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Abstract

The goal of this paper is to unify the lookdown representation and the stochastic
flow of bridges, which are two approaches to construct the A-Fleming-Viot process
along with its genealogy. First we introduce the stochastic flow of partitions and
show that it provides a new formulation of the lookdown representation. Second
we study the asymptotic behaviour of the A-Fleming-Viot process and we provide
sufficient conditions for the existence of an infinite sequence of Eves that generalise
the primitive Eve of Bertoin and Le Gall. Finally under the condition that this infinite
sequence of Eves does exist, we construct the lookdown representation pathwise
from a flow of bridges.
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1 Introduction

The A-coalescent has been introduced by Pitman [25] and Sagitov [26]. This is a
Markov process (II;,¢ > 0) with values in the set &, of partitions of N := {1,2...}
whose distribution is characterised by a finite measure A on [0,1]. For any n > 1 the
restriction (HL"],t > 0) of the process to the set &7, of partitions of [n] := {1,...,n} is
Markov and can be described as follows. If H,E"] has m blocks at a given time ¢ > 0, then
any k of them merge at rate

Am g 1= / 281 — )™ P72 A (dx) (1.1)
[0,1]

for every integer k € {2,...,m}. If we assume that Il is the trivial partition Oj :=
{{1},{2},...} then the process (II;,¢ > 0) can be interpreted as the genealogy of an
infinite population: each individual is represented by an integer so that the coalescence
of a collection of blocks corresponds to groups of individuals finding their most recent
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Flows of A-Fleming-Viot and lookdown representation

common ancestor backward in time.

The A-coalescent is in duality (see Lemma 5 of Bertoin and Le Gall [6]) with the so-
called A-Fleming-Viot process which, on the contrary, describes the evolution forward
in time of an infinite population. This Markov process has been introduced by Bertoin
and Le Gall (see Theorem 3 in [6]), and implicitly by Donnelly and Kurtz [12]. Let us
provide a rigorous definition of the A-Fleming-Viot process. Let n be an integer, let f be
a continuous function on [0, 1]” and set

Gy(p) = /[0 . w(dzr) ... p(dey) f(x1,...,2n), VYu € M,

LG9 = Y Ma [ plden) ool (£ (Ricons o nin)) = )

KC[n] [0,1]"
k= K >2

with Ri(x1,...,Tn—k+1) = (y1,--.,yn) Where y; = znink if ¢ € K, and the y;,7 ¢ K,

listed by increasing indices, are the values i, ..., Zmin K—1, Tmin K+1; - - - s Tn—k+1-

Definition 1.1. (Bertoin and Le Gall [6]) The A-Fleming-Viot process is the unique .#-
valued process (p;,t > 0) that starts from the Lebesgue measure and such that for
every integer n > 1 and every continuous function f on [0,1]", the process G(p;) —
fot LG (ps)ds is a martingale.

In this population model, each individual possesses a genetic type, taken to be an el-
ement of [0,1]. The process p describes how the frequencies of these types evolve in
time. The "jumps" of this process occur at rate v(dr) := 2~ 2A(dr) and can be inter-
preted as reproduction events where a parent, uniformly chosen among the population,
reproduces: a fraction x of individuals dies out and is replaced by individuals with the
same type as the parent. The duality with the A-coalescent can be thought of as follows:
each reproduction event induces a coalescence event backward in time.

Pitman [25] proposed a construction of the A-coalescent from a Poisson point pro-
cess, we also refer to Schweinsberg [28] for the construction of the =-coalescent.
Roughly speaking, this Poisson point process encodes the coalescence events that occur
over time. Using this Poisson point process forward in time, it is possible to construct
the A-Fleming-Viot process thanks to the so-called lookdown representation of Donnelly
and Kurtz [12], we also refer to Birkner et al. [9] for a lookdown representation of the
=-Fleming-Viot process and to a recent work of Gufler [18] on a lookdown representa-
tion for tree-valued Fleming-Viot processes. We will call the underlying Poisson point
process the lookdown graph for reasons that will be made clear later on. Another - and
seemingly different - approach to construct the A-Fleming-Viot process comes from the
stochastic flow of bridges introduced by Bertoin and Le Gall [6]. The main objective
of the present paper is to unify these two constructions, this is achieved in three main
steps. First we propose a new formulation of the lookdown representation that relies on
the introduction of an object called the stochastic flow of partitions. Second we investi-
gate the asymptotic behaviour of the A-Fleming-Viot process, and introduce the notion
of Eves that generalise the primitive Eve of Bertoin and Le Gall [6]. We stress that this
study is new and interesting in its own right. Third, we use the Eves and the stochastic
flow of partitions to define the lookdown representation pathwise from the stochastic
flow of bridges.

1.1 The lookdown representation via the flow of partitions

In the lookdown representation of Donnelly and Kurtz [12], the A-Fleming-Viot pro-
cess is obtained as the process of empirical measures of a countable particle system
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(§:(i),t > 0),7 > 1. At any time ¢ > 0, & (i),7 > 1 should be seen as the types of a
countable collection of individuals alive at time ¢ within the population. This particle
system is called the lookdown process; it satisfies a consistency property that allows to
construct the n first particles and then to add the (n + 1)-th particle without modifying
what has already been defined. We give a brief description of the construction of the n
first particles. The initial types &y(i),7 € [n] are i.i.d. uniform[0,1] r.v. To every subset
K c {1,...,n} whose cardinality k& belongs to {2,...,n} is associated an exponential
clock with parameter )\, ;. When this clock rings, the types of the n first particles are
updated as follows. At each level in K'\{min K}, an offspring of the particle currently at
min K is inserted, while at the same time the levels of all the other particles that were
previsouly above min K are pushed upwards (without changing their order) so that af-
ter the update each level is again occupied by exactly one particle (and in the n particle
system the particles beyond level n are removed). In such a reproduction event, types
are inherited and the particle at min K is called the parent. The total transition rate of

the n first particles is equal to
2 n
Ap = Ak 1.2
> ( k) k (1.2)

k=2
The consistency of the particle system is a consequence of the fact that the n-th particle
(&(n),t > 0) does never give its value to any of the (n— 1) first particles (&:(4),t > 0),i €
[n—1] so that the infinite collection of particles can be defined consistently. This particle
system admits a process of empirical measures which is a A-Fleming-Viot process. We
refer to Subsection 2.1 for precise definitions.

N VA B
- —
25/,;5 /Aé

Figure 1: A graphical representation of the lookdown graph. Each dot corresponds to
a parent that reproduces: the levels carrying an ending arrow together with the level
of the parent are now occupied by children of the parent. For example, at time ¢,
level 2 reproduces on levels 2, 5 and 7 while former levels 5, 6 and 7 are pushed up
to the next available levels. The ancestor of the individual alive at time ¢35 at level 7
is given by A;,(7) = 4. The corresponding flow of partitions, restricted to [7], would
be entirely defined by the partitions IT,, ,, = {{1},{2,5,7},{3},{4},{6}}, T;,_ 4, =
{{1,2,4},{3}, {5}, {6}, {7}} and so on.

There exists a graphical representation - called the lookdown graph - of the point
process of reproduction events; a formal construction (along the lines of [12]) of this
object was provided by Pfaffelhuber and Wakolbinger [24] in the so-called Kingman
case (A = do(-)). There, each vertex in the graph corresponds to an individual in the
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population alive at a given time. We refer to Figure 1 for an illustration, or to Figure
1 in Birkner et al. [9] (which includes the case of simultaneous mergers). With a slight
abuse of notation, we will call lookdown graph the point process of reproduction events
itself.

One contribution of the present paper is to show that the lookdown graph can be en-
coded by a collection of partitions of IN := {1,2,...} that we call a stochastic flow of
partitions and that gives an explicit description of the genealogy of the lookdown pro-
cess. To state the definition of this object, we introduce some notation. The restriction
of an element 7 € 2, to the set 2, is denoted 7["l. We endow 2., with the distance
do defined as follows

dp(m,7') = 27" where i = sup{n > 1 : 7"l = 7/["}}. (1.3)

We order the blocks of a partition 7 in the increasing order of their least element and
we denote by 7 (i) the i-th block according to this ordering, with the convention that
7(¢) = (0 if 7 has less than ¢ blocks. Then we define the asymptotic frequency of the i-th
block

()| o= lim ~#{x(i) O [n]}

n—o00 N

when this limit exists. For any two partitions 7, 7/, we introduce the partition Coag(m, 7’)
as follows. For every ¢ > 1, the i-th block of Coag(w,n’) is the union of the blocks 7 (j)
for j € 7' (7).

Definition 1.2. A stochastic flow of partitions is a collection I = (ﬁ&t, —00<s<t<
o0) of partitions of N := {1,2,...} such that:

e Foreveryr < s <1, fIT’t = Coag(f[s,t, f[rys) a.s. (cocycle property),
. ﬂs,t is an exchangeable random partition whose law only depends on t — s. Fur-

thermore, for any s; < sy < ... < s, the partitions Il ,,,1I,, s,,...,II5 _ , are
independent,

e Moo = O] := {{1},{2},...} and Iy, — O[] in probability as t | 0 for the distance
do.

Furthermore if the process (ﬂ,mt > 0) is a A-coalescent then we say that isaA flow
of partitions.

In Section 2 we show a correspondence between lookdown graphs and flows of parti-
tions, see Proposition 2.9. This correspondence allows us to propose a new formula-
tion of the lookdown representation that we now present. Let {, = (£p(i),i > 1) be a
sequence of i.i.d. uniform[0, 1] r.v., referred to as the initial types, and let I1 be an inde-
pendent A flow of partitions. We define a collection of particles (& (i),¢ > 0),i > 1 by

setting for every ¢t > 0 and every i,j > 1
&(i) = &o(j) i i € Tlo,e(j)-

In other words, j is the index of the block of ﬁo,t that contains ¢, and more generally,
the partition ﬂ07t provides the genealogical relationships between the particles at times
0 and ¢t. Our correspondence between lookdown graphs and flows of partitions then
ensures that (&(:),t > 0),7 > 1 is a lookdown process so that its process of empirical
measures is a A-Fleming-Viot process. Actually we prove that its process of empirical
measures coincides almost surely with the .7 -valued process (& (11, &), t > 0) defined
by

o4 (TL, &) ==Y Mo ()]0ey () + (1= Y Mo (i)]) £ (1.4)

i>1 i>1
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where ¢ stands for the Lebesgue measure on [0, 1], see Proposition 2.14. Consequently
(&.4+(I1,&),t > 0) is a A-Fleming-Viot process. Notice that we require here the a.s. si-
multaneous existence of the asymptotic frequencies of all the blocks at all times ¢ > 0.
This a.s. simultaneous existence holds for a stochastic flow of partitions constructed
from a Poisson point process, see Subsection 2.3.1, but it does not necessarily hold
for any stochastic flow of partitions: however we prove in Subsection 2.3.2 that any
stochastic flow of partitions admits a modification for which this a.s. simultaneous exis-
tence holds.

Observe that the lookdown representation provides much information on the A-Fleming-
Viot process. In particular, it shows that at any time ¢ > 0 the probability measure
&M(ﬁ, &o) has an atomic component and an absolutely continuous component (with re-
spect to the Lebesgue measure). When this absolutely continuous component is not
zero, we say that the measure has dust. This terminology comes from the theory of
exchangeable random partitions of IN: if the union of the singleton blocks of an ex-
changeable random partition 7 admits a positive asymptotic frequency, we say that =
has dust (see Section 2.1 in Bertoin [4]).

1.2 The Eves

We shall assume that A({1}) = 0 to avoid trivial reproduction events where the
whole population is replaced at once by descendants of a parent. For convenience, we
introduce the following notation

W) = A({O})u2+/(0 T ), a0 where y(ds) = x*A(d). (15)

Let p = (p,t > 0) be a A-Fleming-Viot process assumed to be cadlag for the weak
convergence in .#; (this is a harmless assumption since the semigroup has the Feller
property [6]). For the moment we do not assume that p has been obtained from the look-
down representation. The behaviour of the measure v(dz) = x~2A(dx) near 0 provides
much information on the behaviour of the A-Fleming-Viot process as our next result will
show. To state this result, let us introduce some notation. When v([0,1)) < co, we say
that we are in regime Discrete. When v([0,1)) = oo and f[o,1) zv(dzr) < oo, we say that

01y @v(dz) = co and [~ \I,d(‘jt) = oo is
called regime Infinite no dust. Finally, when [ > \I,d(z) < 00, we say that we are in regime
CDI. This acronym comes from the theory of coalescent processes: a coalescent process
starting with an infinity of blocks is said to Come Down from Infinity if its number of
blocks is finite at any positive time. These four regimes correspond to four distinct

behaviours of the A-Fleming-Viot process:

we are in regime Infinite with dust. The case where f[

Proposition 1.3. If A belongs to regime
1. Discrete, then for all t > 0, almost surely p; has dust and finitely many atoms;

2. Infinite with dust, then for all t > 0, almost surely p, has dust and infinitely many
atoms;

3. Infinite no dust, then for all t > 0, almost surely p; has no dust and infinitely many
atoms;

4. CDI, then for allt > 0, almost surely p; has no dust and finitely many atoms.
We rely on the above classification to present our results on the asymptotic behaviour

of the A-Fleming-Viot process. Let us recall that Bertoin and Le Gall (see Section 5.3
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in [6]) showed the existence of a r.v. e! such that almost surely

p({e'}) — 1.

t—o00

The r.v. e! has a uniform distribution on [0, 1] and is called the primitive Eve of the pop-
ulation. It can be interpreted as an ancestor whose progeny is predominant among the
population. In the present paper, we investigate the existence of an infinite sequence
of Eves €, > 1 that generalise the primitive Eve in the following sense: for every i > 1,
the progeny of e’ is overwhelming among the population that does not descend from

el,...,e!" ! The precise definition is given below.

Definition 1.4. In regimes Discrete, Infinite with dust and Infinite no dust, we say that p
admits an infinite sequence of Eves if there exists a collection (e');>1 of points in [0, 1]
such that for everyi > 1 ‘
e’L
prl{e) .

p:([0,1]\{el, ..., e71}) t—oo

In regime CDI, we say that p admits an infinite sequence of Eves if one can order the
atoms by strictly decreasing extinction times; the sequence is then denoted by (e%);>1.

In Proposition 3.1 we show that the event where p admits an infinite sequence of Eves
is measurable in the sigma-field generated by p and that, on this event, the Eves are
measurable.
The following result establishes a connection between the Eves and the lookdown rep-
resentation.

Proposition 1.5. Let p; = é”oyt(f[, &o),t > 0 where IIisaA flow of partitions and &, is an
independent sequence of i.i.d. uniform|0,1] r.v. Then almost surely &y(1) coincides with
the primitive Eve of Bertoin and Le Gall. Furthermore if the A-Fleming-Viot process
admits almost surely an infinite sequence of Eves (e',i > 1) then we have almost surely
for everyi > 1, ¢ = &y(i).

Consequently the lookdown representation appears as the appropriate construction to
investigate the existence of the Eves. We now present our main results on that question.

Theorem 1.6. IfV is a regularly varying function at +oo with index in (1, 2] then almost
surely the A-Fleming-Viot process admits an infinite sequence of Eves.

This assumption on ¥ implies that we are in regime CDI. This is actually equivalent with
the assumption that y — A([0,y)) is regularly varying at 0+ with index in [0, 1) - we refer
to Section 0.7 in the book of Bertoin [3]. Let us observe that this assumption covers
a large class of A-Fleming-Viot processes in this regime. One can cite in particular
the measures A associated with the Beta(2 — a, a)-coalescent with a € (1,2) (see for
instance [2, 8]) and the measure A(dx) = dp(dz) which is associated with the celebrated
Kingman coalescent [20]. Let us describe our strategy of proof. According to Definition
1.4 and Proposition 1.5, the existence of the infinite sequence of Eves in regime CDI is
equivalent with the non-simultaneous extinction of the initial types £,(2), £ (3),. .. in the
lookdown representation. If we call E the event where at least two initial types become
extinct simultaneously then we have the following result:

Proposition 1.7. In regime CDI, the event E has probability 0 or 1.

Once this result is established, we obtain Theorem 1.6 by showing that E has proba-
bility zero when V¥ is regularly varying. Concerning the A-Fleming-Viot processes in
regime CDI which do not fulfil this assumption, the existence of the Eves remains an
open question.
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Conjecture 1.8. In regime CDI, without further condition on A, we have P(E) = 0 and
thus, the A-Fleming-Viot process always admits an infinite sequence of Eves.

We now turn to regime Infinite no dust.

Proposition 1.9. When A(dx) = dz, the A-Fleming-Viot process admits almost surely
an infinite sequence of Eves.

This result strongly relies on the connection between the Bolthausen-Sznitman coales-
cent [5, 10] and the Neveu continuous state branching process, we refer to Subsection
4.3. The existence of the sequence of Eves for other measures A in regime Infinite no
dust remains an open question.

Conjecture 1.10. In regime Infinite no dust, the A-Fleming-Viot process admits almost
surely an infinite sequence of Eves without further condition on A.

Finally we investigate the dust regimes.
Theorem 1.11. Suppose that A belongs to:

* Regime Discrete or
¢ Regime Infinite with dust and fulfils the condition f[o 1) *log L y(dz) < o,

then almost surely the A-Fleming-Viot process does not admit an infinite sequence of
Eves.

Let us comment briefly on this result. We rely on the lookdown representation. In
regime Discrete, we prove that eventually all the reproduction events choose a parent
with type £y(1) so that only the frequency of the primitive Eve makes positive jumps. It is
then easy to deduce that the second initial type £;(2) does not fix in the remaining pop-
ulation that does not descend from £y(1). In regime Infinite with dust under the condition
f[O,l) x log %I/(dx) < oo, we prove the almost sure existence of at least one initial type,
say &(i) for a certain ¢ > 2, whose frequency stays equal to 0 forever. Consequently the
i-th Eve does not exist. Notice that the wlog% condition is fulfilled whenever A is the
law Beta(2 — «, o) with a € (0,1) associated with the Beta(2 — o, a)-coalescent, see [8].
Let us mention that in [13], it is shown that the measure-valued branching process with
branching mechanism ¥ (we refer to Dawson [11], Etheridge [14] or Le Gall [23] for
a definition of this object) has a residual dust component when t tends to infinity if
and only if f(071) zlog L v(dzx) < co. However when this zlog L condition is not fulfilled
the frequencies in the population when ¢ goes to infinity are of comparable order and
the measure-valued branching process does not admit an infinite sequence of Eves. As
branching processes and A-Fleming-Viot processes present many similarities [2, 7, 8],
it is natural to expect the following behaviour:

Conjecture 1.12. In regime Infinite with dust when f[o 1 zlog 2 v(dx) = oo, every ini-
tial type of the lookdown representation gets a positive frequency at a certain time.
However there does not exist an infinite sequence of Eves.

1.3 The flow of bridges and the unification

Let us present another approach to construct the A-Fleming-Viot process. An ex-
changeable bridge as defined by Kallenberg [19] is a non-decreasing, right-continuous
random process F : [0,1] — [0, 1] such that F(0) = 0, F(1) = 1, and F has exchange-
able increments. Bertoin and Le Gall observed that the distribution function of the
A-Fleming-Viot process taken at a given time ¢ > 0, say F}, is an exchangeable bridge.
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Moreover for all 0 < s < ¢, F; has the same distribution as F;_, o Fy where F}__ is
an independent copy of F;_, and o stands for the composition operator of real-valued
functions. This observation motivates the following definition.

Definition 1.13. (Bertoin and Le Gall [6]) A flow of bridges is a collection of bridges
F:= (Fs, —00 < s <t < o0) such that :

e Foreveryr <s<t, F,.; =F;;0F, s a.s. (cocycle property),

* The law of F ; only depends ont — s. Furthermore, if 51 < 52 < ... < sy,
the bridges F F F,, . s, are independent,

* Foo=1d and ¥y — Id in probability as t | 0 for the Skorohod topology.

51,829 82,8371

Furthermore, if one denotes by p,; the probability measure with distribution function
Fs: and if (po+,t > 0) is a A-Fleming-Viot process, then F is called a A flow of bridges.

Observe that the stationarity of the increments of the flow of bridges ensures that the
distribution of (ps s++,t > 0) does not depend on s € R. Consequently a A flow of bridges
does not only construct one A-Fleming-Viot process, it actually couples an infinite col-
lection of A-Fleming-Viot processes indexed by s € R.

We now present the main contribution of the present paper. Consider a measure A
such that the A-Fleming-Viot process admits almost surely an infinite sequence of Eves.
Notice that we do not restrict ourselves to the particular cases that we have identified
in Proposition 1.9 and Theorem 1.6 and we only assume that Definition 1.4 is satis-
fied. Let F be a A flow of bridges. For every s € R, consider a cadlag modification of
the A-Fleming-Viot process that we still denote by (ps s+¢,t > 0) for simplicity. We let
es := (el,i > 1) be the sequence of Eves of the A-Fleming-Viot process (ps si¢,t > 0).
As the cocycle property of the flow of bridges expresses a consistency of the collection
of A-Fleming-Viot processes, it is natural to look at the relationships between the Eves
taken at different times. We introduce the random partitions f[sﬁt of IN by setting for
every ¢ > 1

(i) = {j > 1: F }(e]) = el }.

where F;tl is the cadlag inverse of F, ;. This formula means that we put in a same block
all the Eves at time ¢ that descend from a same Eve at time s.

Theorem 1.14. Suppose that the A-Fleming-Viot process admits almost surely an infi-
nite sequence of Eves. The collection of partitions (Il ;, —00 < s <t < 00) is a A flow of
partitions.

In Corollary 5.2, we will also show that the Eves e, at time s are independent from
(Istp 544,00 <7 < ).

From the A flow of partitions (ﬁ&t, —00 < s <t < oo) we can define a collection of
measure-valued processes using our new formulation of the lookdown representation.
Before we proceed to this final part of the introduction, we need to clarify some regu-
larity issues. In Subsection 2.3.2, we show the existence of a modification of the flow
of partitions such that a.s. all the partitions of the modified flow admit asymptotic fre-
quencies and the cocycle property holds simultaneously for all triplet of times r < s < t.
From now on, we will implicitly deal with this modified flow of partitions and we will
keep the notation 11 for simplicity. Let us mention that this regularisation does not seem
possible for a stochastic flow of bridges. Indeed, a key argument in our proof relies on
the continuity of the coagulation operator whereas this property does not hold with the
composition operator for bridges.

For any given s € R, we introduce the .#-valued process (éas’sﬂ(f[, es),t > 0) by setting

éas g+t H Cs Z ‘Hg s+t |6eL + 1 - Z |Hg S+t Vi > 0.

i>1 i>1
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Recall that ¢ denotes the Lebesgue measure on [0, 1]. This leads us to the statement of
our main result.

Theorem 1.15. Suppose that the A-Fleming-Viot process admits almost surely an infi-
nite sequence of Eves. The A flow of bridges is uniquely decomposed into two random
objects: the flow of partitions and the Eves process. More precisely, for all s € R almost
surely

(‘§S,s+t(ﬁ,es)at > 0) = (Ps,s+tat > 0)'

Furthermore, suppose that we are given a A flow of partitions Il and, for each s € R,
a sequence X, := (xs(i),i > 1) of r.v. taking almost surely distinct values in [0, 1]. If for
every s € R almost surely (& s4+:(1l', xs),t > 0) = (ps,s+¢,t > 0) then

(i) For all s € R and all i > 1, almost surely x(i) = ¢!

(ii) Almost surely I = 1L

This theorem shows that the A flow of partitions II and the process of Eves (e, s € R)
are sufficient to recover the whole collection of A-Fleming-Viot processes encoded by
the flow of bridges. Furthermore these two ingredients are unique. Notice that our
construction actually defines a flow indexed by s € R of lookdown processes.

Organisation of the paper. In Section 2 we present our new formulation of the look-
down representation based on flows of partitions. In Section 3 we study general prop-
erties of the Eves and we deal with the measurability issues. In Section 4 we prove
Theorem 1.6, Proposition 1.9 and Theorem 1.11. In Section 5 we prove Theorems 1.14
and 1.15. Some technical proofs are postponed to Section 6.

2 Flows of partitions

We start this section with the original definition of the lookdown representation.
Then we introduce our formalism based on partitions of integers and show a one-to-one
correspondence between lookdown graphs and flows of partitions. Let us mention that
stochastic flows of partitions have been independently introduced by Foucart [15] to
define generalised Fleming-Viot processes with immigration.

2.1 The lookdown representation

In the lookdown representation, the population is composed of a countable collection
of individuals: at any time each individual is located at a so-called level, taken to be
an element of IN. This induces at any time an ordering of the population. At time
0 the individual located at level ¢ > 1 is called the i-th ancestor, his type is denoted
by &o(i) € [0,1]. As time passes, reproduction events occur in which an individual,
called the parent, gives birth to a collection of children and dies out. To give a precise
definition we need to introduce some notation. We define S, as the subset of {0, 1}
whose elements have at least two coordinates equal to 1. For every n > 2 we also
introduce S, as the subset of {0,1}N whose elements have at least two coordinates
equal to 1 among [n]. For a subset p of R x S, and an integer n > 2, let pj[, sxs, be the
intersection of p with [s, ] X S,,.

Definition 2.1. A deterministic lookdown graph is a countable subset p of R X S, such
that for alln € IN and all s <t the set p|[s 1)xs, has a finite number of points. To every
point (t,v) € p we associate the set I, , := {i > 1 : v(i) = 1}.
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A deterministic lookdown graph should be seen as a collection of reproduction events
(t,v) € R x S, where ¢ denotes the reproduction time, min I, , is the level of the parent
and I, , is the set of levels that participate to the reproduction event.

Definition 2.2. Let p be a lookdown graph and & = (£(i),i > 1) be a collection of
values in [0,1]. The deterministic lookdown process constructed from p and &, is the
particle system (& (i),t > 0),i > 1 defined as follows:

* The initial types are given by (£y(i),7 > 1),
At any reproduction event (t,v) € p with ¢t > 0 we have

{ft(i) = &~ (min(y,,)) for everyi € I,

2.1
G() = b i~ (#{Lo N[}~ DVO)  foreveryig L, )

The transitions should be interpreted as follows. The parent of the reproduction event
is located at level min(l; ,), this individual dies at time ¢. At any level i € I, , a new
individual is born with the type &_(min(l;,)) of the parent. All the individuals alive
at time ¢— except the parent are then redistributed, keeping the same order, on those
levels that do not belong to I;, (see Figure 1). When v does not belong to &, then
(i) = & (i) for every i € [n]. The finiteness of the set pjj;xs, for all s < ¢ thus
ensures that the n first particles (£(i),t > 0),i € [n] make only finitely many jumps
on any compact interval of time so that they are well-defined processes. Observe the
consistency of the particle system when n varies: the (n + 1)-th particle does not affect
the n first.

We now explain how one randomises the previous objects so that the lookdown pro-
cess admits almost surely a process of empirical measures that forms a A-Fleming-Viot
process. Let (2, .%#,P) be a probability space and let P be a Poisson point process on
R x So with intensity measure dt ® (ux + pa). The measures px and py are defined by

(L) = /(0,1) oo v(d) , pr()=A0) Y b, () (2.2)

1<i<j

where for all z € (0,1), 0,(.) is the distribution on S, of a sequence of i.i.d. Bernoulli
random variables with parameter z, and for all 1 <i < j, s;; is the element of S
that has only two coordinates equal to 1: ¢ and 5. The measure s corresponds to
reproduction events involving a positive proportion of individuals while px corresponds
to reproduction events involving only two individuals at once.

Definition 2.3. A lookdown graph associated with the measure A - or A lookdown graph
in short - is a Poisson point process P on R x S, with intensity measure dt ® (px + pa)-

Using Formula (1.2) we easily get for any n > 2

(1K + pa)(Sn) = A(0) (Z) +/ > <Z)xk(1 — )" % u(dz) = Ap.
0,1) 15
Basic properties of Poisson point processes ensure that P|(s 4xs, is a Poisson point pro-
cess on [s, t] x S,, whose intensity has a total mass equal to (¢ — s)\, < co. Consequently
for PP-almost all w, P(w) is a deterministic lookdown graph. Let {, = (£y(4),7 > 1) be an
independent sequence of i.i.d. uniform|0, 1] r.v.

Definition 2.4. Applying Definition 2.2 to P(w) and &y(w) for P-almost all w € {2, we
get a particle system (£:(i),t > 0),i¢ > 1 that we call the lookdown process associated to
P and &.
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We let ./, be the set of probability measures on [0, 1] endowed with the topology of the
weak convergence.

Theorem 2.5. (Donnelly-Kurtz [12], Birkner et al. [9]) IP-almost surely the particle
system (& (i),t > 0),7 > 1 admits a process of empirical measures

- 1L
L= 2= 7}1{2(}%2%40'
1=

This .#-valued process is a cadlag A-Fleming-Viot process.
For convenience we give an outline of the proof.

Proof. Let us introduce for every n > 1, the process of empirical measures of the n first
particles:

- RS
tes == ” Z Oe, (i)
=1

This process takes values in the space D([0, 00), .#) ) of cadlag .#;-valued functions. Let
fx,k > 1 be a dense sequence of continuous functions on [0, 1]. Lemma 3.4 and 3.5 of
Donnelly and Kurtz [12] show that for every & > 1, P-a.s. the sequence of processes
(f[o,u fk(x)El[fn] (dz),t > 0),n > 11is a Cauchy sequence in D(]0, 00), R) endowed with the
distance:

du(X7Y):/ e tsup1 A | X, — Ys|dt.

[0,00)  s<t

Subsequently, using the distance

d(m,m’) == 3" 27" <] Fol@)m(dz) — fk(x)m’(dx)‘ A 1>

=1 [0,1] [0,1]

that metrises the topology of the weak convergence on .7, it is a simple matter to check
that almost surely (Egnht > 0),n > 1 is a Cauchy sequence in D([0, o0), #) endowed
with the distance:
dy(M, M) = / e~ sup d(M,, M) dt.
[0,00)  s<t

The sequence converges IP-a.s. since the latter is a complete space. The identification
of the distribution of the limiting process can be carried out by comparing (modulo
a simple calculation) the expression of the generator obtained by Donnelly and Kurtz
in Section 4 [12] with the expression of the generator of the A-Fleming-Viot process
obtained by Bertoin and Le Gall in Theorem 3 [6]. O

2.2 Deterministic flows of partitions

We start with the definition of the deterministic flow of partitions. Then we prove a
one-to-one correspondence between the set of deterministic flows of partitions and the
set of deterministic lookdown graphs. Finally we show that the deterministic flow of
partitions formalises the implicit genealogy encoded by a deterministic lookdown graph.
A key role will be played by the coagulation operator. Recall that for any w, 7’ € £,
Coag(m, ') is the element of &, whose i-th block is equal to the union of the 7(j)’s
for j € 7'(i). We extend this notation to the case where 7,7’ € &2, by taking implicitly
Coag(m, ') as an element of &,, and using the same definition for its blocks.

Definition 2.6. A deterministic flow of partitions is a collection # = (#t5;, —00 < § <

t < co) of partitions of N that satisfies:
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e Forallr < s <t, we have 7, = Coag(#s+, 7y s) (cocycle property).
° For all s € R, 75 s = O and the limit lim 7, s =: #s_ s exists and is either a
rTs
partition with a unique non-singleton block or 0.

e Forallt € R, 1<1ng tfrm exists and equals O, (left regularity).
r,ssTt
e Foralls € R, lflirn s+ exists and equals 0| (right regularity).

Remark 2.7. The left regularity is not a consequence of the three other properties.
Denote by 1. the partition with a unique block containing all the integers. Take 7 =
o) if (5,8] N {1 =27",n > 0} # 0 and 7, ; = O[.) otherwise. This collection of partitions
satisfies all the properties except the left regularity: indeed, 7, s “oscillates” between
O[] and li) @sr,s T 1.

It is natural to call {(s,7,_s) : Ts—,s # Ojoq)} the collection of the jumps of 7. For
convenience, we write this collection of jumps in a slightly different manner. To every
partition 75 ¢ that differs from 0[] we associate the element vy of So whose i-th co-
ordinate is 1 if and only if 7 belongs to the non-singleton block of 7,_ ;. We then set
J(7) :={(5,vs) : Ts— s # O[sc1} for the collection of jumps of 7. Similarly for every n > 2,
we set J, (7) := {(s,vs) : er"JS # 0p,)}. Notice that J(#) and J,, () are subsets of R x S

and R x §,, respectively.

Lemma 2.8. Foreveryn > 2, the intersection of J,,(#) with any set of the form [s,t] x S,
has finitely many points.

Proof. Suppose that the intersection of .J,,(#) with the set [s,t] x S,, has infinitely many
points. Necessarily these points accumulate near a certain point in [s, ¢]. For simplicity
we assume that they accumulate on the right of r € [s,¢) and we let (r1,v1), (12, v2),. ..
be a sequence of these points such that r; | » as ¢ — oo. By Definition 2.6, as u 1 r;
the partition 7, ,, converges to 7,,_ ,,. Since v,, € S, fip,— r, # Opp) so that there exists
u € (rit1,7;) such that fr,[f]r # 0p,). Therefore the cocycle property yields frwﬂr =
Coag(ﬁLTf]Ti,ﬂﬂl,u) so that WL"]HT # 0p,). Using the cocycle property once again we get
that frw # 0p,). Taking the limit as ¢ — oo we deduce that the right regularity at r is
not satisfied. If we had assumed that the points accumulate on the left of a given point

r then the left regularity at » would have failed. O

We now make the connection between deterministic flows of partitions and deter-
ministic lookdown graphs.

Proposition 2.9. The map J that associates to a deterministic flow of partitions 7«
the collection of its jumps J(7) is a bijection between the set of deterministic flows of
partitions and the set of deterministic lookdown graphs.

Proof. Let 7 be a deterministic flow of partitions. One can write

J(7) = | Jn(®).

n>2

Hence the set on the left is a countable union of countable sets thanks to Lemma 2.8,
so that it is itself countable. Moreover Lemma 2.8 shows that the intersection of J(7)
with any set of the form [s,t] x S,, has only finitely many points. Consequently J(7) is
a deterministic lookdown graph. Let us show that J is injective. Suppose that J,(7) N
((s,t] x S,) has k points, say (r1,v1),...,(rs,v;) in the increasing order of the time
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coordinates. It is easy to check that fry'] .,r; is the element of &, with a unique non-

singleton block given by {j € [n] : v;(j) = 1} while 7r[ ") " ,.r— = Op)- The cocyle property
then ensures that the partitions 7" are completely determined by the knowledge of
Jn (7). The injectivity follows.

Let us now turn to surjectivity. Let p be a deterministic lookdown graph. For every
n > 1, we construct the restriction of 7 to &, as follows. Fix s < t. If s = ¢, set
fr["] = 0py. If s < t, let (t1,v1),..., (tx, vx) be the finite collection of points in pj(s 4 xs,
ranked by increasing time coordinates. We define the map ¢,, : S, =& £, as follows.
For every v € S,,, ¢,,(v) is the element of &,, with a unique non-singleton block equal to

{i € [n] : v(i) = 1}. We then set

L := Coag ((bn(vk) Coag (¢n(vk—1), ..., Coag(dn(v2), dn(v1)) ... ))

Our construction is consistent when n varies so that there exists a unique partition 7, ;
whose restriction to [n] is given by WL”t], for all s < t¢. Let us now check that 7 is indeed
a deterministic flow of partitions. The cocycle property is a direct consequence of our
definition with the coagulation operator. The finiteness of pj, xs, for every s < ¢ and
every n > 1 ensures the existence of 7,_ , for all s € R along with the left and right
regularity. The fact that 75  is either O or a partition with a unique non-singleton
block is a consequence of the fact that we have only coagulated partitions with a unique
non-singleton block. From our construction it is immediate that J(#) = p. The map J is
therefore surjective. O

Let us now explain why the concept of deterministic flow of partitions is relevant in
our context. Let p be a deterministic lookdown graph. For any level j > 1 taken at a
given time ¢ > 0, one can define its ancestral line by tracing its genealogy backward
in time until its ancestor at time 0. This ancestral line starts at j and stays constant
between two reproduction events. At a reproduction event, say (s,v) with s € (0,¢],
either the ancestral line belongs to I, , and then it jumps to min I, ,, or the ancestral
line does not belong to I, ,. In the latter case, the ancestral line jumps from its current
position, say 4, to i — (#{Is., N [i]} — 1) V0. The value of the ancestral line at 0 is then
the ancestor of level j at time ¢, we denote it by A;(j). We refer to Figure 1 for an
illustration of these ancestral lines.

Denote by J~! the inverse map of J and set # := J~!(p). The following lemma shows
that 7 is the genealogical structure implicitly encoded by p.

Lemma 2.10. Foralli > 1andallt >0, 7ip(i) = {j > 1: A(j) = i}.

In other words, 7 (i) is the progeny at time ¢ of the i-th ancestor. This allows to state
an alternative definition of the lookdown process. Consider a sequence of initial types
&o(i),4 > 1. Then the lookdown process of Definition 2.2 satisfies and is characterised
by

Vi, j 21, j€fou(i) = &) = &o(d).

Proof. Fixn > 1. Let (s1,v1), (s2,v2), ... be the elements of p|(o,.)xs, Tanked by increas-
ing time coordinates. From the definition of the map J, it is immediate to check that
t— fr([)"t] only evolves at times si, k > 1. Set sg = 0. We prove by induction on k that for

every i > 1, w([)"lk( ) ={j € [n] : As.(j) = i¢}. At rank O this is trivial. Suppose that it
holds at a certain rank £ — 1 > 0. At rank k, we set ILZ]W :={j € [n]: vx(j) =1} and for

every j € [n]

b(j) == min "~ if j € 11" . b)) =4 — #{IM, N[j]} —1) V0 otherwise.

SkyVk Sk,Vk
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Then the definition of the ancestral line immediately yields that A, (j) = As,_, (b(4)).
Let m be the partition of [n] whose blocks are given by {j € [n] : A, (j) = i},i €
[n]. From the formula above we check that j and j' are in a same block of = if and
only if A,, ,(b(j)) = As,_,(b(3")) which is equivalent to saying (thanks to the induction

[n] ; -~ [n] _ 4l ;
0,55, SiNCe T, |5, = Mg, _ 5, it

is elementary to check that b(j) is the index of the block of fry;]_l,sk containing j. Since
ﬁ([)"lk = Coag(ﬁﬁlhsk,ﬁgﬂkil) we deduce that w([)"lk = 7 and the induction is complete.
We have proved the asserted equality for the restrictions to [n] for any given n > 1. The

lemma follows. O

hypothesis) that b(j) and b(;’) are in a same block of 7,

2.3 Stochastic flows of partitions

We now consider the stochastic flow of partitions of Definition 1.2. We first propose
a Poissonian construction of this object and show that almost surely its trajectories
are deterministic flows of partitions. Consequently almost all the trajectories encode
a deterministic lookdown graph and can be used to apply the lookdown construction.
Second we consider a stochastic flow of partitions not necessarily constructed from a
Poisson point process. Nothing ensures that almost all its trajectories are deterministic
flows of partitions. However we show the existence of a modification of this stochastic
flow of partitions such that almost all its trajectories are a deterministic flow of parti-
tions. The lookdown representation can therefore be applied to the modification. We
will need this result for the unification.

2.3.1 Poissonian construction

Let (Q,.#,P) be a probability space. Fix a finite measure A on [0,1) and consider a A
lookdown graph P as introduced in Definition 2.3. For P-a.a. w € 2, P(w) is a determin-
istic lookdown graph so that we can define II(w) := J~}(P(w)).

Proposition 2.11. The collection of partitions Il is a A flow of partitions.

Proof. The cocycle and continuity properties are satisfied for IP-a.a. trajectories by con-
struction. The independence of the increments comes from the independence prop-
erties of Poisson point processes. Finally the Poissonian construction of coalescent
processes (see Section 4.2.3 of the book of Bertoin [4]) ensures that (fI_t,o,t >0)isa
A-coalescent. O

Let & = (&0(i))i>1 be a sequence of i.i.d. uniform[0,1] r.v. As remarked after Lemma
2.10, one can construct the lookdown process associated with P and &, as follows.

Definition 2.12 (Second definition of the lookdown process.). The lookdown process
associated with II and &, is the unique collection of processes (§.(i),t > 0),i > 1 such
that IP-a.s. for every integeri,j > 1 and allt > 0

j € Mo (4) = &(j) = &o(9).

This process coincides P-a.s. with the lookdown process associated with P and &, of
Definition 2.4.

The exchangeability of ﬂo,t and &, ensures that (&(¢));>1 is itself exchangeable (see
for instance the proof of Theorem 2.1 in [4]). To provide a definition of the process of
empirical measures of this lookdown process in terms of the flow of partitions, we need
the following result on the regularity of II (the proof is postponed to Subsection 6.1).
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Proposition 2.13. There exists an event of P-probability one on which the following
holds true:

i) The trajectories of I1 are deterministic flows of partitions.

ii) For every s € R,t > 0 the partitions ﬁs,sﬂ,ﬂs,sﬂ_,ﬂs_,s“ possess asymptotic
frequencies and whenever t > 0 we have the following convergences for every
integert > 1

li 1:Iss 5. =1 ﬂs €,s ] = 1:Iss ‘
Elf(rﬂ sttte(d)] 6%1| +es+t(1)] I1Ls 514 (3)]
lm [ o i-e()] = [T ope(9)]
el0
leifg|ﬂsfe>s+t(i)‘ = |ﬁ3775+t(i)|

iii) Foreverys € R, t +— _,o, |Ils «14(i)| is cadlag on (0, cc).

Now we set forall ¢t > 0

G0 (T,&0) == > Mo (8)[0ey (o) + (1= Y 1Mo (i)]) £,

i>1 i>1

where / is the Lebesgue measure on [0, 1]. This definition makes sense on the event of IP-
probability one of Proposition 2.13. On the complementary event, we set any arbitrary
values to (&, > 0).

Proposition 2.14. The process (ﬁo,t(ﬂ,&)),t > 0) is a cadlag A-Fleming-Viot process.
It coincides P-a.s. with the process of empirical measures of the lookdown process
(&(i),t > 0),i > 1 introduced in Theorem 2.5.

Proof. From Proposition 2.13, we know that P-a.s. (&+(II,&),t > 0) is a cadlag .-
valued process. Moreover for all t > 0, PP-a.s. é’o,t(ﬁ,&)) coincides with the empirical
measure of (&(i),7 > 1) (see for instance Lemma 2 of Foucart [15]). From Theorem 2.5,
we know that the process of empirical measures of the lookdown process is a cadlag
A-Fleming-Viot process. Since two cadlag processes that coincide P-a.s. for all rational
values are IP-a.s. equal, the almost sure equality of the statement follows. O
Remark 2.15. If &, is not independent of the whole flow of partitions but only of

(I1s 4,0 < s < t) then Proposition 2.14 obviously still holds.

Remark 2.16. The process (& (I1,&),t > 0) is even cadlag for the total variation
distance on .#,. This is a consequence of the fact that the atomic support does not
evolve in time, together with the continuity of the frequencies of all the blocks and of
the dust component.

2.3.2 Regularisation

We now consider a A flow of partitions II in the sense of Definition 1.2. Observe that
its trajectories are not necessarily deterministic flows of partitions. Indeed, the cocycle
property does not necessarily hold simultaneously for all triplets r < s < ¢t on a same
event of probability one. Hence the bijection J cannot be directly applied to obtain

lookdown graphs. Below we prove the existence of a modification I1 whose trajectories
are genuine deterministic flows of partitions. The reason that motivates this technical
discussion is that we will identify in Section 5 a stochastic flow of partitions embedded
into a flow of bridges from which we will construct a lookdown process.
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Proposition 2.17. Let II be a A flow of partitions. There exists a collection of random
partitions II and an event Q) of probability one such that for all s < t, almost surely

ﬁ&t = Il and such that for all w € Qy, the trajectory ﬁ(w) is a deterministic flows of
partitions.

Our strategy of proof is to restrict to the rational marginals of the flow of partitions 11,
and to prove that they satisfy the properties of a deterministic flow of partitions up to
an event of probability zero. Then, we take right and left limits on this object and prove
that we recover a modification of the initial flow. The proof is postponed to Subsection
6.2. .

As a consequence of Proposition 2.17, we can set P(w) := J([I(w)) for all w € Q.
On the complementary event, P(w) can be set to any arbitrary value. The point process

P is a A lookdown graph so that Proposition 2.13 can be applied to II. This ensures, in

particular, that almost surely all the partitions defined by 11 admit asymptotic frequen-
cies.

3 The Eves

We start with the classification into four regimes of the A-Fleming-Viot process. In
view of the proof of Proposition 1.3, we recall some results of the literature on the be-
haviour of the A-coalescent, we refer to Pitman [25], Schweinsberg [27], Bertoin and
Le Gall [7], Gnedin et al. [17] and Freeman [16] for the proofs. Let (II;,¢ > 0) be a
A-coalescent. We use the regimes introduced in the statement of Proposition 1.3 which
are characterised in terms of the measure A. In regime Discrete, almost surely for all
t > 0 the partition II; has dust and finitely many non-singleton blocks. In regime Infinite
with dust, almost surely for all ¢ > 0 the partition II; has dust and infinitely many non-
singleton blocks. In regime Infinite no dust, almost surely for all ¢ > 0 the partition II; has
no dust and infinitely many non-singleton blocks. Finally in regime CDI, almost surely
for all £ > 0 the partition II; has no dust and finitely many non-singleton blocks. In the
latter regime, we say that the A-coalescent Comes Down from Infinity (CDI).

Proof of Proposition 1.3. Let (p,t > 0) be a A-Fleming-Viot process. Fix ¢ > 0. We
know that p; has the same distribution on .#; as the r.v. goyt(ﬂ,fo) defined in Subsec-
tion 2.3.1. By definition of the measure é”o,t(ﬁ, &), the dust and the number of atoms of
this random probability measure have the same law as the dust and the number of non-
singleton blocks of a A-coalescent taken a time ¢. Using the results on the A-coalescent
recalled above, we obtain the asserted classification. 0

To study the existence of the Eves we need to deal with a regular version of the
A-Fleming-Viot process. Let P be the distribution of the A-Fleming-Viot process on the
space D := D([0, ), .#;) of cadlag .#;-valued functions endowed with the usual Skoro-
hod’s topology. Recall that .#; is equipped with the topology of the weak convergence
of probability measures. We denote by #(D) the Borel sigma-field associated with D
augmented with the P-null sets.

Proposition 3.1. The set
O :={p € D : p admits an infinite sequence of Eves}
belongs to (D). Moreover the map
DNO — [0,

p = (ei)izl
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is measurable when [0, 1)V is endowed with the product sigma-field.

A consequence of this result is that the existence of the Eves does not depend on the
construction of the A-Fleming-Viot process we are using.

Proof. We start with regimes Discrete, Infinite with dust and Infinite no dust. We set for any
k,l,n>1and any € € (0,1)

j—1

otetor= U NN {n([%555)) > 0-0(1- a5 50))) }

i1,...,0,€[27] jE[k] t>1 m=1
teQ

which is clearly an element of Z(ID). Subsequently we set

O(k)= () lim lim O(k,eln).

cc(0,1)NQ l—00 n—00

The event O(k) is the event where the k first Eves exist. Then O = limy_, J O(k) so
that O belongs to %(D). The event {e! < x} is then obtained by modifying the definition
of O(1,¢,l,n) by restricting to the i;’s which are smaller than inf{; € [2"] : z < j27"}
and taking the limit as above. This can be generalised easily to prove the measurability
of the whole sequence.

We now turn to regime CDI which is more involved. We rely on the following four claims.

Claim 1. The set

vVt € QY p; is a weighted sum of finitely many atoms }

C .= D: . .
{p < Vt,s € Q7 the atoms at time ¢ + s are a subset of the atoms at time ¢.

belongs to #(D).

Claim 2. On the set C, for all ¢ > 0 the measure p, is a sum of finitely many atoms.
Furthermore, for every s € Q7 and every ¢ > s the atoms of p; are necessarily atoms of

Ps-

Consequently on C' we can define #p; as the number of atoms of the measure p; for any
given time ¢ > 0. Of course p — #p; is measurable from C to IN.

Claim 3. Forevery: > 2 and every p € C we define 7; := inf{¢t > 0 : #p; < i}. Then 7;
is an -stopping time where .77 := o(ps, s € [0,t]) augmented with the P-null sets.

Claim 4. The set

vVt € R%, p; is a weighted sum of finitely many atoms
C':=<peD: VtseR: the atoms at time ¢ + s are a subset of the atoms at time ¢
t — #p; is cadlag on (0, 00)

belongs to #A(D).

The set O is the subset of C’ where t — #p; makes only jumps of size —1 so that O
belongs to Z(D). To end the proof of Proposition 3.1 in regime CDI we observe that on
the event O, we have for every z € [0, 1]

{e1 <z}=0 ﬂ( U {p:#p: =1, p([0,2]) 1}>

teQy
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so that the measurability of e! is immediate. This can be generalised easily to prove the
measurability of the whole sequence.
Proof of Claim 1. For every t,s > 0and every k > 1,m > 0,n > 1 let

C(k,t,m,s,n) := U ( N {pt([i]é; 1’;%‘1)) > O;ptﬂ({%,%)) > 0}

i1 pinem€[2"] N GElk]

%1,...,1k+mare distinct
L) ([ ) -
M {pt({ g o)) 7 G\ [T e ) ) =0

k<j<k+m

N {5 50)) =[50 50)) =)

TE[2"],iF 01 sk m

which is obviously a measurable set. Then we have

C = ﬂ UU lim C(k,t,m,s,n).

t,5€Qk>1m>0 "7

so that it is a Borel set of D. Claim 1 is proved.

Proof of Claim 2. Fix ¢t > 0 and let s € (0,t) N Q. We restrict ourselves to p’s which
belong to C'. We know that for every ¢ > 0 such that ¢t + ¢ € Q the atoms of p;,. are
atoms of p,. Let S be the union of the atoms of p;;. when € varies. Necessarily S is a
finite set so that it is a closed set of [0, 1]. By the right continuity of p we deduce that

pe([0,1\S) < liTrBlthre([O’ 1\S) =0

where implicitly € is taken such that ¢ + € belongs to Q. This ensures that p; is a sum of
finitely many atoms which are also atoms of p;. Claim 2 is proved.

Proof of Claim 3. If 7; < t then there are two cases. Either at time ¢ the number of atoms
is smaller than i, this is a measurable event. Or at any time s € {t} U ((0,t) N Q) the
number of atoms is larger than or equal to 7 and there exists at least one time r € (0,)\Q
such that #p, < i. Let us show the measurability in the latter case. Fix m > 0 and
consider the largest interval of time [s_, s; ) on which for all rational s € [s_, s;)NQ the
measure ps has m+i atoms. We calla; < ... < a,,; these atoms. By the right continuity
of p we know that s — ps({a1}),...,ps({am+:}) are cadlag processes on [s_,s;). For
each collection j; < ... < jm41 of m + 1 indices among [m + 4|, we introduce the hitting
time of 0 € R™™ by (s_,s4) > s — (ps({aj,}),...,ps({a;,..,})) which is a stopping
time in the augmented filtration ;. Then the latter case above coincides P-a.s. with
the union on m > 0 and on the j; < ... < jp41’s of the event where this hitting time
belongs to [s_, s4)\{0}. The claim follows.

Proof of Claim 4. The set C’ is the subset of C where the times 7; are the infimum of
the rational times at which p has less than ¢ atoms. Therefore

' =C ﬂ{Ti =inf{t € QY : #p: < Z}}

i>2
and the claim follows. This ends the proof of the proposition. O

From now on, we rely on the lookdown representation to study the Eves. We consider
a probability space (€2, #,P) on which is defined a A flow of partitions II arising from
the Poissonian construction of Subsection 2.3.1 and an independent sequence &, of'i.i.d.
uniform|0, 1] r.v. We then set p; := éao’t(fL &) for all t > 0. Proposition 2.14 ensures that
(pt,t > 0) is a A-Fleming-Viot P-a.s. cadlag. The study of the existence of the Eves in
regime CDI requires a specific technical work. We define #7 as the number of non-empty
blocks of a partition .
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Lemma 3.2. In regime CDI we define for everyi > 1 the r.v. d(i) := inf{t > 0 : |TIo,(i)| =
0}. Then P-a.s. for every i > 1 we have d(i) = inf{t > 0 : Il (i) = 0}. Consequently
P-a.s.

o foreveryi >1,d(i) >d(i+1),

« for every i > 1, the block Il ,(i) has a strictly positive frequency when t € (0, d(i))
and is empty when t € [d(i), ),

e d(i)} 0asi— oc.

Remark 3.3. If we have a strict inequality d(i) > d(i + 1) for every i > 1, then we have
existence of an infinite sequence of Eves.

Proof. First observe the following deterministic fact. For any two partitions 7, 7’ € £,
if 7 has n blocks then Coag(m, ') has at most n blocks. Recall that in regime CDI at any
time ¢ > 0 the exchangeable partition ﬂo,t has PP-a.s. no dust and finitely many blocks
that all have stricly positive asymptotic frequency. Using these two observations and

the fact that P-a.s. R )
pr = Mo (8)[0c (i) + (1= Y [Toe(3)])£

i>1 i>1

we easily get that P(C') = 1 where C is the event introduced in Claim 1 of the proof of
Proposition 3.1.

We now prove that P(C’) = 1 where C’ is the event introduced in Claim 4. For every
i > 2 we define ¢; := inf{t € Q% : #p, < i}. As P(C) = 1 we know that P-a.s. the
sequence ¢;,? > 2 is non-increasing. Since ﬂo,o = O[] and P-a.s. for every ¢t € Q7 the
partition ﬁo,t has a finite number of blocks which have positive asymptotic frequencies
we deduce that IP-a.s. the sequence ¢;,7 > 2 has no positive lower bound and thus
converges to 0. Moreover P-a.s. gz < oo since P-a.s. there exists t € Q7 such that
#11,; = 1. For every i > 2 and every ¢ € Q. we define 7;(€) := inf{t > € : #p, < i}.
The right continuity of p entails that P-a.s. the measure p,, () has less than i atoms.
Furthermore the arguments in the proof of Claim 3 above ensure that this is an .7-
stopping time. Then Proposition 3.1 in Donnelly and Kurtz [12] yields that the sequence
(§+.(e)(4))j>1 is exchangeable. Necessarily its empirical measure is IP-a.s. equal to p;, ().
By de Finetti Theorem (see for instance p.103 in Bertoin [4]) conditionally given p., )
the sequence (&, () (7)) >1 is i.i.d. with distribution p,, (). Therefore IP-a.s. this sequence
takes its values in the set of atoms of p., (). This together with the exchangeability of
ﬁw at any given time ¢ ensures the existence of an event (2* of IP-probability 1 on which
11 fulfils the regularity properties of Proposition 2.13, on which p € C' and on which for
allt € Q% U{mi(e),i > 2,e € Q’ } we have

(@) #Lo, = #ps,
(b) The quantity [T ;(j)| = p:({€0(j)}) is strictly positive i.f.f. j < #TIo.,.

We now work deterministically on *. Fix i > 2. There exists ¢ € Q% such that ¢ < g;.
Necessarily 7;(¢) < ¢;. Suppose that 7;(¢) < ¢;. Then by (a) and (b) above and the
deterministic fact at the beginning of the proof, we have #p; < i for all ¢ € [r;(€), 00)
which is in contradiction with the definition of ¢;. Therefore 7;(¢) = ¢; and for all ¢’ € Q.
such that ¢ < e we have 7;(¢') = ¢;. Since 7; = lim.o 7i(¢) we deduce that 7; = g¢;.
Consequently P(C’) = 1.

Set 71 = oo. Notice that the right continuity of the asymptotic frequencies of the blocks
ensures that |f[0,d(i)(i)| = 0. For every ¢ > 1 the atom y(i) disappears at time d(:) and
thus necessarily d(i) = 7 for a certain k > 1. Let us show that d(i) = 7; for every i > 1.
If d(1) < oo then k > 2 so that properties (a) and (b) above hold true for ¢ = d(1) and we
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deduce that #ﬁo,d(n has no blocks which is not possible for a partition. Consequently
d(1) = co. We now prove by induction that d(i) = 7; < d(i — 1) for every i > 2. At rank
i = 2, we know that for all ¢ € (0,d(2)) we have p,({£0(j)}) > 0 when j = 1,2 so that
#p; > 2 and 7, > d(2). Since pg2)({£0(2)}) = 0 we deduce using property (b) above
that 75 = d(2). As d(1) = oo, the inequality d(2) < d(1) is trivially satisfied. Suppose
now that d(j) = 7, for all j € [i — 1] with ¢ > 2 being given. Necessarily d(i) < d(i — 1).
Indeed if d(i) > d(i — 1) then pg;_-1)({&(7)}) > 0 and property (b) would yield that
pagi—1)({&(i — 1)}) > 0 which is contradictory. Now observe that for all ¢ € (0, d(i)) we
have p;({&0(j)}) > 0 for j € [i] so that #p; > i. Consequently d(i) is the first time at
which p has less than ¢ atoms. Hence d(i) = 7;. The induction is complete. We have
shown that for every i > 1 on (0,d(i)) the asymptotic frequency of f[07t(i) is strictly
positive and that Il (i) is empty on [d(i), c0). Furthermore since d(i) = ¢; we know that
the sequence d(i),¢ > 2 is non-increasing and converges to 0. O

We now proceed to the proof of Proposition 1.5. In view of Definition 1.4 we will say
that we are in the Eves - extinction case when the A-Fleming-Viot process is in regime
CDI and admits an infinite sequence of Eves, and we will say that we are in the Eves -
persistent case when the A-Fleming-Viot process is in any other regime and admits an
infinite sequence of Eves.

Remark 3.4. If we do not assume that &, is a sequence of i.i.d. uniform|0, 1] r.v. but only
a sequence of almost surely distinct values in [0, 1] and if p is a A-Fleming-Viot process,
then Proposition 1.5 still holds and the proof works verbatim.

Proof of Proposition 1.5. Assume that p almost surely admits an infinite sequence of
Eves. Consider first the Eves - extinction case. By construction of p, we know that
P-a.s. forallt > 0

#Io, .

pr="Y_ Mo.()[de )

i=1
where #7 denotes the number of blocks of a partition 7. Therefore, the atoms of p are
the &y(i)’s - which are P-a.s. distinct - and their masses are given by the sizes of the
blocks (|[y(i)|, > 0)’s. By Lemma 3.2, the hitting times of 0 of these blocks are given
by the r.v. d(i)’s. The almost sure existence of an infinite sequence of Eves states that
almost surely any two atoms of p die at distinct times. As we have seen that these atoms
are the £y(4)’s, the almost sure existence of an infinite sequence of Eves yields that PP-
a.s. for all i # j, & (i) and & (j) die out at distinct times. This ensures that IP-a.s. for all
i > 1 we have d(i) > d(i + 1), and P-a.s. for all i > 1 we have & (i) = e'.
Consider now the Eves - persistent case. For all ¢ > 0, we denote by a;(1) > a;(2) >
... > 0 the masses of p; ranked in the decreasing order. We prove by induction on ¢ > 1
that

[Mlo.1(5)|
1— 2070 Mo (k)| t=oe

We start at rank ¢ = 1. From the definition of p and the fact that the £y(i)’s are P-
a.s. distinct there exists an event of P-probability one on which there is a one-to-one
correspondence between the blocks of ﬁOJ, with positive frequency and the masses of
p:. The definition of e! entails that P-a.s. |f[0,t(1)| converges to either 0 or 1 as t — oo
and thatAat(l) converges to 1 as t — co. The exchangeability of tpe partition ﬂo,t implies
that P(|Io,¢(1)] = a:(1)[(ac(k))k>1) = ar(1). Consequently P(|Ilo(1)] = a;(1)) — 1 as
t — oo by the dominated convergence theorem. Since we know that P-a.s. |IIy .(1)]
converges towards 0 or 1, we deduce that it IP-a.s. converges to 1. The claimed property

¥j € [i), P(Mo+(5)| = ar(j)) — 1and P-as.
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is proved at rank ¢ = 1. Assume that the property holds at a given rank ¢ — 1 > 1. The
existence of an infinite sequence of Eves yields that P-a.s.

e
172]‘:1 a(j) tee

The one-to-one correspondence between the atoms of p; and the blocks of f[o,t with
positive frequency along with the induction hypothesis and the existence of an infinite
sequence of Eves imply that P-a.s.

[To,q(i)]
i—1 11 .
1- Zj:l Lo+ (4)]

converges to either 0 or 1 as ¢ — co. The exchangeability of ﬁo,t entails that

U
1- 23;11 at(4)

Using the dominated convergence theorem and the arguments above we deduce that
[TTo,¢ (3)]
132527 Mo+ (5)]
to infinity and the induction is complete. Since for all i > 1, p;({£(i)}) = [TIo., ()| we
deduce from the convergence obtained by induction and the uniqueness of the Eves

that P-a.s. (i) = e'.
In the case where the A-Fleming-Viot process does not admit an infinite sequence of
Eves the arguments above still hold for the primitive Eve. 0

P (IMo.1(0)| = ae(i) | {95 € [i = 1], [Tlo.(7)] = ar(i)}: (as (k) s ) =

IP(TIo (i) = a,(i)) converges to 1. Henceforth P-a.s. goes to 1 as ¢ goes

Corollary 3.5. Consider a cadlag A-Fleming-Viot process that admits almost surely a
sequence of Eves (e',i > 1). Then the Eves are i.i.d. uniform|0,1] and are independent
of the sequence (p;({e'}),t > 0),i > 1.

Proof. First assume that the A-Fleming-Viot process is obtained via the lookdown repre-
sentation. Recall that the Eves coincide with the initial types thanks to Proposition 1.5.
Since (£(i),7 > 1) is a sequence of i.i.d. uniform[0, 1] r.v. which is independent of IT and
since for every i > 1, (p:({e'}),t > 0) = (Ilo;(i),t > 0), the asserted result follows. Now
consider any cadlag A-Fleming-Viot process (p;,t > 0). Proposition 3.1 ensures that the
Eves are o(p)-measurable r.v. and therefore the distribution of (p, (¢!);>1) coincides with
that obtained via the lookdown construction. O

4 Results on the existence of the Eves

The goal of this section is to prove Theorem 1.6, Proposition 1.9 and Theorem 1.11.
We consider each of the four regimes separately. Except for regime Infinite no dust, we
rely on the lookdown representation of the A-Fleming-Viot process. Let (Q2,.%,P) be a
probability space on which is defined a A flow of partitions arising from the Poissonian
construction and an independent sequence &, = (§y(%),¢ > 1) of i.i.d. uniform|0, 1] r.v. We
set py := éag,t(fL &o) for all ¢ > 0. We also rely on the lookdown process (£:(i),t > 0),i > 1
defined from IT and &o according to Definition 2.12. Let us introduce some technical
tools for later use. We define the filtration

Ty =0y, 0<s<t), t>0 (4.1)

associated to the flow of partitions. We augment this filtration with the P-null sets.
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Lemma 4.1. The process (f[oyt,t > 0) is a #,-valued Markov process with a Feller
semigroup. For any .%;-stopping time 7, conditionally given {r < oo} the process
(IL; r4¢,t > 0) is independent of .%, and has the same distribution as (Il ;,t > 0).

Proof. The very definition of stochastic flows of partitions ensures that (f[o,t, t>0)is
Markov with a semigroup ; defined as follows. For every m € &, and every bounded
measurable map f on &,

Q.f(m) = E| f(Coag(Ily, m))|.

Consider a bounded continuous map f. Since Coag is a bi-continuous operator (see
Section 4.2 of the book of Bertoin [4]), the dominated convergence theorem ensures
that 7 — Qf(w) is a bounded continuous map. Since &, is a compact metric space,
the map f is uniformly continuous. For every ¢ > 0, there exists n > 1 such that
do(m,m") < 27" = |f(n) — f(7')| < ¢ where d is the distance introduced in Formula
(1.3). Thus we get

sup [Quf (m) = f(m)| < P (M = 0py) +2 sup 7o) (1~ P} = 0p)))
TELP TEP o

Since ﬂo,t — Ol in probability as ¢ | 0, the right member goes to € as ¢ | 0. This

implies the Feller property of (. Let 7 be an .%,-stopping time. Let A € .%,. Let

fi,..., fp be p > 1 bounded continuous maps on &,,. We want to prove that for every

0<t <...<t,

El1al{rcooy frllleri,) - fo(Mlrrie,)] = Elalrcool ) Elf1 (o, ) - - fp(Tos, )]

We check the result for p = 1, since the general case can be treated similarly. For every
integer n > 1, let 7, be the smallest real number of the form k/n which is strictly larger
than 7. The right continuity of the trajectories at the first line, the independence and
stationarity of the increments of a flow of partitions at the third and fourth lines ensure
that

E[1A1{7<oc}fl (HT,T+t1 )] = lim E[1A1{7<oc}fl (ﬁ‘rnﬂ-n“l‘tl )}

n—oo

= lim Z E[Lat{h-1)/m<r<i/n} f1 Dk sng/mie)]
k>0

= lim Z E[Lal(s-1)/n<r<t/nt B e jnk/nte)]
k>0

= Ellal{reo)Elfi([o,)].

We also introduce the lowest level associated to an ancestor.

Definition 4.2. For allt > 0 and every i > 1, we set L(i) := inf{j > 1: j € Tlo,()}
where inf ) = co by convention. The r.v. L,(i) is the lowest level at time t that belongs
to the progeny of the i-th ancestor.

In regime CDI and from Lemma 3.2 we know that P-a.s. for every ¢ > 1 we have L;(i) <
oo when ¢ € [0,d(7)) while L;(i) = co when t € [d(3), c0).

Lemma 4.3. Let 7 be a deterministic partition with a unique non-singleton block whose
index is k > 1. Assume that w(k) admits an asymptotic frequency, say u € (0,1]. Then
for any exchangeable random partition «’ almost surely the partition Coag(w, ') admits
asymptotic frequencies and we have

Vi =1, |Coag(m,x')(i)| = | (D)(1 — u) + Liker (i) u-
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Proof. Since Lemma 4.6 in the book of Bertoin [4] ensures that Coag(w,n’) admits
asymptotic frequencies almost surely, we only need to prove the asserted formula on
the these frequencies. Let v(n) := min7(n) be the smallest integer in the n-th block of
7. In particular v(k) = k. Since = has an infinite number of blocks, v(n) goes to infinity
as n tends to infinity. Observe that

vn>1, v(n) — (#(x(k)N[y(n)]) —1) VO =n.

Since (k) admits an asymptotic frequency equal to u, we deduce that n/v(n) goes to
1—u as n goes to infinity. From the definition of the coagulation operator for every i > 1
if k € #’(4) then the block Coag(w,n’)(i) contains the elements in 7 (k) together with the
images through v of the elements in 7’(¢) while if k£ ¢ 7’(7) then the block Coag(m, 7’)(7)
contains only the images through ~ of the elements in #’(i). Therefore we get for every
n>k

#( Coag(m, x)(0) (1r(m)]) = #(x' () O [) + Lk (#(x(k) O [y(n)]) = 1).

Notice that the —1 in the r.h.s. prevents from counting twice the element k. Since the
blocks of 7’ have asymptotic frequencies almost surely and since n/y(n) — 1 —u we get
the asserted equality of the lemma by dividing both members of the above formula by
~(n) and taking the limit as n — occ. O

4.1 Regime Discrete

Recall from Proposition 1.5 that the primitive Eve e! of Bertoin and Le Gall - which
does exist without any condition on A - is almost surely equal to {,(1). Consider the pro-
cess t — p;([0,1]\{e'}). Theorem 4 of Bertoin and Le Gall [6] shows that this process is
Markov with a Feller semigroup. Since we have constructed p with the lookdown repre-
sentation, ¢t — p; evolves at the reproduction events of the lookdown process. In regime
Discrete, these reproduction events are finitely many on any compact interval of time.
Therefore we can enumerate { (s,ﬂs_,s) 15> 0, f[s_“g # O[]} by increasing time coor-
dinates, say (t;,m;),¢ > 1. For each partition 7;, we let u; be the asymptotic frequency
of its unique non-singleton block (these asymptotic frequencies are well-defined on a
same event of probability one, see the proof of Proposition 2.13). From Formula (2.2)
we deduce that the u;’s are ii.d. with distribution v(du)/v([0,1)). We work with the
collection (¢;,u;),i > 1. We then set X, := 1 and for every i > 1, X; := p, ([0, 1]\{&0(1)}).
From the arguments above, we deduce that (X;,i > 0) is a Markov chain. Let us denote
by Q. the distribution of this Markov chain when it starts from « € (0, 1]. The following
lemma provides the transition probabilities of this chain.

Lemma 4.4. Fixx € (0,1] and let u be a r.v. with law v(-)/v([0,1)). Under Q, the r.v. X;
is distributed as follows:

X, {(1 — )z with probability u + (1 — z)(1 — u) @2

(1 —u)x +u with probability z(1 — u).
Proof. We use the lookdown representation and work under measure IP in the proof. Fix
i > 1. We have P-a.s. Xy, = 1—|Ilp,(1)] and IIy;, = Coag(m;, Iy, ,). Let K be the index
of the non-singleton block of m;. Lemma 4.3 entails that P-a.s. if K € ﬂo,ti,l(l) then
To.t, (1)] = (Mo, (1)](1 — i) +u; while if K ¢ o, _, (1) then [To, (1) = [Mo,,_, (1)|(1 -
u;). Therefore
P(X; = X1 (1 —ug) |us, Xim1) = P(K € oy, , (1) |ug, Xi—1)
P(X; = Xio1(1 — ) + i |u, Xi1) = P(K ¢ oy, (1) |wi, Xio1)
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Observe that P-a.s. {K € Tlo,, ,(1)} = {&, ,(K) = &/(1)}. Since u; has law v(-)/v([0,1))
and is independent from X;_1, the proof boils down to determining

P(&, ) () = o(1) [us, Xioq).

Since 7; is an exchangeable random partition independent of the lookdown process up
to time ¢;,_; and since u; is the asymptotic frequency of its unique non-singleton block,
we have forall £k > 1

IP( | (gtz 1( ))j>1>ul) = (1 - Ui)k_lui.

On the event where K = 1 the parent of the reproduction event is of type &, ,(1). Recall
that &, ,(1) = & (1) since the first particle of the lookdown process is constant. On the
event where K = k > 2 the parent of the reproduction event is of type &;,_, (k). Propo-
sition 3.1 of Donnelly and Kurtz [12] ensures that (¢, ,(j),7 > 1) is an exchangeable
sequence of r.v. Its empirical measure is P-a.s. equal to p;, ,. Consequently

vk > 2, P(é-ti—l(k) = gti—l(l) |ui7Xi*1) =1-X;-1.

Therefore we get

P&, (K) = &o(1) [us, Xi—1) ZPK kI (&, (5)) 521, wa)

k=1
X]P(gti—l (k) = gti—l (1)‘114, Xi—l)
= u; + (]. — lel)(]. - Ui).

This ends the proof of the lemma. O
Proposition 4.5. There exists a random time T' > 0 after which P-a.s. the process t —

pt({0(1)}) makes only positive jumps. In other terms, eventually all the reproduction
events choose a parent of type £(1).

Proof. We work on (2,.%,P). We introduce the random variables 75 := inf{i > 0 :
X; < 1/2} and recursively for every n > 0, r, := inf{i > 7, : X; — X;_; > 0} and
Tpt+1 = inf{i > r, : X; < 1/2}. We use the convention inf() = co. In words, 7y is

the first time the process X hits (0,1/2) and ry is the first time after 7y the process X
makes a positive jump. Recursively 7,4+ is the first time after r, the process X hits
again (0,1/2), and r, 11 is the time of the next positive jump. Set Fj, := 0(X;,0 < i < k).
Recall that the objective is to prove that P-a.s. X eventually makes only negative jumps.
The proof of the proposition therefore boils down to showing that P-a.s. the sequence
(rn)n>0 eventually equals +oco. The transition probabilities of the chain yields that z —
Q. (X makes only negative jumps) is decreasing. Thus for all n > 0, P-a.s.

P(rpi1 =00 Fry ) rcoo) = Qx,, ., (X makes only negative jumps)1y, <o}
> Qi/2(X makes only negative jumps)1, <oo}-
Consequently for all n > 0
P(r, < o) < (1 — Q/2(X makes only negative Jumps))nH.

It is therefore sufficient to show that Q; /2(X makes only negative jumps) is strictly pos-
itive in order to prove the proposition. From the transition probabilities of the chain,
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this quantity is equal to

E{E(uﬁ(l—ui)(l—;;_1:[1(1—%)))} > Ll ;li[uuj]
E[exp(Zbg %]:[ (1 —u;) )]

i>1 j=1

Y

Let us now prove that the negative r.v. inside the exponential is finite almost surely. Its
expectation is given by

E{;log( ;Hl—u] )] > E[—E;ﬁa—uj)} (4.3)
2 _;;E{ﬁ(l_w)}

where c is a positive constant such that log(1 —y) > —cy for all y € [0,1/2]. We have
used the monotone convergence theorem to go from the first to the second line. We get

E{ﬁ“‘“j)} - (f[o lfo,l <du>dU)>

j=1

The measure v is supported by (0,1) since we are in regime Discrete, consequently the
r.h.s. is strictly smaller than 1. This ensures that the series at the second line of (4.3)
converges, which in turn implies the almost sure finiteness of the negative r.v. inside
the exponential above. Therefore

Qi /2(X makes only negative jumps) > 0.
O

Proof of Theorem 1.11 for regime Discrete. We know from Lemma 4.3 and Proposition
4.5 that P-a.s. for every i > 1 if t; > T then [[Io, (1)] = (1 — u)|Tlo,, ,(1)| + u; and
Io..,(2)] = (1 — w)[Tloy, ,(2)|. Consequently P-a.s. for every i > 1 if t; > T then
o1, (0, 1N (1)) = (1= w)pe,, ([0, 1\{&(1)}) and pr, ({£0(2)}) = (1 — ui)pr,, ({£0(2)}).
Moreover Proposition 1.3 entails that P-a.s. for all t € Q, the measure p; has dust and
therefore p:({£0(2)}) < pe([0,1]\{é0(1)}). Consequently IP-a.s. the process

pe({€(2)})
pe([0, 1\{&(1)})”

is constant after time 7" and is strictly lower than 1 so that the A-Fleming-Viot process
does not admit a second Eve. 0O

t>0 (4.4)

4.2 Regime Infinite with dust

Recall that for every n > 2, Li(n) is defined as the smallest integer in ﬂo’t(n) - or
equivalently as the lowest level with type &y(n) at time ¢t > 0. For every t > 0 we let
C¢(n) be equal to 1 if Ls(n),s € [0,t] has been chosen as the parent of a reproduction
event, 0 otherwise. In other terms C;(n) equals 1 if and only if a reproduction event has
chosen a parent of type £y(n) on the time interval [0, ¢]. Let us describe the dynamics of
the pair (L;(n),C¢(n),t > 0). For every k > 2 and every [ > 1 we set

(I+1)Ak

atk,k+1) = > (k> (zizl )>Vc+ll+1

=2

EJP 19 (2014), paper 55. ejp.ejpecp.org
Page 25/49


http://dx.doi.org/10.1214/EJP.v19-3192
http://ejp.ejpecp.org/

Flows of A-Fleming-Viot and lookdown representation

where Ajy; 41 is defined in Formula (1.1).

Lemma 4.6. The process t — (Li(n),Ci(n)) is a continuous time Markov chain with
values in N x {0, 1}. For every k > 2 and every | > 1 the transition rates are given by

(k+1,0) atrateq(k,k+1)

and (k,1) — (k+1,1) at rate q(k,k +{
(k, 1) at rate A1 (k1) = ) al )

(k,0) — {

Proof. This is a consequence of the transitions of the lookdown process given at Defini-
tion (2.2). Indeed suppose that the process ¢ — L,(n) is currently at level k. It jumps to
a higher level if a reproduction event involves at least two levels among [k]. This higher
level equals k + [ if:

* i levels are involved among the [k] first, withi € {2,..., (I + 1) Ak},
* I+ 1—1ilevels are involved among {k +1,...,k+1—1},
* level k + [ is not involved.

This yields the rate q(k, k+1). Concerning the second coordinate, observe that level k is
chosen as the parent of a reproduction event at rate A; ;. Once the second coordinate
reaches 1 it does not evolve any more by definition. O

This lemma has two consequences. First the process (L:(n),t > 0) is a continu-
ous time Markov chain. Second conditionally given this process, the probability that
Coo(n) := tlim Cy(n) equals 0 is given by

—00

P (Coc(n) = 0] (Ly(n). 1 > 0)) = exp - /OOO Mioyadt).

Finally let us observe that the map k — )\ ; is decreasing.

Proposition 4.7. Consider regime Infinite with dust and assume that f[o T log % v(dz) <
oo. Almost surely there exists at least one initial type whose frequency remains null.

Remark 4.8. A simple adaptation of the proof actually shows that there exists an infin-
ity of initial types whose frequencies remain null.

Proof. The frequency of £y(n) remains null if L(n) is never chosen as the parent of any
reproduction event or equivalently if C,(n) = 0. To prove the proposition, it suffices to
show the P-a.s. existence of an integer n > 1 such that C(n) = 0. First we claim the
existence of an integer ny > 2 and of a real value w € (0, 1] such that

¥n > ng, P(Ca(n)=0) = E{exp (- / ALy(m dt)] > w, (4.5)
0

We postpone the proof of this claim below and complete the proof of the proposition.
First observe that P-a.s. the sets {Cs,(n) = 0} and {¥¢ > 0,1y ,(n) is a singleton} co-
incide. We stress that the latter set P-a.s. coincides with {Vt > 0,|IT(n)| = 0}. One
inclusion is trivial since a singleton has null frequency. Let us prove the other inclu-
sion. By exchangeability P-a.s. for all ¢ € Q7 the block f[o,t(n) is either a singleton or
admits a strictly positive asymptotic frequency. Thus P-a.s. on {Vi > 0, \ﬁo7t(n)| =0}
the partition ﬁ07t(n) is a singleton for all rational times . We extend this property to all
times ¢t > 0 thanks to the right continuity of the blocks. The converse inclusion follows.
Consequently P-a.s. the set {C..(n) = 0} coincides with {V¢ > 0, [Ty ;(n)| = 0}.

Consider the integer ng of (4.5). Let ro := inf{t > 0 : \ﬂ07t(n0)| > 0} be the first time
at which the ng-th block gets a positive frequency. On the event where ry < oo, we
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let n, := inf{n > ng : |, (n)| = 0} be the lowest level n such that & (n) has never
reproduced on [0,7]. Observe that n; is P-a.s. finite on the event ry < oo since on
this event IP-a.s. the partition fIO,TO has singleton blocks. Then recursively we define
for every k > 1, rp := inf{t > 0 : |[Iy,(nx)| > 0} and on the event where 7, < oo,
ngy1 = inf{n > ny, : [[lo,, (n)] = 0}. Here again on the event where r, < oo, the
r.V. ni41 is P-a.s. finite thanks to the same argument. To prove the proposition we need
to show that IP-a.s. there exists k¥ > 1 such that r, = co. From (4.5) we have

P(rg = 00) = P(Coo(no) = 0) > w.

For every k > 0, r; is a stopping time in the filtration .%;,t > 0 of the flow of partitions.

Lemma 4.1 entails that on the event where r; < oo the process (II,, .+ ¢t > 0) has the
same distribution as (Ho,t,t > 0) so that (4.5) does also hold for this process:

Yn > ng, IP(Vt >0, [y, e se(n)] =0 |7 < oo) > w.

Thus we get
P (7441 = oo|ry < 00) > w.

This easily implies that P(r;, < oo) < (1 — w)**!. Since these events are nested we get
P(Nk>o{rk < oo}) = 0. The proof is complete.

Proof of (4.5). The strategy of the proof is to construct on an auxiliary probability space
(A, A, Q) an integer-valued process Y = (Y;,¢ > 0) which is stochastically lower than
L(n) for every n > ny with ng suitably chosen. From the description of the process
(L(n),C(n)), the probability under P of C.(n) = 0 is bounded below by the expectation
under Q of exp ( — [¢° Ay, 1dt).

Let u* be a real value in (0,1) such that A((u*,1)) > 0 and set a = 7= Notice that
a > 1. There exists ng > 3 such that

0<leo—2 mocr 0 2% 1 ang>mo+1. (4.6)
a (u*)2ng
_ut_ 2
Weset v/ :=1— 1“% Then we claim that for every n > ng
> lan) =3 lan] — 3
Zq(n, lan] +1) > / v(dz)x? Z ( ) )xj(l — x)lon)=3-7, (4.7)
1=0 (u',1) j=lan]—1-n J

An analytic proof of this claim is given in Subsection 6.3 but let us make the following
comment. On the left, we have the total rate at which the individual at level n jumps
to a level above (or equal to) |an| while on the right, we have the rate at which occur
reproduction events satisfying:

» The proportion of individuals involved in the reproduction event belongs to (u/,1).

* The two first levels participate to the reproduction event.

* Among levels {3,..., |an| — 1} the number j of levels that participate is greater
than or equal to |an| — 1 — n so that in such a reproduction event the individual at
level n jumps to a level above (or equal to) |an].

Fix z € (u/,1), n > ng and let B be a Binomial r.v. with |an]| — 3 trials and probability of
success z. We observe that for every given z € (v/,1)

lan]—3

3 (Lanjj—?:)xj(l_x)[anj_g_j

j=lan]—1-n
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is the probability that B is greater than or equal to |an]| —1—n. From the first expression
in (4.6) and the fact that 2 € (v/, 1) we easily verify that

*

x(LanJ—S)—LanJ+1+n:n—2—(1—x)(LanJ—3)2n—2—(1—x)an2%n>0.

Let P be the probability distribution of B. Using the Bienaymé-Chebyshev inequality at
the third line, we get

P(B< |an] —1—mn)

P(B —z(lan] —3) < lan] — 1 —n — z(lan] — 3))

P(|B—xz(lan] —3)] >n—2— (1 —x)(lan]| — 3))
z(1—z)(lan]| — 3) < 4a

(n—2—(1—x)(lan] —3))* ~ (u)’n

IN

IN

Putting these arguments together we get

lan|—3

/(u/’l)u(da;)x? 3 (Lanj]._?))xj(l_x)mnj_g_j

j=lan]—-1-n

Y%
-
=

<

—

U

=

S

[\~]
/~
[
I
—~
Q*%
\6@
S
N——

4a

(u*)?no

> A((u’, 1))(1 - )=:7.

Together with (4.6) and (4.7) this ensures that the rate at which the process L jumps
from n to a level above or equal to |an] is greater than or equal to » > 0, uniformly for
all n > ng. We now introduce a process that starts at ng and only jumps from its current
position, say n, to |an| at rate r so that it is stochastically lower than L(ng). Consider
an auxiliary probability space (A4, .4, Q) on which is defined a Poisson process with rate
r. Denote by 0 = #y < t; < t2 < ... the jump times of this Poisson process. Still on
(A, A, Q) we define the process Y = (Y;,t > 0) as follows. Initially Yy = ng, and Y stays
constant on every interval [t;,#41) while its transitions are given by Y}, , = [aY;, ].
We then set b := inf{|an|/n,n > ng}. Thanks to (4.6) we have for every n > ny,
lan|/n > (n + 1)/n. Moreover |an|/n — a > 1 as n — oco. Consequently b > 1 and
thus for every k > 0, Y, > b*. From the bound obtained on the jump rates, we deduce
that the process Y is stochastically lower than the process L(n) for every n > ng. Set
w(n) := P(Cx(n) = 0). For every n > ng the expression for the Laplace transform of
the exponential distribution and a simple calculation give

w(m>Q[6Xp(‘§t’““_t’“”“k ]‘exP(Zlog(er )

The r.h.s. is strictly positive if and only if k>0 Avy, 1 < 00. Using the simple inequality

Ym > 1, /\m,1§/ rv(dz) +(1—m~ 2)m 1/ xv(dx)

(0,m™ 2] (0,1)

we get
Sha<Y

The second sum on the right converges since Y;, > b¥ > 1. Thus we deduce that
Y ks0 Ay, 1 < oo if

Ob2

i:: Byvi, -1 /( 2 u(dz)

0,1)

rv(dx 0.
2 Jowiy oo <
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Observe that this last quantity is equal to

z:(k‘—|—1)/(bk+1 7E]atu(dx) = kz_o/(bk;l?k]xv(dx)—kkz_%k/( v T v(dT)

k=0 e b2 b*T,bff]
o J— .
= zv(dr) + — » log (bf)/ rv(dx
/(0,1) (d) logb k-zzo (b_%,b‘g] (dx)
which is finite since f[o,l) x log % v(dzr) < co. Therefore w := inf,,>,, w(n) > 0. -

Proof of Theorem 1.11 in regime Infinite with dust. We know from Proposition 4.7 that
P-a.s. there exists n > 2 such that p;({o(n)}) = 0 for all ¢ > 0 so that the n-th Eve is not
defined. 0

4.3 Regime Infinite no dust

When A is the Lebesgue measure on [0, 1], one obtains the celebrated Bolthausen-
Sznitman coalescent [10]. Its A-Fleming-Viot counterpart belongs to regime Infinite no
dust. The proof of Proposition 1.9 relies strongly on the connection with measure-valued
branching processes obtained by Bertoin and Le Gall [5] for the Bolthausen-Sznitman
coalescent, and by Birkner et al. [8] for all the Beta(2 — «, ) coalescents with a €
(0,2). We refer to Dawson [11], Etheridge [14] and Le Gall [23] for further details
on measure-valued branching processes. Let us also mention that the existence of an
infinite sequence of Eves for the measure-valued branching process with the Neveu
branching mechanism can be obtained thanks to the results in [13, 21].

Proof of Proposition 1.9. One can construct p by rescaling a measure-valued branching
process (my,t > 0) associated with the Neveu branching mechanism ¥(u) = ulogu as
follows:
dr) = ————, Vit >0
P = o)

This result was initially stated for the Bolthausen-Sznitman coalescent by Bertoin and
Le Gall in [5], and later on by Birkner et al. for the forward-in-time process in [8]. As a
consequence of this connection and using Proposition 1.5, we deduce that there exists
a r.v. e such that almost surely

mo(fe})

my ([0, 1]) t—o0
The branching property ensures that the restrictions of m to any two disjoint subin-
tervals of [0, 1] are independent. For every integer n > 1, we divide [0, 1] into dyadic
subintervals of the form

[07 2in)> [27n7 2x 2771)’ R [1 - 27“7 ”

and we consider the corresponding restrictions of m. Obviously, for each subinterval
[(i —1)27™,427™) there exists e(i,n) such that

my ({e(i,n)})
(G — D)2, 2-m) o

Necessarily m restricted to the union of two subintervals indexed by i # j € [2"] admits
either e(i,n) or e(j,n) as an Eve and therefore

m{elim)])
A e(eGomyy € 10
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Hence one can order the e(i,n),i € [2"] by asymptotic sizes. Using the consistency of
the restrictions when n varies, one gets the existence of a sequence (e');>; fulfilling the
formula of the statement. 0O
It is rather unfortunate that this simple argument does not apply to other measures in
regime Infinite no dust.

4.4 Regime CDI

In this subsection, we work on the probability space (£2,.%#,P) on which is defined

the A flow of partitions II and the sequence of initial types & = (£o(i),i > 1) ii.d.
uniform[0, 1]. For every ¢t > 0 we set p; := & ,(II,&) and we let (&(i),t > 0),i > 1 be
the lookdown process constructed from II and &o. Recall the filtration introduced in
(4.1). A classical argument, based on the right continuity and the independence of the
increments of the flow of partitions, ensures that .%y, is a trivial sigma-field under PP,
that is, for every A € %y, we have P(A) € {0,1}.
Proof of Proposition 1.7. Recall from Lemma 3.2 that P-a.s. for every i > 1, d(i) stands
for the extinction time of the initial type &(¢) and that it coincides with the first time at
which ﬂo,t(z’) is empty. The r.v. d(i) is an %;-stopping time. We also know from Lemma
3.2 that P-a.s. d(i) | 0 as i — oo. Then it is easy to check that M;>1.%;;) = Fo+. The
event E of the statement can be written as follows:

E:={3i>2:d(i)=d(i+1)}.
We introduce the following collection of nested events
Ei:={3j>i:d(j)=d(+1)}, i>1

and we set E, := N;>1E;. Since E; € .%,(;), we deduce that E,, € F( so that P(E.) €
{0,1}. To end the proof, we show that P(E,,) = P(E).

Suppose that P(E,) = 1. Since Eo, C E, we deduce that P(E) = 1. Suppose now that
P(Es) = 0 and assume that there exists ¢ > 1 and p € (0, 1] such that P(d(i) = d(i+1)) =
p. Recall Definition 4.2. For every k > i, let 74,(¢) := inf{t > 0: L;(¢) > k}. This is a finite
Z-stopping time. By consistency, P-a.s. L, ;)(i) < Ly, (;y(i + 1) < +00 and we have

{d(i)=d(i+1)} ={(Lr,(5)+¢(i),t > 0) and (L, (5)4+(i-+1),¢ > 0) reach oo simultaneously}.

Since 7 (7) is a IP-a.s. finite .%;-stopping time, Lemma 4.1 ensures that (ﬁ‘rk(i),‘rk(i)+s> 5>
0) has the same distribution as (ﬂo,57 s > 0) and is independent of .7, ;). We deduce
that

P(d(i) = d(i + 1)) Y P(Lriy (8) = i Loy (i + 1) = ) P(d() = d(j"))

Jj'>j>k

< Z P(Ly, iy(1) = J, Ly (i + 1) = ) P(d(j) = d(j + 1))
Jj’'>j>k

< P(Ey)

since P(d(j) = d(j + 1)) < P(Ej) whenever j > k. We have proved that for all k¥ > i,
P(E;) > p > 0. Since the events Ei, k > i are nested this ensures that P(E) > p > 0
which contradicts the hypothesis. Therefore for all ¢ > 1, P(d(i) = d(i + 1)) = 0 and
consequently P(E) = 0. 0
For any n > 1 and any ¢ > 0 we introduce the event E,, . := Up,>, {d([(1+c)m]) = d(m)}.
In order to prove Theorem 1.6 we prove the following preliminary result.

Proposition 4.9. Suppose that P(E) = 1. There exists ¢ > 0 such that IP(ﬂnZl E,c.) =1
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This proposition, combined with the fact that PP-a.s. d(m) | 0 as m — oo, implies that
when P(E) = 1, there are infinitely many simultaneous extinctions of large proportions
of initial types near time 0.

Proof. The equality P(E) = 1 entails the existence of an integer j > 2 such that P(d(j) =
d(j +1)) > 0. We claim that it implies that P(d(2) = d(3)) > 0. Indeed let T := inf{t >
0 : (Le(2), Le(3)) = (j,j + 1)} and observe that IP(T" < oo) > 0. By Lemma 4.1 on the
event {T < oo} the process (I, t > 0) has the same distribution as (ITy;, ¢ > 0) and
is independent of .%7. We deduce that P(d(2) = d(3)) > P(T < oo)P(d(j) = d(j + 1)).
The claim follows. Recall that P-a.s. 1 — [IIo(1)| = p([0,1]\{&0(1)}). We introduce for
every n > 1 the .%;-stopping time

. 1
m = inf {t 2 0: oo (0. N&V)}) < =
which is finite almost surely since the primitive Eve e = {;(1) fixes. We first show that
L, (3) — L, (2) becomes large as n goes to infinity. To that end, we define

Z, =inf{k > L, (2):k & o, (1)} = inf{k > L, (2) : &, (k) # (1)}

Hence L, (2) and Z,, are the two smallest levels at time 7,, which are not of type
&o(1). Necessarily &, (Z;,) is either equal to £ (2) or is equal to £y(3) in which case
Z,;, = L, (3). In both cases Z., is lower than or equal to L., (3). Proposition 3.1 in [12]
ensures that the sequence (§,/(i));>1 is exchangeable with empirical measure p,. as
soon as 7’ is a stopping time in the filtration of p. This result can be extended easily
to show that ({,/(i));>2 is exchangeable with empirical measure p,, whenever 7’ is a
stopping time in the filtration of the pair (p, p({£(1)})). We deduce that the sequence
(&7, (7))i>2 is exchangeable with empirical measure p,, so that conditionally given p.,
the &, (7),¢ > 2 are i.i.d. with law p,_ . The law of (L, (2), Z,, ) can then be characterised
as follows.

Fix a real value p € (0, 1) and consider an auxiliary probability space (A4, .4, Q) on which
are defined two independent geometric r.v. G and G’ with parameter p, that is:

VE>1,Q(G=k) = (1-p)"'p

Then the distribution under IP of (L, (2), Z., ) conditionally given p-, ([0, 1]\{&(1)}) =p
is the distribution under Q of (1+G,1+ G+ G’). A simple calculation yields for all ¢ > 0

/
Q(lfGZC;GZ") _ Z Z p)kH=2
k=n l=c(k+1)
p(l _p)c—2+n(1+c)

= A= (4.8)

By the right continuity of p, P-a.s. pr, ([0,1]\{(1)}) < 1/n?. From the dominated con-
vergence theorem and (4.8) we get

Z, — L, (2 1
p(Zn—Ln@ s o p @ on) —
L7—n(2) " ni}ool—’—c

Recall that L. (3) > Z,, so that

. L‘F (3) _LT (2) ) . (ZT - LT (2) )
lim P| ——————~>¢; L, (2) >n > lim P ———=—=>c¢; L, (2) >n
tm p(Fe P 2 e A P T @

_ 1
 14c
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We now introduce the event

L, (3) = Lr, (2)

L 2 @2 n.

Let n := P(d(2) = d(3)) and recall we showed at the beginning of the proof that this
quantity is strictly positive. Take ¢ > 0 such that 37— +C +n > 1. There exists € > 0 such
that 1 ¢ +mn > 1. From the bound on the lim above we deduce the existence of ng > 1
such that for all n > ng

Lrn (3) - LTn (2)
P( [0)

Using the inequality P(D N D’) > P(D) + P(D’) — 1 that holds for any two events D, D’
we get

1—c¢
14+¢

zc;Lm(z)zn) >

P(B,) > P(d(2)=d(3))+ P(W >c; Ly (2) > n) —1
1—c¢
= n+1+c_1>0
Moreover we have
_ (3 ) (1+¢)Lr,(2);5 Ly, (2) = m;
Bn = mLZJ”{ (L, +4(3),t ) and (L,, ++(2),t > 0) reach co simultaneously [ (4.9)

Since 7, is a IP-a.s. finite .%;-stopping time, Lemma 4.1 ensures that (fITan“, s> 0) has
the same distribution as (Ilys,s > 0) and is independent of .%. . This yields together
with (4.9) that for every n > ng

1—e€
IP(En,C) > IP(Bn) >n+ m —1>0.
Since the events E,, .,n > 1 are nested, P(N,>1E, ) = lim;,,oc P(Ey ) > 0. Finally since
Nn>1En,c € Fo4 we deduce that its probability is actually equal to 1. The proposition is
proved. O

Proof of Theorem 1.6. Recall the function ¥ from Equation (1.5). Since f \I,( < 00,
we can introduce the continuous map ¢ — v(¢) as the unique solution of

o0
d
/ Yt >0
o) Y(u)

Proposition 15 in Berestycki et al. [1] ensures that for all € € (0, 1) we have

#11o ; 1 . #11o ; 1 >:1

lim sup (4.10)

IP<hmﬁl(?fv(1+€ t) = T+e o v(i_:t) = 1—e¢

where #f[o’t denotes the number of blocks of ﬂO,t- Assume that ¥ is regularly varying at
+oo with index « € (1,2]. Then v is itself regularly varying at 0+ with index —1/(c — 1)
(see Subsection 6.4 for a proof of this fact). Consequently we have for all € € (0, 1)

1+e¢ 1+ e\ 1/(a—1) 1—¢€ 1—e\1/(a—1)
NGz sl e
”(1—e 1—e uo“(lﬂ) 1+e D'

Together with (4.10) this yields

p( tim 700t 1) 1,
t—0 ’U(t)
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This forces the jumps of ¢t — #ﬁo,t to be small near 0+. More precisely for any ¢ > 0

o, — #II
IP(limsup oo = #lo c) =1. (4.11)

t—0 #ﬁo,t

Observe that d(|(1 + ¢)m]) = d(m) = ¢ implies that #1100, — #I1o; > c#1ly,. Recall
that PP-a.s. d(m) | 0 as m — oo. Using (4.11) and the fact that the collection of events
E, ¢ n > 1is nested, we deduce that for any ¢ > 0

P( ngl E,.)=0.

This identity combined with Proposition 4.9 entails that IP(E) is not equal to 1. Proposi-
tion 1.7 in turn ensures that P(E) = 0. 0

5 Unification

Let (2, &, P) be a probability space on which is defined a A flow of bridges F accord-
ing to Definition 1.13. We consider a modification of this flow of bridges that we still
denote F and such that for every s € R the process (ps s1¢,t > 0) is a cadlag A-Fleming-
Viot process. This modification does exist since the A-Fleming-Viot process has a Feller
semigroup, see p.278 in [6] . From now on, we assume that the measure A is such that
the A-Fleming-Viot process admits almost surely an infinite sequence of Eves. Let us
emphasise the fact that we only rely on Definition 1.4 and do not restrict ourselves to
the particular measures A presented in Proposition 1.9 and Theorem 1.6.

5.1 The evolving sequence of Eves

For each s € R, we define the sequence of Eves (e%,i > 1) of the A-Fleming-Viot
process (ps s+¢,t > 0). Notice that this sequence is defined on an event of P-probability
1 that depends on s. For each s € R, outside this event we set an arbitrary value to
the sequence (e’,i > 1). Let us provide a simple description of the connection between
the Eves taken at two distinct times. We rely on a key property due to Bertoin and Le
Gall [6] that we now recall. Consider an exchangeable bridge B and an independent
sequence V = (V;,i > 1) of i.i.d. uniform[0, 1] r.v. We define an exchangeable random
partition = = (B, V) by setting

i~j& BTH(V:) = B7H(V;)

where B~! is the cadlag inverse of B. For each j > 1, if the j-th block 7(j) is not empty
then we define V] := B~Y(V;) for an arbitrary integer i € 7(j). If the number of blocks
of 7 is finite, we complete the sequence V' with i.i.d. uniform|0, 1] r.v. Then Lemma 2
in [6] entails that the (V/,j > 1) are i.i.d. uniform[0, 1] and are independent of .

Proposition 5.1. Fix s > 0. Define the partition m = n(Fy s, (¢.);>1). Then the sequence
(e{),j > 1).13 independent of w and PP-a.s. for every j > 1, if n(j) is not empty then
el = Fofi(e'g) for any i € 7(j).

This allows to introduce (II, ;, —00 < s < ¢ < 00) by setting for every s <t

I o= 7(Fay, (€}])i>1) if s <t , Iy =0 if s = ¢.

Proof. Let )y s be an event of P-probability one on which the definitions of the Eves at
times 0 and s hold and on which for all t € Q4 we have Fy s+ = F; 54+ oFp ;. Recall that
(e,i > 1) is a sequence of i.i.d. uniform|0, 1] r.v. which only depends on o (F; s;¢,t > 0)
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so that (e, > 1) is independent of Fy ; from the independence of the increments of the
flow of bridges. The sequence (e’,i > 1) plays the role of the sequence (V;,i > 1) above.
We introduce K as the random number of blocks of = which is P-a.s. finite in the Eves
- extinction case (the bridge Fy ; has a finite number of jumps and no drift) while it is
P-a.s. infinite in the Eves - persistent case (the bridge F( , has an infinite number of
jumps and possibly a drift). For every j € [K] we set V] := Fai(e?) where i; := min7(j).
If K is finite, we set Vj’ = eé for all j > K. To prove the proposition, it remains to show
that:

(i) P-a.s. eé = V] for every j € [K],
(ii) (eg)jzl is independent of .

We start with the first assertion. We argue deterministically on the event € ; of IP-
probability one. We claim that for every j € [K] and all t € Q4

Ps,s+t ({e?}) < Po,s+t ({V]I}) < ps,s+t([0, 1]\{627 e 78?_1 ) (5.1)

Let us prove (5.1). Recall that Vj’ is the pre-image of e? through F( , so that Vj’ is either
the location of a jump of the bridge or it is a point of continuous increase. First assume
that V] is the location of a jump of Fp . This yields that Fo s(V}) > esd > Fos(V]-).

Consequently for all t € Q4 Fo,s+t(Vj') > Fs,s+t(e?) > Fs,s+t(e?—) > F07s+t(Vj’—) and
the first inequality of (5.1) follows. To prove the second inequality, observe that for

every | € [i; — 1], e, does not belong to (Fo,s(Vj—=),Fos(V])]. Consequently forall t € Q.

ij—1

PO, s+t ({Vg/}) = ps7s+t((F0,S(Vj/_)vFO,S(Vj/)]) <1- Z ps,s+t({eé})
=1

and the second inequality follows. Assume now that Fy ; is continuous but increasing
at V/. Then Fo (V) = ed = Fo,(V/—). Since Fy is increasing at V; we have for all
t € Qy Foopt(V]—) = Fooqi(ed —) and we get po ot ({V]}) = ps,s+t({¢?})‘ The second
equality of (5.1) derives from the fact that for every [ € [i; — 1], e, # ey so that

ij—1

po.s1t({Vi}) = pssri({eli}) <1 - Z ps,srt({el}).
=1

Therefore (5.1) is proved. We now carry out the proof of Assertion (i), we treat sepa-
rately two cases. We start with the Eves - extinction case. The bridge Fy ; has no drift
and K jumps. These K jumps are located on the points (V});c(x). Necessarily the K

first Eves are the jump locations of Fg s so that the sets {V/,j € [K]} and {e},7 € [K]}
coincide. By definition of the Eves, the processes ¢t — ps s1+([0,1]\{el, ... e and

t + ps.s+i({ed}) reach 0 at the same time. From (5.1) we conclude that ¢ po,s+t({V;})
reaches 0 also at that time. Hence, the collection (Vj’ )jelk] is ordered by decreasing

extinction times and we conclude that V; = eé for every j € [K]. We turn to the Eves -
persistent case. The definition of the Eves implies that for every 5 > 1

i Ps,s+t ({e? })
m -1
t=oo pS,S—&-t([Ov 1]\{6(%7 RN X })

The arguments used in the proof of (5.1) can be adapted to show that forallt € Q4

ps,s+t({ei7 e ,eéj_l}) < Po,s+t({V1/a B lefl})
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Together with (5.1) this yields

Po,s+t({VJ{}) > lim Ps,s+t({€ij})
) =

1;—1
tt_e)q%o ps,ert([O, 1]\{6%, ey e; })

By the uniqueness of the Eves we get Vj’ = eé for all j > 1. The first assertion is proved.
We turn to Assertion (ii). In the Eves - persistent case, this assertion is a consequence
of the key property of Bertoin and Le Gall and of the first assertion since K = oo P-a.s.
We consider the Eves - extinction case. Let ¥, := o(F,;,—co < r <t < s), implicitly we
augment this sigma-field with the P-null sets. Observe that on the event {K = k}, the
Eves (eg) j>k have extinct progenies at time s so that they are measurable in the sigma-
field generated by (Fy,,0 < r < s). Consequently 1{K:k}(eg)j>k is ¥,-measurable. For
every k > 1, we define a sigma-field on {K = k} by setting

Bi:={AN{K =k}: A€ o(Fos,(el);j>1)}

lim =1

tees o+ (10, IN{VY, . V) )

We claim that (e%) j>k is independent of B. Indeed let h be a bounded measurable map
on D([0,1],[0,1]) and let gy, gs be two bounded measurable maps on [0,1]N (endowed
with the product sigma-field).

E {90 ((ed)j>k)h(Fo,s)gs () 1) 1{K=k}} =E {E [90 ((ed)j>k)M(Fo,s)gs ((€))j21) L{r =k} I%H
=E [g0 ((64),54)h(Fo.0) 1 ity | E[g. (();21)]

=k [go ((e%)j>k)} E [h(FO,s)l{K:k}} Elgs((e2);>1)]

where the second equality comes from the independence of the increments of a flow of
bridges and the ¥,-measurability of 1; K:k}(e{;) j>&, while the third equality comes from
Corollary 3.5 and the fact that on {K = k} the bridge Fy ; only depends on (e});<; and
(po.s({eb}))i<k- The claimed independence follows. We now prove the independence of
(eé)jZI with 7. Let m > 1 be an integer, f1,..., f,n» be m bounded measurable maps on
[0,1]and 1 < 4y < ig < ... < i,, be m integers. Let also ¢ be a bounded measurable map
on Y. Let Py, := P(-|{K = k}). From the claim proved above, for every k > 1 we have

By I fitet) 18| =] TT fitei)]-

j:ij>]€ j:ij>ki

Since on {K = k} the r.v. 7 and (¢}) ;<) are By-measurable, we obtain

E[TLHom] = S [T Hleom]|pex = o)
j=1 k=1 j=1

_ iEk Ek[ﬁfj(eé’)as(w)‘BkHP(K:k)
k=1 j=1

= S8 T ste)]B[ TT £teotmtinos]
k=1 ji;>k jii;<k

Then we apply the key property of Bertoin and Le Gall together with Assertion (i) to
obtain

E[T]feom] = SB[ TT 5] TT )] E[otmt o]
Jj=1 k=1 Jiig>k Jitj <k
- E[f[fj(eéj)}E[Mﬂ)}
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Assertion (ii) follows. This ends the proof of the proposition. O

Proof of Theorem 1.14. The cocycle property is trivially fulfilled if r = sor s =t
thus we fix r < s < t and prove the cocyle property. We argue deterministically on the
event of P-probability one on which F,; = F,; oF, ; and on which the definition of the
Eves at times r, s and ¢ hold. Fix two integers i, j and let &;, k; be the integers such that
F;%(ei) = e% and F;,}(e{) = e}, Observe that

Foi(e}) =Fi(e]) & F oF p(e}) =F, o F {(e}).

r,t r,t 7,8

The r.h.s. is equivalent with
ki = kj or Fr(ed') = Fri(el).

Consequently we have proved that ¢ and j are in a same block of ﬁm if and only if they
are in a same block of ﬂs,t or the indices of their respective blocks in f[s,t, say k; and
k;, are in a same block of ﬂns. The cocycle property follows.

Theorem 1 [6] ensures that for every s € R, (ﬁs_t,s,t > 0) is an exchangeable coa-
lescent. Since the flow of bridges is associated with the measure A, we deduce that
(th,o,t > 0) is a A-coalescent. Another consequence of this fact is that ﬁs,t is an ex-
changeable random partition whose distribution only depends of ¢t — s.

Fix s1 < s9 < ... < s,. If we prove that f[s is independent of f[sl,Sz, LT

n—1,5n ? - 8n—2,8n—1"

then an easy induction allows to prove the independence of f[sl’sg, e f[snfl,sn. For ev-

ery i € [n—1], ﬁ%sprl isa o(Fs, 5.0, (egi+1)j21)) measurable r.v. and if ¢ € [n — 2] then
(e,,,)j>1 is measurable in the sigma-field

a((egi+2)j21 s (Fappitr8i01 <t < 3i+2))-

Consequently it is sufficient to prove that I is independent of

Sn—1,5n
o((egnfl)jzl, (Fsp,—00o<s<t< sn_l)).

Fix k > 1. Let %;,_, be the sigma-field generated by (F,;, —oc0 < s <t < s,_1). Let
fi,..., fr be k bounded measurable maps on [0, 1] and let h be a bounded measurable

map on Y. Forall ji,...,jr >1andall A € ¥4, _, we have

k k
E{Hfl(egl",l) 1a h/(f‘[‘snfhsn)} = E E[Hfl(egln,l) 1a h(ﬂsnfbsn) gsn1}:|
=1 - =1

- E 1AE[ﬁfz(e§Ll)h(ﬁthSn)H

- E :Hfl(egglfl)}E[u]E{h(ﬁsn,l,sn)}

where we use the independence of the increments of a flow of bridges at the second
line, and Proposition 5.1 at the third line. Hence II is independent of

Sn—1,5n

U((ej )th (Fs,ta —o0 <8 § t < Sn—l))-

Sn—1
The asserted independence follows.
Finally the convergence in distribution of ﬂo,t towards O[ as ¢ | 0 derives from Lemma
1 in [6]. Since the limit is deterministic and since £, is a metric space, the conver-
gence in probability is immediate. 0O

The arguments provided in the previous proof actually yield the following result.
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Corollary 5.2. For every s € R, the Eves (e,i > 1) are independent of (ﬁs+m+t,0 <
r <t).

5.2 Proof of Theorem 1.15

From the A flow of bridges, we have defined a A flow of partitions. The trajectories
of the latter are not necessarily deterministic flows of partitions. However using the
regularisation procedure of Subsection 2.3.2, we can consider a modification of this
flow of partitions that we still denote (TI,;, —00 < s < t < oc) and whose trajectories
are deterministic flows of partitions IP-a.s. At any given time s € R, we use the flow
of partitions and the Eves at time s to define a measure-valued process thanks to the
lookdown construction, Remark 2.15 and Corollary 5.2

t— (g’s s+t( : z>1 Z |Hs s+t |6e1 + 1 - Z |Hs s+t )

i>1 i>1

Fix s € R. Both (& oy¢(TI, (e);>1),t > 0) and (pseis,t > 0) are P-a.s. cadlag pro-
cesses. To prove that they coincide IP-a.s., it suffices to show that for every t > 0,
P-a.s. cfs,sﬂ(f[, (e))i>1) = psstt- Fix t > 0. Since F, ¢4, is an exchangeable bridge,
we know that P-a.s. F, . has a collection of jumps and possibly a drift component.
Proposition 5.1 ensures that IP-a.s. the jump locations of F ;4 are included in the set
{el,i > 1}. Recall the definition of II, ;- from (e, );>1 and F; ;. Since (e}, ,,i > 1) is
independent of F ,;, P-a.s. each block of the partition f[s s+t either admits an asymp-
totic frequency equal to the size of one jump of F, s+ or 1s a singleton. Since the i-th
block is the collection of j > 1 such that F Ht( S+t) = e!, we deduce that P-a.s. for

every i > 1, ps sri({e'}) = |I, s14(i)|. Consequently P-a.s.

ps,s+t Z |Hs s+t ‘6e1 + 1 - Z ‘Hs s+t E - (g)s,s+t(f[ ( ')z>1)

i>1 i>1

The first assertion of Theorem 1.15 is proved. We turn to the second assertion. Let I
be another A flow of partitions and for every s € R, let x, = ()xs(4),% > 1) be a sequence
of r.v. taking distinct values in [0, 1]. We assume that for all s € R, P-a.s.

(Evst (L (€1)iz1), £ > 0) = (Esoqe (1T, Xs), t > 0) = (ps,5t,t > 0).

From Proposition 1.5 and Remark 3.4 we deduce that P-a.s. for every i > 1, x(i) = e'.
Thanks to these almost sure equalities we get P-a.s. foralli > 1,alls € Q and allt € Q4

pssre({el}) = Moo ()] = 1T oy (3)]. (5.2)

We now work on an event 2* of P-probability one on which (5.2) holds true and on which
both ﬁ,f[’ satisfy the regularity properties of Proposition 2.13. We argue determinis-
tically on Q*. The regularity properties of Proposition 2.13 ensure that the equalities
(5.2) do not only hold true at rational times but also at all times. To end the proof, it
suffices to obtain that for all s € R, f[s_7s = ﬁ’s_7s. This is a consequence of the next
lemma which concludes the proof of Theorem 1.15.

Lemma 5.3. Let [I* denote indifferently either II or II'. Let I be a subset of N. The
following assertions are equivalent

(a) II*

s$—,8

has a unique non-singleton block I.

(b) Foreveryi > 1, let b(i) be the smallest integer such that i=0b(i
t

#{IN[b(i)]}-1) V0
Then for every i # min I, (JIIX spt(@)], 1 =>0)= (|11 et (0())], )

)—(
> 0).
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The integer b(i) can equivalently be defined as follows: b(i) = ¢ for every ¢ < minl,
b(i) =1inf{n >b(i — 1) : n ¢ I} for every ¢ > min I.

Proof. Suppose (a). Recall that f[:_7s+t = Coag(ﬂésﬂ, fISX_S) Let i be an integer dis-
tAinct from min /. The definition of the coagulation operator implies that for all ¢ > 0,
M () = HSXS +:(b(7)). Consequently the identity on the asymptotic frequencies fol-
lows.

Suppgse (b). Since the trajectories of 1% are deterministic flows of partitions, we know
that II_  is a partition with at most one non-singleton block. For ¢ # min ] we stress
that the equahty (I sttt >0)= (|I1x s1+¢(b(7))],t > 0) implies that . s(1) ={b(2)}.
We first prove that b(i) € HSX_ 4(i), let us denote by J the latter block. In the Eves
- extinction case for j < j' the process (|IIX s+¢(J)[;,t = 0) reaches 0 strictly after

(JI1x s+¢(4")],t > 0) so that the process (\ﬁ§_7s+t( )|, ¢ > 0) reaches 0 at the same time as
(|11 ‘sr¢(minJ)|,£ > 0) reaches 0. Consequently min.J = b(i). In the Eves - persistent
case for every j the ratio |TT¢ st DN/ 20554 iy s+t(J')] goes to 1 as t — oo. Consequently
we have |Hsf’s+t( i)| ~ |ITX ort(min J)| as t — co. If min J < b(i) then 11X s1+¢(b(7))] is neg-
ligible compared with [T s+t(i)] as t — oo while if min J > b(i) the converse occurs.
Therefore minJ = b(i). We now prove that J = {b(i)}. Suppose that there is another
element k € J. Then we have |ITX sre(@)] > i st (0(2))] + |11 s1¢(k)| forall t > 0. The
process ( |Hé s1¢(k)|,t > 0) cannot be null at all times since otherwise the Eve e* would
not be well-defined. We then deduce that the equality 1T ()] = sy o1¢(D(4))] is not
satisfied at all times, which is contradictory. Hence J = {b(i)}.

We have proved that for every ¢ # min [, HS_ J(i) = {b(i)}. This suffices to recover
completely the partition IT1X s and to assert that X (minl) = 1. O

s$—,S8

6 Appendix
6.1 Proof of Proposition 2.13

Recall that P is a A lookdown graph. Without loss of generality, we can assume that
for every w € , P(w) is a deterministic lookdown graph. Since IT = J~!(P), we deduce
that for every w € , II(w) is a deterministic flow of partitions. The difficulty of the
proof lies in the regularity of the asymptotic frequencies.

Lemma 6.1. P-a.s. for all s € R, f[s,)s admit asymptotic frequencies.
§—,8

that this is a Poisson point process on R x &, with intensity dt x ¢(m,) where ¢(m,,)
is the pushforward of the finite measure

Proof. Fix n > 1. Consider the set { (s,ﬁs_,s) - 1) # Op) }. A simple argument shows

through the map ¢ : Soo — Po that associates to an element v € S, the partition

with a unique non-singleton block equal to {i > 1 : v(i) = 1}. If we enumerate the
points in {(S,Hs_7s) H[S”_] s 7 Oy} by increasing absolute time coordinate, then we
get a collection (¢;,m;);>1 where (m;);>1 is a sequence of i.i.d. exchangeable #,-valued
r.v. with distribution ¢(m,,)/m,(S,). Consequently almost surely for every ¢ > 1 the
part1t1on m; admits asymptotlc frequencies. We deduce that with probability one all
the HS_ s such that HS, s 7 0p, admit asymptotic frequencies. Taking a countable

intersection on n > 1, we get the asserted result. O
Lemma 6.2. With probability one, for every rational value s € Q and every integer

i > 1, the process (|11, .1 (i)|,t > 0) is well-defined and cadlag.
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Proof. It is sufficient to show the lemma for s = 0, and then to take a countable inter-
section of events of probability one. Let us first consider regime CDI. Let £y(i),i > 1 be a
sequence of i.i.d. uniform[0, 1] r.v. and consider the lookdown process (& (i),t > 0),i > 1
constructed from IT and &o(i),i > 1 according to Definition 2.12. Recall that this look-
down process is almost surely equal to that obtained with Definition 2.4 using the A
lookdown graph P. Let us use the results recalled in the proof of Theorem 2.5. In
particular, we use the notation

- 1
t 5= =3 6,
i=1

introduced there. In the proof of Theorem 2.5, we saw that almost surely ="/ converges
to a process = which is a cadlag A-Fleming-Viot process and that for every continuous
function f on [0, 1], almost surely the process (f[O,l] f(:v)ELn] (dz),t > 0),n > 1is a Cauchy
sequence in D([0, c0), R) endowed with the distance

du(X7Y):/ e tsup 1 A| X, — Y| dt.
[0,00) s<t

Let fx,k > 1 be a sequence of continuous functions from [0, 1] into [0, c0) such that for
every integer m > 1 and every integer 2 < ¢ < 2™, there exists k£ > 1 such that the func-
tion fx equals 1 on ((i—1)27™,i2~™] and vanishes on [0, 1]\ ((—2)2~™, (i+1)2~™). Taking
a countable union of events, we know that P-a.s. for all £ > 1 the sequence of processes
( f[(),l] fk(x)E£”] (dz),t > 0),n > 1 converges for the distance d,,. By construction, we have

—

P-almost surely for every ¢ <n andall ¢t > 0, HE”] {&@)}) = |ﬂ([)"l(z)| We now argue de-
terministically on an event of probability one on which the last two assertions hold true.
Leti > 1 and ty > 0 be given. Let iy be the number of blocks in flo’to. There exists k£ > 1
such that fx(&(j)) =0forall j € {1,...,io}\{i} and fx(& (7)) = 1. Consequently for ev-
ery t >t \ﬂm(m = Jo] £u(2)=" (dz). We deduce the convergence of (|ﬂ([)ni(z)|7t > ty)
as n goes to infinity for the metric d,, restricted to [to, 00). Taking ¢( arbitrarily small, this

yields the convergence of (\ﬁw(zﬂ,t > 0) for d,, restricted to (0,00). Since E is cadlag

and Z is the Lebesgue measure, 0 = Zo({&(i)}) > Timgyo Ze({€0(i)}) = Timyo [TTo.4 ().
Since Il (i) = {i}, we deduce that (|II(¢)|,t > 0) is cadlag. This ends the proof for
regime CDI.

We now turn to regimes Discrete, Infinite with dust and Infinite no dust. We need to adapt
the proofs of Lemma 3.4 and 3.5 in [12] to our context but the arguments are essentially
the same. We fix ¢ > 1 and we set 7 ([i]) := 7(1) Un(2)... U n(i) to denote the union of
the i first blocks of a partition 7. Recall that 7™ stands for the restriction of a partition
™ to the m first integers. We define U; := 3 ., > ;5 [lI,_ +(j)|%, that is, the sum of
the square of the asymptotic frequencies of the non-singleton blocks of the partitions
(M, T, # O[]} UP to time . Recall the process (L(i),t > 0) from Definition 4.2.
For every m > 1, we set

M = o ()T (i), U, Ly (i); s < t}.

Let ¢ > 0 and let ¢ > 1 be a positive integer. We stress that there exists n = n(e) > 0
such that for every m > ¢ > 2qe~! and every H}"-stopping time «, we have:

P (WD) = L (D] = €| La() < a) < 2677079, 6.1)

We postpone the proof of this bound below and carry on the proof of the lemma. Let
T > 0. We define a collection of H}"-stopping times to which this estimate can be

EJP 19 (2014), paper 55. ejp.ejpecp.org
Page 39/49


http://dx.doi.org/10.1214/EJP.v19-3192
http://ejp.ejpecp.org/

Flows of A-Fleming-Viot and lookdown representation

applied:
o =inf{t>0:U, > ALTAAT,

and, recursively for every k > 1:

OéZL_H =inf{t >0:U; > UQ,T +£—4} A (o +£—4) AT,
ap = inf{t > af [ (1)) — TG ()] = 5e} AT

Let k¢ := 2(c + T)¢* and observe that P(a’ <T', U(af') < ¢) = 0. Then, we set
m ~ . Y . ~ . ~ (¢ .
Hi = (8 ()] = 10y (DI v |17, ()] = 11 ()1
and we have

P(sup H;* > ¢; Laz«z(i) <q) < IP( U {H" > ¢€; Lap (i) < q})
k<ke

k<ke

< 8(c+ T)tte =9,

where we have bounded IP(L,; (i) < ¢) by 1 and we have used (6.1). Now, we define

[l . ~ [0 .
Ko=max sup ||} ([i))] — [T ([i)]-

kske o <t<ary,

This corresponds to the r.v. K7 in [12], in our context the r.v. K5 is not needed since
there is no mutation. Observe that K is bounded by the maximum over k < k, of
N(aj, o 1)/¢, where N(af',a),,) is the number of new individuals appeared among
the ¢ first levels on the time interval (o', " ;). Let us denote by (; the number of
individuals involved among the /¢ first levels at the reproduction time ¢; and let p; de-
note the frequency of the non-singleton block corresponding to this reproduction event.

og e . . 2 74 _
By definition of the stopping times, Za;?<ti<a}:”+1 p; < (7. We have N(ap',ap’ ) =
Zagt<ti<aglﬂ (G =14, and P(G =r|pi) = (i)p,’(l _piy_r for every r € {0,...,¢}. Using
the inequalities

(z-12<2(2-1), =132 < (=14 <32(z—1)(2—2)(2 —3) +32(z — 1),

and conditioning under the collection of points (p;);, a simple calculation yields

E[N(af', i)' SE[D (G = DY +4E[Y (G- DI E[D (G —1)+]

i i i

+OE[Y (G- D2 H6E[ D (G- DA E[D (G- 14

% % i

+EY (G- 1)4]"

< 84072,

Putting these arguments together, we get

E[N(a?vaziu)ﬂ 84kl —2 —4,)—9
P(K >2)< > i < gl C S e+ T)e e,
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On the event where sup, <, H;" < e and K < 2¢, we have necessarily for every k < ky,
ay > oy, and therefore sup,ciapm o ) |\H[m]([ )| — (11t
allm > £ > 2ge*:

0.0 ([i))]] < 5e. Consequently for

IP( sup HH[m] ])|7|ﬁ[£] || >8¢; Ur <c; LT()<q)
telo,T
glp( sup |\H[m] i) — [T (D] > 8€; Ur < ¢; Li(i) <q)
t< O‘k
<P(sup H» > ¢; L m()Sq)—FIP(K22e)
k<ke
< 8(c+ T)Z4e_"(€_Q) + 11(c+ T)e_4€_2 =: ;. (6.2)

Let us now show that

P(m {sup T ()| — AL (EDI| > 16€; Ur < ¢; Lo <q})

L—o00o m>4
Since our processes are cadlag, this is equivalent to show that

Tim T (i) — [T ()| > 16e;  Lr(i) < a}) =
P, g (DI~ L] > 166 0 < 5 120 < g}
The exchangeability of the partitions ﬂo,t ensures that P-a.s. for all t € [0,7] N Q,

|flgz]([z])| — |Mo([i])] as m — oco. Therefore the left hand side of the latter equation
is bounded above by

(éli{gote[OT {HH )|—|H(]t ‘|>86 Ur < c; LT <q})
=P(Jm U dim (G - S > 86 Ur < e5 Leti) < a})
P(elingo mlgriote oTlmQ{“HOt )= |H0";] [iDI| > 8e; Ur < c; Lz (i) < q})
<P(Tm lim { sup [|T5%(0D)] — 52| > 8¢; Ur < e; Lr(i) <q}).  (6.3)

=00 m—oo  te[0,T)

By (6.2), we have P(lim,, .. {sup;cor “H[g] (D] = |H[m] ([i)|] > 8¢; Ur < ¢; Lp(i) <
q}) < dy. Since ), 6, < oo, the Borel-Cantelli lemma shows that the right hand side of
(6.3) vanishes. Consequently, for P-almost all w € {Ur < ¢; Ly (i) < ¢}, there exists ¢
such that for all m > ¢ > ¢,

sup [IT157 ()| — [TIg ()] < 16e.

Taking e arbitrarily small, we deduce that for P-almost all w € {Ur < ¢; Lr(i) < ¢},
(|H[m](['])|,t € [0,7T])m is a Cauchy sequence in the space D([0,7],R) endowed with
the uniform norm. This space is complete, therefore this sequence converges. Tak-
ing ¢ and ¢ arbitrarily large, we deduce that P-almost surely for all ¢ > 1, the se-
quences (|ﬁgﬁ] ([iD],t € [0,T])m converge in D([0, T], R) endowed with the uniform norm.
This ensures that P-almost surely for every i > 1, the process (|IIo(i)],t € [0,T]) =
(ITo.¢([a])],t € [0,T]) — (|TTo4([i — 1])|, ¢ € [0,T]) is a well-defined cadlag process. Since T
can be taken arbitrarily large, the lemma follows.

It remains to prove (6.1). Fix ¢t > 0, ¢ € [m] and A € H}*. There exists a measurable
map f such that A = {f(|flm]([i])|, Us,Lg(i);s < t) = 1}. Let o be a permutation of IN
that maps {¢+1,...,m} into itself and is the identity on {1,...,q}U{m+1,m+2,...}. For
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any given 7 € ., we define o () as the partition whose blocks are given by the subsets
{o7Y(j) : j € w(i)},i > 1. We first show that, conditionally given {L;(i) = ¢} N 4, the
distribution of ﬂO,t is invariant under ¢. To that end, we define on the same probability
space a A flow of partitions IT’ on [0,] - together with its associated r.v. U’, L’ and the
associated event A’ := {f(|(1'[’)O ; ([ )|, UL, L.(i); s < t) = 1} - such that almost surely
{L(i) = ¢} N A = {L}(i) = ¢} N A’ and such that, on this event, o(Ily;) = ﬁfu. This will
ensure that on {L;(i) = ¢}NA, the distribution of Iy ; is invariant under o. For any given
n > m, we let p be the random number of reproduction events affecting at least two

levels among the n first on the time interval [0, ¢] and let (t1,m1),. .., (tp, mp) € [0,t] X P
be these events ordered by increasing times. We also let o = 0 and ¢,;; := oco. Set
op := o. Following the proof of Lemma 4.3 of Bertoin [4], we define recursively o;

as the permutation of IN s.t. the i-th block of o4 1(m;41) is crjjrll(ij(Jj ())), for every
j € {0,1,...,p — 1}. For every s € (0,t], we let j be the unique integer such that
s € [tj,tj+1) and we set

ﬂ'sis = Uj(ﬂs,’s).

This definition ensures that the asymptotic frequencies of the reproduction events are
not modified, so U, = U, for all s € [0, ¢]. Since o, = o is the identity on {m+1,m+2,...},
we deduce that for every j < p, ¢; is also the identity on {m + 1, m + 2,...}, so that the
definition of IT’ does not depend on n > m. Now observe that, for every j € {1,2,...,p},
o; is independent of (my,...,7;). Since (wgn], o ]) are p independent exchangeable
random partitions of [n], we deduce that the same holds for (al(ﬂ”]), ap(ﬂ,[o”])) and
therefore I’ has the same distribution as IT on [0, ]. Since o is the 1dent1ty on{l,...,q}
and is a permutation of {¢+1,...,m} into itself, we deduce that on the event {L:(i) = ¢},
we have \(ﬂ’)g';]([zm = |ﬂg"l]([z])| and L/ (i) = L4(i) for all s € [0,¢]. This ensures that
almost surely {L;(i) = ¢} N A = {L}(i) = ¢} N A’. By construction, o(Ily ;) = ﬁgw We
have proved that, conditionally given {L,(i) = ¢} N A, the distribution of I1, ; is invariant
under o.

Let o be a discrete H{"-stopping time, that is, an H}"*-stopping time that takes a count-
able collection of values. The above result ensures that conditionally given L, (i) = g,
the distribution of 12[07,1 is invariant under o. Using a classical approximation, this re-
mains true if we remove the hypothesis that « is discrete. Therefore, conditionally given
L,(i) = g, the random variables

{q+1en“”] @} {q+zen£,”zl<[ N} {menm]q D}

are exchangeable. Fix e > 0. We define M}, := k™! Zj 1 On the event

Yatieniiqany:
{Lo(i) = q}, we apply Lemma A.2 in [12] which ensures the existence of a constant

n =n(e) > 0 such that
IP(|Mé—q — My—ql > €/2| Lo (3) = q) < 2e ME=a),

since m|IY([i])] = ¢ + (m — ¢)My,—q and £I15 ([i])| = ¢ + (¢ — ¢)M;_,, we obtain

1 1

[T ()] = M (D] < a(G = —) + [Mi—y = M|

~|

Since g < < L the first term on the right hand side is smaller than ¢/2 and therefore (6.1)
follows. O

To end the proof, we need to distinguish three cases.

1- CDI. The process (ﬁt,m,r > 0) starts with infinitely many blocks, and immediately
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after time 0, comes down from infinity. Note that this property holds a priori on an
event of probability one that depends on ¢, but the cocycle property allows to assert
that the coming down from infinity holds for all ¢ simultaneously on a same event of
probability one. The jumps of (ﬁt_m, r > 0) are finitely many on any compact interval

of (0,00) since the jump rate of a coalescent with a finite number of blocks is finite.
Thus P-a.s. forall s € R,t > 0, there exists a rational value ¢(w) = ¢q € (s, s+t) such that
HS s+t = Hq s+t and the existence of asymptotic frequencies follows from the rational
case. The limit R K

13£|Hs+e,s+t(i)| = [l s44(i)], Vi € N

is then obvious. Similarly, there exists a rational value p(w) = p < s such that ﬂpysﬂ =
ﬁs_7s+t. It implies the existence of asymptotic frequencies for the latter along with the
limit

IEIE)I |ﬁ575,s+t(i)‘ = |ﬂsf,s+t(i)|7 Vie N

The same kind of arguments apply to show the regularity when ¢ varies.

Finally the process (3, [TTs..44(3)],¢ > 0) is cadlag on (0, cc) since at any time ¢ > 0
only finitely many |1, 4 (i)|’
int.

2- Discrete and Infinite with dust. On any compact interval of time, only a finite number of
reproduction events choose any given level as the parent (recall that f 0,1t v(du) < 00),

therefore r — f[t,m(i) evolves at discrete times for any given ¢ > 1. The arguments of
the previous regime can therefore be applied by considering f[sf(z) instead of f[at in
order to show the regularities in frequency.
Showing that (3, [T «4+(i)|, ¢ > 0) is cadlag on (0, o) is more involved. This will be a
consequence of a uniform bound on the block frequencies. More precisely we introduce
for every t > 0

Nos(n) = > #{i € [n] s v(i) = 1}.

s€(0,t]

One can show that the sequence of processes (Ng:(n)/n,t > 0) converges P-a.s. to
a cadlag process (Yp;,t > 0) for the uniform norm on D([0,00),R). Then a simple
argument based on the transitions of the lookdown process ensures that for every ¢,n >
1 and every s,t,e > 0

Nosytte(n) — Nosit(n)
n

7|Z#{Hs€+1‘+s( [n]} — Z#{H“H Jnmy <

J=1

so that for every i > 1
i i
‘ Z |HS,S+t+6(j)‘ - Z ‘Hs,s+t(j>|‘ S YvO,ertJre - YO,5+t~
j=1 j=1

Taking the limit as i — oo, one gets the asserted right continuity of (3, My e ()], t >
0) whenever s > 0. This can be extended to all s € R by taking a countable union of
events of probability one. A similar argument yields the existence of left limits.

3- Infinite no dust. In this regime, all the partitions have infinitely many blocks and
no singleton. Let us show that with probability one for every s € @Q the process
(3o [Ts s14(3)],t > 0) is constant equal to 1. Let &(i),i > 1 be an independent se-
quence of i.i.d. uniform[0, 1] r.v. and let (Z;,¢# > 0) be the A-Fleming-Viot process con-
structed from the &y(i)’s and the A lookdown graph P, as in Theorem 2.5. Recall that
= J~Y(P). By construction, P-almost surely for all t € Q, and all i > 1 we have
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Z,({€(i)}) = |y +(i)|. Moreover, by Lemma 6.2, P-almost surely for all i > 1, the pro-
cesses (|ITo;(i)],t > 0) are cadlag. Fix 7 € Q’ andlet aj,ay, ... be the atoms of Z,, in the
decreasing order of their masses. The set {a;,i > 1} coincides with the set {¢,(7),¢ > 1}.
For every n > 1 and i > 1, let a,; = inf{t > n : >, E({a;}) < 1-27"}
This is a stopping time in the filtration of =, and therefore «,, := sup,>; o, is also
a stopping time in the filtration of =Z. Using Proposition 3.2 in [12], we deduce that
a, (1),i > 1 is exchangeable on the event {«,, < oo}. By construction, we have P-
as.ap, =inf{t >n:3 . [Ty, (i)] < 1 —2"}. Furthermore for every integers i, j we
have the equivalence &,, (i) = &(j) < i € Iy, (j) so that IIy,, is an exchangeable
partition on the event {a, < co}. Since this partition does not have singleton blocks,
it admits proper frequencies: P-a.s. ) .., TTo+(i)] = 1 on the event {a, < oc}. Con-
sequently P(a,, < 0o) = 0. Taking a sequence Np 4 0, we deduce that P-almost surely
(3,51 ITo.+(3)], > 0) is constant equal to 1, and therefore P-almost surely for all ratio-
nal s the process (3 ;- T, .4 +(7)],t > 0) is constant equal to 1.

We now prove the existence of asymptotic frequencies for ﬁsysﬂ when s is not rational.
Fix i > 1 and a rational value p € (s,s +t) N Q. For every n > i, we set

n(n):=1- Z |ﬁp75+t(l)|
=1

From the property proved above n(n) — 0 as n — oo. Let us denote by ji, j2,... the
elements of the block II; ,(¢). From the cocycle property, we have:

#{ﬂS,ert (Z) N [m] }

pere(i)] < lim (6.4)
]%1 b m— oo m

— f[s s 1) N ~ .

lim ATl 0 ) < Z 1Ly s (d0)] +n(n).

m—ro0 m :
Jisn

Letting n go to infinity ensures the existence of |II, ,,(i)|. The same reasoning applies
to Ils_ 44+ and II, s+ . We now prove the regularity properties. Since p is rational, we
know that there exists ¢y(w) = ¢y > 0 small enough so that

- _ . ) n(n) )
| s g ee ()] = M s (4)]| < o ve<e,Vj<n

Therefore

1= [y srere(D)] < 2n(n), Ve < e
=1

Combined with Equation (6.4), this ensures the convergence of |II, . .(i)| towards
|ﬁs,s+t(i)| when € goes to 0. We get similarly the convergence when ¢ — € goes to t—.
To prove the convergences when s — € goes to s— and s + € goes to s, one remarks that
there exists ¢y(w) = ¢y > 0 such that no reproduction events affecting at least two levels
among [n] fall in (s — €y, s) nor in (s, s + ¢o). Hence II,_.,(i) N [n] and TT,, (i) N [1] do
not vary whenever ¢ is in (0, ¢p). Similar arguments as above apply.

To end the proof, we need to check that (3,5, |TIs+1(i)|, > 0) is constant equal to 1
for all s € R. We have checked it for rational values s. Fix s € R and ¢ > 0. Take an
arbitrary p € (s,s +¢) N Q. From the cocycle property and Fatou lemma, we know that
for all # > 1 we have

Mosre() > Y [Mpere(i)]

JEM, p(4)
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so that
Do sns@I =D Y () = Y M0 (6)] = 1.
i>1 Z>1]€pr j>1
This concludes the proof. 0

6.2 Proof of Proposition 2.17
The proof of the proposition relies on three lemmas.

Lemma 6.3. Consider the restriction (f[s,t,s < t € Q) of the flow of partitions to its
rational marginals. Then there exists an event )y of probability 1 on which:

e Vr<s<teq, ﬂr,t = Coag(f[sﬁt, ﬂm)
e For every n > 1 and every | > 1, there exists mg > 1 and k > 0 s.t. for every

m > mg the partitions il l]+l Lol e 2l,z € [2™] have at most one non-singleton

block and the number of these part1t1ons that differ from Q) is equal to k.

This lemma implies that almost surely the trajectories of (ﬁs,t, s <t € Q) are determin-
istic flows of partitions.

Proof. First, one has

IP(fIM = Coag (Il 4, 11,..),Vr < s <te Q?’) =1 (6.5)

The second assertion is trivially satisfied by a stochastic flow of partitions 17 defined
from a A lookdown graph P. Using Equation (6.5), the fact that the finite-dimensional
distributions of II and II” are equal and the fact that the second assertion only relies
on a countable set of marginals, this assertion for 11 follows. O

We now define for every s <t € R the partition ﬁ&t on the event () as follows.

Lemma 6.4. On the event (), the following random partition is well-defined.

Hs,t ifs,te@Q,s<t
O] ifs=t
f[s,t = villfl,{)IlGQ HS’U ifs € Q’t ¢ Q (66)
lim II, if s ,te
rls,reQ * ~ ¢ Q Q
Coag(Ily+,1I,4) for any arbitrary rational g € (s,t) if s,t ¢ Q

Furthermore, for everyr < s < t, ﬁr,t = Coag(f[&t, ﬁns).

Proof. We work on the event Q5 throughout this proof. Recall the cocycle property
together with the left and right regularity properties satisfied by the flow restricted to
its rational marginals. Fix s € Q and let us prove the existence of a limit for f[syv when
v is rational and goes to a given irrational value ¢ € (s,00). Fix n > 1. From Lemma

6.3 there exists € = ¢(w) > 0 such that for all rational values p, ¢ in (¢,¢ + ¢), Hz[n]z = Oy

Combined with the cocycle property on rational marginals, this ensures that v — H[Sl

is constant whenever v € (¢,t+¢) N Q. The existence of the limit follows. A similar argu-
ment shows the existence of a limit for f[m when v is rational and goes to an irrational
value s and t is a given rational value.

Fix r < s < t. If all three are rational, the corresponding cocycle property holds since
we are on (2. Now suppose that either s is rational or both r and ¢ are rational, then
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we stress that the corresponding cocycle property still holds. Indeed, take a limiting
sequence of rational values for which the cocycle property holds and then use the con-
tinuity of the coagulation operator (see Lemma 4.2 in Bertoin [4])~.

Finally, suppose that s,t ¢ Q. To verify that our definition of f[s,t makes sense, we
need to show that Coag(Tl, ¢, 11, ;) does not depend on the value g € (s,t) N Q. Consider

two such values ¢,¢" € (s,t) N Q, suppose that ¢ < ¢’ and use the associativity of the
coagulation operator (see Lemma 4.2 in [4]) to obtain

Coag( /t,lzls_’q/) = Coag( /t,Coag(lzI / ﬁs q))

Coag (Coag(Hq/7t, lzlqu/), H&q) = Coag (IELN, lzls_yq)

Thus, the definition of ﬂs’t does not depend on g € (s,1).
Finally, consider three irrational r < s < t, and two rational values ¢, such that
q € (r,s) and ¢’ € (s,t).

Coag (ﬁs,ta ﬁr,s) = Coag ( Coag( i ")ty fIs q’)v Coag(ﬁq ED ﬁr q))

= Coag( /t,Coag( s.q ,Coag(f[ f[r’q))) =11,

This concludes the proof. O
On the complement of {1y, set any arbitrary value to ﬁ&t.

Lemma 6.5. The collection of partitions I1 is a modification of II, that is, for every

s <t as. I, = IAL,,t. Furthermore, for each w € Qy, fI(w) is a deterministic flow of
partitions.

Proof. Fix s € Q. For every t € Q+, s,54t = = 11, ,s+¢ on the event {1y, so it holds a.s.
We know that the process (Hs’sﬂ,t > 0) admits a cadlag modification from Lemma 4.1.
Almost surely for all ¢ € Q the t-marginals of this modification coincide with II; ;; and
also with f[s,ert. Since the process (ﬂs,t, t € [s,00)) is also cadlag, we deduce that almost
surely it coincides with the modification. Thus it is itself a modification of (II; 54, ¢ > 0).
Consequently for all s € Q and all ¢t > 0 we have almost surely fIS,SH = fIS’SH.

Now suppose s irrational, take ¢ > 0 and fix n € IN. We have for all g € (s,s +1)NQ

IP<H[sni+t = HE@H) 2 ]P<H<[1 l+t Hgnl-i-t H£ l+t = Coag(H[q l+th£ é) ﬁgn(]l = 0[”])

As q | s, IP(H[S l, = 0p,)) — 1 by definition of a stochastic flow of partitions. The cocycle

property of a stochastic flow of partitions together with the almost sure identity fIq,SH =
I1, s+¢ that we have already proved, ensures that the probability of the event on the r.h.s.

tends to 1 as ¢ | s. Thus ﬂsysﬁ = ﬂs7s+t almost surely. Finally, when t = 0 we know that
ﬁ&s = O|oc) almost surely by definition. Therefore, 11 is a modification of II.

We need to verify that for all w € Qp, II(w) is a deterministic flow of partitions. The
cocycle property was proved in the preceding lemma. Let us show the right regularity.
Fix s € R and n € IN. Recall that there exists € = e(w) > 0 such that for all rational

p<gqe€(s,s+e), 1211[7,]1_0[”] Letting p | s, wegetH[‘,.",]l_ Op forall g € (s,s +¢)NQ.

Slmllarly for all r € (s,s + ¢€), we have Hgl = O, as soon as ¢ € (s,r). Using the fact

that Hé + = Coag(II ([ZnJ,H[n]) we get that H[ﬁl = 0p, for all 7 € (s,s + ¢€). This in turn

implies that HH — H[Sl as r | s and the right regularity is proved. The left regularity is

obtained similarly. O
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6.3 Proof of Equation (4.7)
Consider the set S :={1,...,|an| + 1 — 1}. Observe that

Qm”g_n)/\n n lan| +1—n—1
i) \|an| +14+1—n—i

=2

is the number of combinations with |an| + [+ 1 — n elements among S with at least 2
elements among {1,...,n}. This number is greater than the number of combinations
with |an] +1+1—n elements among S with the constraint that 1 and 2 are chosen. The

latter is equal to (LaL:H;r_l;il) Consequently we can bound the L.h.s. of (4.7) as follows.

c~ (lan|+l+1-n)An
(

/[071) v(dz) Z

=0 =2

= 1-3
> d lan|+l—n+1 1— n—1 < |_0/I7,J + >
R U= fang +1-n -1

=0

n) (L LanJ +l—-n—-1 )x\_anj-‘rl—n+1(1 _ x)n—l

) an| +1l+1—n—i

The binomial factor at the second line corresponds to the number of combinations with
lan]| + 1 —n — 1 elements among the set {3,..., |an| + — 1}. Splitting this last set into
{3,...,lan] — 1} and {|an],..., [an] + 1 — 1} we get that the last quantity is equal to

oo

/ V(da?) Zx\_anj—&-l—n+l(1 _ x)n—l
(u’,1) 1—0

(lan]+l—n—1)A(lan]—3) LanJ _3 I
. 3 | |
J lan] +1l—n—1—3

j=lan]—n—-1
lan]—3

- /(ul,l)z/(dx)xQ 3 (L“”J,_3)xj(1—x)taﬂ—3—f

j=lan]—-n—1 J

§ : lan]—n—1—j+1 1— )" \_an]+2+].
X , ([anj—!—l—n—l—j)x (1-2)
l=j+n+1—|an]

Finally using the change of variable p = |an|+l—n—1—j and setting k := n+1+j—|an],
one gets

%)
l ) lan]—n—1—j+1 - 24
Z Nz an|—n (1 _ x)n an]+2+j
it Lan] lan] +1l—n—-1—3j

_ (= P s i (p+ k)!x”.

| |
k! =

A simple induction on k& shows that this last quantity is equal to 1. This ends the proof.

6.4 Calculations on regular variation

Suppose that ¥ is regularly varying at +oo with index a € (1,2]. Let us prove that
the map v defined in the proof of Theorem 1.6 is itself regularly varying at 0+ with index
—1/(ac—1). We have

v(t) [T E((s) —v(s) V' (v(s)
; /0 v'(s)ds ~ (a—1)t

U(o(t) (T(u(s))) 150
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In the above calculations, we use the identity v'(s) = —¥(v(s)) and the regular variation
of ¥ at oo that ensures the convergence vV’ (u)/¥(u) — « as u — oo thanks to Theorem
2 in Lamperti [22]. Therefore we have proved that

tv'(t) -1
—
v(t) =0 a—1

This identity implies, thanks to Theorem 2 in [22] again, that v is regularly varying at
0+ with index —1/(a — 1). 0
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