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1. INTRODUCTION

Piece-wise constant policies play an important role in the theory of
controlled diffusion processes. For instance, in [4] they are used for
proving Bellman’s principle in its most general form. These policies
are also important from the point of view of numerical computations
since one knows how to approximate diffusion processes without control
and on each interval of time where a policy is constant we are deal-
ing with usual diffusion processes. In this connection an interesting
question arises as to how good the gain for piece-wise constant policies
approximates the value function.

In the framework of controlled diffusion processes this question was
first addressed in article [6], in which it is shown that if the intervals,
where policies are constant, have length h? and the controlled process
can degenerate and has coefficients independent of time and space vari-
able, then the rate of approximation is not less than A'/2. In the general
case of variable coefficients the rate is shown to be not less than h'/S.
The general situation in [6] allows coefficients to be discontinuous in
time although we still need them to be Holder continuous with respect
to some integral norms. The main result of the present article, stated
as Theorem 2.3 in Section 2, is that the rate is still A'/3 if the coeffi-
cients are Holder 1/2 in time variable. In the proof of this result we
use an idea from [7], which consists of “shaking” the coefficients and in
order to be sure that after “shaking” we get the value functions which
are close to initial ones, we assume usual Holder continuity instead of
Holder continuity in integral norms.

Results of that kind allow one (see, for instance, [7]) to analyze the
rate of convergence of finite-difference approximations for Bellman’s
equations. In Section 5 we apply the results of Section 2 to improve
some of the results of [7]. However the best we can do for finite-
difference approximations is still 2*/?* (with h being the mesh size) and
this is why in Section 5 we discuss other methods of approximating the
value function which can be used for numerical computations and are
of order of accuracy h'/3.

Apart from the above mentioned sections, there are also Sections 3
and 6 containing some auxiliary results and Section 4 containing the
proofs of our main results.

Throughout the article R? is a d-dimensional Euclidean space, A is
a separable metric space, T € (0,00), K € [1,00), and dy € (0, 1] are
some fixed constants. By N we denote various constants depending
only on K, d, and dy, where d; is introduced in the next section.
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2. MAIN RESULTS

Let (2, F,P) be a complete probability space, {F;;t > 0} be an
increasing filtration of o-algebras F; C F which are complete with
respect to F, P. Assume that on (Q, F, P) a d;—dimensional Wiener
process wy is defined for ¢ > 0. We suppose that w; is a Wiener process
with respect to {F;}, or in other terms, that {w;, 7} is a Wiener
process.

Definition 2.1. An A-—valued process a; = a;(w) defined for all ¢ > 0
and w € Q is called a policy if it is F ® B([0, c0))—measurable with
respect to (w,t) and F;—measurable with respect to w for each ¢ > 0.
The set of all policies is denoted by 2. For any h € (0,1] let A be
the subset of 2 consisting of all processes a; which are constant on
intervals [0, h?), [h?,2h?), and so on.

Fix an integer d > 1 and suppose that on A x [0,00) x R¢ we are
given a d X d; matrix—valued function o(a, t, z), an Ré-valued function
b(a, t, ), and real-valued functions ¢*(t,xz) > 0, f*(¢t,z), and g(x). We
assume that these functions are Borel measurable.

Assumption 2.2. Let u(a,t, z) stand for o(a, t, x), b(a, t, z), c*(t, z),
fo(t, z), and g(x).

(i) The functions u(«, t, z) are continuous with respect to a.

(i) For any o € A, t € [0,00), and z,y € R?

|U(Oé,t,.’1,')| < K7 |U(Oé,t,.’1,‘) - U(Oé,t,y)| < K|LIZ‘ - y|
(iii) For any a € A, s,t € [0,00), and z € R? we have
lu(o, t,z) — u(a, s, )| < K|t — s|%/2,

By Ito’s theorem for any o € 2, s € [0, 7], and z € R?, there exists
a,8,T

a unique solution x; = 2", t € [0, 00), of the following equation
¢ ¢
Ty =1+ / ooy, s+ x,)dw, + / b(ay, s+ r,x,)dr. (2.1)
0 0

For a € A, 5 € [0,T], and = € R? define

t
(’0?@8@ — / Car(S + T, :L,?z,s,x) dr,
0

T—s
v (s,z) = Eg, [/ [ (s+t,x)e tdt + g(xr_s)e 73],
0

v(s,z) =supv(s,x), wvn(s,x) = sup v*(s,z),
acl acy
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where, as usual, the indices «, s,z accompanying the symbol of ex-
pectation mean that one has to put them inside the expectation at
appropriate places.

Here is our first main result.

Theorem 2.3. For any s € [0,T], z € R¢, and h € (0,1], we have
|U(S7 .’L‘) - Uh(87 .’L‘)| < NeNThég/(Qéo—’—l)?
where the constant N depends only on K, d, and d;.

Remark 2.4. The largest value of 62/(20y + 1) for & € (0,1] is 1/3
which is achieved if §p = 1.

One may try to use Theorem 2.3 for approximating v in real-world
problems. At least theoretically v, can be found in the following way.
The dynamic programming principle says that, for s + h? < T,

v (s, ) = Gy epn2vn(s + b2, ) (), (2.2)

where

Gs,tz(x) = sup G?’tz(x),
acA

t—s
Gztz(x) = Eggg[/ far‘(s + 7, xr)e—% dr + Z(xt_s)e—sot—s]
0

and the last expectation is evaluated for the constant policy oy = a.
Therefore, if one knows how to compute G¢, ., one can use (2.2) in
order to find v, from its boundary value v,(T,z) = g(x) by backward
iteration.

However, finding st . n2 Tequires finding distributions of solutions of
(2.1) even though only for constant a;. Since G¢ 2 only depends on
solutions of (2.1) on a small time interval, it is natural to think that
one can “freeze” not only a in (2.1) but also s+r and z,. Then one can
avoid solving equation (2.1) and deal with Gaussian random variables
with known mean and variance. The following theorem is an example
of what one can get along these lines.

Theorem 2.5. Fora € A, s,t > 0, and x € R? define

a,8,T

v "t =+ o(a, s, x)wy + b(a, s, z)t,
G?,ertZ(x) = fs,x)t+ e—ca(sw)tEZ(yta,s,x)’

_ o
Gs 5112 = sup GS’SHZ.
acA

Define recursively
o(s,x) = g(z) if s€(T—hT],

_ A _ ) _ ) (2.3)
On(s,x) = Gy gpp20n(s + h%,-)(x) if s <T —h*
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Then, for any s € [0,T], z € RY, and h € (0,1], we have
[0(s, ) — (s, )| < NeNTR%/ ool

where the constant N depends only on K, d, and d;.

3. AUXILIARY RESULTS
Define B; = {z € R?: |z| < 1} and
B=Ax{(1,§): 7€ (-1,0),¢ € B} (3.1)

As in the example o(a, t,z) = 0(a, 0, ), extend o,b, ¢, and f for neg-
ative t and for a fixed € € (0,1] and any 8 = (a, 7,&) € B let

o(B,t,x) = 0.(B,t,z) = o(a, t + *1,z + ££) (3.2)

and similarly define b(8,t, ), c®(t,x), and fA(t,z). We denote by B
the set of all measurable F;—adapted B-valued processes. As usual
starting with these objects defined on B, for any § € B, s > 0, and
r € RY, we define a controlled diffusion process :I:f % and the value
functions

S—s

u’(s,z) = EY | fOr(s +t,x)e P dt + g(zs_g)e #5¢],
0

u(s, 7) = sup u’(s,z),
BeB
which we consider for s < S, where S =T + €2. We will keep in mind
that x>, uP (s, x), and u(s, x) also depend on & which is not explicitly
shown just for simplicity of notation. Also let 28, be the set of functions
from 9B which are constant on the intervals [0, h?), [h?, 2h?), and so on
and let

up(s,x) = sup u’(s,z).

BeBy,
Lemma 3.1. Take s, € [0,5], z,y € RY, and 3 = (a,7,€) € B.
Then
Esup |xf” — )P < NelVTe20, (3.3)
t<S
Esup o= — 289 < NeMTJo — g2, (3.4
t<S
Esup|xf’s’$—xf’r’x|2 < NeNT|s—r|5°. (3.5)

t<S
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a,8,T

Proof. By comparing the equations defining x;*" and z;"*" one can
easily get (see, for instance, Theorem 2.5.9 in [4]) that the left-hand
side of (3.3) is less than

NeVT sup{Jo(a,t + &,z + c€) — (o t,2)

bt + €72+ <€) — bast, D)}, (3.6)
where the sup is taken over
acA, t<S 7te(-1,0), zcRY ¢cB.

In turn (3.6) is less than the right-hand side of (3.3) by Assumption 2.2.
One proves (3.4) and (3.5) similarly on the basis of the same Theorem
2.5.9 in [4]. The lemma is proved.

Corollary 3.2. (i) For s € [0,T] and x € R,

WP (s, z) — v*(s,z)| < NeNTe%,  |u(s,z) — v(s,z)| < NeNTe,

lup (s, z) — vn(s, z)| < NeNTe,

(ii) For h € (0,1], s,r € [0, 5], and x,y € R, we have
[un(s, ) — un(r,y)| + [u(s, 2) — u(r,y)| < NeM (|2 — y| + |s — r|/?).

Proof. (i) It suffices to prove the first inequality. By Lemma 3.1 and
Holder’s inequality

E sup |z)%" — 22" < NeNTe%,

t<T—s

S—s
E/ |2 (s + £, a05") — [ (s + t,22%7)|dt < N(1+ T)e%
0
T—s
+E/ |fo (s 4+ t,20%%) — for (s 4+ t,20"") | dt < NeNTed,
0

S—s
E/ P (s +t,x757) — (s 4+ t, 2257 | dt < NeNTe,
0

Blg(@fes) — g(e2)| < KBJfes - a"2| < Ne + NeMTeh,

s

It only remains to use

|fie™ — faem?| < |fi — fol + ([ fil + [f2])lcr — caf,  e1,c0 > 0.

In the same way one proves (ii). The corollary is proved.

The next lemma bears on the dynamic programming principle, in
which the assertion regarding u is a particular case of Theorem 3.1.6 in
[4] and the assertion regarding uy, is a particular case of Exercise 3.2.1
in [4], a solution to which can be easily obtained from Lemma 3.2.14
and the proof of Lemma 3.3.1 of [4].
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Lemma 3.3. (i) For anyz € R and 0 <s <t < S,

t—s
u(s, x) = sup EfgC [/ fﬁr(s + 7, x)e”r dr 4 u(t, g )e ]
peB 0

(ii) For any v € R? and 0 < s < t < S such that (t — s)/h* is an
inleger,

up(s,x) = sup Ef’w[/t_s (s +r z)e? dr 4+ up(t, s )e .
BEB 0
This lemma allows us to improve part of assertions in Corollary 3.2.
Corollary 3.4. (i) Foranyx € R? and 0 < s <t < S,
lu(s, z) —u(t,z)| < NeNT|t — 5|/,

lun(s, z) — un(t,z)| < NeNT(h% + [t — s|V/?).
(ii) For any v € R? and 0 < s < t < S such that (t — s)/h? is an
nleger,
lun (s, z) — up(t,z)| < NeNT|t — 5|2,

Indeed, the second inequality in (i) follows trivially from (ii) and
Corollary 3.2 (ii). To prove the first assertion in (i) it suffices to notice
that

t—s
uls,2)=ult, )| < sup B[ [ | (s, drutt,me-o)e - —ult, )]
BEB 0

< K(t - S) + sup |U|K(t o S) + sup Esﬁ,x|u(t7 xt—s) - U(t, .’L‘)|
BeDB

<NA+T)(t—s)+ NN sup EY oy — | < NeVT|t — s|M/2.
Be®B

Similarly one proves assertion (ii).

Next, take a nonnegative function ¢ € C§°((—1,0) x By) with unit
integral, and for € > 0 define (.(t,z) = e 472((t/e?, z /). Also use the
notation

2Ot x) = 2(t, z) * (. (t, x).

The knowledge of Holder continuity of u;, allows us to estimate C2*%.-

norm of ugf). For a function z(t,z) defined on [0,7] x R? we denote

|2[2+80 = [2lo + [2alo + [2zalo + [2tlo + [2za]s, + [2t)s0
where 2., 2,., 2; are the gradient of z in z, the Hessian matrix of z in

x, and the derivative in ¢, respectively, and

|Z(t,.’1}) B Z(S7y)|
|zlo = sup |z(t,z)], [2]s = sup )
0,7 xRd * ) swelo,T]xrd |t — §[00/2 4 |z — y%
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The space C?*% is defined as the collection of all functions z with finite
norm |z|a-s,-

Lemma 3.5. Ife > h%, then
|u§f)|2+50 < NelNTe=1=%, |u§f) —uplo < NeMTe. (3.7)

Proof. Observe that, owing to Corollaries 3.2 and 3.4 and the in-
equality ¢ > h%, for s € [0,T] and = € R?, we have

}%uﬁf)(s, o) =2 | w(s—ePra— ss%c“(r, ¢) drd|

Rd+1

< NeNTs_Q(h‘SO +e) < NelNTe1

Similarly,
}W o S NN < NN | o] < NeVTe
}ﬁ o+ g lo < NV
}838331 } }ﬁ;axk ()} < NeNTe 2,
It follows that
|5 (s.2) = oul; ty}_u—ﬂ ]y + Nlo =yl 5zuf?|

< NNt — sle™ + NeNT|x —yle™?
As easy to see, the last expression is less than NeNTe™1=%(|t — s|%/2 4
|z —y|%) if |t— s|1/2—l—|x y| < . On the other hand, if |t—s|'/24-|z—y| >
g, then

e 0 (e 0
}—u()(s,x) P ui)(t,y)}SQ}a—ué)

< NeNTe b < NeNTem =% (1t — 5]%/2 4 |2 — y|%).
Hence the inequality between extreme terms holds for all £,s < T'. In
the same way one gets that

o

| .u(s)( .
Oxifzi " 0xi0xI
and this proves the first inequality in (3.7).

To prove the second one, it suffices to notice that

i) (s, ) — un(s, z)| < / lun(s — €7, @ — e€) — un(s, ©)|((7, €) drdg

Rd+1

5,0) = muy) (t,y)| < NeMTe 700 (jt—s| 2o —y|),
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< NeMT(h% 4 ) < NeMNTe,
The lemma is proved.
4. THE PROOFS OF THEOREMS 2.3 AND 2.5

4.1. Proof of Theorem 2.3. Since obviously v, < v, it suffices to
prove

v(s, z) < va(s, ) + NeNTpos/ (2ootl), (4.1)
Furthermore, if s € [T — h?,T], then, for any o € 2,
[0%(s,2) — g(@)] < Kh* + B, |g(ar—s)e T — g(z)|
< NI* + E,|g(2r—s) — g(2)| < N(B* + EZ, |vr—s — 2])
< Nh < NeNTpot/@so+1),

Hence we only need prove (4.1) for s < T — h?, assuming without loss
of generality that T > hZ.

Denote
g = poo/ (00t (4.2)
B . . 3,8,x o,s+e3T,x4e€ .
y comparing the equations for z;””" and x; , one easily sees
that, if 3 = (o, 7,€) € By, and ¢ < h?, then
xtﬁ,s,cv _ x?z,s—f—sQT,LE—i—sf . 55’ (’Otﬁ,s,cv _ (’0?4,84—627',13-}—65.

This and Lemma 3.3 (ii) imply that, for any § = (o, 7,§) € B, s €
0,5 — h?], and = € R?,
5 h? 5
uh(87 :I:) Z E[uh(s + h/2’ xﬁésﬂ:)e_whé ' + fﬁ(s + t’ xtﬁ,s,q;)e_sot 3S,T dt]
0
h2
= Bcrraraclun(s + 1 ome —eQ)e™2 4 | f2(s T+t a)e d]
We restate this in the following way

up(s — 21,0 — e€) > B [un(s — 2T + A%, xp2 — e€)e ¥n2
h2
+ fE(s+t,x)e ?tdt] (4.3)
0
ifae A, 7€ (-1,0), £ € By, s<S—h%?+¢e%r, and z € R4 Tt follows
from (4.3) that, for any constant policy o, s <T — h?, and z € R¢, we
have
h2
ugf)(s, | fE(s+t,xp)e Pt dt + ugf)(s + h2 xp2 e n2].
0
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By It6’s formula we further infer that

h2
0>h2ES, / [f(s +t,m1) + LU (s + ¢, m,)]e# dt,
0

h2
[Laugf)(s,x) + fa(s,x)]h_QE?’z,/ e rdt < I%s,x), (4.4)
0
where
L%2(s,z) = a" (v, 8,T) 24105 (8, ) + b (v, 8, 2) 2, (5, T)

— *(s,2)2(s, ) + 25(s,7), (a’):= %00*, (4.5)

h2
P(s.0) = 1B [ 175+ ta) = (s.0)

HLw (s + 1, 0) — Loug) (s, )] dt

h2

< (2K + N*)h™2 / (t%/2 + B |z, — x|%) dt < N(1+ N*)h%
0

with N® being the sum of the Holder dy/2-constant with respect to s

and the Holder dy-constant with respect to z of the function Laugf) (s,x).

To estimate N* we remember that the Holder continuity of the co-
efficients of L* is one of our assumptions and we use Lemma 3.5. Then
we easily get that N < NeNTe717% 5o that (4.4) implies

Lou) (s, 2) + f2(s,x) < NeNTem =oop (4.6)

for any a € A, s <T — h?, and = € R%
Next, from (4.6) by Itd’s formula, for any o € A, s < T — h?, and
x € R?, we obtain

E?’wuff) (T — R?, wp_p2_s)e PT-n2-s < ugf)(s, )
T—s—h?
- E, / fo(s +t,m)efrdt + NeMem'=0p,
0

which by Lemma 3.5 allows us to conclude that

E2oun(T — P mr_pe_g)e #T-12—s <y (s, x)

T—s—h?
- B, / fo(s+t,xp)e ¥t dt + NeNT(s + 5_1_5%50). (4.7)
0

Furthermore, notice that
un(T — h*, ) — g(2)] < |un(S, 2) — g(@)| + [un(S, 2) — un(T — h*, )|
= |un(S, z) — up(T — W%, )| < NeMT(h% 4 ) < NeMe.
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Hence, from (4.7) and the inequality uj, < vy + NeNTe% (see Corollary
3.2 (1)), we obtain

ESo9(xr—s)e™T < up(s, 7)

T—s
-E, / fe(s+t,x)e Pt dt + NeNT[5_1_5°h5° + K%+ 550].
0

Upon remembering that e = h%/(2%+1) e finally get
v(s,z) < va(s, ) + NeNT o/ (200tD)
and this proves (4.1) for s € [0,T — h?].
4.2. Proof of Theorem 2.5. Fix h € (0,1] and for a € 2, define

~ S,

Ty = T;"7" recursively by
To=1T, Tt=Tnp2 + (2, s+ nh? Tppe) (W — Wep2)
+b(Qpnz, 8 + nh?, T2 ) (t — nh?)
for nh? <t < (n+1)h% Of course, Z;**" also depends on h, dependence

on which is not shown explicitly just for simplicity of notation. It is
easy to see that Z,;””" satisfies

¢ ¢
Ty =1x+ / o0y, s+ kn(r), Tu, (r)) dw, + / b(ow, s + Kn(T), Ty (ry) drry
0 0
(4.8)
where rp,(t) = h%[th™2]. Next, let

t
N P
0

k(T —s) )
f‘_)l?(s? .’L‘) = EZw[/O fat(S + Hh(t), jnh(t))e_%ih(t) dt

+g(jnh(T—s))e_@Kh(T_s)]‘
Notice that equation (2.3) is a dynamic programming equation for the
problem of maximizing v§(s,x) over o € 2. Therefore,

Up, = sup vy (s, x).
acy

Now we see that, owing to Theorem 2.3, to prove the present theorem,
it suffices to prove that, for any o € U, s € [0, 7], and = € R%,

v (s, z) — 5%(s,z)| < NeNTh%, (4.9)

This inequality is similar to the inequalities from Corollary 3.2 and
we prove it by using again Theorem 2.5.9 of [4]. We rewrite (4.8) as

t t
:ft::c—i—/ 6-r(:7:r)dwr+/ b, (z,) dr,
0 0
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where
0u(y) = olou, s+ kn(t),y + 27 — "),
bily) = bla, s+ malt), y + 2258 — 70%).

Then by Theorem 2.5.9 of [4] we get

T
Esojcv sup |:Z‘t - .’L't|2 < NeNTEst;E / [|U(at7 s+1, .’L't) - 5-t(xt)|2
t<T 0
+ |b(0¢t, S + t, .’L't) — Z_)t(.’l,'t)|2] dt
T
< NeMT / (2% + B, |Z, ) — T[] dt < NeVTh>™.
0

It follows that
Eg, sup |Ts — 24| < NeNTpoo,
t<T

T
Esofgg / |fat(8 + Iih(t), .i‘,.;h(t)) — fat(S + ¢, xt)| dt < NeNTpoo
0

+K sup E§f$|x,.;h(t) — 1y < NeNTh‘SO,
t<T

T
Egﬁ/ | (5 4+ Kn(t), Tuy)) — (s +t,24)| dt < NeNThpdo,
0

B |9(Z 0, r-s) — 9(x7-5)]|
< NeNTpoo KE?,A»T@(T—s) —zr_g| < NeNTpoo,

It is easy to see that (4.9) follows from the above estimates. The
theorem is proved.

5. OTHER METHODS OF APPROXIMATING VALUE FUNCTIONS

Remember that the operator L* is introduced in (4.5) and define
Flu] = sup[L%u + f].
acA

By definition v is a probabilistic solution of the problem
FluJ=0 in (0,7) xR (T, )=g. (5.1)

The function v is also a viscosity solution of (5.1) (see, for instance, [3]).
Next, we describe the approximating scheme for solving (5.1) intro-
duced in [7]. Let R4 = [0, 00) x R? and B = B(RE™) be the set of all
bounded functions on R%™. For any & € (0, 1] let a number p;, € [1, 00)
and an operator Fj, : u € B — Fy[u| € B be defined.
We need the space C*%([t, t+h?]) provided with norm |- |25, t,++h2)-
These objects are introduced in the same way as the space C?T% in
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Section 3 before Lemma 3.5 only this time we consider functions defined
on [t,t+ h% x R,

Assumption 5.1. (i) F}, is an h?-local operator in ¢, that is, for any
t € [0,00) and uy,us € B, we have Fj[ui|(t,z) = Fpus](t,z) for all
r € R? whenever u;(s,y) = us(s,y) for all s € [¢,t+ h% and y € RY;

(ii) Fy is locally consistent with F' in the sense that, for any t €
[0,00), z € RY and u € C*F%([t, t + h?]), we have

|Frlu](t, z) — Flu](t, )| < Khéo|u|2+éo,[t,t+h2]§

(iii) the operator u — ®plu| := Fp[u] + pru is monotone, by which we
mean that if uy, us € B and uy > ug, then ®p[u;] > ®p[uz]; moreover,

(iv) let £ := £(t) := e, then for any constant M > 0 and u1, us € B
such that u; + M{ > us, we have

fbh[ul] + Mg(ph — 1) > fbh[ul + Mg] > (I)h[UQ].

Remark 5.2. The reader can find in [7] several examples of operators
F}, satisfying Assumption 5.1. In particular, these examples include
implicit and explicit finite-difference schemes. Furthermore, as easy to
see the operators

h_Q[Gs,s+h2u(s + B%, ) (z) — u(s, z)], h_2[68,8+h2u(3 + %) (z) — u(s, z)]
(5.2)

with p, = h~2 satisfy Assumption 5.1.

By Lemma 1.7 of [7] there exists a unique bounded function v, de-
fined on [0, T + h?] x R? and solving the problem

Fnlop)(t,2) =0 Vt€[0,T],x € R%
o,=g Vte(T,T+h%, zcR

Theorem 1.9 in [7] in our particular situation of Lipschitz continuous
¢, f, g reads as follows.

Theorem 5.3. For any h € (0,1], in [0,T] x R? we have
o, < v+ NeNThag/(250+1).
The following is an improvement of Theorem 1.11 of [7].
Theorem 5.4. For any h € (0,1], in [0,T] x R? we have
v <o+ NeNTh‘Sl,

where 61 = 03(200 + 1)1 (480 + 2 + 62) 7L, which is 1/21 if o = 1.
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Proof. By Lemma 3.2 of [7] for any integer n > 1 and h* < 1/n we
have

Vi/vm < v+ NeNTnh‘sg/(%o—I—l).

Hence, by Theorem 2.3
v < Ty + NeNT[nhag/(250+1) +n_53/(450+2)].

By taking n of order R 208/ (400+2463) e get the result. The theorem is
proved.

Remark 5.5. If 0 = 0, Bellman’s equation becomes the Hamilton-
Jacobi equation. In this case better results can be found in Appen-
dix A, written by M. Falcone, in [1] and in the references therein. Also
notice that in the case of 49 = 1 and o, b independent of (¢, z) we have
lv — 7] < NeNTh1/3 as can be seen from [5].

Remark 5.6. The rate of convergence in Theorem 1.11 of [7] is 1/39 if
do = 1. Improving it to 1/21 is of course a step forward. However, we
still do not know what kind of additional conditions are needed in order
to get the rate 1/3 for more or less general approximating operators
Fy. Even more than that, we do not know what is the real rate of
convergence in the case when d = 2 and

Flu)(s,z) = 07 (x) (Ugigr )+ + 05(x) (Ug2a2) 4 + s,

h?Fyu)(s, x)
= o}(x) (u(s +h? x4+ hey) —u(s + h? z) +u(s +h* oz — elh))+
+ 03 (x) (u(s + B2,z + hea) — u(s + h?, z) + u(s + h*, z — esh))

+u(s+h%z) —u(s,x), (5.3)

where e; are unit basis vectors and o; are smooth, say small functions
having zeros. Theorem 5.4 only says that the rate is not smaller than
1/21 if g is bounded and Lipschitz.

Approximations (5.2) with the same time step as in (5.3) are of order
at least 1/3 by Theorems 2.3 and 2.5. However computing the operators
in (5.2) requires computing some integrals at all points of R?, whereas
in (5.3) one only meets simplest sums and one can restrict oneself to
points on a grid.

Below we give some conditions which allow one to construct approx-
imations like (5.2) with other type of random variables involved, say
only taking finitely many values on a grid but still not as specified as
in (5.3). As everywhere in the article, the conditions of Section 2 are
assumed to hold.
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Fix an h € (0, 1] and assume that we are given an R%-valued random
variable w such that

Ew =0, |Bw'd’ —h*69 < Kp*H0  Elw|*™ < Kh?T,  (5.4)
Theorem 5.7. Fora € A, s >0, and x € R? define
7" =+ o(a, s, )0 + b(a, s, 2)R?,
G2 () = (5,202 ¢~ (g,
Giorn2z = 21618 GZSMQ z.
Define recursively
on(s,z) = g(z) if se(T—hT),
on(s, ) = Gyorn2On(s + 1%, ) (x) if s<T—h
Then, for any s € [0,T] and x € R, we have

[v(s,z) — Op(s,x)| < NeNT 05/ (200+1)

(5.5)

The proof of this theorem is based on several auxiliary results. Take a
sequence of i.i.d. R%-valued random variables w,, n = 0, 1, 2..., having
the same distribution as @. Let F; be the o-field generated by 1w, for
n < [th™?] and let 2 be the set of all A-valued Fi-adapted processes.

Q, S,

. . s '
For a € 2}, define Z,,2 = ;5" recursively by
A N A h2 N A
o =T, x(n+1)h2 = Tpp2 + U(anh27 s+n 7xnh2)wn

+b(tpp2, 8+ nh?, Zop2 ) h2.

AQLS,T

Again we do not include h in the notation ;5" just for simplicity.
Also let

t
R
0

k(T —s) )
QA)I?(S? .’L‘) = EZw[/O fat(S + Hh(t), .’i‘nh(t))e_@“h(t) dt

+g(i'nh(T—s))e_¢Kh(T_s)]‘
Notice that equation (5.5) is the dynamic programming equation for
the problem of maximizing 0§(s, z) over o € 2. Therefore,

f[)h(S?x) = sup ’(A),?(S,.’L‘).

Oéeﬁlh
Next we consider “shaken” coefficients, fixing an ¢ € (0,1]. We

use again objects (3.1) and (3.2) and we define b(3,t, x), *(¢, ), and
fP(t,x) similarly. We denote by B the set of all measurable F;—
adapted B-valued processes.



16 N.V. KRYLOV

By using the functions o(3,t,x), b(8,t, ), *(t,z), and fP(¢,x), in
an obvious way, we define 7" and ¢P*" and let

Kp (S—s) A
ﬁﬁ(s,x) = Efw[/ fﬁt(s R (t), &y 1)) Prn® dt
0

+g(‘%nh(5—s))6_¢nh(s_s)]7 ﬁ'h(S?x) = sup ﬁ,ﬁ(s’.’lf)’
BEB),

where, as before, S = T + £2.

Lemma 5.8. (i) For s € [0,T] and * € R, we have |iy(s,x) —
(s, w)| < NeNTed,
(ii) For s,r € [0, 5] and z,y € RY, we have

NT|:I" _y|7

|ﬁh(8,.’1,') - ah(87y)| < Ne
(s, z) — Gn(t,z)| < NeNT(h% + [t — s|'/?).

We prove this lemma in Section 6. Our next lemma is the dynamic
programming principle.

Lemma 5.9. For any v € R? and 0 < s <t < S such that (t — s)/h?
18 an integer,
t—s
in(s, ) = sup Eﬁﬁ[/ FOr (s + Kn(r), &y )€ P dr
BEB), 0
+ﬁh(t, :%t_s)e_“bt—s].

In particular, fort = s+ h? < S, we have

in(s,r) = sup [f*(s+ &7, x +e&)h?
(a,7,£)€EB

+ e TN Py (5 4 B2 gt _g6)]. (5.6)

Finally, we need the following fact which is easily proved by using
Taylor’s formula and assumption (5.4).

Lemma 5.10. If z € C?*%[0, T, then, for any o € A, s € [0, T — h?,
and x € R%, we have

|Lo2(s, ) —h2[e™" D Ba(s4-h2, §95%) — 2(s, 2)]| < NE®|z|a15 0.7)-
Proof of Theorem 5.7. First we prove that

v < by, + NeNTRI/(2oo+1), (5.7)
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Take ¢ from (4.2) and proceed as in Subsection 4.1 observing that (5.6)
implies that

ﬁh(S - 527—71: - 55) > fa(S,.’I,‘)hQ
+ e—ca(S,w)h2Eah(S . 827' + hQ’ga,s,w . 55)

provided a € A, 7 € (=1,0), £ € By, s < S — h? +&%r, and x € R%.
Hence for any oo € A, s <T — h?, and = € R%, we have

49 (s, x) > (s, 2)h% + e DM R (g 4 p2 gensey),
h h

Now Lemma 5.10 implies that Laﬁgf) + fo < Nh50|ﬁ§f)|2+50,[oj] in
(0,7 — h?] x R%. Furthermore, we notice that the proof of Lemma 3.5
carries over to the function dgf) without any change owing to Lemma

5.8 (ii). Hence (4.6) holds with 4" in place of u!” and we can finish
the proof of (5.7) in exactly the same way as the proof of Theorem 2.3.
Now we prove that

by < v 4 NeNTR%/ oo+, (5.8)

We are going to use the following lemma which is a particular case
of Theorem 2.1 in [7].

Lemma 5.11. For any € € (0,1] there exists a function u defined in
[0, T + €2] x RY such that

lu(t,x) — g(x)] < Ne for te[T,T+¢e%; (5.9)

sup[Lu + f*] <0, |u—uv| < NeNVTe® in [0,T] x RY,  (5.10)
acA

|| 24.50,10,7427) < NeNTe=1-%, (5.11)

Now, again take € (> h) from (4.2) and u from Lemma 5.11. Observe
that by (5.10) and Lemma 5.10 we have

G§s+h2u(3+h2’ )=u(s,¢) < N|u|2+50,[O,T—h2+s2]h2+60 < NeNTp2toog—1-%
in [0, 7] x R%. In addition, if s € [T'— k%, T], then by (5.9) and (5.11)
u(s,z) > u(T,z) — NeNTh?2e717% > g(z) — NeNThoeg=17% _ N,

From here and from (5.5), it follows easily by induction that o5, <
u+ Ne+ NeNVTh%eg=1=%  This and the second equation in (5.10) leads
us to 9y, < v+ NeNT(R%e=17% 4 %) and this is exactly (5.8). The
theorem is proved.
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6. PROOF OF LEMMA 5.8
We need the following counterpart of Lemma 3.1.

Lemma 6.1. Take t,s,r € [0,9], z,y € R, and 8 = (a, 7,&) € B,.

Then
Esﬁ,zii'nh(t) — i‘nh(r)|2 < NeNT|t — 7“|, (6.1)
sup E|xf S(f Afhs(ty|2 < NNz — y)?, (6.2)
sup B|#:%5 — a0 [ < NeVT|s — |, (6.3)
t<S
sup E|:17,_i W~ e s(f|2 < NelVTe?%, (6.4)

Proof. These inequalities are absolutely standard and may be claimed
to be well known. Say, (6.1) and (6.2) appeared probably for the first
time as Lemmas 2.2 and 2.3 in [2], where the theory of stochastic dif-
ferential equations is applied to proving the solvability of the Cauchy
problem for degenerate parabolic equations (a new result at that time).
For completeness we outline the proofs of (6.3) and (6.4) following [2].

We have

Lyt = B3 e — 20 al® = In
202 Bl — 257 [b(w) — b(v)] + Blb(u) — b(v)[*h*
+E|( (w) = o (v)ion|* == In + Jy + Jo + Js,
where
u = (pp2, s +nh? + SQTnhz,:ﬁi;ff + e&nnz),
v = (Qpp2,7 +nh? + SQTnhz,:ﬁi;:f + e&unz).
It follows by Holder’s inequality and by our assumptions that

Ty < 2LPKR3(E(|s — |2 + 20557 — aP7))?) 2

nh?

< NIM2h2(|s — r[%/2 4 I)Y2 < NB*(|s — [ + I,).

Also
Jo SKPRUB(|s — v 4 T — 7)< NR(|s = [ + L),
Jy < NW2E(|s — r|®/2 4 2757 — 20122 < Nh2(|s — 7% + I,).
Hence

I < (1+ NI, + NR|s — 7|,

Lnpi < (14 NB)" Iy + NB?[s — r| Y (1 + Nh?)'.
=0
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Since Iy = 0 and (1 + Nh?)"*t < NeM7T for nh? < S, we obtain (6.3).
To prove (6.4) we proceed similarly defining this time
I, = E|375%" — 55"

and noticing that
Iy = I, + 207 B[05" — 22571 (b(u) — b(v)] + Elb(u) — b(v)*h*
+E|(o(u) — o(v))da/?,
where
u = (Qppz, s + nh? + €%z, :%ghsf +e&umnz), v = (app2,s+ nh?, :%zhsf)

After that an obvious modification of the above argument leads us to
(6.4) thus proving the lemma.

On the basis of this lemma and Lemma 5.9, Lemma 5.8 is proved by
repeating the proofs of Corollaries 3.2 and 3.4.
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