinct blocks of Il (7};—)}.

Also, let 0) 1 be the partition of {1,...,k} into the blocks {1,2} and {3,4,...,k}, and let 6y 5
be the partition of {1,...,k} into the blocks {1,...,k — 2} and {k — 1,k}. Let Il , denote
the restriction of Il to {k +1,...,n} and let 7441, be any partition of {k+1,...,n}. The
exchangeability of II,, implies that

P({IL(T) = Ok 1 )N En {10 (T) = Tpg1,nt) = P{Ik(Th) = Ok 23N Ep oM { k1 (Th) = Tg1n})-
Since T' = T}, on the sets {II(T) = 0y 2} N E,, and {I1;(T}) = O 2} N E,, 1, it follows that
P({IL(T) = Ok )N En {10 (T) = Tpt1,n}) = PHIL(T) = Or 2N En O {Iley1,0(T) = Tht1,n})
and thus

P({IIg(T) = Ok 1 } W {Hgy1,0(T) = T 10t En) = PUR(T) = Ok 2}V {1k11,0(T) = Thr10} En)-

Let ©p41,, denote the restriction of © to {k+1,...,n}. Since the distribution of ©,, is the
conditional distribution of I, (T") given E,, we have

P{Or = Ok1} N {Oks1,n = Thr1n}) = P{Ok = Ok 2} N {Okt1,n = Thr1n})- (34)

Let Fj41,, be the o-field generated by Op.1 . Since equation (34) holds for all partitions 7441,
of {k+1,...,n}, we have

PO, = Ok 1| Frv1,n) = P(Or = Op 2| Fii1,0) ass.

Let Fj41 be the o-field generated by the restriction of © to {k+1,k+2,...}. Since Fjy1p 1
Fr+1 as n — oo, standard martingale convergence arguments (see, for example, Theorem 5.7 in
chapter 4 of [5]) give

P(@k = 9k,1|Fk+1) = P(@k = 9k,2|fk:+1) a.s.

The limiting relative frequencies of the blocks of O, can be recovered from the restriction of
O to {k+ 1,k +2,...}, so the sequence (Pj)?il is Fpi1-measurable. Thus, F C Fj11, so

P(@k = 9k71|f) = P(@k = 9k72|f) a.s. (35)
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for all k£ > 4.

Using (33) combined with the fact that the random variables 7y, Z3, Zy, ... are conditionally
independent given F, we obtain

(e o]

POy =0p1|F) = > P(Zs=...=2Zy=i,21 = Zy #i|F)
=1
(o ¢]
= Y P(Z3y=...=Z =i|F)P(Z #i|F)
=1
(o]
= > PITP1-Q) (36)
=1
almost surely for all k > 4. Likewise, almost surely we have, for all k > 4,
o0
POp=0polF) = > > PZs=...=Zpo=i,Z1="2x=j, 71 =2y =i|F)
i=1 1<
(o]
= Y > P(Zs=...=Z s =ilF)P(Zp1 = Z = j|F)P(Z1 = i|F)
i=1 1<
(o]
= Y Y PP (37)
i=1 1<

;From (35), (36) and (37), we obtain, for all k& > 4, the equation

0= PFYP(1-Q)—Qi Y P)=> PP -Qi)_ P} as. (38)
i=1 1<j#i i=1 j=1

On the set {P; = P}, we have Q; = @ a.s. because, in the proof of the “only if” part of
Theorem 2, the blocks By, Bs,... having the same limiting relative frequency were labeled in
random order, independently of ©,. Therefore, P? — Q; Zj’;l Pj2 = P2 —Q Zj’;l Pj2 a.s. on

{P, = P}. Tt follows from (38) and Lemma 20 that P? — Q; PO P? =0 as. on {P; > 0}.
Therefore,

Qi=P/> P (39)
j=1

almost surely on {P; > 0}. It follows that on {P; > 0}, we have Z{j:Pj>o} Q; =1 as.
Therefore, on the event {P; > 0} N {F; = 0}, we have @; = 0 a.s. Thus, (39) holds almost
surely on {P; > 0} for all ¢ > 1, which completes the proof of the claim. 0

4.3 Proofs of Propositions 4 and 6

We can establish Propositions 4 and 6 by a straightforward application of the Poisson process
construction in section 3. We prove Proposition 6 first, as it is used in the proof of Proposition
4.
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Proof of Proposition 6. Write G = Gy + ady, where GGy has no atom at zero. We may assume
without loss of generality that Il is derived from the Poisson point process (e(t)):>0 with
characteristic measure L given by (14) with Gy and « in place of =y and a. The construction of
Il implies that T = inf{t : e(t) € A}, where A is defined by (16). Let © be the random
partition of {3,4,...} such that i and j are in the same block of © if and only if e(T); = e(T);.
It follows from the definition of (e(t));>o that © is an exchangeable random partition. Also, we
see from the construction of I, that © = © on {#II.,(T—) = oo} and O is the restriction of
O to {3,4,...,#1(T—)} on {#I(T—) < oc}. Since 0 < L(A;2) < oo by (17), Lemma 15
implies that ITo(7'—) is independent of e(7T") and thus is independent of O. Therefore, to show
that © satisfies the conclusion of Proposition 6, it suffices to show that the ranked sequence of
limiting relative frequencies of the blocks of © has distribution G.

For every & = (§)2, € Z°°, and k € N, define
RN
Ni(€) = lim — > Yy (40)
i=1

provided this limit exists. Define N(§) = (N1(§), N2(§),...). If £ is random with distribution
P,, as defined in section 3, then by the strong law of large numbers, we have N({) = x a.s. Let
S be a Borel subset of the infinite simplex A, and let AiQ ={£ecA1p:N() €S} By part (d)
of Lemma 41 in appendix B, we have

P(N(e(T)) € S) = P(e(T) € AT,) = L(A7,)/L(A1p).

By (17), L(A12) = G(A) = 1. Since Py(A12) = Y32, a3, we have Pp(A7,) = (3252, 2%) 1 zes)-
Therefore, by (14),

L(A7,)

/A (Zf’«“?)l{xeS}/Zx? Golde)+a > 1 cas,y
j=1

=1 i=1 j=i+1
= Go(S) + algop,.)esy = G(9).

Thus, N(e(T)) has distribution G. Since N(e(T')) is the ranked sequence of limiting relative
frequencies of blocks of ©, the proposition follows. O

Proof of Proposition 4. Suppose (Il(t)):>0 is both a standard Z-coalescent and a standard
='-coalescent. Then, the collision rates associated with the Z-coalescent and the ='-coalescent
must be the same. By (12), we have Z(A) = =Z/(A). Therefore, it suffices to establish the
proposition when Z and Z’, are probability measures.

Define T' and © as in Proposition 6. First, suppose P(#Ilo(7T—) = c0) > 0. By Proposition
6, conditional on {#Il(T—) = oo}, the distribution of the ranked sequence of limiting relative
frequencies of the blocks of © is Z. Since Il is also a =/'-coalescent, this distribution must also

=/

be 2/, s0 2 =Z'.

Next, suppose P(#I1oo(T—) = o0) = 0. The second paragraph of the proof of the “only
if” part of Theorem 2 implies that P(#Iloo(T—) > n) > 0 for all n € N. Thus, for all
m € N, there exists an n > m such that P(#Il(T—) = n) > 0. Proposition 6 implies that
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conditional on {#Il(T—) = n}, © is both a E-partition of {3,4,...,n} and a ='-partition of
{3,4,...,n}. Thus, for arbitrarily large n, and therefore for all n, a Z-partition of {3,4,...,n}
and a =Z'-partition of {3,4,...,n} have the same distribution. Thus, a E-partition of {3,4,...}

—_ —_
— — =

has the same distribution as a Z/-partition of {3,4, ...}, so 2 = =/, which completes the proof. O

4.4 Proof of Proposition 7

In this subsection, we consider a population model of the type discussed in the introduction,
and we adopt the notation used in the introduction. We begin with the following lemma.

Lemma 21 Let Z be a probability measure on the infinite simplex A. Denote by Ay, ... ks the
collision rates of the E-coalescent, which are defined from E by (11). Suppose, for a population
model of the type discussed in the introduction, we have limy_, cy = 0 and

lim El(v1, N )iy - - (Ve Nk, |
N—oo Nk1+...+krchN

= Noiky, oo 0 (41)

forallr > 1, ki,...,k.>2 and b= 22:1 kj. Then, for all n, the processes (¥n N(|t/cN]))i>0
converge as N — oo in the Skorohod topology to (R,Ils(t))i>0, where o is a standard =-
coalescent.

Proof. By Proposition 1, for each n the processes (¥, n([t/cn]))¢>0 converge in the Skorohod
topology to a coalescent process (¥, o (t))i>0 as N — oo. As noted in the introduction, the
collision rates defined in (6) for the processes (W, oo(t))t>0, which we denote by Ay o
satisfy the consistency condition (23). By Lemma 18, there exists a process Il = (IToo(?))>0
satisfying conditions B1 and B2 with collision rates Ai;kl,...,kr;y and (U, oo(t))s>0 has the same
distribution as (R, (t))i>0 for all n. By Theorem 2, Il is a Z'-coalescent for some finite
measure Z' on the infinite simplex A. It follows from (10) that

lim Bl Nk - (U Nk
N—oo Nk1+---+kr—rCN = bik1,..,kr00

(42)

Equations (41) and (42) imply that Xpg,, . k.0 = )\éﬁkl . kps0 Whenever 7 > 1, Ky, ...k, > 2, and
b=3%_, kj. Following Lemma 3.4 of [13], we write (23) in the form

;
Aot Likr,okrist1 = bk, kpss — Z Abt1ik1 ekt ALkt yeokirss — SAb4 Tk, ke 2551 (43)

m=1

By induction on s, we can see from (43) and our convention that sAy41.4,. k.2.s—1 = 0 when
s = 0 that the collision rates when s = 0 determine all of the collision rates uniquely. Thus,
Nbsker oo irss = §7§k‘17---7k7‘;5 forall? > 1, ky,...,k, >2,5>0,and b= Z;Zl kj+ s. It follows from

= _ =

Proposition 4 that = = Z’, which proves the lemma. O

We also require the following lemma, stated on p.284 of [8], regarding the factorial moments of
the multinomial distribution.
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Lemma 22 Suppose (X1,...,X.) has a multinomial(N;p1,...,p.)-distribution. Then for all
nonnegative integers qi, ..., qe, we have E[(X1)g (X2)g - - (Xe)g) = (N)gr+...+4.0T" - .. pE.

Proof of Proposition 7. We can write = = Z3 + adp, where =y has no atom at zero. Let
IIo = (Il (t))e>0 be a standard =-coalescent, and denote the collision rates of s by Ak, .. kyss-
For all N > 2/ let Ty = inf{t : #RnIl(t) < N}, so Ty is the first collision time of RyIl
Let Sin,...,Sw N be the sizes of the blocks of RyIlo(Tn). Let 7y n,...,0n N be obtained by

randomly ordering the elements of the multiset M consisting of S1 v, ..., Sy v and N —w zeros.
Let Viy be a random variable, independent of Il such that P(Vy = 1) = 1/N and P(Vy =
0) =1- 1/N Define (Vl,Na SN aVN,N) = (17171\[, e 7ﬁN,N) on {VN = 1} and (Vl,Na e aVN,N) =

(1,...,1) on {VN = 0}. Let pxn be the distribution of (v1 n,...,vnn). We claim that for
all n, the processes (U, n(|t/cn]))t>0 derived from the distributions py as described in the
introduction converge in the Skorohod topology to (R,Ils(t))i>0 as N — oo. This claim will
establish the proposition. By Lemma 21, it suffices to show that limy_,., ¢y = 0 and that for
allr > 1, ky,...,k,>2and b= Z;Zlkj, we have

. El(vin)k - (U Nk,
hm Nk1+..1.+kr77‘TClN = Ab;kly---kaO’ (44)

N—oo

We may assume without loss of generality that Il is derived from a Poisson point process
(e(t))+>0 with characteristic measure L, where L is defined from = by (14). Define Ay by (15).
Recall from (18) that L(Ax) < oo. It follows from the construction that Ty = inf{¢ : e(t) € An}.
Let ¢V = (¢, ..., ¢X) be the first N coordinates of e(T). If 1 < i,j < N, then i and j are in
the same block of RyIlo(Tw) if and only if ¢V = CJN. For y € Z%, define

Sy={£€Z>®: (&,....En) =y}

Whenever S, C Ay, we have P(¢V =y) = L(S,)/L(An) by part (d) of Lemma 41 in appendix
B. Let f: Z"Y — [0,00) be a function such that f(y) = 0 unless S, C Ay. Also, let z ' denote
the first IV coordinates of z;;, and let Y, be the first N coordinates of a random sequence with
distribution P, where P, is defined as in section 3. Then,

E[f¢M) = Y PV =

yGZN yEZN

_ (/ fly /Z:c Zo(dx) +az Z fly {zijesy}>

GZN =1 j=1+1

_ AN (/ Zf /Zx o(d) —l—azz > fw) {z1765y>

i=1 j=i+1yczN

_ L(;N)(/AE[]"( /Zw =o(da) +az Z e ) (45)

=1 j=i+1

Given y = (y1,...,yn) € Z" and j € Z, let hjn(y) be the cardinality of {i :y; = j}. Fixr >1
and kq,..., k. > 2. Define

In(y) = ™, il;éiT(hil,N(y))kl oo (i N(Y)) s (46)
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where the sum is over distinct positive integers i1, ...,%,. We claim that

E[(71,N)ky - - (PrN)k,] = E[fn(CY)]- (47)

To see (47), recall that we defined 7 n, ... 7, y by randomly ordering the elements of the multiset
M. By the definitions of M and ¢V and the properties of the Poisson process construction, M
consists of the cardinalities of the w nonempty sets of the form Rj x = {i : ¢V = j} and N —w
zeros. Note that h; n(¢Y) is the cardinality of R;y, so M contains N — w zeros as well as
hjn(¢Y) for all j such that hjn(¢Y) # 0. It follows that (71 n)k, - .. (7N )k, is either zero or
equals (hi, N(CY)ky - - (hi, N (CY))g, for some r-tuple (iy,...,i,) of distinct positive integers.
Thus, when y = ¢, all possible nonzero values of (1 §), - (7rN)k, are terms in the sum on
the right-hand side of (46). Conditional on the event that h;, n(¢V), ..., ki, n(¢YV) are nonzero,
the probability that these are the first r elements, in order, of the multiset M after a random
ordering is 1/(N),. Thus,

El(o1,3)ky - - (Frn)r, [CV] = e (CY). (48)
Equation (47) follows by taking expectations of both side of (48).
Note that for all x € A and all distinct positive integers i1, ..., ., the distribution of the vector
(hilyN(Y$)7 . hlry N Z th

is multinomial(N; z;, , ..., x4, 1—2511 ;). Thus, by applying Lemma 22 with ¢ = r+1, ¢; = k;
fori=1,...,r, and g,+1 = 0, we obtain

1 _
Elfn(Y2)] = ™ > (Vi @it o NFUEARemr SN gl gl (49)
T i i 1. Ay

where ~ denotes asymptotic equivalence as N — oco. Also, fn (25 ) =0 unless r =1, k; = 2,
i < N,j<N,and i # j. In this case, hLN(zZ!}[) = 2 and hy n(%; ) € {0,1} for k # 1, which

means o
U %Z (hie N (2i5)) %
k=1
Therefore, if r =1 and k1 = 2, we have
i i fN(zg) = (g) % ~ N = Nkitothe—r (50)
i=1 j=it+1
Equations (45), (47), (49), and (50) imply that

Bl N)ky -+ (OrN)k] = oA )< E[fn(Y, /Zx Eo(dx) +GZ Z fn(zi; )

=1 j=1+1

Nkl"r Akr—r k 9
(/ Z :c xz:/zu’c] :O(da:)—i—al{r:l,kl:Q}).

i iy i=1
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By (11), it follows that

Nk1+...+kr—7‘
L(An)

forallr > 1, ky,..., k- >2,and b= Z;Zl k;. Since (v1,n,...,vN,n) = (1,...,1) with probabil-

ity 1 —1/N and (v1,n,...,vNN) = (P1,N, ..., UN,n) With probability 1/N, it follows from (51)
that

El(1 N )ky -+ - (Fr Ny ] ~ Abik1,.o k0 (51)

Nk‘1+---+k‘r—7'

E (o ~E T o. 52
(1, 8)ky - - - (N )] NL(Ay) b (52)
When r = 1 and k; = 2, equations (4) and (52) give
E[(v1,n)2] 1 N 1
NTTN- N —1) NL(Ay) 2%~ NL(Ay)"#*° (53)

Since L(An) > L(A12) = Z(A) = 1 by (17), it follows from (53) that limy_.o, cy = 0. Moreover,
from (52) and (53), we obtain
El(iN)ky - (Ve N)k] Abkor,krs0

lim =
N—oo Nk1+"'+k’“_rCN )\2;2;0

Since Z is a probability measure, we have Ag.,0 = 1 by (12), which establishes (44) and
completes the proof of the proposition. O

4.5 Proofs of propositions related to (F,)%2,

In this subsection, we prove Propositions 8, 10, and 11, all of which relate to the characterization
of coalescents with simultaneous multiple collisions by a sequence of measures (F,)92 ;.

We will use the following lemma. When (F,)%, is associated with a population model as
described in Proposition 1, then this result is exactly Lemma 3.4 of [13]. However, the proof
in [13] uses the properties of the population model. Since we wish to apply the result without
knowing, a priori, whether the sequence (F,)22, is associated with a population model, we will

prove the result for all (F,)22, satisfying conditions Al, A2, and A3’ of Proposition 8.
Lemma 23 Let (F,)$2, be a sequence of measures satisfying conditions A1, A2, and AS of
Proposition 8. Define real numbers {Npiy. ks :7 > 1, k1, k. >22,5>0,b= Z;-:l kj + s}
by (6). Then (23) holds.

Proof. Verifying (23) is equivalent to verifying (43). Equation (6) implies that (43) is equivalent

to
lr+(s+1)/2]
/ =2 xf’“_2T§7?4)_1(x1, cosTm) Fp(dzy, ... dxyy,)
lr+s/2] r
= Z / x]er...xffT—Q(l —in)Tﬁg)(wl,...,xm) Fo(dry, ... dxy,)
m=r m =1
lr+(s+1)/2]
- s Z / xlf1_2 . foQTr(Tl),s—l(xlv coy ) Fp(dxy, . oo dey,). (54)
m=r+1 Am
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It follows from (8) that Trgﬁ)j s = 0when s < 27, so T,S,?) = 0 when s < 2(m —r) or, equivalently,
when m > r + s/2. Thus, (54) would be unchanged if we took the three sums over m in (54) up
to infinity. The resulting equality follows from (7) and (8) and is stated in the proof of Lemma
3.6 of [13]. O

Proof of Proposition 8. Suppose {A\pi; . ks 7> 1, k1, k. >2,5>0,b= Z;Zl kj + s}
is a collection of nonnegative real numbers such that there exists a Po-valued coalescent Il
satisfying conditions B1 and B2 of Theorem 2. By Theorem 2, the rates can be obtained from
(11) for some finite measure = on the infinite simplex A. By (12), we can write 2 = A2.2,0G,
where G is a probability measure. Denote the collision rates of the G-coalescent by )\27 Ky st
By Proposition 1 and Proposition 7, there exists a unique sequence of measures (F). )22, satisfying
conditions A1, A2, and A3 of Proposition 1 such that the collision rates \j, K. ks AT€ given by
(6) with F,, replaced by F}, on the right-hand side. Let F, = Xg,2.0F. for all . Then (Fr)2,
satisfies A1, A2, and A3/, and the collision rates A, . ..s are given by (6). The uniqueness of
(E))2 ,, which is asserted in Proposition 1, implies the uniqueness of (F,);.

Next, suppose {Apiy,. ks : 7 = 1, ki, ke > 2,8 > 0,0 = ijl k;j + s} is a collection
of nonnegative real numbers, and suppose there is a sequence of measures (F;)>; satisfying
Al, A2, and A3’ such that (6) holds for all Ak, . k.s. Lemma 23 implies that (23) holds, so
by Lemma 18, there exists a Py.-valued coalescent satisfying Bl and B2 with collision rates
{)\b;kl,...,kr;s r>1, k.. k- >2,5>0,b= Z;Zl kj + 8}.

Finally, suppose (F;)$2; is any sequence of measures satisfying Al, A2, and A3’, and define a
collection of real numbers {Ayp,  gos:7 > 1, ki,... k. >22,5>0,b= 25:1 k; + s} by (6). If
A4 holds, then the argument in the previous paragraph implies that there exists a coalescent
process with collision rates Ay, . k.s satisfying Bl and B2. However, if the right-hand side of
(6) is negative for some r > 1, ki,..., k. > 2, and s > 0, then clearly there can be no coalescent
process with collision rates A, .. k,;s satisfying Bl and B2. [l

Proof of Proposition 10. Recall that (F,)>2, satisfies conditions Al, A2, A3, and A4 of
Proposition 8, and Il is a coalescent satisfying conditions B1 and B2 of Theorem 2 with collision
rates Apk,, . ks defined from (F;.)22; by (6). To prove the first statement in the proposition,
note that Ry, 11+ (0) consists of 2r singletons, and g, 2,...,2:0 is the rate at which these singletons
are colhdlng to form the blocks {1,2}, {3,4}, ..., {2r — 1,2r}. Thus, P(E,) = 0 if and only
2:0 = 0. Also, by (9), we have Agro 2.0 = Fr(Ar), 50 A2, 2.0 = 0 if and only if

-------------

By Theorem 2, I, must be a standard Z-coalescent for some finite measure =. Therefore, we
may assume that II is derived from a Poisson point process (e(t)):>0 with intensity measure
L, where L is defined in terms of = by (14). We have T, = inf{t¢ : e(t) € Aa,}, where Ay, is
defined by (15). Define

DT:{fEZooiggj_lzfgj forjzl,...,randﬁgi#ggj 1f1§2<]§7“} (55)

It follows from the construction of Il that E, occurs if and only if e(T}) € D,.

Let ©, be the partition of N such that ¢ and j are in the same block of ©, if and only if
e(Ty); = e(T;);. It follows from the construction that ©, equals ©, on {#Il(7,—) = co} and
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O, is the restriction of ©, to {1,2, ..., #(T,—)} on {#I1(T;—) < co}. Suppose P(E,) > 0.
Then let ©/. be a random partition whose distribution is the same as the conditional distribution
of ©, given E,. Since Il is an exchangeable process (see Definition 19), the restriction of ©’, to
{2r+1,2r+2,...} is exchangeable. Let f]’-,r be the limiting relative frequency of the block of ©!.
containing 2j — 1 and 27, which exists by Lemma 40 of appendix A. Let @, be the distribution
Of (ffps- -+ fh)

We first show that @, satisfies condition (b) of Proposition 10. Suppose that we have
P(#11(T,—) = 00) > 0. By Lemma 15, Il (7, —) and e(7}.) are independent since L(As,) < co.
Therefore, the conditional distribution of ©, given F, equals the conditional distribution of
O, given E, N {#I(T,—) = oo}. The conditional distribution of the limiting relative fre-
quencies of the first  blocks of ©, given E, equals @, by definition. Since ©, = O, on
{#I1(T,—) = oo}, the conditional distribution of the limiting relative frequencies of the first r
blocks of O, given E, N {#1ll (T, —) = oo} equals the conditional distribution of (fi,,..., frr)
given E, N {#I1(T,—) = oo}, where f;, is the limiting relative frequency of the block of ©,
containing 2j — 1 and 2j. Hence, conditional on E, N {#Il(T,—) = oo}, the distribution of
(fir - frr) equals @, which is condition (b).

Next, we show that @, satisfies condition (c). Suppose P(#Ils(T;—) = n) > 0. The conditional
distribution of ©, given E, N {#Il.(T,—) = n} equals the conditional distribution of the
restriction of O, to {1,...,n} given E, N {#Il+(T,—) = n}. By the independence of I, (7,—)
and e(T,), this equals the conditional distribution of the restriction of ©, to {1,...,n} given
E,, which equals the distribution of ©. restricted to {1,...,n}. Since @, was defined to be the
distribution of fy .,..., f; ., it follows that @, satisfies (c).

It remains to show that @, satisfies condition (a) for all r such that P(E,) > 0. For all r,
define F] = 0 if P(E,) = 0 and F] = X2 20Q, if P(E,) > 0. It suffices to show that
F, = F] for all r. We first show that the sequence (F) )22, satisfies properties Al, A2, and A3’
of Proposition 8. That (F))°, satisfies Al is clear from the definition. Note that for all r, the
measure (), is symmetric with respect to the r coordinates of A, because Il is exchangeable.
Therefore each F) is symmetric and so A2 holds. Also, we have F)/(A;) = X2, 20 for all
r > 1. Whenever By, ..., Bg, merge into the r blocks By U Bg, B3 U By, ..., Bo._1 U By, the
blocks By, ..., By._1) merge into By U By, B3U By, ..., By._1)—1 U By(,_1). Therefore, we have
Ao(r—1);2..,2:0 = A2r:2,...2,0 for all r > 2, which means F{(Ay) > Fi(As) > .... Thus, (F])>2,
satisfies A3’.
Let Ny, . be defined by (6) with £}, in place of Fy,,. Since both (F)72, and (F7)22, satisfy
A1, A2, and A3, the uniqueness assertion in Proposition 8 implies that we can prove F, = F)
for all r by showing that

)\b§k17~~~7k'r§5 - g);kl,...,kr;s (56)
forall r > 1, ky,....k. > 2, 5> 0, and b = 22:1 kj + s. Also, Lemma 23 implies that (43)
holds for both collections of collision rates. Therefore, by induction on s, it suffices to verify (56)
when s = 0. If P(E,) = 0, then F,(A) = F/(A) =0, so when s = 0, (56) follows immediately
from (9). Therefore, we may assume for the rest of the proof that P(E,) > 0.
Let 6 be a partition of {1,...,b} into blocks of sizes ki,..., k. > 2 such that R0 consists of

the blocks {1,2},{3,4},...,{2r —1,2r} and k; is the size of the block containing 2j —1 and 2j.
Let Ap consist of all £ € Z* such that if 1 < 4,5 < b then § = &; if and only if ¢ and j are in
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the same block of 6. Define

U, = inf{e(t) € D,}, (57)
where D, is defined by (55). Then, E, is the event that 1,...,2r are in distinct blocks of
I (U,—), and T,, = U, on E,. Since D, C Ag,, where Ag, is defined by (15), we have L(D,) <
o0. Therefore, 11 (U,—) and e(U,) are independent by Lemma 15. Using this independence for
the fourth equality and part (d) of Lemma 41 in appendix B for the fifth equality, we have

P(Ry©. =0) = P(RyO, =0|E,) = P(e(T}) € Ag|E,)

L(Ag) _ Ab,hri0
L(Dy)  Aarp2,.20

= P(e(Uy) € A|E;) = P(e(U,) € Ag) =

Define a sequence of random variables (Z;){2,,. | such that Z; = j if 4 is in the same block of
©! as 2j and Z; = 0 if j is not in the same block of @/ as any of 1,...,2r. Since the restriction
of ©] to {2r+1,2r+2,...} is an exchangeable random partition, (Z;);2,,,; is an exchangeable
random sequence. By Lemma 40 of appendix A, (Z;)$2,,,; is has a limiting empirical measure p
given by u({j}) = fj for j =1,...,r and p({0}) = 1 = 3°%_, f]. Let F be the o-field generated
by p. By Lemma 38, the random variables Zo, 11, Z2r42, ... are conditionally independent given
F, and the conditional distribution of each Z; given F is pu. Therefore,

P(Ry©, = 0|F) = (f) 2. (f)F2 (59)

Taking expectations of both sides of (59), we get

P(Rb@;_e)_/A P (da, L da). (60)

iFrom (9), (58), and (60), we have

—9 _
Aok, k0 = Aar2,..20P(RpO; = 0) :)\27“;2,...,2;0/ a2 k2 Quday, . day)

T

_ k1—2 kr—2 10/ Y
= / €Ty ...xrr Fr(dxl,...,dxr) = )\b;kl,...,kr;(]’
Ar

which completes the proof. O

Remark 24 Recall that to prove Proposition 8, we used Proposition 1 to establish the fact that
if there is a coalescent process satisfying conditions B1 and B2 of Theorem 2, then the collision
rates must be determined by (6) for a unique sequence of measures (F}.)>2, satisfying conditions
A1, A2, and A3’ of Proposition 8. Thus, the proof of Proposition 8 made use of the population
model introduced in [13]. In the proof of Proposition 10, we started with a coalescent process
11, satisfying B1 and B2. Without using the assumption that the collision rates were derived
from (F,)?2, by (6), we then defined a sequence of measures (F))2, satisfying A1, A2, and A3’
such that the collision rates of Il were given by (6), with F}, in place of F,,, on the right-hand
side. The uniqueness of this sequence of measures, which is part of Proposition 1, follows from
(9) and the fact that measures on A, are uniquely determined by their moments. Consequently,
we now have an alternative proof of Proposition 8 that does not refer to the population model.
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Proof of Proposition 11. Let Il be a standard =-coalescent, and denote the collision rates
by Apki... kes- Fix 7 € N. Define E, as in Proposition 10. First, suppose P(E,) = 0. Then
Aor2..2:0 = 0 and F.(A,) = 0 by Proposition 10. We see from (11) that when S = A,, the
right-hand side of (13) equals A2 . 2.0, which is zero. Also, the right-hand side of (13) is
nonnegative and takes on its maximum value when S = A,, so it is zero for all S. Thus, (13)
holds when P(E,) = 0.

Now, suppose P(E,) > 0. Assume that Il is derived from a Poisson point process (e(t)):>0
whose characteristic measure L is defined by (14). Define T}, ©,, O/, and f{yr,...,f;yr as
in the proof of Proposition 10, and let @, be the distribution of fi ..., f;,. By the proof of
Proposition 10, we have F,.(S) = Aap.2. . 2.0Qr(S) for all measurable subsets S of A,.. For £ € Z*
and k € Z, define Ni (&) as in (40), provided this limit exists. Define D, as in (55) and U, as in
(57). For each measurable subset S of A,, define

AS,T ={ecD,: (N§2(§),N§4(§), e 7N§2r(§)) € St.

On E,, if f;, denotes the limiting relative frequency of the block of O, containing 2j — 1 and 27,
then (fir,..., ffr) € S if and only if e(T,) € Ag,. Since O/ is defined to have the conditional
distribution of ©, given E,., we have

QT(S) = P((f{,rv .- '7f7{,r) € S) = P((fl,rw .- afr,r) € S|Er) = P(G(Tr) € AS,T|ET)'

Note that T, = U, on E,. By Lemma 15, II,o(U,—) and e(U,) are independent. Also, recall
from the proof of Proposition 10 that E, is the event that 1,...,2r are in distinct blocks of
II(U,—). Using these facts and part (d) of Lemma 41 of appendix B, we get

QT(S) = P(e(Ur) € AS,T|ET‘) = P(G(UT) < AS’T) - %

Since L(D,) = Agr2,...2:0, which is nonzero when P(E,) > 0, it follows that F,.(S) = L(Ag,).
By the strong law of large numbers,

Po(Ass) = > @ 7f Uy, )es)

i1 iy
Also, z;; € Ag, if and only if {4,j} = {1,2}, r =1, and (0,0,...) € S. Thus, by (14), L(As,)
equals the right-hand side of (13), which completes the proof. O

5 Further properties of the =-coalescent

In this section, we establish some properties of the =-coalescent, most of which are straightfor-
ward extensions of properties that have been proved in [16] or [19] for the A-coalescent.

5.1 Regularity Properties of the =-coalescent

In this subsection, we prove some regularity properties of the =Z-coalescent. The analogous
results for the A-coalescent are given as part of Theorem 1 in [16]. A consequence of the Feller
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property proved below is that the =-coalescent satisfies the strong Markov property, a fact we
will use later.

Recall from the introduction that we can identify P,, with the product space P; X Po X .. ..
Since each P, is finite, the associated product topology is compact and metrizable and has a
countable basis. Also, one can check that this topology is induced by the metric d(o,7) = 27",
where n = inf{m > 1: R,,0 # R, 7}.

Proposition 25 Let P=™ denote the law of a Z-coalescent Tl started with 11 (0) = m. Then
the collection of laws (P=™,m € Ps) defines a Feller process.

Proof. Let C(Px) be the set of continuous real-valued functions defined on Py with the
topology induced by the norm || f|| = sup,ep_ | f(0)|. Let A, consist of all real-valued functions
f defined on Py, such that f(o) = f(7) whenever R,0 = R, 7. Since, for f € A,, the value
of f(o) is determined by R,o, we can associate with each f € A, a function f defined on
P, such that f(o) = f((R,0) for all ¢ € Ps,. Let A=), A,. Then A is a subalgebra of
C(Po) which contains constants and separates points, so by the Stone-Weierstrass Theorem, A
is dense in C(Px).

We now define a family of operators (P, t > 0) on C(Ps). For all n € N, let (P",t > 0) be
the transition semigroup associated with the restriction to {1,...,n} of a Z-coalescent. Then
for f € A, let Pf(o) = Pt"f(”)(RnJ). Note that P;f is in A, and thus is continuous. We
must check this definition for consistency; that is, if f € A,, and m < n, we must check that
PP f™(R,0) = P f™(R,,0) for all ¢ € Ps. For a € Py, let TI¥ denote the restriction
to {1,...,n} of a E-coalescent I, satisfying R,II% (0) = a. For o, € P,, let pi'(«a, ) =
P(I1%(t) = ). Property B2 of Theorem 2 implies that for a € P, and 7 € P,,, we have

p?(RmO‘ﬂ—) = Z p?(a,,@).

{BEPn:RmB=T7}

Therefore, for all f € A, and o € Py, we have

PP (Ryo) = > pp(Reo,a)fM(a) = > S B(Rao B (B)

- S X ses)
TEPm {BEPn:RmB=T}

= > P (Bmo, 7)) (1) = P (Rio),
TEPm

so P, f is consistently defined for all f € A. Now let f € C(Ps) be arbitrary, and let (fp,)2_; be
a sequence of functions in A converging uniformly to f. Note that || P, fr,—Pifull < || fr—frll — 0
as m,n — 00, so the sequence (P f,,)or_; converges uniformly to some continuous function that
we define to be P, f.

We claim that (P;,¢t > 0) is a Feller semigroup on C(Py,). Clearly Py is the identity operator.
Since each (P;*,t > 0) is the transition semigroup of a Markov process, we have ||P*|| < 1 for
all t and n, which implies ||P;|| < 1 for all t. Fix f € C(Ps) and let (f,)5_; be a sequence in
A converging to f. Then Piisf = limy,— o0 Pigsfim = limy,— o0 PiPsfrn = P.Psf, so (Pt > 0)
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is a semigroup. Let € > 0, and fix m such that ||f,, — f|| < €/3. Let n be an integer such
that f,, € A,. There exists a constant A\, < oo such that the total rate of all collisions for the
restriction to {1,...,n} of any Z-coalescent is at most A,. Thus, if ||f,| > 0, we can choose
d > 0 such that P(II%(t) # I19(0)) < €/(6||fm]|) for all t < § and « € P,. Then, for all t < &
and o € Py, we have

|Pifin(0) = fm(0)] = [P/ [ (Rno) = 5P (Ruo)| < 20 £ | PATE (2) # T (0)) < €/3.

Hence,
1Pf = fl S W Bef = Befmll + 1Pefm = fonll + [ fm = fIl <€

Therefore, limy g |[|[Pif — f|| = 0. It follows (see Definition 2.1 in chapter III of [17]) that
(P, t > 0) is a Feller semigroup on C(Ps). Therefore (see Theorem 1.5 and Proposition 2.2
in chapter III of [17]), there exists a Po-valued Feller process starting from the partition of N
into singletons with (P, ¢ > 0) as its transition semigroup. Since P, f (o) = P*f(™(R,0) for all
f € A, and o € Py, this Feller process has the property that its restriction to {1,...,n} has
the same law as II,,. It follows that (P, t > 0) is the transition semigroup for the Z-coalescent,
so the collection of laws (P57, 1 € Py,) defines a Feller process, as claimed. g

We now work towards proving that the law P=" depends continuously on the measures = and
7. To formulate this result precisely, we need to define a topology on A. We will use the weakest
topology making all of the coordinate functions x +— x; continuous; this topology is discussed
in section 3 of [9]. With this topology, A is compact and metrizable, and a sequence (x("));;ozl

in A converges to z if and only if lim,, xz(”) =g, for all i € N.

Lemma 26 For allr > 1 and ky,..., k. > 2, define the function gi, . : A — R by
(o ¢]
k kr
ISIEEID I ETY) o
i1 Fiy j=1

for x #(0,0,...), and g, .. x,((0,0,...)) = Ly p,—2). Then gi,,. ., is bounded and continu-
ous.

Proof. For all x € A, we have
o0 T o0 k
k kr k kr _ j
> s 3 b -T2 4) 1)
i1 iy i1,0eir=1 j=1 Vi;j=1

Since Y72, z; < 1 by the definition of A, we have >°5°, 2 <1 for all k € N, so

i1 iy i1=1 i=1

Thus, gg,,.. k. (r) <1 for all x € A, which means gy, ., is bounded.

T
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Next, we show that g, ., is continuous. For n =1,2,..., 00, define

T

n

(n) _ k1 kr
kl,...,kr (x) - Z xil s x’ir
#...Fip=1

for all z € A. Since z; < 1/i for all z € A, we have

T o o0
k 2 2
ISINCECINCTIES S SRENED DRSS Sl iy
J=lij=n+1li1#.. #ij_17£ij17...Fir i1=n+11i9#... %0,
o0 T (o] o0 (o) 1 r
2 2 2
o @)I(Xa)sr X der Y g<t
i1=n+1 j=2 “ij=1 i1=n-+1 i=n-+1
for all x € A. Thus, the sequence of functions ( f,g?)m kr)%il converges uniformly to f,gfo)
Since f,g?) K is continuous for all » > 1, ky,..., k. > 2, and n < oo, it follows that fk(:fo) Ky is
continuous for all » > 1 and ky,...,k, > 2. Thus, g, .. . is a ratio of two continuous functions

and is therefore continuous wherever the denominator is nonzero.

It remains only to show that gy, 1, is continuous at zero. If r = 1 and k1 = 2, then gy, . (z) =
1 for all x € A, 50 gg, ...k, is continuous at zero. Let (x(”));l’ozl be a sequence in A converging
to zero. If r > 2, then (61) implies

o <1 (S /S <1 (Sr) /e - S

Given € > 0, choose N > 2/¢, and choose M such that for n > M, we have :rgn) < (e/2N)V/2 for
alli=1,...,N. For n > M, we have

00 N o)
S <Y gt X g
=1 =N+

i=1

! <
— < e
N

l\DIm

Thus, limy,—eo Gk,,... k. (ac(”)) =0. If r=1 and k1 > 3, then

gkl,...,kr(x(n)) _ Z(xgn))kl/Z(xgn)y < (x(ln))k1—2 Z(xin))2/z(x§n))2 _ (xgn))k1—2’
i=1 j=1 i=1 j=1

which approaches 0 as n — co. Hence g, .k, is continuous at zero. [l

T

Proposition 27 Let P=™ denote the law of a Z-coalescent Il started with I (0) = 7. Equip
the space of finite measures on A with the topology of weak convergence. Let Dp_[0,00) denote
the set of cadlag Poo-valued paths with the Skorohod topology, and give the space of probability
measures on Dp_[0,00) the topology of weak convergence. Then, the map (2,7) +— P=7 i
continuous.

33



Proof. Let (£,,)5°_; be a sequence of finite measures on A converging weakly to =, and let
(Tm) 50— be a sequence in Po, converging to m. Since A is compact and metrizable, the space of
finite measures on A with the topology of weak convergence is metrizable, as shown in section 5
of chapter VIII of [4]. Also, P is metrizable. Therefore, it suffices to show that (P=m™m)>c_,
converges weakly to P=7.

For all r > 1 and ki, ..., k. > 2, define gy, ., as in Lemma 26. By (11),

T

)\b;kl,...,kr;OZ/Agkl ..... ke () E(dx)

for all » > 1, k1,...,k > 2, and b = Z;Zl k;. Therefore, by Lemma 26 and the definition
of weak convergence, if the rate of a (b;ky,...,k,;s)-collision for a standard =,,-coalescent is
denoted by Ajl . ., then

Hm AL k0 = Abikrkei0 (62)

m—00 m

forall r > 1, ky,..., k. > 2, and b = Z;Zl k;. It follows from (43) by induction on s that all
collision rates Ay, .. k..s can be obtained by taking finite sums and differences of collision rates
with s = 0. Hence (62) implies that

lim )‘g;Lkh..-,kr;S = )\b;k1,...,kr;s (63)

m—00

forall 7 > 1, k1,..., ke 22,5 >0, and b= 377 kj +s.
Let II7} be a =Z,,-coalescent such that II2(0) = mp,. Let I = R,IIZ for all m and n, and let
II,, = R,Il. Since P is complete, separable, and compact, it follows from Theorem 7.2 in

chapter 3 of [6] that to show that (P=m™)>°_  is relatively compact, it suffices to show that
for all e > 0 and T > 0, there exists § > 0 such that

sup P(w'(I12,6,T) > €) < ¢, (64)

where
w/(Hgév 9, T) = inf max  sup d(Hg’é(S), Hg (t))
{ti} g S,te[tifl,ti)

and {t;} ranges over partitions of the form 0 =ty < t1... < tp—1 < T <, with t; —t,_1 >0
for i = 1,...,n. Choose n such that 27" < e. Then w'(IIZ,d,T) < € as long as no two jumps of
IT7" between times 0 and 7" occur in any time interval of length §. Condition (63) implies that
the total rate of all jumps of II""" is bounded uniformly in m, so for sufficiently small §, we have
P(w'(TI7,6,T) < €) > 1 — e for all m, which implies (64). Hence, (P=m7™m)>®_, is relatively
compact.

By Theorem 7.8 in chapter 3 of [6], to show that (P=m7™m)>°_, converges weakly to P57, it now
suffices to show that if 0 < ¢; < ... <t < oo, then (IIZ(¢1),...,II%(tx)) converges weakly
to (s (1), - ., s (tr)) as m — oo. By the Portmanteau Theorem, which is Theorem 3.1 in
chapter 3 of [6], it suffices to show that

lim P((I™(t1),..., I (ty)) € G) = P((Ts(t1), . .., IIso(t3)) € G) (65)

m—00

for all open subsets G of the k-fold product PX = Py, X ... X Ps. For o = (01,...,04) € PE
and 7 = (71,...,7) € PE define R,0 = (R,01,...,Ru01) and p(o,7) = max<;<j d(o;, ;).
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Then, p is a metric on Pfo which induces the product topology. Thus, all open subsets of Pfo
are unions of sets of the form

B(o,e) = {r € PX : p(0,7) < €} = {1 € PX : R,7 = Ruo},

where n = sup{j € N: 277 > ¢}. Thus, every open subset of P can be written in the form

oo

U{T e Pk . Ry, =04}, (66)
j=1

where the n; are integers and o, € P,’f]. for all j € N. If M < oo, then there exists a subset S of
P¥, where N = maxj<;j<y nj, such that

M
U{TGP(I;IanT:Uj}:{TEP!;ZRNTGS}. (67)
j=1

The sets in (67) increase to the set in (66) as M — oo. Therefore, to show (65), it suffices to
show that for all N < oo and all S C 771]%, we have

Tim PR, . TI(t)) € §) = P((y(t). ... Tn (8)) € 5). (63)
Equation (68) follows from (63) and the fact that for sufficiently large m, we have the equality
7 (0) = Rymm = Rym = IIy(0). Hence, (P=m™)%_ | converges weakly to P=7, which
completes the proof. O

5.2 Some Formulas

For b > 2, let A\, denote the total rate of all collisions when the Z-coalescent has b blocks.
Let N(b;ki,...,ky;s) be the number of possible (b; k1, ..., k.;s)-collisions, which was given in
equation (3) of the introduction. We have

1b/2)
M= S ST Nk k) Aok (69)

r=1 {klv"'vk'r}

where s = b— 377, k; and the inner sum is over multisets {k1, ...,k } because we do not have
a separate term for each possible ordering of ki,...,k.. We can obtain another formula for
Ap using the Poisson process construction of section 3. Define A, as in (15). Then, we have
Af = {£ € Z% : &,...,& are distinct}. By considering the Poisson process construction and
applying part (a) of Lemma 41 of appendix B, we see that A\, = L(A;). Note that £ € Aj if
and only if there exist [ € {0,...,b} and distinct positive integers i1, ...,%; such that for some
mp < ... < my < b, we have &, = i; for j € {1,...,1} and &, < 0 for all m < b such
that m ¢ {mq,...,m;}. Summing over the possible values of [ and i1, ...,%;, and counting the
possible values of my,...,m;, we get, for all z € A,

b 00
Px(Ab):l_Px(AlC)):l_Z Z (?)xil"'xil(l_zxj)bl’
j=1

1=0 i1 %£...%1;
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Also, z;; € Ay if and only if i < b, j < b, and i # j, so from (14), we get

Ab:/A<1—zb: > (?)xil...xil(l—ixj)b_l>/ix?50(dx)+a(g). (70)

1=0 i1 .44,

Note that for the A-coalescent, when = is concentrated on {z € A : z; = 0 for all ¢ > 2}, only
the { =0 and [ = 1 terms in the integrand of (70) are nonzero. Therefore, (70) reduces to

b
w= [0 ) =) at =) a3 ).
A
which agrees with equation (6) of [16] because

lim (1— (1 —xl)b—bxl(l—xl)bfl) . b
x1—0 x% o 2 ’

Equation (15) of [13] gives another formula for A\, in terms of the sequence of measures (F}.)>2
associated with = as in Proposition 11.

Let 4, denote the total rate at which the number of blocks is decreasing when the coalescent
has b blocks. Each (b, k1, ..., k,, s)-collision decreases the number of blocks by b — r — s, so for
b > 2 we have

[b/2]
Yy = Z Z (b—7r—=5)N(byki,. .., kr;8) Nokr,.. ks (71)
r=1 {kl,...,kzr}

We record one simple lemma regarding the 73, which is proved in [19] for the A-coalescent by a
direct calculation.

Lemma 28 The sequence (7p);2, s increasing.

Proof. Let II, be a standard Z-coalescent, and let 1I,, = R, Il for all n € N. Fix m < n.
Then ~, is the initial rate at which the number of blocks of II, is decreasing, and ~,, is the
initial rate at which the number of blocks of II,, is decreasing. For all t € R, we have

#Hn(t_) - #Hn(t) > #Hm(t_) - #Hm(t)

That is, whenever II,,, undergoes a collision, II,, undergoes a collision at the same time, and
the collision reduces the number of blocks of II,, by at least as much as it reduces the number
of blocks of IL,,. It follows that the rate at which the number of blocks of II,, is decreasing is
always greater than or equal to the rate at which the number of blocks of II,, is decreasing.
Hence ~v,, > 7, which proves the lemma. O

5.3 Jump-hold coalescents

Pitman has shown in subsection 2.1 of [16] that a standard A-coalescent is a Markov process of
jump-hold type with bounded transition rates and step function paths if and only if

/1 72 A(dz) < oo. (72)
0
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His proof is based on the observation that a standard A-coalescent is a Markov process of jump-
hold type with bounded transition rates and step function paths if and only if the sequence
(Ap)p2, is bounded. He then uses an explicit formula for A, to show that (X\)p°, is bounded
if and only if (72) holds. Here, we obtain the following result for the Z-coalescent using the
Poisson process construction.

Proposition 29 Let = be a finite measure on the infinite simplex A. The standard Z-coalescent
s a jump-hold Markov process with bounded transition rates and step function paths if and only
if = has no atom at zero and

/ 1/Zx§ E(dr) < oo. (73)
Ao

Proof. Write Z = =y + adg, where Zy has no atom at zero. As for the standard A-coalescent,
the standard =-coalescent is a jump-hold Markov process with bounded transition rates and
step-function paths if and only if ()72, is bounded. As observed in subsection 5.2, we have
Ap = L(Ay), where L is defined by (14) and A is defined by (15). The sets A; increase to the
set A defined in (19). Therefore, limp_.oc L(Ap) = L(Ax), 50 (Ap);2, is bounded if and only if
L(Ax) < 0.

We have P,(Ax) =1 for all x € A such that = # (0,0,...), and z;; € A for all 4,j € N with

i # j. Therefore,
L(AOO):/Al/Zx§ So(dz) +ad > 1, (74)
j=1

i=1 j=i+1

which is finite if and only if = has no atom at zero and (73) holds. O

5.4 Proper Frequencies

Here, the results for the standard A-coalescent discussed in [16] carry over to the standard
=Z-coalescent without much difficulty. If II,, is a standard =-coalescent, then since Il is an
exchangeable coalescent (see Definition 19), I1(¢) is an exchangeable random partition of N for
all t > 0. Let By(t), Ba(t),... be the blocks of II(t), ordered by their smallest elements, where
Bj(t) = 0 if IIx(t) has fewer than j blocks. By Lemma 40 in appendix A, almost surely

R
Jm_— ; Liien;

exists for all j € N, and we denote this limit by f;(t). We say that I1.(t) has proper frequencies
if >222 fj(t) = 1 a.s. The following result is the analog of Lemma 25 of [16].

Proposition 30 Let = = =g + ady be a finite measure on the infinite simplex A, where Zg has
no atom at zero. Let Il be a standard Z-coalescent, and fix t > 0. Then Il (t) has proper
frequencies if and only if a > 0 or

L5/ )= =
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Proof. As noted in the proof of Lemma 25 of [16], Lemma 40 of appendix A implies that I (%)
has proper frequencies if and only if the singleton set {1} is almost surely not a block of 1 (t).
Assume that I is derived from the Poisson point process (e(t)):>0. Let

Al ={e €7 ¢ =¢ for some i > 1},

and let T} = inf{t : e(t) € AL }. The construction of II, implies that {1} is a block of I ()
if and only if 77 > ¢. By Lemma 41 in appendix B, we have P(Ty > ¢) = 0 if and only if
L(AL)) = co. Note that P,(AL) = >y xj forall z € AL Tf i < j, then z; € AL if and only if

i = 1. Thus,
(Zx]/ )Eo(daz)—FaZl,
j=2

which is infinite if and only if @ > 0 or (75) holds. O

5.5 Coming down from infinity

Let II, be a standard Z-coalescent. By definition, #I1,,(0) = co. We say the E-coalescent
comes down from infinity if #11(t) < oo a.s. for all t > 0. We say the =-coalescent stays
infinite if #11(t) = oo a.s. for all ¢ > 0. The problem of whether the A-coalescent comes down
from infinity has been studied thoroughly. Results of Bolthausen and Sznitman in [3] imply that
the A-coalescent stays infinite when A is the uniform distribution on [0, 1], and Sagitov shows in
[18] that if A(dz) = (1—a)z~%dz for 0 < o < 1, then the A-coalescent comes down from infinity.
Pitman shows in [16] that the A-coalescent comes down from infinity if A has an atom at zero
and stays infinite if fol 27! A(dr) < co. Pitman also shows in Proposition 23 of [16] that if A
has no atom at 1, then the A-coalescent either comes down from infinity or stays infinite. It is
then shown in [19] that the A-coalescent comes down from infinity if and only if Y52, 7, * < oc.
This result does not fully generalize to the =-coalescent, but we provide some partial results in
this subsection. The problem of finding a necessary and sufficient condition for a =-coalescent
to come down from infinity remains open.

Let Ay ={r € A:x1+...+2, =1 for some n}. Write Z as =1 +Z», where Z; is the restriction
of Zto Ay and Z9 = E — Ey. Define L and Ly by (14), replacing = by = and Zy respectively.
Let X; and X5 be independent Poisson random measures on [0, 00) x Z> with intensity measures
A X L1 and A X Lo respectively, where A denotes Lebesgue measure. Let X = X7 + X9, which
is a Poisson random measure with intensity A x L, where L. = Ly + Lo. Define Poisson point
processes (e (2))i>0, (€@ (t))i>0, and (e(t))s>o from X1, Xo, and X respectively, as described
in appendix B. Let 1) be a standard =-coalescent derived from (M (t))¢>0, and let 112 be
a standard Zp-coalescent derived from (e (t));>o. We may assume without loss of generality
that I is derived from (e(t))¢>o0-

Let Ay = {£ € 2% : {&1,&, .. .} is finite}, and let Ty = inf{t : e(t) € Ay}. For x € Ay, we have
Py(Ay) =1, which means P, (A$) = 0. Since Z1 has no atom at zero, it follows from (14) that

Ly1(A%) :/API(Ajc)/Zx? Z1(dz) =0
j=1
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and -
Li(Ay) = / 1/ 2% Ey(da).
AT

We consider the following three cases:

Case 1: Suppose Li(Af) = oo. Then L(Af) = co. By Lemma 41 in appendix B, Ty = 0 a.s.
Since #II4(t) < oo for all t > Ty by properties of the Poisson process construction, the standard
H-coalescent comes down from infinity.

Case 2: Suppose 0 < Li(Af) < oco. Then, we have 0 < T} < oo a.s. by part (a) of Lemma
41. Since #IlI(t) < oo for all t > T, the standard =-coalescent does not stay infinite. For all
t < Ty, we have e (t) = § and therefore e(t) = e (¢). Thus, My (t) = n (t) for all t < Ty,
so the standard Z-coalescent comes down from infinity if and only if the standard Za-coalescent
comes down from infinity.

Case 3: Suppose L1(As) = 0. Then, L;(A) = 0, so eV (t) = § for all t. Therefore, the standard
=-coalescent is the same as the standard =s-coalescent.

We have now reduced the problem to the case when =; = 0. We begin our analysis of this case
with the following straightforward generalization of Proposition 23 of [16].

—_

Lemma 31 Suppose Z(Ay) = 0. Then either the standard Z-coalescent stays infinite or the
standard =-coalescent comes down from infinity.

Proof. We essentially follow the proof of Proposition 23 of [16] but write out more details.
Define T' = inf{t : #Il(t) < oo}. Let p = P(T = 0). Suppose p > 0. By the Markov
property of I, we have p = P(T = t|#1l(t) = o) for all t > 0. By considering t = ke/n
for k = 1,...,n, we see that P(T' <€) > 1— (1 —p)" for all € > 0 and n € N. Therefore,
P(T=0)=1.

Suppose p = 0. We wish to show that this implies P(T" = oo) = 1. It suffices to show that
P(0 < T < o0) = 0. Note that T is a stopping time with respect to the completed natural
filtration of Il (see Theorem 2.17 in chapter III of [17]). Therefore, if

PH0<T < oo} N{#l(T) = o0}) > 0,
then the strong Markov property of I, which follows from Proposition 25, implies that
P(nf{t : #1o(T +t) < 00} = 0{0 < T < o0} N{#I1o(T) = 0}) =p =0,

which contradicts the definition of 7. Thus, P({0 < T < oo} N {#Il(T) = oo}) = 0. On
the set {0 < T < oo} N{#llo(T) < 00} N {#llo(T—) = o0}, the time T is a collision time.
However, Proposition 6 implies that when Z(A) = 0, almost surely no single collision takes Il
down from an infinite number of blocks to a finite number of blocks. Thus,

P({0 < T < 00} N {#11(T) < 00}) N {#11x(T—) = c0}) = 0.

It remains to show that P({0 < T < oo} N {#I1o(T—) < o0}) = 0. On {#I1o(T—) < o0}, let
ni,...,np be the smallest elements in the blocks of Il (7'—). Then let Ty = 0, and for m > 1,
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let T;,, be the time at which the smallest integer that is not in any of the blocks containing one
of the integers nq,...,n, at time T}, 1 merges with a block containing one of ny,...,n;. Note
that Ty < 171 < ... < T a.s. However, for any fixed integers si,..., sy, the rate at which any
particular block is colliding with one of the blocks containing s1,..., s, is at most A\p1q < oo.
Since only countably many sets {s1, ..., sy} are possible, it follows that T}, T oo a.s. as m — oo.
Thus,

PHO<T < oo} N{#llx(T—) < o0}) =0,

which completes the proof. O

Proposition 32 Suppose Z(Af) =0 and Y ;°, ’yb_l < 0o. Then the Z-coalescent comes down
from infinity.

Proof. By Lemma 31, it suffices to show that E[T] < oo, where T\, = inf{t : #I1(t) = 1}.
Since (7p);2, is increasing by Lemma 28, we can show that E[T] < co by the same argument
used to prove Lemma 6 of [19]. O

For the =-coalescent, we are only able to establish a converse to Proposition 32 when an addi-
tional condition is satisfied.

Proposition 33 For alle > 0, let A°={x € A:> 72 x; <1—€}. Suppose Z(Ay) =0 and
S, L =00, Also, suppose

/A WY S 22 5(dx) < o0 (76)

j=1

for some € > 0. Then, the Z-coalescent stays infinite.

Proof. Let Il be a standard Z-coalescent derived from a Poisson point process (e(t));>0 with
characteristic measure L defined by (14). Let II,, = R,Il. Let T,, = inf{t : #I1,,(t) = 1}. As
observed for the A-coalescent in equation (31) of [16], we have

0=Ti <Tr, <T3<...1TTyx < o0.

By the argument used to prove Proposition 5 of [19], it suffices to show that lim,,_. E[T},] = oc.
Fix e > 0 such that (76) holds. Let Z; be the restriction of = to A€, and let =9 be the restriction
of Z to A\ A.. By (76) and Proposition 29, the Zs-coalescent is a jump-hold Markov process
with bounded transition rates. Therefore, by the argument used to prove Lemma 8 of [19], it
suffices to show that the Z;-coalescent stays infinite. We will therefore assume for the remainder
of the proof that =9 = 0.

We now follow the idea of the proof of Lemma 7 of [19]. Let |S| denote the cardinality of
a set S. Fix an integer M > 1/e. For positive integers b and [ such that b > M!, define
Ryy ={€€Z%: [{&,....&} < M} and Spy = {€ € 2% : M1+ 1 < [{&,..., &} < M)
Let gp(§) = inf{i : [{&,..., &} +(b—1i) = M'}, so gp1(§) < bif and only if £ € Rp;. Let
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x € A Suppose { = (&1,&2,...) has distribution P,, where P, is as defined in section 3.
Then &1,&,, ... are independent and each is negative with probability at least €. Also, no two
negative & are the same. Fix d < b. On the event {g5;(§) = d}, we have { € Sp; whenever
at least (M'=1 4+ 1) — (M' — (b — d)) of the random variables 441, .., are negative. Thus,
P(& € Spilgp1(&) = d) is greater than or equal to the probability that the sum of b—d independent
Bernoulli random variables with success probability € is at least (M!~! + 1) — (M! — (b — d)).
This is greater than or equal to the probability that the sum of M independent Bernoulli
random variables with success probability € is at least M'~!4-1. Since € > 1/M, this probability
approaches 1 as [ — oo and is therefore bounded below by some constant C' > 0 which does
not depend on b, d, or I. Therefore, P(§ € Syi|gpi(§) = d) > C for all d < b, which means
P(& € Sp|¢ € Ryy) > C. Since Sp; C Ry, we have P(€ € Sp;) > CP(§ € Ryp), and therefore
P.(Sp1) > CPy(Ryy) for all x € A°. Also, if z;; € Ry, then since at least b — 1 of the first b
coordinates of z;; are distinct, we must have z;; € Sp;. Thus, since C' < 1, we have

L(Sp) > /ACPI(Rb,l)/Zx? So(dz) +a Y Y lper,,y = CL(Ry)
=1

i=1 j=i+1

for all b and [ such that b > M.

Now fix n € N. For [ such that M! < n, let D; be the event that M~ +1 < #11,,(¢) < M for
some t. Assume for now that M! < n. For all b > 1, let U, = inf{t : #I1,(¢) < b}. When II,,(¢)
has b blocks and b > M!, the total rate of all collisions that take II,, down to M' or fewer blocks
is L(Ryp,;). The total rate of all collisions that take IT,, down to between M'~1 +1 and M’ blocks
is L(Sp,). Therefore, for all b > M!, the strong Markov property and part (d) of Lemma 41 of
appendix B imply that if P(#I1,(Up) = b) > 0, then

P(#IL,(Up—1) < M'#11,(Up) = b) = L(Rp1) /N (77)

and
P(M'™! 41 < #11,(Uy1) < MY#11,(Up) = b) = L(S1)/ M- (78)

Note that the event {#I1,(U,;:—) = b} is the same as {#I1,(U,) = b} N {#IL,(Up_1) < M'}.
Also, the events DiN{#11,,(Uy;i—) = b} and {#11,,(Up) = b}n{ M~ 41 < #I1,,(Uy_1) < M'} are
the same. Therefore, by (77) and (78), we have P(D;|#I1,(Uypn—) = b) = L(Sy;)/L(Rp;) > C
for all b > M! such that P(#I1,,(Uy;—) = b) > 0. Hence, P(D;) > C whenever M! < n. Also,
we have P(D;) = 1 > C when M! = n.

As in the proof of Lemma 6 of [19], we recursively define times Ry, Ry, ..., R,—1 by:

Ry=0
R; = inf{t : #I1,,(t) < #I1,(R;_1)} if i > 1 and #I1,(R;_1) > 1.
Ri = Ri—l if 4 Z 1 and #Hn(Rz—l) =1.

Note that R,y =T,,. For i =0,1,...,n— 1, let N; = #II,,(R;). For i = 1,2,...,n — 1, define
Li = R — Ri_y and J; = N;_; — N;. Suppose n = M* for some k € N. For j = 2,3,...,n,
let L,(j) = min{s > j : #II,(t) = s for some t}. If N;_y > j > N;, or equivalently if
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N; + J; > j > N, then L, (j) = N;_1. Therefore, using equation (12) of [19], which is valid for
the =-coalescent as well as for the A-coalescent, to get the first equality, we have

BT =Y Bl ] = ZEan YOS il

[1] Ml 1+1

Since (75)52, is increasing by Lemma 28 and L, (j) < M*! on Dy for all j < M!, we have
k

k-1 -1 M
ET,] = Z E['YLn(j)] P(Dl+1)'}’;4lz+1
=1 j=M!-141 =1 j=M!-141
C k—1
> Cz —- M- 1 ’Y;/[llﬂ = 2 (Ml+2 - Ml+1)7]\7/111+1-

Therefore, using the monotonicity of (77,)52; for the first equality, we have

k-1

. C
Jim BIT,] = lim B[Tyu) > lim W;(Ml“ M"Yy
¢ 1+2 1+1 C &
- MQZM -M )MlJrl—]wZZ’y -
b=M?2
which completes the proof. O

Suppose there exists K < oo such that = is concentrated on {z : x; = 0 for all ¢« > K'}. Then
almost surely the Z-coalescent never undergoes more than K multiple collisions at one time.
Note that if S>5 2; > 1/2, then Y.0°, 22 > maxj<;<x 22 > 1/4K>. Therefore, if ¢ = 1/2 then
the left-hand side of (76) is at most 4K?Z(A) < oo, so (76) holds. Thus, Theorem 1 of [19] can
be deduced from Propositions 32 and 33. However, (76) can fail if the Z-coalescent can undergo
arbitrarily many collisions simultaneously.

To show that the conclusion of Proposition 33 does not necessarily hold when (76) fails, we
give the following example of a =-coalescent for which Z(Af¢) =0 and Y 2,7, ! = o0 but the
H-coalescent comes down from infinity.

Example 34 For all n € N, let y, € A be the point whose first 2" — 1 coordinates equal 27"
and whose remaining coordinates equal zero. Let = be the probability measure on A with an
atom of size 27" at y,, for all n € N. Define Aj, and Ay as in (15) and (16) respectively. For all
k # 1, we have P, (Ag;) <27, so P, (Ap) < min{1,b?27"} for b > 2. Since = has no atom at
zero, (14) implies that for all b > 2 we have

(e 9] o0

Ay = L(Ay) = /P (Ap)/ Z } E(dr) 2_:2in<(2np%%>

N iwi Py (Ap) < Zmn{l b2 "}<2(210g2b+ i b22n>
n=1

n=1 n=[2log, b]
= 2(2logy b+ b22~(12108251=D)y < 4(log, b + b?2721982°) = 4(logy b+ 1) < 8log, b.
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We have v, < b\, for all b > 2 by (69) and (71). Therefore,

Z’yb > Z bAy) ™ i (8blogy b) ™! = oco.
b=2 b=2

We now show that the Z-coalescent comes down from infinity. For all b > 2, define the set
Vo = {€ € Z% : [{&,..., &} < b¥/*}. Note that if & = (&), has distribution P, , then
P(& < 0) = 27" for all i. Therefore, under P,,, the expected number of £i,...,§, that are
negative is 27"b. Choose M > 64 large enough that if b > M then b*? < (634 — b*/3)/2.
Suppose b > M and b/? < 2" < p2/3. Then

27"h < b2/3 (b3/4 b2/3) (b3/4 ( on 1))
Therefore, by Markov’s inequality, we have
P, ({6€Z®  [{i<b:& <0} <b¥*— (2" —1)}) >1/2.

Under P, the random variables {; can take on only 2" — 1 different positive values. Therefore,
P,,(W) >1/2if b > M and bl/3 < 9m < p2/3. Thus, if a E-coalescent has b > M blocks, then
the total rate of all collisions that take the coalescent down to %% or fewer blocks is

00 [(2/3) log, b)
RN DL EERD A=

[(1/3)log, b]
1/1 1
_ _ — >
> 2(310g2b 1>_1210g2b,

where for the last inequality we used the fact that b > 64. For k € N, let

V

Sk :{mEN:M(‘I/?’)IC_1 §m<M(4/3)k}.

Then, if a =-coalescent has b € Sj, blocks, the expected time before the number of blocks is no
longer in Sy is at most

1 ( / )k 1 ! 3 k=t
il 4/3)"~ _ e 1
(12 logy M > =12 (4) (logy M)™+.

For a standard =-coalescent I, let T;, = inf{t : #R,I1o(¢) = 1}. Then, for all n,

< i 12 (§)k_1 (logy M) ™" + E[Tu] = L E[Ty] < oo
f 4 logy M

Thus, (E[1,])52, is bounded, which means E[T] < co. Hence, by Lemma 31, the =-coalescent
comes down from infinity.

43



6 The discrete-time =-coalescent

We have shown that the continuous-time processes (¥, »(t));>0 obtained in [13] as limits of
ancestral process all have the same distribution as some Z-coalescent restricted to {1,...,n}.
However, Mchle and Sagitov also obtain some discrete-time Markov chains as limits. They show,
as part of Theorem 2.1 of [13], that if the conditions of Proposition 1 are satisfied except that
limy_,oo cy = ¢ > 0, then the processes (¥, n([t/cn]))i>0 converge as N — oo to a Markov
chain (¥, o(t)):>0 that jumps only at times ¢ = ¢m for m € N. Suppose 7 and 0 are partitions
of {1,...,n} such that 6 contains b blocks, s blocks of 7 consist of a single block of 8, and the
remaining r blocks of 1 are unions of ki, ..., k, blocks of §. Theorem 2.1 of [13] then states that

P(\I’n,oo(c(m +1)) =¥, o0(ecm) =6) = CAbskey o s (79)

for all m € N, where each Ay, ks is defined by (6) for a unique sequence of measures (F;.)?2;
satisfying conditions A1, A2, and A3 of Proposition 1. In section 5 of [13], Mdhle and Sagitov
give an example in which the discrete-time ancestral process of the Wright-Fisher population
model arises as a limit in this way.

Regarding discrete-time processes of this type, we have the following analog of Theorem 2.

-----

of nonnegative real numbers. Then there exists a Poo-valued Markov chain (Yy,)50_ satisfying

C1: Yy is the partition of N into singletons,
C2: for each n, (Ry,Y )2, is a Markov chain with the property that if n and 0 are distinct

partitions of {1,...n} such that 6 contains b blocks, s blocks of ) consist of a single

block of 8, and the remaining r blocks of n are unions of ki, ..., k. > 2 blocks of 8, then
P(RnYerl = 77|RnYm = ‘9) = Pbik1,....kr;s5

if and only if there is a finite measure = on the infinite simplex A with no atom at zero such
that

/ 1/ a3 E(dr) <1 (80)
A

and

S (o] (o]
S - —
pb;k1 77777 kr;s :/A <Z Z (l>$i€11 ....’17?:$ir+1...xir+l(1_2$j)s l>/zxj2 '-:(dX)
7j=1

=0 i17#... Zir Jj=1
(81)

forallr > 1, k1,... .k >2,5>0, andb=3""_ kj +s.

Proof. Suppose the nonnegative real numbers py., . r.s are defined such that there exists
a Markov chain (Y;,,)0°_, satisfying C1 and C2. Let Jy = 0, and let (J;)2; be a sequence
of independent random variables, each having an exponential distribution with rate 1. For all
t > 0, define Ky = max{i : Jo+ J1 + ...+ J; < t}. Define a Poo-valued process (Iloo(t))s>0
by I (t) = Yk,. Then I1(0) is the partition of N into singletons. Also, (R,Ils(t))i>0 is a
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jump-hold Markov process such that when R, Il () has b blocks, each (b; k1, ..., k,)-collision is
occurring at rate py.r,, . k,..s- By Theorem 2, there exists a finite measure = on A such that the
rates Pyk, .. ks are given by (11). We also have

-----

> P(RpYmi1 =Ry Y =0) < 1 (82)
n#0

for all n € N and 6 € Py. If 6 has b blocks, then the left-hand side of (82) equals

[b/2]
Z Z N(ba kla--- 7kr§s)pb;k1,...,kr;sa
r=1 {k1,....kr}

which by (69) equals the total rate A of collisions for a (continuous-time) Z-coalescent with b
blocks. Thus, we have A\, < 1 for all b > 2. Since (\p);2, is increasing, we have limp_,oo Ay < 1.
Let L be defined from = by (14). Then, A\, = L(Ap), where A; is defined by (15). Since the sets
Ay increase to the set Ay, defined in (19), we have limy_,oo A\p = limy_,o L(A4p) = L(Ax). The
expression for L(Ay) in (74) implies that limj, ., Ay < 1 if and only if = has no atom at zero
and (80) holds. Since = has no atom at zero when (80) holds, the expression for pyx, . k,..s can
be simplified to the right-hand side of (81).

Conversely, suppose there is a finite measure = on the infinite simplex A with no atom at zero
such that (80) and (81) hold. Let Il be a standard =-coalescent, derived from a Poisson
point process (e(t)):>o with characteristic measure L. By (74) and (80), we have L(A) < 1.
Therefore, if we define Ty = 0 and

T =inf{t > T :e(t) € A}

for k> 1, then 0 =Ty < T < ... a.s. by part (b) of Lemma 41 in appendix B. Define a Markov
chain (Z,,)>°_, by Zp, = oo (T3). Let n and 6 be partitions of {1,...n} such that § contains b
blocks, s blocks of i consist of a single block of 8, and the remaining r blocks of n are unions of
k1,...,k, blocks of 6. By the strong Markov property and part (d) of Lemma 41 in appendix
B, we have

P(Ran-‘rl = U’Ran = 0) = pb;kl,...,kr;s/L(Aoo)'

Let (I;)$2, be a sequence of independent Bernoulli random variables that take on the value 1 with
probability L(As). Assume the sequence is independent of (Z,,)2_,. Let V;,, = I + ... + Ip,.
Define a Markov chain (Y;,)5°_q by Y,,, = Zy,, for all m. Then

P(RnYerl = 77|Rnym = ‘9) = L(Aoo)P(RnZVerl = 77|RnZVm = ‘9) = DPbik1,....kr;s»

which completes the proof. O

Definition 36 We call a discrete-time Markov chain satisfying C2 with transition probabilities
given by (81) for a particular finite measure = a discrete-time Z-coalescent. A discrete-time
H-coalescent satisfying C1 is called a standard discrete-time Z-coalescent.
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Propositions 29 and 35 imply that if = is a finite measure on A for which a standard discrete-time
E-coalescent exists, then a standard (continuous-time) E-coalescent I, is a jump-hold Markov
process. Therefore, we can define the jump chain (X,,)5°_, associated with I, by defining
X, to be the value of Il at the time of its mth jump, unless Il consists of just a single
block after fewer than m jumps, in which case X, is defined to be {N}. Then X,,11 # X,
a.s. on {#X,, > 2}. This chain is different from the standard discrete-time Z=-coalescent
(V)22 because P(Yi41 # Y |#Ym = 0) = X for all b > 2 and P(Yiq1 # Y| #Ym = o0) =
limp 00 A\p = L(Axo).

Finally, we prove the analog of Proposition 7 for discrete-time =-coalescents. Note that although
the time-scaling conventions in [13] are such that we can only obtain a continuous-time =-
coalescent as a limit of ancestral processes when = is a probability measure, the proposition
below shows that any nontrivial discrete-time =-coalescent arises as a limit of ancestral processes
in a population model of the type studied in [13].

Proposition 37 Let = be a finite nonzero measure on A with no atom at zero such that (80)
holds. Then there exists a sequence (jun)3—; such that each pn is a probability distribution on
{0,1,2,..., ¥V that is exchangeable with respect to the N coordinates with the property that if for
all N, un is the distribution of family sizes in the population model described in the introduction,
then the processes (U, n(|t/cN]))i=0 converge as N — oo in the Skorohod topology to a process
(Un,oo(t))i>0 satisfying:

(a) For all n, (¥, (t))e>0 jumps only at times cm for m € N, where ¢ = limy_, .
(b) (U, 00(cm))SC_y has the same distribution as (Ry,Yp,)2_, where (Y,)00_ is a

standard discrete-time =-coalescent.

Proof. Define the measure L from Z as in (14). Define Ay for N € N by (15), and define A
by (19). We have limyn_,o0 L(AN) = L(Ax). Also, L(Ax) < 1 by (74) and (80), and L(Ax) > 0

because = is nonzero.

We now follow essentially the same argument used to prove Proposition 7. First, let 11 be a

continuous-time =-coalescent. Define 1 y,...,7n N from Il as in the proof of Proposition 7.
However, define Vy such that P(Viy = 1) = L(A) and P(Vy =0) =1 — L(A). Then define
(1N, ...,vnN) from (71 n,...,0n ) and Vi as in the proof of Proposition 7.

Denote the transition probabilities for the discrete-time =-coalescent by pp.k, .. k,.s- These are
the same as the transition rates for the the continuous-time Z-coalescent. Therefore, we can
follow the argument in the proof of Proposition 7 to see that (51) still holds in the setting of
Proposition 37 when Ay, . .0 is replaced by pp.k,,.. k.0 on the right-hand side. Equation (52)
remains true if we make this change and also replace the factor of 1/N on the right-hand side,
which comes from the definition of Viy, by L(As). That is, we have

L(AOO)Nkl-f—...—l—kr—rp | o Nk1+...+kr71“
L(AN) b;k1,...,kr;0

El(vi,N)ky - (WrN)kn) ~ Dbik oo kiri0- (83)

Therefore,
El(vi,n)o]  Npaoo
N —1 N _1 = P20

CN —

(84)
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so if ¢ = pa.a.0, then limy_.oo cy = ¢ > 0. By (83) and (84),

. E[(vi,N)ky -+ (UnNDke] | Dok, ks
1m = .
N—oo Nk‘l—l—...-i-k‘r—TCN D2;2:0

(85)

By the remarks at the beginning of this section, the processes (¥, n(|t/cn]))i>0 converge in
the Skorohod topology as N — oo to a process (¥, o(t))i>0 such that condition (a) of this
proposition is satisfied and the transition probabilities of (U, o(cm))>_, are given by (79),
where each A, . ks is defined by (6) for a unique sequence of measures (F;)2, satisfying
conditions Al, A2, and A3 of Proposition 1. We thus must show that cAp.i;, . ks = Poikr,... ks
for all 7 > 1, k1,...,kr > 2,5 >0, and b= >"_, kj + 5. It is shown in [13] that equation (10)
remains valid when limy_. cy = ¢ > 0. Using (10) and (85), we obtain

DPoiky,....kr;0

CAbiker o o0 = C(
DP2;2;0

> = Dbky,....kr;0

for all 7 > 1, ki,...,k > 2, and b= }7"_, k;. Lemma 3.4 of [13] implies that (43) holds for all
r>1,k,....,k>2,8>0,and b = Z;Zl k; + s. By Lemma 18, we also have

m=1
Hence, by induction on s, we obtain ey, .. ky:s = Pbiky,... ks f0r all 7 > 1, ky, ...k > 2,5 >0,
and b = Z;Zl k; 4 s, which completes the proof. O
APPENDIX A

Exchangeable Sequences and Exchangeable Random Partitions.

We review here some well-known results about exchangeable sequences and exchangeable random
partitions. We first recall a version of de Finetti’s Theorem, combining Proposition 12 and
Theorem 13 in chapter 27 of [7].

Lemma 38 Let (Z;)2, be an exchangeable sequence of R-valued random variables. Then, there
exrists a random probability measure  on the Borel subsets of R, called the limiting empirical
distribution of (Z;)2,, such that for each Borel set B,

R
w(B) = lim — Y Lzen
=1

almost surely. Let F denote the o-field generated by the random measure p. Then the random
variables Z1,Zs, ... are conditionally independent given F, and the conditional distribution of
each Z; given F s p.

The following lemma is part of Proposition 3.8 of [1].
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Lemma 39 Let (Z;)?2, be an exchangeable sequence with limiting empirical distribution pi. Sup-
pose V is a random variable such that (V, Z1,Zs,...) and (V, Zy(1), Zs(2), - - -) have the same dis-
tribution for all finite permutations o of N. Then (Z;):2, and V are conditionally independent
given the o-field generated by L.

Given a partition 7 of a finite or countable set S and a finite permutation o of S, let 67 be the
partition of S such that (i) and o(j) are in the same block of o7 if and only if ¢ and j are in
the same block of m. Following [10], we say that a random partition II of S is exchangeable if
o1l has the same distribution as II for all finite permutations o of S.

Given a point z = (z1, z2,...) in the infinite simplex A, let P* be the distribution of a random
partition II obtained by first defining an i.i.d. sequence of random variables (Z;)?°; such that
P(Z; =j) =xjfor j>1and P(Z; =0) =1— Z;’il xj, and then declaring i and j to be in
the same block of II if and only if Z; = Z; > 1. In [9] and [10], Kingman establishes that all
exchangeable random partitions are mixtures of random partitions that can be constructed in
this way. A simpler proof of Kingman’s result, using de Finetti’s Theorem, is given in section
of 11 of [1]. We state below a version of this result, which is essentially Theorem 2 of [10].

Lemma 40 Let 11 be an exchangeable random partition of N. Let B; be the block of Il containing
the integer ©. Then

1 o0
Jm. — Z; lijeny
]:

exists almost surely and is called the limiting relative frequency of the block B;. Let X1 >
Xo > ... be the ranked sequence of limiting relative frequencies of distinct blocks of 11, where
X, is defined to be zero if Il has fewer than n blocks with nonzero limiting relative frequencies.
Then X = (X1, Xo,...) is almost surely in the infinite simplex A. Moreover, the conditional
distribution of II given X is P, and therefore

Pl e B) = / P*(B) G(dz)
A

for all Borel subsets B of Poo, where G is the distribution of X.

In [10], Kingman defines X, = lim,, oo n"!\,.(n), where \.(n) is the size of the rth-largest block
of R,II. The observation that this definition is equivalent to the one given in Lemma 40 above
is made in the introduction of [15].

APPENDIX B

Poisson Point Processes.

We review here some basic facts about Poisson point processes, most of which are stated in
section 0.5 of [2]. Let L be a o-finite measure on a Polish space E. We can construct a Poisson
random measure X on [0,00) X F with intensity measure A\ x L, where A denotes Lebesgue
measure on [0,00). Almost surely X ({t} x F) equals 0 or 1 for all ¢ > 0. Therefore, we can
define a process (e(t))i>0 taking values in E U {0}, where ¢ is an isolated point that we add
to the state space, by defining e(t) = § if X({t} x E) = 0 and e(t) = z if the restriction of
X to {t} x E is a unit mass at x. The process (e(t)):>0 is called a Poisson point process with
characteristic measure L. We record below some useful facts about Poisson point processes.
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Lemma 41 Let A be a Borel subset of E, and let T4 = inf{t : e(t) € A}. Then T4 =0 a.s. if
L(A) = oo. Suppose 0 < L(A) < co. Then the following hold:

(a) T4 has an exponential distribution with rate parameter L(A).

(b) For all t < oo, almost surely e(s) € A for only finitely many s < t.

(c) e(T4) € A a.s.

(d) e(T4) is independent of T, and if B is a Borel subset of A, then
P(e(T4) € B) = L(B)/L(A).

(e) The process (¢/(t))i>0 defined such that €'(t) € ¢ if e(t) € A and €'(t) = e(t) otherwise
is a Poisson point process whose characteristic measure is the restriction of L to A°.
Also, (€'(t))i>0 is independent of (Ta,e(Ta)).

Proof. If L(A) = co and € > 0, then (Ax L)([0,€) x A) = 00, so almost surely X ([0, ¢€) x A) = oco.
Thus, e(t) € A for some t < € a.s., and so T4 = 0 a.s. Next, suppose 0 < L(A) < co. Conditions
(a), (d), and (e) are part of Proposition 2 in section 0.5 of [2]. To prove (b), fix ¢ < co. Since
(A x L)([0,t) x A) < oo, we have X([0,t) x A) < o0 a.s., so e(s) € A for only finitely many
s < t. Finally, to prove (c), note that for all € > 0, we almost surely do not have e(s) € A for
infinitely many values of s in (T4, Ta+€). The definition of T4 thus implies that e(T4) € A a.s. O
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