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Abstract

We consider the population model associated to continuous state branching pro-
cesses and we are interested in the so-called Eve property that asserts the existence
of an ancestor with an overwhelming progeny at large times, and more generally, in
the possible behaviours of the frequencies among the population at large times. In
this paper, we classify all the possible behaviours according to the branching mecha-
nism of the continuous state branching process.
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Continuous State Branching Processes (CSBP for short) have been introduced by
Jirina [18] and Lamperti [23, 24, 25]. They are the scaling limits of Galton-Watson
processes: see Grimvall [15] and Helland [16] for general functional limit theorems.
They represent the random evolution of the size of a continuous population. Namely, if
Z = (Z4)1e[0,00) is a CSBP, the population at time ¢ can be represented as the interval
[0, Z;]. In this paper, we focus on the following question: as t— oo, does the population
concentrate on the progeny of a single ancestor e € [0, Zy] ? If this holds true, then
we say that the population has an Eve. More generally, we discuss the asymptotic
frequencies of settlers. A more formal definition is given further in the introduction.

The Eve terminology was first introduced by Bertoin and Le Gall [5] for the gen-
eralised Fleming-Viot process. Tribe [33] addressed a very similar question for super-
Brownian motion with quadratic branching mechanism, while in Theorem 6.1 [10] Don-
nelly and Kurtz gave a particle system interpretation of the Eve property. In the CSBP
setting, the question has been raised for a general branching mechanism in [22]. Let
us mention that Grey [14] and Bingham [7] introduced martingale techniques to study
the asymptotic behaviours of CSBP under certain assumptions on the branching mech-
anism: to answer the above question in specific cases, we extend their results using
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On the Eve property for CSBP

slightly different tools. For related issues, we also refer to Bertoin, Fontbona and Mar-
tinez [3], Bertoin [2] and Abraham and Delmas [1].

Before stating the main result of the present paper, we briefly recall basic properties
of CSBP, whose proofs can be found in Silverstein [32], Bingham [7], Le Gall [26] or
Kyprianou [20]. CSBP are [0, oc]-Feller processes whose only two absorbing states are
0 and oo and whose transition kernels (p:(z, - ); t€]0,00), z €0, o0]) satisfy the so-called
branching property:

vx7xl € [0,00], vVt € [0700)7 Pt(% ) *pt(w/7 ) :pt((E +1‘/, ) . (01)

Here, * stands for the convolution product of measures. We do not consider CSBP
that jump to co on a single jump. Since the two absorbing points 0 and oo belong to
the state-space, the transition kernels are true probability measures on [0, oo] and they
are characterised by their branching mechanism ¥ : [0,00) — R as follows: for any
t, A,z €[0,00),

/[o g)t(x,dy) exp(—Ay) = exp(— xu(t,)\)) , (0.2)
where u( -, ) is a [0, 0o)-valued function that satisfies d;u(t, A\) = =¥ (u(t, A)) and u(0, \) =
A. For short, we write CSBP(V, x) for continuous state branching process with branch-
ing mechanism ¥ and initial value x. The branching mechanism WV is necessarily of the
following Lévy-Khintchine form:

VYA€ [0,00), T(\)=a)+ B\ +/ w(dr) (e*’\r —1+M1lc1y), (0.3)
(0,00)

where a € R, 3> 0 and 7 is a Borel measure on (0,00) such that f(O,oo)(l Ar?)w(dr) <
co. We recall that a CSBP with branching mechanism ¥ is a time-changed spectrally
positive Lévy process whose Laplace exponent is ¥: see for instance Lamperti [23] and
Caballero, Lambert and Uribe Bravo [9]. Consequently, the sample paths of a cadlag
CSBP have no negative jump. Moreover, a CSBP has infinite variation sample paths iff
the corresponding Lévy process has infinite variation sample paths, which is equivalent
to the following assumption:

(Infinite variation) B>0 or /(0 1;“7r(dr) =00. (0.4)
Therefore, the finite variation cases correspond to the following assumption:
(Finite variation) B8=0 and /(0 l)rﬂ(dr) < 00. (0.5)
In the finite variation cases, ¥ can be rewritten as follows:
YA €[0,00), W(A\) = DA —/(0 w()dr) (1—e?"), where D:=a+ /(0r17)r(dr) . (0.6)

In these cases, note that D = limy o, U(\)/\.
We shall always avoid the cases of deterministic CSBP that correspond to linear
branching mechanisms. Namely, we shall always assume that either 8 > 0 or w # 0.
Since U is convex, it has a right derivative at 0, that is possibly equal to —occ. Fur-
thermore, ¥ has at most two roots. We introduce the following notation:

U (0+) = /\lir&)\_llll()\) € [-00,00) and v =sup{A€[0,00): ¥(A)<0}.  (0.7)
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Note that v > 0 iff ¥/(0+) < 0, and that v = oo iff —¥ is the Laplace exponent of a
subordinator.

We next discuss basic properties of the function v defined by (0.2). The Markov
property for CSBP entails

Vt, s, A€[0,00), u(t+s,A) =u(t,u(s,A)) and Owu (t,\)=—T(u(t,A)), u(0,\)=A\. (0.8)

If A€ (0,00), then u(-,A) is the unique solution of (0.8). If A=+, then u(-,~) is constant
to 7. An easy argument derived from (0.8) entails the following: if A > (resp. A <),
then u( -, \) is decreasing (resp. increasing). Then, by an easy change of variable, (0.8)
implies
Vit € [0,00), VA € (0,00)\{~} /A du__, (0.9)
Y ’ o wey) Y(u) '
For any z € [0, 0], we denote by P, the canonical law of CSBP(¥, =) on the Skorohod
space of cadlag [0, co]-valued functions that is denoted by ID([0, c0), [0, oc]). We denote
by Z = (Z¢)tej0,-) the canonical process on D([0, o), [0,00]). As ¢t — oo, a CSBP either
converges to oo or to 0. More precisely,

Va € (0,00), e "= Px(tlirg Zy = 0) =1- ]Pz(tll)rg Zy = oo) . (0.10)

If ¥/(04) > 0 (resp. ¥/(0+) = 0), then v = 0 and the CSBP gets extinct: ¥ is said to
be sub-critical (resp. critical). If ¥/(0+) <0, then v > 0 and the CSBP has a positive
probability to tend to co: V is said to be super-critical.

Let us briefly discuss absorption: let (y and (., be the times of absorption in resp. 0
and co. Namely:

Co=inf {¢t>0:2; 0rZ;— =0}, (oo=inf {t>0:2Z;0rZ,_ =00} and (=( A (s, (0.11)

with the usual convention: inf() = co. We call ¢ the time of absorption. The integral
equation (0.9) easily implies the following:
dr

(Conservative ¥)  Va € [0,00), P,((ooc <0)=0 <= . W =o00. (0.12)

Here (- )_ stands for the negative part function. If ¥ is non-conservative, namely if

dr
(Non-conservative W) / — < 0, (0.13)
0+ (‘I’(T))—

then, ¥/(0+) = —oo and for any ¢,z € (0,00), P, (Coo > t) = exp(—z£(t)), where s(t) :=
limy_ 04 u(t, \) satisfies f(f(t)dr/(llf(r))_ =t. Note that « : (0,00) — (0,7) is one-to-one
and increasing. Thus, P -a.s. lim;_, o Z; = 00 iff (. < oo and in this case, lim;_,¢ __ Z; = 0.
Namely, the process reaches oo continuously.

The integral equation (0.9) also implies the following:
. < dr
(Persistent W) Vz € [0,00), Pi({p<x)=0 <+— m =o00. (0.14)
'
If U allows extinction in finite time, namely if

> d
(Non-persistent ) / L < o0, (0.15)
(r)

it necessarily implies that U satisfies (0.4), namely that V¥ is of infinite variation type.

In this case, for any ¢,z € (0,00), P,(¢o <t) =exp(—zv(t)) where v(t) := limy_,00 u(t, )
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satisfies f;(ot)dr/\ll(r) =t¢. Note that v : (0,00) — (7, 00) is one-to-one and decreasing.
Thus, P, -a.s. lim;_, o Z; =0 iff () < co.

The previous arguments allow to define u for negative times. Namely, for all ¢ €
(0,00), set k(t) =limy_04 u(t, ) and v(t) = limy_ oo u(t, A). As already mentioned, «(t)
is positive if ¥ is non-conservative and null otherwise and v(¢) is finite if ¥ is non-
persistent and infinite otherwise. Then, observe that u(¢, -) : (0,00) — (k(t),v(t)) is
increasing and one-to-one. We denote by u(—t, ) : (k(¢),v(t)) — (0, c0) the reciprocal
function. It is plain that (0.9) extends to negative times. Then, observe that dyu(—t, \) =
U(u(—t,\)) and that (0.8) extends to negative times as soon as it makes sense.

Let us give here the precise definition of the Eve property. To that end, we fix
x€(0,00) and denote by #([0, z]) the Borel subsets of [0, z]. We also denote by .# ([0, z])
the set of positive Borel-measures on [0, 2] and by .# ([0, z]) the set of Borel probability
measures. Let us think of m, € .#,([0,z]), t € [0,00), as the frequency distributions of
a continuous population whose set of ancestors is [0, z] and that evolves through time
t. Namely for any Borel set B C [0, z], m:(B) is the frequency of the individuals at time
t whose ancestors belong to B. The relevant convergence mode is the total variation
norm:

V,LL, Ve%l([oa I]), ||,LL - V”var = Sup{ |N(A)7V(A)‘ ; Ac %([Ov I]) } .

Here, it is natural to assume that ¢ — m; is cadlag in total variation norm. The Eve
property can be defined as follows.

Definition 0.1. We denote by ¢ the Lebesgue measure on R (or its restriction to [0, z
according to the context). Let t € (0,00) — my € .#1([0,x]) be cadlag with respect to
||-||var and assume that there exists mq, € .#1([0, x]) such that lim;_,||m¢ — Mo ||var = 0,
where

Moo = al+ > mo({y})dy . (0.16)

yeSs

Here, a is called the dust, S is a countable subset of [0, z] that is the set of settlers and
for anyy€ S, moo({y}) is the asymptotic frequency of the settler y.

If =0, then we say that the population m := (m¢);c(0,00) has no dust (although m;
may have a diffuse part at any finite time t). If a=0 and if S reduces to a single point
e, then m., =, and the population m is said to have an Eve that is e. Furthermore, if
there exists ty € (0, 00) such that m; =4, for any t >t,, then we say that the population
has an Eve in finite time. O

The following theorem asserts the existence of a regular version of the frequency
distributions associated with a CSBP.

Theorem 0.2. Let x € (0,00). Let U be a branching mechanism of the form (0.3). We
assume that ¥ is not linear. Then, there exists a probability space (Q,.#,P) on which
the two following processes are defined.

(@) Z = (Zt)ie[0,00) is a cadlag CSBP (¥, x).
(b) M = (M;)icjo,) is @ .#,([0, x])-valued process that is ||-||va--cadlag on (0, 00) such
that
- i — -1
VB e #(]0,z]), P-a.s. tlﬁlr&l+ M;(B) = a2~ 4(B).

The processes Z and M satisfy the following property: for any Borel partition By, ..., B,
of [0,z] there exist n independent cadlag CSBP(¥), Z), ... Z("), with initial values
{(By),..., ¢(B,), such that

Vke{l,....n}, Vte[0,0), M(By)=2"/z,, (0.17)
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where ( stands for the time of absorption of Z.

We call M the frequency distribution process of a CSBP(V, x). If U is of finite vari-
ation type, then M is ||||var-right continous at time 0, which is not the case if ¥ is of
infinite variation type as explained in Section 1.3. The strong regularity of M requires
specific arguments: in the infinite variation cases, we need a decomposition of CSBP
into Poisson clusters, which is the purpose of Theorem 1.8 in Section 1.2. (see this
section for more details and comments).

The main result of the paper concerns the asymptotic behaviour of M on the follow-
ing three events.

* A := {¢ < oo} that is the event of absorption. Note that P(A) > 0 iff U either
satisfies (0.13) or (0.15), namely iff ¥ is either non-conservative or non-persistent.

* B:={(=00; lim;_,o, Z; =00} that is the event of explosion in infinite time. Note
that P(B) >0 iff ¥ satisfies (0.12) and ¥’(0+) € [—00,0), namely iff ¥ is conserva-
tive and super-critical.

o C:={(=00; lim;_, Z; =0} that is the event of extinction in infinite time. Note
that P(C) >0 iff ¥ satisfies (0.14) and < co.

Theorem 0.3. We assume that ¥ is a non-linear branching mechanism. Let z € (0, c0)
and let M and Z be as in Theorem 0.2. Then, P-a.s. lim;_, .|| M; — M ||var = 0, where
M is of the form (0.16). Moreover, the following holds true P-almost surely.

(i) On the event A = {{<oo}, M has an Eve in finite time.
(ii) On the event B = {(=00; limy_,o0 Zz =00}

(ii-a) If ¥'(0+)=—o0, then M has an Eve;

(ii-b) If ¥'(0+) € (—o00,0) and v < oo, there is no dust and M has finitely many
settlers whose number, under P(-|B), is distributed as a Poisson r.v. with
mean xvy conditionned to be non zero;

(ii-c) If ¥'(0+) € (—00,0) and v = oo, there is no dust and M has infinitely many
settlers that form a dense subset of [0, x].

(iii) On the event C = {{(=00; lim;_,o, Z;=0}:

(iii-a) If ¥ is of infinite variation type, then M has an Eve;
(iii-b) If ¥ is of finite variation type, then the following holds true:

(iii-b-1) If =((0,1)) < oo, then there is dust and M has finitely many settlers
whose number, under P(-|C), is distributed as a Poisson r.v. with mean
b f(o,oo) e~ "r(dr);

(iii-b-2) If w((0,1)) =00 and f(o,1) m(dr)rlog1/r < oo, then there is dust and there
are infinitely many settlers that form a dense subset of [0, z|;

(iii-b-3) If f(o,1) m(dr)rlogl/r = oo, then there is no dust and there are infinitely
many settlers that form a dense subset of [0, x].

First observe that the theorem covers all the possible cases, except the deterministic
ones that are trivial. On the absorption event A = {¢ < oo}, the result is easy to ex-
plain: the descendent population of a single ancestor either explodes strictly before the
others, or gets extinct strictly after the others, and there is an Eve in finite time.

The cases where there is no Eve — namely, Theorem 0.3 (ii-b), (ii-c) and (iii-b) -
are simple to explain: the size of the descendent populations of the ancestors grow
or decrease in the same (deterministic) scale and the limiting measure is that of a
normalised subordinator as specified in Proposition 2.1, Lemma 2.2, Proposition 2.3,
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Lemma 2.4, and also in the proof Section 2.2. Let us mention that in Theorem 0.3 (iii-
b1) and (iii-b2), the dust of M., comes only from the dust of the M;, t€(0,00): it is not
due to limiting aggregations of atoms of the measures M; as t — .

Theorem 0.3 (ii-a) and (iii-a) are the main motivation of the paper: in these cases,
the descendent populations of the ancestors grow or decrease in distinct scales and one
dominates the others, which implies the Eve property in infinite time. This is the case
of the Neveu branching mechanism ¥(\) = Alog A, that is related to the Bolthausen-
Sznitman coalescent: see Bolthausen and Sznitman [8], and Bertoin and Le Gall [4].

Let us first make some comments in connection with the Galton-Watson processes.
The asymptotic behaviours displayed in Theorem 0.3 (ii) find their counterparts at the
discrete level: the results of Seneta [30, 31] and Heyde [17] implicitly entail that the
Eve property is verified by a supercritical Galton-Watson process on the event of explo-
sion iff the mean is infinite. However neither the extinction nor the dust find relevant
counterparts at the discrete level so that Theorem 0.3 (i) and (iii) are specific to the
continuous setting.

CSBP present many similarities with generalised Fleming-Viot processes, see for
instance the monograph of Etheridge [13]: however for this class of measure-valued
processes Bertoin and Le Gall [5] proved that the population has an Eve without as-
sumption on the parameter of the model (the measure A which is the counterpart of
the branching mechanism ¥). We also mention that when the CSBP has an Eve, one
can define a recursive sequence of Eves on which the residual populations concentrate,
see [22]. Observe that this property is no longer true for generalised Fleming-Viot pro-
cesses, see [21].

The paper is organized as follows. In Section 1.1, we gather several basic properties
and estimates on CSBP that are needed for the construction of the cluster measure done
in Section 1.2. These preliminary results are also used to provide a regular version of
M which is the purpose of Section 1.3. Section 2 is devoted to the proof of Theorem 0.3:
in Section 2.1 we state specific results on Grey martingales associated with CSBP in the
cases where Grey martingales evolve in comparable deterministic scales: these results
entail Theorem 0.3 (ii-b), (ii-c) and (iii-b), as explained in Section 2.2. Section 2.3 is
devoted to the proof of Theorem 0.3 (ii-a) and (iii-a): these cases are more difficult to
handle and the proof is divided into several steps; in particular it relies on Lemma 2.9,
whose proof is postponed to Section 2.3.4.

1 Construction of M.

1.1 Preliminary estimates on CSBP.

Recall that we assume that V¥ is not linear: namely, either 5 > 0 or m # 0. The
branching property (0.1) entails that for any ¢ € (0,00), u(t, -) is the Laplace exponent
of a subordinator. Namely, it is of the following form:

u(t,\) = k(t) + d(O)N + /(0 ;/t(dr)(l — e‘”) , A€0,00), (1.1)

where k(t) = limy 04 u(t,\), d(t) € [0,00) and f(O,oo)(l A1) 1(dr) < co. Since ¥ is not
linear, we easily get v; #0. As already mentioned in the introduction if ¥ is conservative,
k(t) =0 for any ¢ and if ¥ is non-conservative, then « : (0,00) — (0,~) is increasing
and one-to-one. To avoid to distinguish these cases, we extend v; on (0, co] by setting
vi({o0}):=k(t). Thus, (1.1) can be rewritten as follows: u(t, \) =d(t)A + f(O,oo] ve(dr) (1 —
e~"), with the usual convention exp(—oc)=0. Recall from (0.6) the definition of D.
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Lemma 1.1. Lett< (0,00). Then d(t) >0 iff U is of finite variation type. In this case,
d(t)=e~P* where D is defined in (0.6).

Proof. First note that d(t) =limy_,, A~ !u(t, ). An elementary computation implies that

u(t;\)\) :exp(/otas logu(s,/\)ds) :exp(_/ot‘lmds) ) (1.2)

If ¥ satisfies (0.15), then recall that lim)_, o u(t, A) <oco. Thus, in this case, d(t) = 0. Next
assume that ¥ satisfies (0.14). Then, limy_, u(t,A) = co. Note that ¥(\)/\ increases
to oo in the infinite variation cases and that it increases to the finite quantity D in the
finite variation cases, which implies the desired result by monotone convergence in the
last member of (1.2). O

Recall that for any z € [0, oc], P, stands for the law on D([0, c0), [0, oc]) of a CSBP(¥, x)
and recall that Z stands for the canonical process. It is easy to deduce from (0.1) the
following monotone property:

Vte]0,00), Yye(0,00), Vo, 2" €[0,00] such that x < 2/, P, (Zt > y) <Py (Zt > y)
(1.3)

Lemma 1.2. Assume that VU is not linear. Then, for all t,z,y € (0,00), P, (Zt > y) >0.

Proof. Let (S:)zcj0,00) b€ @ subordinator with Laplace exponent u(t, -) that is defined
on an auxiliary probability space (2, #,P). Thus S, under P has the same law as Z,
under P,. Since v; # 0, there is 1y € (0,00) such that v;((rg,00)) > 0. Consequently,
N:=#{z€[0,z] : AS, >r¢} is a Poisson r.v. with non-zero mean zv;((ro, )). Then, for
any n such that nro >y we get P, (Z; >y) =P (S, >y) >P(N > n) >0, which completes
the proof. O

The following lemmas are used in Section 1.2 for the construction of the cluster
measure.

Lemma 1.3. Assume that VU is of infinite variation type. Then, for any t, s € (0, c0),

Vits(dr) = / vs(dz) P, (Zt edr; zZ; > 0) . (1.4)
(0,00]

Proof. Let v be the measure on the right side of (1.4). Then, for all A€ (0, 00), (0.2) and

(0.8) imply that

/ v(dr)(1— e*’\r) = /I/S(dx) (1- e*m(t”\)) =u(s,u(t,\)) =u(s+1t,A\)
(0 (

,00] 0,00]

= /Vt_,_s(dr)(l —e ).
(0,00]

By letting A go to 0, this implies that v({occ}) = r1y5({o0}). By differentiating in A,

we also get [, v(dr)re™" = [, ) vers(dr)re . Since Laplace transform of finite

measures is injective, this entails that v and v, coincide on (0,c0) which completes

the proof. O

Lemma 1.4. Assume that ¥ is of infinite variation type. Then, for all ¢ € (0,1) and all
s,t€(0,00) such that s<t,

/(0 Vs(da) Py (Zi—s > €) = 14((g,00]) € (0,00). (1.5)

100
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Proof. The equality follows from (1.4). Next observe that v, ((c,c]) < %f(o ooy (1A
r)v(dr) < oo. Since v, does not vanish on (0,00), Lemma 1.2 entails that the first
member is strictly positive. O

We shall need the following simple result in the construction of M in Section 1.3.

Lemma 1.5. For all a,y € (0, 00), lim, 04 P, (Z, >y) =0 and lim, o4 ]Pr(SUPbe[o,a} Zy >
y)=0.

Proof. First note that P,.(Z,>y) < (1—e ™) E, [1-e7%/¥] = (1—e~ 1)~ }(1—e"u@1/¥)) -
0 as » — 0, which implies the first limit. Let us prove the second limit: if y=o0, then Z is
non-decreasing and the second limit is derived from the first one. We next assume that
<00, and we claim that there exist §,C'€(0, 1) that only depend on a and y such that

Vz € [y,00), Vb€ [0,a], pu(z,[0,0y]) < C . (1.6)

Let us prove (1.6). We specify 6 € (0,1) further. By (1.3), ps(z, [0,0y]) < pp(y, [0,0y]) =
P,(Zy <6y). Using an elementary inequality, we obtain for all A € (0, 00), P, (Z, <8y) <
exp(yOA)E, [exp(—AZp)] =exp(ydr—yu(b, A)). We take A=~+1. Thus, u(-,+1) is decreasing
and py(z, [0, 0y]) < exp(yd(y+1) —yu(a,v+1)). We choose 0 = % Then, (1.6) holds
true with C'=exp(—yf(v + 1)).

We next set T = inf{t € [0,00) : Z; > y}, with the convention inf() = co. Thus
{supyejo,a)Z6 > y} = {T' < a}. Let ¢ and C as in (1.6). First note that P,.(T' < a) <
P.(Z,>0y)+P.(T <a;Z, <0y). Then, by the strong Markov property at T and (1.6), we
get

P.(T<a; Zo<0y) = B [1i7r<a} Pa—1(Z7,10,0y])] < CP.(T < a).
Thus, Py (supyeo,q) Zo > ¥) < (1-C)~'P,.(z, > 0y) — 0 as r — 0, which completes the
proof. O

We next state a more precise inequality that is used in the construction of the cluster
measure of CSBP.

Lemma 1.6. We assume that ¥ is not linear. Then, for any ¢,n € (0,1) and for any
to€(0,00), there exists a€(0,¢y/4) such that

Vze0,n], Yb€]0,a], Ve€[3to, to], Px(sup Zy > 2n; Ze > E) < QIPZ(ZZ, >n; Ze > E).
t€[0,b]
(1.7)

Proof. Since V is not linear, v; # 0. If v =00, the corresponding CSBP has increasing
sample paths and the lemma obviously holds true. So we assume that v < co. We first
claim the following.

Y,y to, t1 €(0,00) with t; < tg, inf P, (2 >y) >0. (1.8)

te[ty,tg
Let us prove (1.8). Suppose that there is a sequence s, € [t1, to] such that

lim P,(Z,s, >y)=0.

n—oo

Without loss of generality, we can assume that lim,,_,», s, =¢. Since u(-, \) is continu-
ous, Zs, — Z; in law under P, and the Portmanteau Theorem implies that P, (Z; >y) <
liminf,, o P.(Zs, >y) = 0, which contradicts Lemma 1.2 since ¢ > 0.

We next claim the following: for any 1,0 € (0, 1), there exists a € (0, 00) such that

YV €[2n,00), Vs€[0,al, ]PI(ZS < 17) < 4. (1.9
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Let us prove (1.9). We fix x € [21,00). Let a € (0,00) that is specified later. For any
s€[0, a], the Markov inequality entails for any A€ (0, c0)

IP:E(ZS < ,,7) < GAW]EI [67)\25] _ e)\nfa:u(s,)\) < ef)\nJrQn()\#u(s,)\)) ) (1.10)

We now take \>~. Then, u( -, \) is decreasing and we get

S

—An+2n(A—u(s,\)) < —An+ 27]/ U(u(b,\))db < —An+2na¥(N). (1.11)
0

Then set A = v+ 1-n"tlogd and a = (v + 1)/(2¥()\)), which entails (1.9) by (1.11) and
(1.10).
We now complete the proof of the lemma. We first fix e, € (0,1) and ¢, € (0, 00) and

then we set .
1 1nfte[21ftoyto] Py, (Zt > z—:)

2 Supte[%to‘to]lpn (Zt > 5)

By (1.8), 6>0. Let a€ (0, +to) be such that (1.9) holds true. We then fix x €[0,7], b€[0, a
and c€ [+, to] and we introduce the stopping time T = inf{¢t€[0, 00) : Z; > 2n}. Then,

A= IPz(sup Zy > 2n; Zc >5) :IPI(TSb; ZC>5) SIPI(ZZ,> n; ZC>5) + B, (1.12)

s€[0,b]

where B := P, (T < b; Z, < n; Z.>¢) is bounded as follows: by the Markov property at
time b and by (1.3), we first get

B < By [1r<pz,<n) P2, (Ze—b > )] < Py(Ze-s>8) Br [1ir<piz,<n ]
Recall that pi(z,dy) = P,(Z; € dy) stands for the transition kernels of Z. The strong
Markov property at time 7" then entails
E; [1r<s;z,<n] = Bo [Lr<y po-1 (27, [0,7])].

Next observe that P,-a.s. b—7 < a and Zy > 27, which implies py_7(Z7,[0,7]) < § by
(1.9). Thus,
B < ) IPr](Zc—b >5) Ew [1{T§b}] .

Since c—b € [+to, to], we get 0P, (Z.— >¢) < 5 infie(1s 40) P2y (Ze >€), by definition of 4.
Next, observe that

P,-a.s. on {T < b}, inf P, (2;>¢) < pe—r (2, (e,0]) < pe—r (27, (£,00]),

te[Ltg,to]

where we use (1.3) in the last inequality. Thus, by the strong Markov property at time
T and the previous inequalities, we finally get

B < %Em [1{T§b} pC,T(ZT, (s,oo])] = %IPE (T <b; ZC>5) = %A ,
which implies the desired result by (1.12). O

We end the section by a coupling of finite variation CSBP. To that end, let us briefly
recall that CSBP are time-changed Lévy processes via Lamperti transform: let X =
(Xt)ie[0,00) be a cadlag Lévy process without negative jump that is defined on the
probability space (2, F,P). We assume that X, =z € (0,00) and that E[exp(—A\X})] =
exp(—zA +t¥()\)). We then set

5d
T =inf {t€[0,00) : X; =0}, Lt:T/\inf{SE[O,T):/YT>t} and Z, = Xg,,
0 i

(1.13)
with the conventions inf ) = co and X, =oo. Then, (Z;)c[0,o0) is @ CSBP(¥, z). See [9]
for more details. Recall from (0.6) the definition of D.
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Lemma 1.7. Assume that V is of finite variation type and that D is strictly positive. Let
(Zt)tejo,00) be a CSBP(V, x) defined on a probability space (2, F,P). For any A € [0, 00),
set U*(\) := W(A\) — DA. Then, there exists (Z})icjo,o), @ CSBP(V*, x) on (Q, F,P) such
that
P-a.s. Vte[0,00), sup Z; < Z;.
s€[0,t]

Proof. Without loss of generality, we assume that there exists a Lévy process X defined
on (Q, F,P) such that Z is derived from X by the Lamperti time-change (1.13). We then
set X = X;+Dt that is a subordinator with Laplace exponent —U¥* and with initial value
x. Since D is positive, we have X; < X for all ¢ € [0,00). Observe that 7* = co. Let
L* and Z* be derived from X™* as L and Z are derived from X in (1.13). Then, Z* is a
CSBP(¥*, x) and observe that Ly > L;. Since X* is non-decreasing, Z; = Xzf* > th >
X1, =Z;, which easily implies the desired result since Z* is non-decreasing. O

1.2 The cluster measure of CSBP with infinite variation.

Recall that D([0, c0), [0, o0]) stands for the space of [0, oc]-valued cadlag functions.
Recall that Z stands for the canonical process. For any ¢ € [0,00), we denote by %; the
canonical filtration. Recall from (0.11) the definition of the times of absorption (y, (-
and (. Also recall from the beginning of Section 1.1 the definition of the measure v, on
(0, o0].

Theorem 1.8. Let U be of infinite variation type. Then, there exists a unique o-finite
measure Ny on D([0, 00), [0, 00]) that satisfies the following properties.

(a) Ny-a.e. Zo =0 and ¢ > 0.

(b) v(dr) =Ny (Ztedr; Zy > 0), foranyt € (0,00).

(€) Ng[F(Z.at) G(Ze4. )5 2¢ > 0] = Ny [F(Z. ) Ez,[G]; Z, > 0], for any nonnegative
functionals F, G and for any t € (0, 00).

The measure Ny is called the cluster measure of CSBP(V).

Remark 1.9. The existence of Ny - sometimes called Kuznetsov measure, see [19] - is
not really new: for sub-critical ¥, Ny can be derived from the excursion measure of the
height process of the Lévy trees and the corresponding super-processes as introduced
in[11]. See also Dynkin and Kuznetsov [12] for a different approach on super-processes.
We also point out articles of Li [27, 28, 29] on the construction of this measure when
U’(0+4) # —oo. Here, we provide a brief and self-contained proof of the existence of the
cluster measure for CSBP that works in all cases.

Proof. The only technical point to clear is (a): namely, the right-continuity at time 0.
For any s,t € (0,00) such that s <t and for any ¢ € (0,1), we define a measure Q. on
D([0, 00), [0, 0]) by setting

1
Q; [F]:i/ vs(da) By |F(Z¢. _g), ) Zi—s>€ |, (1.14)

t,e (2, 00]) (0.00] [ (- =s)+ ]
for any functional F. By Lemma 1.4, (1.14) makes sense and it defines a probability
measure on the space D([0, c0), [0, 00]). The Markov property for CSBP and Lemma 1.4
easily imply that for any s <sg <t,

Qi [F(Zsys )] = yt((;oo])/(o OZT‘)(dI) E,[F(Z); 2 >¢], (1.15)

We first prove that for ¢ and ¢ fixed, the laws @); . are tight as s —0. By (1.15), it is clear
that we only need to control the paths in a neighbourhood of time 0. By a standard
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criterion for Skorohod topology (see for instance Theorem 16.8 [6] p. 175), the laws
Q; . are tight as s — 0 if the following claim holds true: for any 7,0 € (0, 1), there exists
ap € (0, +¢) such that

Vse(0,aq], Qf7€<[supz>277) <9d. (1.16)

0,aq]

To prove (1.16), we first prove that for any 7,6 € (0, 1), there exists ag € (0,¢) such that

Vs, be (0,a0] such that s <b, Qf_(Zy>n) < 56. (1.17)

Proof of (1.17). Recall that 1}; o)(y) <C(1—e~¥), for any y € [0, o], where C'=(1—e~ 1)~ 1.
Fix n,6€(0,1) and s,be (0,t) such that s <b. Then, (1.15), with b=s,, implies that

Qic(m>n) < CQi(1-e ™) = <<Coo]>/< ) (1= 5 (2049
- 7% —1z,_
< IM/(O‘OZ?(LM) (1—e ") E,[1 —e %]
) o ) (=) e ) = )

By developping the product in the integral of the last right member of the inequality,
we get
C? 1 1 1 1
f(b) = 7})@(1)’ 5) +u(t, 2) — u(b, E—&—u(t—b, g))) — 0,

I/t((e,oo b—0

We then define ag such that sup,¢ (g 4,] f(0) < %6, which implies (1.17). O

Proof of (1.16). We fix n,0€(0,1). Let a€ (0, +¢) such that (1.7) in Lemma 1.6 holds true
with tg=t. Let ag as in (1.17). We next set a; =aAag. We fix s € (0, a;] and we then get
the following inequalities:

IN

Qf,s( sup Z > 277)

[0,a1]

Qi o(ze > ) + Qi (supz > 293 2, <n,)

[0,a1]

1
< %6—1-7/ Vs(dl‘)IPx< sup Z > 2n; Zt,5>€)
Vt((€700]) (0,m] [0,a1 —s]

1 2 /
< 20+ —— | vs(dB)Py(Zg,—s >1m; Zy_s>¢€
30t e oal) S (@) B Zas t=s><)

< 50+2Q;(Za, > 1) < 6.

Here we use (1.17) in the second line, (1.7) in the third line and (1.17) in the fourth
one. -

We have proved that for ¢, ¢ fixed, the laws @) . are tight as s —0. Let () . stand for a
possible limiting law. By a simple argument, (), . has no fixed jump at time s, and basic
continuity results entail that (1.15) holds true with @ . instead of ); ., which fixes the
finite-dimensional marginal laws of @, . on (0, c0). Next observe that for n,d€ (0,1) and
a1 €(0, }t) as in (1.16), the set {supq ,,) Z>2n} is an open set of D([0, 00), [0, oc]). Then,
by (1.16) and the Portmanteau Theorem, Q¢ (sup 4,2 > 27) < ¢. This easily implies
that Q¢ .-a.s. Zgp = 0, which completely fixes the finite-dimensional marginal laws of Q; .
on [0, 00). This proves that there is only one limiting distribution and Q7. — Q; . in law
as s — 0.

We next set Ny . = 1v4((g,00]) Q.. We easily get N, . — N, .o = Ny (- ; Z, € (¢,¢']), for
any 0<e<e'<1. Fix g, € (0,1), p € IN, that decreases to 0. We define a measure N, by
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setting

Nt = Nt750 —+ Z Nt,8p+1 ( B yARS (€p+1,€p] ) = Nt,so + Z 1\1757{%H _Nt,a‘p .
p=>0 p>0

By the first equality, N, is a well-defined o-finite measure; the second equality shows
that the definition of N, does not depend on the sequence (&,),en, Which implies that
Ni(;2Z > ¢e) = 1n((e,0]) Que, for any £ € (0,1). Consequently, we get Ny — Ny =
N.(-; Zy =0), forany ¢’ >t>0. Fix t; € (0,1), ¢ € IN, that decreases to 0. We define Ny
by setting
Ny =Np+ > Ny (32, =0) =Ny + > Ny, =Ny,
q=0 q=20

The first equality shows that Ny is a well-defined measure and the second one that its
definition does not depend on the sequence (¢,),en, Which implies

Vee(0,1), Vt € (0,00), N\p(- 0 Zy > 5) = 1((g,00]) Que - (1.18)

This easily entails that for any nonnegative functional F’

Vt € (0,00), Ng[F(Z1.);Z>0] = / vi(do) B [F] . (1.19)

(0,00]
Recall that ¢ is the time of absorption in {0,00}. Since N . ((=0)=0, we get Ny ({ =
0)=0 and thus, Ny ({0}) =0, where 0 stands for the null function. Set 4, , = {Z;, >¢,}.
Then, Ny (A;,4) < oo by (1.18). Since D([0,00), [0,00]) ={0} UU, ,>1 Ap,q» Nw is sigma-
finite. Properties (b) and (c) are easily derived from (1.19), (1.18) and standard limit-
procedures: the details are left to the reader. O

1.3 Proof of Theorem 0.2.
1.3.1 Poisson decomposition of CSBP.

From now on, we fix (2, .#, P), a probability space on which are defined all the random
variables that we mention, unless the contrary is explicitly specified. We also fix x €
(0, 00) and we recall that ¢ stands for the Lebesgue measure on R or on [0, z], according
to the context.

We first briefly recall Palm formula for Poisson point measures: let £ be a Polish
space equipped with its Borel sigma-field &. Let A, € &, n € N, be a partition of F.
We denote by .#,:(E) the set of point measures m on E such that m(4,) < oo for any
n € IN; we equip .#,(E) with the sigma-field generated by the applications m — m(A),
where A ranges in £. Let N'=3",_, 4., be a Poisson point measure on E whose intensity
measure u satisfies p(A,) < co for every n € IN. We shall refer to the following as the
Palm formula: for any measurable F' : E X #(E)— [0, 00),

E[ZF(zi,N—ézl)} :/Eu(dz)E[F(z,N)] . (1.20)

If one applies twice this formula, then we get for any measurable F' : EXEX . #y(E) —
[0, 00),

B[ Y e,z N6, -6.,)] :/

ijel E
i#£j

u(dz) /Eu(dz’)E[F(z7z',./\/)] . (1.21)

We next introduce the Poisson point measures that are used to define the population
associated with a CSBP.
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Infinite variation cases. We assume that V¥ is of infinite variation type. Let

P = 0s.21) (1.22)

i€l

be a Poisson point measure on [0, z]xID([0, o), [0, oc]), with intensity 1y ,1(y)¢(dy)Ny (dZ),
where Ny is the cluster measure associated with ¥ as specified in Theorem 1.8. Then,
for any ¢ € (0, c0), we define the following random point measures on [0, z]:

Zy=> 7jd,, and Z =Y 7 0, . (1.23)

i€l iel
We also set Zy = £(- N[0, z]). O

Finite variation cases. We assume that ¥ is of finite variation type and not linear.
Recall from (0.6) the definition of D. Let

2= 0(s;1;29) (1.24)
jeJ

be a Poisson point measure on [0, 2] x [0, o) x D([0, c0), [0, c¢]), whose intensity measure
is
Lo (0)e(dy) e~ P't(dt) [ w(ar) Po(a2).
(0,00)
where P, is the canonical law of a CSBP(V, r) and 7 is the Lévy measure of V. Then, for
any t € (0, 00), we define the following random measures on [0, z]:

Zi=e"PUC N[0+ Ly anZioy0nys Zm=e DU 00,2+ Y 1< Zl ) O,
jes jeJ

(1.25)

We also set Zy = (- N[0, z]). O

In both cases, for any ¢ € [0,00) and any B € #([0,z]), Z:(B) and Z;_(B) are
[0, 0¢]-valued .#-measurable random variables. The finite dimensional marginals of
(Z¢(B))te[0,0) are those of a CSBP(¥, £(B)): in the infinite variation cases, it is a simple
consequence of Theorem 1.8 (c); in the finite variation cases, it comes from direct com-
putations: we leave the details to the reader. Moreover, if By,..., B, are disjoint Borel
subsets of [0, 7], note that the processes (Z;(By))ic[o,0), 1 <k <n are independent. To
simplify notation, we also set

vt €[0,00), Z = Z([0,2]), (1.26)

that has the finite dimensional marginals of a CSBP(V, x).

1.3.2 Regularity of Z.

Since we deal with possibly infinite measures, we introduce the following specific no-
tions. We fix a metric d on [0, oc] that generates its topology. For any positive Borel
measures p and v on [0, z], we define their variation distance by setting

dyar(p,v) == sup d(u(B),v(B)) . (1.27)

Be#([0,x])
The following proposition deals with the regularity of Z on (0,00), which is sufficient

for our purpose. The regularity at time 0 is briefly discussed later.
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Proposition 1.10. Let Z be as in (1.23) or (1.25). Then,
P-a.s. ¥Vt € (0,00), hl_iglJr dvar (Zi4n,2:) =0 and hl—i>rg+ dvar (Z1—n, Z1-) = 0. (1.28)

Proof. We first prove the infinite variation cases. We proceed by approximation. Let us
fix sg € (0,00). For any ¢ € (0,1), we set

Vte (0,00), Zf=) Lz 5e} Zi a-
il

Note that #{i 1 : Z! >e} is a Poisson r.v. with mean zNy (Z,, > ¢) = xv,((e, o0]) < 0.
Therefore, Z¢ is a finite sum of weighted Dirac masses whose weights are cadlag [0, cc]-
valued processes. Then, by an easy argument, P-a.s. Z¢ is d,,,-cadlag on (0, o).

For any v € [0, 0], then set p(v) =sup{d(y, z); y < z <y+wv}, which is well-defined,
bounded, non-decreasing and such that lim,_,op(v) = 0. For any ¢ > & > 0, ob-
serve that Z&' = Zf + dier Lizi e(e' ey Zi6.,. Then, we fix T € (0,00), we set Yffs =

Dier 1{2206(5/,5}} Zéo+t and we get

sup dvar(Zf/,Zf) < (V) where V..:= sup Yf:E.
t€[sg,s0+T] t€[0,T

Note that Y¢' € is a cadlag CSBP(V). The exponential formula for Poisson point measures
and Theorem 1.8 (b) imply for any A€ (0, ),

— 1 log B[ exp (-AYy7)] :/ Vo (dr) (1 —e™") < A/Vsa(d’")”—>0~
( (

el ,E] 075] e—0

For any 7 € (0, 00), it easily implies lim._osup. ¢ P(YOE:E >n) =0. Next, note that
7 — Pr(supsepo, 71 Z¢ > 1) is non-decreasing and recall that lim, o4+ Pr(sup,ejo ) Ze >
7) =0, by Lemma 1.5. This limit, combined with the previous argument, entails that
lim. o SUDPe/¢(0,¢] Elp(Vz)] = 0.

Therefore, we can find a sequence ¢, € (0,1), p € NN, that decreases to 0 such that
> >0 E[p(Ve, .6, )] < 00, and there exists €2y € # such that P()9) =1 and such that
R, := Zqu ©(Veyi1,e,) — 0 as p— o0, on Q. We then work determininistically on
Qp: by the previous arguments, for all Borel subsets B of [0, z], for all ¢ € (sg,s0 + T)
and for all ¢ > p, we get d(Z,;°(B), 2,"(B)) < R, and d(Z;*(B), 2,"(B)) < R,, since
d is a distance on [0,00]. Since t > sy, the monotone convergence for sums entails
that lim, o Z;°(B) = Z(B) and lim, ,o, Z,°(B) = Z;_(B). By the continuity of the
distance d, for all B, all t € (sp,o0) and all p € N, we get d(2;(B), Z,"(B)) < R, and
d(Z;—(B), Z;*(B)) < R,. This easily implies that Z is d,.,-cadlag on (so, so +T) since the
processes Z°» are also dy,,-cadlag on the same interval. This completes the proof in the
infinite variation cases since sy can be taken arbitrarily small and 7" arbitrarily large.

We next consider the finite variation cases: we fix sy € (0,00) and for any ¢ € (0, 1),

we set .
vte(0,s0], Z=) Ly <t 2 5e) Zimt, O,
jed

Since #{j€J : t; < s9, Z}>¢} is a Poisson r.v. with mean z 7 ((e, 0c]) J0 e Pldt <o, Z°,
as a process indexed by [0, s¢], is a finite sum of weighted Dirac masses whose weights
are cadlag [0, oo]-valued processes on [0, so]: by an easy argument, it is d,.,-cadlag on
[O},lso]. Next observe that for any e > &' >0, 27 = 27 + 3,051, <y gic(erey Zi-t, Os,-
Thus,

sup dvar (27 , Z7) < ¢(Vye) where V. := Zl{thSmde(E,’E]} sup ]zg .

te[0,s0] jeJ te[0,sq
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The exponential formula for Poisson point measures then implies for any A € (0, o),

S
—%logE[eXp (—/\VE;E)] = /eO_Dt dt/ 7(dr) E, [1—e_>‘sup[0»solz} .
0 (e’ €]

We now use Lemma 1.7: if D € (0, 00), we set ¥*(\) = U(\) — DA and if D € (—o0, 0], we
simply take U* = W¥. Denote by »* the function derived from ¥* as « is derived from ¥
by (0.9). As a consequence of Lemma 1.7, we get E,.[1 — e *5"P0.201 2] < 1 — =" (s0:A),

Thus,
S0
—%logE[eXp (=AVe)] < /e_Dt dt/ m(dr) (1—e ™ (30’)‘))
0 (e’ €]
< soeIDlsou*(so,)\)/w(dr)r — 0.
(O,E] e—0
This easily entails lim._,osup. (o, E[¢(Vz;e)] = 0. We then argue as in the infinite

variation cases: there exists a sequence ¢, € (0,1), p€ N, that decreases to 0 and there
exists )y € ¥ with P(Q0) =1, such that R, :=>_ - ¢(V-,,,,,,) — 0 as p— o0, on (.
We work determininistically on Qq: we set Z; = Z;, — e~ P(- N[0, z]), that is the purely
atomic part of Z;. Then, for all B, forall t €0, so] and for all pe N, d(Z; (B), Z;"(B)) <R,
and d(Z;_(B), Z;*(B)) < R,. This implies that P-a.s. Z* is dys-cadlag on [0, s, by the
same arguments as in the infinite variation cases. Clearly, a similar result holds true
for Z on [0, sg], which completes the proof of Proposition 1.10, since s, can be chosen
arbitrarily large. O

Note that in the finite variation cases, Z is d,.,-right continuous at 0. In the infinite
variation cases, this cannot be so: indeed, set B = [0, z]\{x;; i€ I}, then Z,(B)=0 for
any t€ (0, 00) but Zy(B)=/¢(B)=x. However, we have the following lemma.

Lemma 1.11. Assume that VU is of infinite variation type. Let Z be defined on (2, %, P)
by (1.23). Then
VB € B(0.a]), P-as. lim Z(B)=((B).

This implies that P-a.s. Z; — Z, weakly ast — 0+.

Proof. Since (Z:(B)):c[0,0c) has the finite dimensional marginal laws of a CSBP(¥, /(B)),
it admits a modification ¥ = (Y})c[0,) that is cadlag on [0,00). By Proposition 1.10,
observe that Z.(B) is cadlag on (0,00). Therefore, P-a.s. Y and Z.(B) coincide on
(0, 00), which implies the lemma. O

1.3.3 Proof of Theorem 0.2 and of Theorem 0.3 (7).

Recall the notation Z; = Z,(]0,z]). By Proposition 1.10, Z is cadlag on (0,00) and by
arguing as in Lemma 1.11, without loss of generality, we can assume that Z is right con-
tinuous at time 0: it is therefore a cadlag CSBP(¥, x). Recall from (0.11) the definition
of the absorption times (y, (-, and ¢ of Z. We first set

Ve [0,0), VB € B(0,2]), My(B) = ZfZ(B) .

(1.29)
Observe that M has the desired regularity on [0, ¢) by Proposition 1.10 and Lemma 1.11.
Moreover M satisfies property (0.17). It only remains to define M for the times ¢ >( on
the event {( <oo}.

Let us first assume that P({y; < 0o) > 0, which can only happen if ¥ satisfies (0.15).
Note that in this case, ¥ is of infinite variation type. Now recall & from (1.22) and Z
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from (1.23). Thus, (o = sup;¢; ¢, where ¢} stands for the extinction time of Z. Then,
P(¢ < t) = exp(—aNyg(¢p > t)). Thus, Ng({p >t) = v(t), that is the function defined
right after (0.15) which satisfies f;(i) dr/%¥(r) = t. Since v is C1, the law (restricted to
(0, 00)) of the extinction time ¢, under Ny is diffuse. This implies that P-a.s. on {(y <oo}
there exists a unique 4o € I such that ¢, = (. Then, we set & := sup{¢} ; i € I\{io}},
e = x;, and we get M; = §, for any ¢ € (£y,¢p). Thus, on the event {{y <o} and for any
t> (o, we set My = . and M has the desired regularity on the event {(y <oo}. An easy
argument on Poisson point measures entails that conditional on {{y < o0}, e is uniformly
distributed on [0, z].

Let us next assume that P({, < o0) >0, which can only happen if ¥ satisfies (0.13).
We first consider the infinite variation cases: note that (., =inf;c; (%, where (' stands
for the explosion time of Z’. Then, P((s >t) = exp(—2Ny((sx < t)). Thus, Ny (s <

t) = k(t) that is the function defined right after (0.13) which satisfies foﬁ(t) dr/(¥(r))- =
t. Since k is C!, the law (restricted to (0,00)) of the explosion time (., under Ny is
diffuse. This implies that P-a.s. on {(. < oo} there exists a unique i; € I such that
(oo = C};. Then, on {(., < oo}, we set e = z;, and M; = §,, for any ¢ > (.. Then, we
get lim; ¢ _||M; —e|lvar =0 and an easy argument on Poisson point measures entails
that conditional on {(. < o0}, e is uniformly distributed on [0, z]. This completes the
proof when ¥ is of infinite variation type. In the finite variation cases, we argue in
the same way: namely, by simple computations, one shows that for any ¢ € (0, c0),
#{jedJ: t;<t, Zi_tj =00} is a Poisson r.v. with mean zx(t); it is therefore finite and the
times of explosion of the population have diffuse laws: this proves that the descendent
population of exactly one ancestor explodes strictly before the others, and it implies the
desired result in the finite variation cases: the details are left to the reader. |

Remark 1.12. Note that the above construction of M entails Theorem 0.3 (i). O

2 Proof of Theorem 0.3.

2.1 Results on Grey martingales.

We briefly discuss the limiting laws of Grey martingales (see [14]) associated with
CSBP that are involved in describing the asymptotic frequencies of the settlers. Recall
from (1.23) and (1.25) the definition of Z;: for any y fixed, t— Z;([0, y]) is a CSBP(¥, y)
and for any t fixed, y — Z:(]0,y]) is a subordinator. Let 6 € (0,00) and y € (0, z].
We assume that u(—t,#) is well-defined for any ¢ € (0,00): namely, we assume that
k(t) <0 <w(t), for all t € (0,00). Recall that (0.8) extends to negative times. Therefore,
t — exp(—u(—t,0)Z([0,y])) is a [0, 1]-valued martingale that a.s. converges to a limit
in [0,1] denoted by exp(—W¢), where W/ is a [0, cc]-valued random variable. Since
y—u(—t,0)Z,([0,y]) is a subordinator, y — W/ is a (possibly killed) subordinator. We
denote by ¢y its Laplace exponent that has therefore the general Lévy-Khintchine form:

YAE[0.00), 0N = ko dod+ [ auldr) (1),
(0,00)
where kg, dy € [0, 00) and f(o se)(1AT) 00(dr) < oo. Note that ¢y(1) = 0, by definition. We
first consider the behaviour of CSBP when they tend to oco.

Proposition 2.1. We assume that ¥ is not linear and that ¥'(0+) € (—o0,0), which
implies that U is conservative and v € (0, 00]. Let 8 € (0,v). Then, u(—t,0) is well-defined
for all t€ (0, 00) and lim¢_, u(—t,0) = 0. For any 6’ € (0,v) and any y € (0, z], we then get
P-as.

eﬂ) 2.1)

0 __ 0’ —
W? = RyygW!  where Ry := exp (\Iﬂ(o+) / T
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WY is a conservative subordinator without drift: namely kg = dg = 0. Moreover,

log A
YA€ (0,00), dp(N) = “(T(Oﬂ , 9) and 0y((0,00)) =7 . 2.2)
Thus, if v < oo, W? is a compound Pojsson process with jump-rate v and jump-law %Q@
whose Laplace transform is A — 1 — (%, 0).

Proof. Let € (0,v) and ¢t€(0,0). Note that v(t) >~ and since ¥ is conservative, x(t)=0.
Thus, for all ¢t € (0,00), u(—t,8) is well-defined. Note that ¥ is negative on (0,7), then,
by (0.9), lim;—, o u(—t,0) =0 and lim;_, u(t,0) =+, even if y=o00. Next, observe that

m = exp (/:d)\ Oy log(u(—t, A))) = exp (/?\PS(L(_;T:\?)) \I/d()/\\)) . (2.3)

This entails (2.1) since limy_,o ¥(A\)/A = U/(0+). Thus, ¢o(1/Rep) = ¢o(1) = 6.
Then, take 0’ = u(t,6): by (0.9), it implies that ¢g(e~Y (01)t) = u(t,0), for any t € R,
which proves the formula for ¢y in (2.2). Next observe that kg = limy_,0¢g(\) =
lim; oo u(—t,0) = 0. Namely, W? is conservative. Also note that limy .., ¢g()) =
limy_, o u(t,8) = . Thus, if ¥ < 0o, dy = 0 and the last part of the proposition holds
true.

We next assume that v = co. Then, —V is the Laplace exponent of a conservative
subordinator and we are in the finite variation cases. We set A(t) := log(e? Dtu(t, §))
and we observe that logdy = limy_,c A(t), by taking A = =¥ Pt in (2.2). An easy
comptutation using (0.8) entails

A(t) —logd = /Ot(\If’(O—&-) + 05 logu(s,0))ds = /Ot(xll’(0+)_\1m )ds
t/o (T’(O+)—W)ds.

Recall that limy o, ¥(A\)/A = D. Then, for any s € (0,1],

) U(u(st,0)) /
lim ¥ (04)— ———2~ =V (0+) - D = — dr) <0,
tholo ( +) U(Slf, 9) ( +) (0,00) 7'7'1'( T)
since 7 # 0. This implies that lim;_, ., A(t) = —oc and thus dy = 0. O

We complete this result by the following lemma.

Lemma 2.2. We assume that V¥ is not linear and that ¥’ (0+) € (—c0, 0), which implies ¥
is conservative and v € (0, 00]. Let 0 €(0,~). Then, u(—t, 0) is well-defined for all t € (0, c0)
and lim;_, . u(—t,f) = 0. Moreover, there exists a cadlag subordinator W? whose initial
value is 0 and whose Laplace exponent is ¢y as defined by (2.2) such that

P-as. Vye[0.a], lim u(—t,0)2,([0,y]) = w! and Jim u(—t,0)2,({y}) = AW

—00
where AW/ stands for the jump of W9 at y.

Proof. We first assume that ¥ is of finite variation type. Fix ¢, sg € (0,00). Recall from
(1.24) the definition of 2 and observe that

: : {tj<5o,ZJ>E} (Ijxtjazj) : : 5Xn7T ,Z(M))»

s 1<n<N
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where N is a Poisson r.v. with mean C := D }(1—e P%)7((¢,00)) and conditionally
given N, the variables X,,, T},, Z ("), 1 <n < N are independent: the X,, are uniformly
distributed on [0, 2], the law of T}, is (1—e~P%0) "1 De~ P14 , 1(¢)¢(dt) and the processes
Z™ are distributed as CSBP(¥) whose entrance law is 7((e, 00)) "!1(. ) (r)7(dr). When
D = 0, one should replace (1 — e P*)D~! by ¢ in the last two expressions. We next
observe that u(—t, 9)Zt(f)Tn =u(—(t —T,),u(—T,, 0))Zt(f)Tn — V,, exists as t — oo and by
Proposition 2.1,

E[e_)‘v] W((Eloo))/( (d )E[ —rPu(—Tp, 9)()\) —xC~ /dte_Dt/ dr —T¢u(—t,0)(N) (2.4)
£

,00) (e, 00)

As ¢ — 0 and so — oo, this proves that there exists )y € .# such that P(€y) = 1 and on
Qo, for any j € J, limy_, o0 u(—t,0)Z;({x;}) = limy_y00 u(— t,@)Zt_tj =: A, exists in [0, c0).
Then, on €, for any y € [0,z], we set W) = 3", 110,,)(;)A; and we take W’ as the
null process on \(. Clearly, W? is a cadlag subordinator whose initial value is 0. We
next prove that its Laplace exponent is ¢y. To that end fix y € (0, z]; by (2.4)

Elexp (-AY 1 cpiaoeincondi)| = Elew (<A Y LV
je€J

1<n<N

= exp /dte Dt/ 1—e"¢“< ”)O‘)))
(e, <>O)

Lete — 0 and sy — oo to get

~LlogE[e ] = /dte’Dt/w(dr)(l — e Tu-0 (V)
Y 0 (0,00)
= /dt e P (Du(—1.0)(N) = U(Du(—t,6)(N)) - (2.5)
0

Then, we set g(t) := e P!p,(_s0)(A). By (2.2) and (0.8), g(t) = e~ Plu(—t, pg(A)). Thus,
Org(t) = e‘Dt(\II(qéu(,t,@) (A)) = D¢y (—t,6)(A)) and to compute (2.5), we need to specify the
limit of ¢ as ¢ tends to co: since limy_, o u(—t, po(A)) =0

Y(u(=t, d9(A)))

Orlogg(t) = W—Lo0N) D - v'(0+)—-D = — /(O;()dr)r <0

which easily implies that lim;_, g(f) = 0 and by (2.5), we obtain that Efexp(—AW})] =
exp(—ypg(A)). Namely, the Laplace exponent of W is ¢,.

From Proposition 2.1, for any y € [0, z], we get P-a.s. lim;_, o u(—t,0) Z;([0,y]) =: W,
where the random variable ng has the same law as Wg . Next observe that

u(—t,0)Z,((0,y]) = u(—t,0)e Py + > 11 <yul—t,0) Z({x;}) .
jEJ

Recall from above that lim;_ ., e Pu(—t,0) = 0. Thus, by Fatou for sums, we get P-
as. W) >3 1, <,3A; = W), which implies W, = W,/. Then, there exists Q; € .7
such that P(€) = 1 and on Qy, for any g€ Q N [0, 2], limy_, o u(—t,60) Z,([0, q]) = W.

We next work deterministically on Q> = N Q. First observe that if y ¢ {z;;j€J},
Z:({y}) = 0. Thus, by definition of W?, for any y € [0, 2], we get lim;_, ., u(—t,0)Z;({y}) =
AWye. Moreover, for any y € [0,z) and any g € Q N [0, z] such that ¢ > y, we get

W < liminf u(~t,0)Z,([0,y]) < limsupu(~t,60)Z((0,9]) < WY,

t—o00
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the first equality being a consequence of Fatou. Since W is right continuous, by letting
g go to y in the previous inequality we get lim;_, . u(—t,0)Z:([0,y]) = Wy(’ for any y €
[0, 2] on 5, which completes the proof of the lemma when ¥ is of finite variation type.

When U is of infinite variation type the proof follows the same lines. Fix €,s9 €
(0, 00), recall from (1.22) the definition of & and recall the Markov property in Theorem
1.8 (c). Then observe that ), ; 1{Zio>€}5(mhzio+-) = 1<n<n9(x,,zm), where N is a
Poisson random variable with mean C := xNg(Z;, > ¢) and, conditionally on N, the
variables X,,, Z(™), 1<n< N, are independent: X,, is uniformly distributed on [0, 2] and
the processes Z(") are CSBP(¥) whose entrance law is given by Ny (Z,, € dr|Z,, > ¢).
Then, note that u(—t,G)Zt(f)SO = u(—(t — so),u(—so,H))Zt(flO — V,, exists as t — oo and
by Proposition 2.1, E[exp(—AV,,)] = Ny (exp(—¢y(—sy,0)(A)Zsy)|Zs, > €). By letting € and
S0 go to 0, this proves that there exists 0y € % such that P(€) = 1 and on Q, for any
i € I, limy_yoo u(—t,0)Z ({x;}) = limy_ oo u(—t,0)Zt =: A; exists in [0,00). Then, on o,
for any y € [0,z], we set W = Y., 1[0, (2i)A; and we take W* as the null process on
O\Qp. Clearly, W is a cadlag subordinator whose initial value is 0 and we prove that
its Laplace exponent is ¢y as follows. First note that

E[exp(421{%9;220%}&)} - E[exp<f)\ 3 1{Xn§y}vn)} (2.6)
1€l

1<n<N

= exp (_ yN\IJ (1{250 >5} (1 — e_¢u(—50,9) ()\)ZSD))> .

By (2.2) and (0.8), we get Ny ( 1 — e~ Pu-s0.0(NZ0) = $o()\). Then, by letting ¢, sy — 0
in (2.6), we get E[exp(—/\sz)] = exp(—yde(A)). We next proceed exactly as in the finite
variation cases to complete the proof of the lemma. O

We next consider the behaviour of finite variation sub-critical CSBP.

Proposition 2.3. Let ¥ be a branching mechanism of finite variation type such that
U’(0+) € [0,00). Then, ¥ is conservative and persistent, D € (0,00), and for all §,t €
(0,0), u(—t,0) is well-defined and lim;_, ., u(—t,0) = co. For any 6,6’ € (0,00), and any
y€ (0, z], we also get P-a.s.

Wy = S Wi where Sy i=exp (D /GdA) 2.7)
y — o0 Wy 610 ‘= €Xp STV .
W7 is a conservative subordinator. Namely, k¢ = 0. Moreover,
log A
YA€ (0,00), dp(N) = u(—T, 0) and 0y((0,00)) = 7((0,00))/D . 2.8)
The subordinator W has a positive drift ifff(o 1 m(dr) rlog1/r < oo. In this case,
>~/ D 1
logdg =logh — | (—x—~)d\. 2.
ogdy = log 0 /9 (W(A) )\)d)\ (2.9)

Proof. Since ¥ is conservative and persistent, x(t) = 0 and v(t) = oo and u(—t,0) is
well-defined for any 6 € (0,00). Moreover, (0.9) implies that lim;_, . u(—t,8) = co and
lim; o u(t,8) = 0. Recall that limy_,o, ¥(A\)/\ = D. Then, (2.3) entails (2.7). We then
argue as in the proof of Proposition 2.1 to prove that ¢g(e~P*) = u(t,0) for any t € R,
which entails the first part of (2.8). Thus, kg = limy_0 ¢g(\) = limy_,oo u(t,0) = 0 and
W? is conservative.
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We next compute the value of dy. To that end, we set B(t) = log(e~P*u(—t,6)) and we
observe that logdy = lim;_,~, B(t), by taking A = e¢”? in (2.8). By an easy computation
using (0.8), we get

log 6 —B(t)= Ods(D +d,1og u(s,0)) :/tds (D - W) :/:(d;e)(qf(jﬂ_i),

(2.10)
Now recall that D — A1 W(X) = [, ) 7(dr)(1 - e~*")/\. Thus,

0Bl = [rtan [ in A [ o
log —Bt:/wdr/ d\ ——— —— Wdr/d)\izzl. (2.11)
(0,00) J6 AU(A) e Ji0,00) o AV (N)

Now observe that A — A~1W¥()) is increasing and tends to D as A — oco. Thus, J <I<

WLG)J where
o0 1 _ —
/ / A\ ——— /W(dT‘) r| du s .
0,00) 0,00) or H

Clearly, J < oo iff fo 1 m(dr)rlog1l/r < oo, which entails the last point of the proposi-
tion. By an easy computatlon, (2.10) implies (2.9).

It remains to prove the second equality in (2.8). First assume that dy = 0. This
implies that 7((0, 00)) = co and the first part of (2.8) entails gy((0,00)) = limy_ o Pg(N) =
lim¢_, o u(—t, 0) = 0o, which proves the second part of (2.8) in this case. We next assume
that dy > 0. We set C(t) = u(—t,0) — dpePt. Thus, 04((0,0)) = lim;_,~, C(t). By (2.10),
we get

C(t) dy > 1 o 1
=1-—"2  _—1_ A\ (g5 = 5)) ~imoo | dX (g — 1)-
u(—t,0) e—Dtu(—t,0) eXp( /( o g by A)) = /( te() N %)
Then, C(t) ~isoo F(u(—t,0)) where F(z) = = [” (gay — 3)d\. We then set p()) =

DX — ¥()) and we observe that limy o, ¢(A) = 7((0, 00)). Thus,

[T g [ el 7((0.09) < dp _ 7((0,%0)
o= [ et = T

which implies the second part of (2.8). O
We complete this result by the following lemma.

Lemma 2.4. Let ¥ be a branching mechanism of finite variation type such that ¥'(0+) €
[0,00). Then, ¥ is conservative and persistent, D € (0, 00), and for all §,t€ (0, c0), u(—t, 6)
is well-defined and lim;_,, u(—t,f) = co. Moreover, there exists a cadlag subordinator
WY whose initial value is 0 and whose Laplace exponent is ¢¢ as defined by (2.8) such
that

P-as. Vye[0.a], lim u(—t,0)2,([0,y)) = W) and Jim u(—t,0)2,({y}) = AW

— 00

where AW/ stands for the jump of W* at y.

Proof. The proof Lemma 2.2 works verbatim, except that in (2.5)

/Oo;t e P (Ddu(—1,0)(N) = W(Du(—1.0)(N)) = do(A) — doX

which is easy to prove since e~ Ptgy(ePt\) — dg)\ as t — oo. O

EJP 19 (2014), paper 6. ejp.ejpecp.org
Page 20/31


http://dx.doi.org/10.1214/EJP.v19-2831
http://ejp.ejpecp.org/

On the Eve property for CSBP

2.2 Proof of Theorem 0.3 (ii-b), (ii-c) and (iii-b).

We now consider the cases where there is no Eve property. Recall that = € (0, 00) is
fixed and that ¢ stands for Lebesgue measure on R or on [0, 2] according to the context.
Recall that ¥ is not linear and recall the notation Z; := Z,([0,z]). We first need the
following elementary lemma.

Lemma 2.5. For anyt€(0,00], let m; € M1([0,z]) be of the form

my = al + Z mi({y})dy,

yeS

where S is a fixed countable subset of [0, z] and a; € [0, 00). We assume that for any y€ S,
limy oo mi({y}) =moo({y}) and lim;_, o, a; =aco. Then, lim;_, o || — Moo ||var =0.

Proof. Forall e€ (0, 00), there is S. C S, finite and such that }© ¢\ 5. moo({y}) <e. Then,
for any AC|[0, z]

mi(A)=meo(A)| < @lar—aoo| + D [me({y}) —moc({y}) + D mu({y}) + > moo({y})
yEeS, yeS\ S, yeS\S:
< @lar—acel + Y Imi({y}) —mec({y})| + 1—aw =Y mi({y}) +e.
yES. YES.

Thus,

limsup sup [my(A)—me(A4)| < 1—awz _Zmoo({y}) te=¢e+ Z me({y}) < 2¢,
=0 AC[0.q] yeS. yeS\S.

which implies the desired result. O

Proof of Theorem 0.3 (ii-b) and (ii-c). Recall that B={(=00; lim;_,oc Zt=00}. We
assume that ¥'(0+) € (—o0,0), which implies « € (0, o] and that ¥ is conservative. Let
6 € (0,7) and let W? be a cadlag subordinator as in Lemma 2.2. Recall that its Laplace
exponent is ¢y as defined by (2.2). It is easy to prove that P-a.s. liwosoy=1p. We now
work a.s. on B: it makes sense to set M (dr) = dW?/W? that does not depend on
as proved by (2.1) in Proposition 2.1. Note that M; = a,{ + 3_ s M:({y})d, either with
a;=0and S = {x;; i€} if U is of infinite variation type, or with a; =e~P!/Z, and S =
{x;; j€J} if U is of finite variation type. Next note that {y €[0,z] : AW >0} C S and
since W has no drift, we get M., = > yes Moss({y}) 0. Then, Lemma 2.2 easily entails
that a.s. on B, for any y € S, lim;_,oc M;({y}) = Msx({y}). Next, recall from the proof
of Proposition 2.1 that lim;_, . u(—t,0)e~ P! = dg = 0, which implies that lim;_,~, a; = 0.
Then, Lemma 2.5 entails that a.s. on B, lim;_, oo || My — Mo ||var = 0.

If v < oo, then Proposition 2.1 entails that W is a compound Poisson process: in this
case and on B, there are finitely many settlers and conditionally on B, the number of
settlers is distributed as a Poisson r.v. with parameter z7y conditionned to be non zero,
which completes the proof of Theorem 0.3 (ii-b). If v = 0o, then the same proposition
shows that W7 has a dense set of jumps. Therefore, a.s. on B there are a dense count-
able set of settlers, which completes the proof of Theorem 0.3 (ii-c). In both cases, the
asymptotic frequencies are described by Proposition 2.1 and Lemma 2.2 O

Proof of Theorem 0.3 (iii-b). Recall that C' = {{ = c0; lim;_,o, Z; =0}. We assume
that U is of finite variation type, which implies that W is persistent. Also recall that
P(C)=e"7"">0. Thus, we also assume that y < co. Then, observe that Z under P(-|C)
is distributed as the process derived from the finite variation sub-critical branching

EJP 19 (2014), paper 6. ejp.ejpecp.org
Page 21/31


http://dx.doi.org/10.1214/EJP.v19-2831
http://ejp.ejpecp.org/

On the Eve property for CSBP

mechanism (- 4+ 7). So, without loss of generality, we can assume that ¥ is of finite
variation and sub-critical, namely ¥’(0+) € [0, c0), which implies that ¥ is conservative
and D€ (0, 00).

Let 6 € (0,0¢) and let W? be a cadlag subordinator as in Lemma 2.4 whose Laplace
exponent ¢y is defined by (2.8). Since V is conservative and persistent, it makes sense
to set M., (dr)=dW?/W? that does not depend on § as proved by (2.7) in Proposition
2.3. Note that M; = a.l + 3, .o M;({y}) where a; = e ""/Z; and S = {z;; j € J}, and
observe that {y€[0,z] : AW/ >0} C S. Recall that dy stands for the (possibly null) drift
of W®. Then, we get Moo = ool + 3, c g Moo({y}) 0y, Where aoo =dg/W{. By Lemma 2.4,
a.s. for any y € S, lim;_,oo M:({y}) = M ({y}) and recall from the proof of Proposition
2.1 that lim;_, o, u(—t, 8)e~ Pt =dy, which implies that lim; .., a; = a~. Then, Lemma 2.5
entails that a.s. lim;_, oo || Mt — Moo ||var = 0.

If 7((0,1)) < oo, then 7((0,00)) < co and f(O,l) 7(dr)rlogl/r < co. Proposition 2.3
entails that W? has a drift part and finitely many jumps in [0,z]: there is dust and
finitely many settlers. More precisely, conditionally given C, the number of settlers
is distributed as a Poisson r.v. with parameter 5 f(O,oo) e "m(dr) since e "7 (dr) is
the Lévy measure of U(- 4+ «). This proves Theorem 0.3 (iii-b1). If 7((0,1)) = co and
f(071) 7(dr) rlog1/r < oo, Proposition 2.3 entails that W has a drift part and a dense set
of jumps in [0, z]: thus, a.s. on C, there is dust and infinitely many settlers. This proves
Theorem 0.3 (iii-b2). Similarly, if f(0,1) m(dr)rlog1l/r = co, Proposition 2.3 entails that
a.s. on C, there is no dust and there are infinitely many settlers, which proves Theorem
0.3 (iii-b3). In all cases, conditionally on C, the asymptotic frequencies are described
thanks to Proposition 2.3 and Lemma 2.4 applied to the branching mechanism ¥(- + 7).
O

2.3 Proof of Theorem 0.3 (ii-a) and (iii-a).
2.3.1 Preliminary lemmas.

Recall that € (0,00) is fixed and recall that .#;([0,z]) stands for the set of Borel
probability measures on [0, z]. We first recall (without proof) the following result - quite
standard - on weak convergence in .7 ([0, z]).

Lemma 2.6. For any t € [0,00), let m; € .#:([0,z]) be such that for all ¢ € Q N [0,x],
lims—, oo m+([0,q]) exists. Then, there exists mo, € .#1([0,x]) such that lim; oo m: = Moo
with respect to the topology of the weak convergence.

Recall the definition of (M}).c[0,o) from Theorem 0.2 and Section 1.3.

Lemma 2.7. We assume that VU is not linear and conservative. Then, there exists a
random probability measure M, on [0, z] such that P-a.s. lim;_, ., My =M, with respect
to the topology of the weak convergence.

Proof. Based on Lemma 2.6, it is sufficient to prove that for any ¢ € Q N [0,z], P-
a.s. limy oo M:([0, q]) exists. To that end, we use a martingale argument: for any ¢ €
[0,00), we denote by ¥; the sigma-field generated by the r.v. Z5([0,q]) and Z((qg, z]),
where s ranges in [0,¢]. Recall that Z; = Z([0, ¢]) + 2:((q, z]) and that (Z([0, q]))¢c[0,00)
and (Z;((q, z]))e[0,00) are two independent conservative CSBP(¥). Then, for any A, 1 €
(0,00) and any ¢, s € [0, 00)

E[exp (—p24+5(10.4) = AZess) [ 4] = exp (—uls, A1) Ze([0, q]) —uls, X) Z¢((q, 2]))
By differentiating in u = 0, we get

E[l(z,.>0 20510, 0)) e A | 4] = Liz5002:(0,q)) e OV Opu(s,A) . (2.12)
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By continuity in A, (2.12) holds true P-a.s. for all A € [0,00). We integrate (2.12) in
A: note that for any z € (0,00), I(2) = [, dAe "N 9zu (s, A) =271 (1—e "()?) if U is
non-persistent (here v is the function defined right after (0.15)) and I(z) = 2~ Lif O is
persistent. In both cases, I(z) <z~! and thus we get

Z145([0, Z¢ ([0,
E[l(z,,.50Mi1s(0,0) | %] = Ellz,, 50 252D 9] < 1z0 20D
< 1yz,50yMi([0,4q)).

Then, t — 177,501 M;([0,q]) is a nonnegative super-martingale: it almost surely con-
verges and Lemma 2.6 applies on the event {(p =c0}. Since we already proved that M
has an Eve on the event {(y <o}, the proof is complete. O

For any v € [0,1) and any ¢ € (0, o], we set
Ry (v) =inf {y € [0,2] : My([0,y]) > v} . (2.13)

Let U,V : © — [0,1) be two independent uniform r.v. that are also independent of
the Poisson point measures & and 2. Then, for any ¢, s € (0, ], the conditional law
of (R;'(U),R;*(V)) given & and 2 is M;® M,. Moreover, Lemma 2.7 and standard
arguments entail

Pas.  lim R7(U)=RJ(U) and lim R;'(V)=R(V). (2.14)

—00 —00

For any ¢ € (0, c0), we recall the definition of the function v(t) = limy_,o u(t, A) that is in-
finite if ¥ is persistent and finite if ¥ is non-persistent. Recall that u(—t,-) : (k(¢),v(t)) —
(0, 00) is the reciprocal function of u(t,-). It is increasing and one-to-one, which implies
that lim_, ) u(—t, A) = oc.

Lemma 2.8. Let us assume that ¥ is conservative. Then, for all t,0 € (0,00) and all
s€[0,00),

o(t) u(—t, w)— (uw(=t, w)—u(s,0))
—0Zi4s\1 .2 —zw +
E[l{R;l(U#R;S(V)}(l—e + )] —x/o dw ¥(w) e Tlult, w)) )
(2.15)

where (- )4 stands for the positive part function.

Proof. We first prove the lemma when ¥ is of infinite variation type. Recall from (1.22)
the definition of &7 and observe that the jumps of the distribution function of the random
measure M, are given by the collection Z¢/ D oker zF i € I. Recall that R; ' stands for
the inverse of this distribution function. If ¢ € I (resp. 5 € I) is the index of the jump in
which R; ' (U) (resp. R;},(V)) falls then {R; ' (U) # R;\',(V)} is the event where i and j
are distinct. Consequently on the event {Z;,; >0} we get,

zZi 7
E[1 Sy | 2] =D LT :
(R ) i,jel (Z%WLZiJFZke]\{i,j} Zf) (Zi+s+zg+s+2kef\{i,j} Z?—s—s)

i#j

Hence E[l{Rt_l(U#Rt_:S(V)}(1—6*92t+5) 2] is equal to

zizl,, (1 e (@ A2 A e 0y 2 )

zge:z (zi+2] + 2 ken i 26) (Zhis +7]., + ke i) 2brs) .
i#£j
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To simplify notation, we denote by A the left member in (2.15). By applying formula
(1.21), we get

/ —0(Ztys+Zyy +Ziys
1{2t+s+zg+s+zt+s>0}zt Zt+8 (1 —€ (BetotZey - ))]

(2t + 24 + Z4)(Ztgs + 2y + Zigs)

A= mQ/N\y(dZ)/Nq,(dZ') E

For any A\, A2 € (0,00), we then set
B(A, X)) = / Ny (dz) / Ny (4Z)) B|2,2) o B 20 - B 2 20|
— Ny (Zte_/\lzf_/\ﬂf“) Ny (Zt+se—xlzt—xzzt+5) E[e—,\lzt—,\zzprs]
Recall that Ng (1 — e~*%t) = u(t, \) and recall Theorem 1.8 (c). Then, we first get
Ny (Zte_’\lz‘_)‘zz‘“) = Ny (Zte (Artu(s;r2)) ) Ou (t, M +u(s, A2)).
By the same argument we get

Ny (Zpsse ME722250) = 9y Ny (1 — e NP A2Zs) = 9y Ny (1 — e~ (MrfulsAe))ze)
= Ohu(s, A2) Oau(t, A\1+u(s, A2)).

This implies that
_ 2 _zu(t,\+u(s,\2))
B(A1,A2) = Oxu(s, A2) (8,\u(t,/\1 —I—u(s,)\g))) e ) (2.16)
An easy argument then entails that
A= .7,‘2/ / dX\1d)o (B()\l, /\2)—3()\1, )\2+9)) .
0 Jo
Set C(0) := x? fo fo (A1, Aa+0) dA1d)2. The previous equality shows that A = C(0) —

C(9). We recall that v(s) = limy—, o u(s, A) and let us compute C(6). To that end we use
the changes of variable y = u(s, \2+6) and A = A, + y to get

v(s)
c) = /d)\/ dy (Oxu(t, )\1+y)) e~TultAity)
u(s,0)
A1+v(s)
= 2/ d/\/ A\ (Dyu(t, A))? e ),
A1 +tu(s, 0)

Recall from (0.9) that dyu(t, A) = U(u(t, A))/P(A) and note that U(A) = U(u(—t,u(t,N))).
Then, by the change of variable w = u(t, ), we get

u(t, )\1+v(s
= ac2/ d)\l/ \I!(w) e v,

t, A1 4u(s 0) ( t w))
Thus,
u(t, k1+u(s 0)) N,
A = C0)-C@0) = x2/ d)\l/ _ Uw) e
(tA1) U (u(—t,w))
v(t) \I’(’LU)
2 —zTw
= d d\ 1 I Sas
x/o w/o 1 {u(t,)\l)Swgu(t,)\lJru(s,O))} \I/(u(ft,w))e
o(t) u(—t, w)— (u(—t,w)—u(s,o
= gcQ/ dw ¥ (w) e ( )~ (ut )l ))+,
0 U (u(=t, w))
EJP 19 (2014), paper 6. ejp.ejpecp.org

Page 24/31


http://dx.doi.org/10.1214/EJP.v19-2831
http://ejp.ejpecp.org/

On the Eve property for CSBP

which is the desired result in the infinite variation cases.

The proof in the finite variation cases is similar except that Z and M are derived
from the Poisson point measure 2 defined by (1.24). Note that ¥ is persistent. We
moreover assume it to be conservative: thus, Z; € (0,00), for any ¢ € [0, 00). Let A stand
for the left member in (2.15). Then, A = A; + A, where

1 j 1 — )
A= B [m Z Lty <ty i, (Zess =Lt <isy Ly s, ) (1—e€ ezt“)} ;
jed
L ze— Dt —0Z44s
A2 = E[T(l—e + ):| .

A; corresponds to the event where U falls on a jump of R;, while A, deals with the
event where it falls on the dust. The latter gives

Ay = xe—Dt/O(;)\E[e—AZt_e—)\Zt—OZsH] — C(,‘e_Dt/OC?)\ (e—xu(t,/\) _ e—xu(t,/\+u(s,9))).
0 0

We next observe that A; = [~ [ dA1dA; (B(M, A2)—B(\1, A2 +6)), where for any A\;, A2 €
(0,00) we have set

B()q, /\2) = E|:€_)\1Zt—>\2Zt+SZ 1{t1§t}zz—tj (l‘e‘D(t—‘rS) + Z 1{tk§t+s}zf+s_tk)]

j€J keJ\{i}
t
= E[ZtJrse_/\the_)‘zZt“] x/ e_Dbdb/ 7 (dr) E, [thbe_)‘lzt*be_kzzt“*b].
0 (0,00)

(2.17)

Here we apply Palm formula to derive the second line from the first one. The first
expectation in (2.17) yields

E [Zﬂ_se*)‘lzte*)‘zzﬁs} = (s, A2)Oru(t, Ay + u(s, Ag)) z e~ TulbAituls:A2)
The second term of the product in (2.17) gives

t
x/ e Pdb | w(dr) dyu (t—b, A1 +u(s, \2)) reTut=bAtu(s,22))
0 (0,00)

= x/teDbdbﬁ)\u (t—b, A 4u(s, X)) (D= (u(t—b, A1 +u(s,\2))))

- $<6,\u (t, Atu(s, A2)) — 6_Dt>

Here, to derive the second line from the first one, we use fooo a(dr)re™™ = D —
U’(A). To derive the third one from the second one, we use the identity d\u (t,\) =
—U(\)~10,u(t,\) and we do an integration by part. Recall B(A;, \2) from (2.16). By the
previous computations we get

B(A1, A2) = 22B(A1, Aa) — 220zu(s, A2)Oxu(t, A + u(s, Ay))e™ PlemultAituls:A2)
Recall that we already proved that 22 [* [ dA\1dA2 (B(A1, A2) — B(A1, A2 +6)) equals the
right member of (2.15). So, to complete the proof, we set

[eolyle e}
F(0) := / / dAy dho Oxu(s, Aa + 0) Dzu(t, A1 + u(s, Ay + 0)) e Plemmult:ituls:A2+0))
0 JO

and calculations similar as in the infinite variation case yield z?(F(0) — F()) = —As,
which entails the desired result in the finite variation cases. O

To complete the proof of Theorem 0.3, we need the following technical lemma whose
proof is postponed.

Lemma 2.9. Assume that ¥ is not linear. Then, P-a.s. for all y € [0, z], lim;_,c M:({y})
exists.
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2.3.2 Proof of Theorem 0.3 (ii-a).

We temporarily admit Lemma 2.9. We assume that v >0 and that ¥ is conservative. To
simplify notation, we denote by {Z — oo} the event {lim; ,., Z:=00}. Recall from (1.22)
and (1.24) the definition of the Poisson point measures & and 2. For any t € (0, c0), we
define the following:

= Z 6(%’2?“) and 2t = Z Ly, St}(s(ﬂfj,tj,z.j

i€l jeJ

(2.18)

/\(t—tj)) ’

We then define ¥; as the sigma-field generated either by £, if ¥ is of infinite variation
type, or by 2, if ¥ is of finite variation type. The Markov property (see Lemma 2.10)
applied to the process (Z;,¢ > 0) in the filtration ¢;,t > 0 yields

P(R;Y(U) #RN(V); Z—00) = E[1{R;1(U#R;15(V)} (1—e 1%e+e)]
By Lemma 2.8 and the identity u(s,~) = v, we then get

u(*t ’LU) - (u(fta w) 77)_;'_
U (u(=t,w))

v(t)
P(R 1 (U) # Ry (V) Z—o0) = xQ/O dw U (w)e AW

We set e = R }(V). Using the Portmanteau theorem as s — co on the law of the pair
(R, (U), R;!,(V)) with the complement of the closed set {(y,y) : y € [0,2]}, we get
P(R;'(U)#e; Z — o0) < A(t). But now observe that E[l{p-1(0)tezm00y | 7 V] = (1 =

M;({e}))1{z—r00}. Thus,
E[(1 ~ My({e})1{z-00}] < A() (2.19)

We next prove that lim; .., A(t) = 0. First note that for all w € (0,7v), w < v(¢t) and
u(—t, w) <, moreover u(—t,w) )0 as tToo. Since ¥ (0+)=—o00, A/¥(A)10 as A]0. This
implies that

2 v —zw u(_tvw)_(u(_t’w)_’}/) ) Y — 2w u(—t,w)
x /Odw\IJ(w)e St w) t -z /Odw\IJ(w)e Tt w) = 0

If y=o00, then, this proves lim; ,~, A(t) = 0. Let us assume that v < oco: for all w € (v, v(t)),
u(—t,w) >~ and we get

) v(t) Cvw u(—t, w) — (u(—t, ’LU) —’Y) 2 v(®) —zw Y
x /y dw ¥ (w)e S (el w)) Ra—— [y dw¥(w)e Tt o)

(2.20)
There are two cases to consider: if ¥ is persistent, then v(¢) = co. Moreover, for all
w € (7y,00), u(—t,w) is well-defined and u(—t,w) 1 oo as t1 oo, which implies that (2.20)
tends to 0 as t — co. If ¥ is non-persistent, then v(t) <oco. Observe that lim;_, . v(t) =7~
and use (1.2) with A=wu(—t,w) to prove that w < u(—t,w) for any w € (v, v(t)). Since ¥
increases, we get

) /'u(t) ( ) v ) v(t)
T dwV¥(w)e ™ ———— < yx / dwe ™" —— 0.
~ U(u(—t,w)) N tso00

This completes the proof of lim; ,,, A(t) = 0.
By (2.19) and Lemma 2.9, we get P-a.s. on {Z — oo}, M;({e}) — 1. Thus, it entails
|| M} —0¢||var — 0 by Lemma 2.5, as t — oo, which implies Theorem 0.3 (ii-a). |
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2.3.3 Proof of Theorem 0.3 (iii-a).

We assume that U is persistent, of infinite variation type and such that v < co. Ob-
serve that &2 under P(-| lim;,~ Z; = 0) is a Poisson point measure associated with
the branching mechanism ¥(- + «) that is sub-critical (and therefore conservative). So
the proof of Theorem 0.3 (iii-a) reduces to the cases of sub-critical persistent branch-
ing mechanisms and without loss of generality, we now assume that ¥ is so. Thus,
limg_, o u(t, 8) =v(t) =oco. By letting 6 go to co in Lemma 2.8, we get

PR () # Rl (V) = [ Gt e = (1)

(u(—t,w))

which does not depend on s. Then, set e=R!(V). By the Portmanteau theorem as s —

0o, we get P(R; *(U)#e) < B(t). Next observe that E[l{Rt_l(U#e} | 2, V] =1— M,({e}).
Therefore,
0<1-E[M{e})] < B(t) (2.21)

Since WV is sub-critical and persistent for all w € (0, 00), u(—¢,w) increases to co as t 1 oo.
Moreover, since ¥ is of infinite variation type, A\/¥()) decreases to 0 as A 1 co, which
implies that lim;_, ., B(f) = 0. By (2.21) and Lemma 2.9, we get P-a.s. M;({e})—1, and
thus ||M;—0de||var — 0 by Lemma 2.5, as t — oo, which completes the proof of Theorem 0.3
(iii-a). (|

2.3.4 Proof of Lemma 2.9.

To complete the proof of Theorem 0.3, it only remains to prove Lemma 2.9. We shall
proceed by approximation, in several steps. Recall the filtration ¢;,¢ > 0 introduced
below (2.18).

Lemma 2.10. Assume that ¥ is conservative and not linear. Then, for all s,t, A € [0, 00)

P-a.s. E[e*/\zwrs 4] = o—uls N2t

Proof. We first consider the infinite variation cases. We fix sg,e € (0,00). For any
t € (sg,0), we set

958 :Z 1{Z§0>8}5(wi 20 ,) and Zte :Z 1{Z§0>€}Z25$7‘,' (2.22)
iel i€l
Since t > 59, and by monotone convergence for sums, lim._.o Z7, ,([0,z]) = Z;4. Then,
observe that Z;, | is independent from %, —27;°. Thus,

P-as. E[e i+ |4] = lim E[e*Zi+:(10:2])| g>¢),

Next, note that &7;¢ is a Poisson point measure whose law is specified as follows. By
Theorem 1.8 (b) and Lemma 1.4, first note that Ny (Z,, >¢) =v,,((¢,00]) € (0,00). Then,
Qso.e =Nu(-]Zs, >¢) is a well-defined probability on ID([0, c0), [0, >]). Theorem 1.8 (c)
easily entails that

o c-A.S. o ol e s |z ] = e w2 (2.23)
05 0,

Next, note that £;° can be written as > 1<k<s O(x,,v* ), Where (Xp, YF), k> 1, is
an ii.d. sequence of [0,z] x D([0, 00), [0, >c])-valued r.v. whose distribution is given by
10,41 (y)0(dy) Qs,.c(dZ) and where S is a Poisson r.v. with mean zvy,((e,00]) that is
independent from the (X, Yk)k21- By an easy argument, we derive from (2.23) that

P_a‘s‘ E[e—)\Zf+§([O,:L']) ‘(@55] — e—u(s,)\)ZtE([O,:E])’
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which entails the desired result as ¢ — 0.

In the finite variation cases, we also proceed by approximation: for any ¢ € (0, 0),
we set

> * Dt
D= Ly a0, 1, 2 UMY ZE=) Ly oygine 2,00, and Z; = Z, — ze” VL,
jeJ jeJ

Then, note that lim._,o 27, ,([0,7]) = Z,, and observe that Zf,  is independent from
9, —27°. Thus, P-as. Ele *+:|%] = lim._ o E[e” %+ 92| 2>¢] Next, note that
97¢ is a Poisson point measure that can be written as D 1<h<s O(x0, T,V ) where

CA(t—

(X1, Tk, Y*)i>1, is an ii.d. sequence of [0, ] x [0,] x D([0, c0), [0, 00])-valued r.v. whose
law is z ' 1jo 4)(y)¢(dy) (1 — e~ P") " De~P5¢(ds) Q- (dZ) where

1
and S is an independent Poisson r.v. with mean z(1—e ?*)D~!7((e,00)). When D =0,
one should replace (1—e~P*)D~! by t in the last two expressions. Note that the Markov
property applies under Q.. Namely, Q.-a.s. Q.[e " ?+:|Z. ;] = e “(5NZ This implies
P-a.s. the following

_ . . J _ ) . j
E{e A e Ly o aio e Bromt, |°@t>€} _ N Eer Ly i By —u(s N ([0a))
(2.24)

Then, note that > jea e b<tts, Zg>E}Z{ 45—, is independent from 27¢. By the exponen-
tial formula for Poisson point measures, we thus P-a.s. get

A 1 . 77 s
—logE[e 2jed {t<t;j<tds,zl>e} " tts—t; ’2;8} — xe_Dt/da e—Da/ 7_‘_(d?,,)(]__e—ru(s—a,/\)).
0 €,00

(2.25)
As ¢ — 0, the right member of (2.25) tends to ze [} dae=P*(Du(s —a,\) — ¥ (u(s—
a,\))) that is equal to ze~Ptu(s, ) — zAe~ P+ by a simple integration by parts. This
computation combined with (2.24) and (2.25), implies

— “AZE L ([0,2]) | 9>e] _ . e _Dt o\ —D(s+t)
Eh_r>r(1) logE|e + |27¢] u(s7)\)g1_r>r(1)Zt([0,:v])+xe u(s, A) —zXe

Namely, — log E[e %+ |4;] = u(s, \)(Z; + ze~Pt) — Aze P+ = (s, \) Z; — Aze= P+,
which implies the desired result. O

Lemma 2.11. We assume that ¥ is conservative and non-linear. We fix sg,¢ € (0, c0).
For any t € (sg, 00), we define Z; as follows:
- If VU is of infinite variation type, then Z; =), ; 1{Zio>5}z§5m.
- If VU is of finite variation type, then Z; = Z]EJ l{tj<50 _Zj>E}Z'Z_tj O,
= s &0 K
Recall the definition of the sigma-field %,. Then, for all t € (sg, ), all s,0€[0,00) and all
yel0,z],

Zg, .([0,9]) —0Z, z£([o, —u(s.0)Z,
Pas E[liz, >0 +Zt+s (L—e ") [ %] =170y~ ([ - (1—eu07).
(2.26)
Proof. We first consider the infinite variation cases. Note that in these cases, Z} is

defined as in (2.22). Let A € (0,00). Recall the notation Qs, . = Nuy(-|Zs, >¢) from the
proof of Lemma 2.10: by differentiating (2.23), we get

QSO’E-a.S QSO’E[ZlH,Se_AZtJrS Z./\t} = Zt e—u(s,)\)Zt (r“),\u (8,)\). (227)
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Recall from (2.18), the definition of &?;. Let F be a bounded nonnegative measurable
function on the space of point measures on [0, z] x D([0, c0), [0, oc]). We then set A(\) =
E[Z;,,([0,y]) e+ F(£,)]. By Palm formula (1.20), Lemma 2.10 and (2.27), we get

. i _ gk
A()\) _ E[Z l{xie[o,y];2i0>e}zi+s e Ay e AZkeI\{z} Ziys F((S(% Jzi /\t)+‘@t_6(93i .z ) ) :|

i€l :
= v, ((g,0]) /0 dr Qsoc(dZ) E [ztﬂe*“w e M F(S(r 2. )+ P )]
= (Oru(s, \)) ve, (&, 00]) /0 ar [0, (d2) B {Zt(f“(s’)‘)zt e ENZE (50 o P ]
= (nuls, \) B[Z;([0,y])e N7 F(2,)).
By an easy argument, it implies that P-a.s. for all A € (0, 00),

E[ 27, ((0,y]) e+

4, ] = 27 ([0,y]) e V2 gy u(s, N).
Thus, P-a.s. for all \, 0 € (0, 00),

E[1{z,, .50 25 ([0, y])e e (1 — e %) | 2] =
1250125 ([0, 9]) (e7“CNZdau(s, \) — e (ATDZ 9 u(s, A+6))(2.28)

When we integrate the first member of (2.28) in A on (0, c0), we get the first member of
(2.26). Then, by an easy change of variable, we get

(o]
Yo € [0,00), Vz € (0,00), / d) e~ w5z Ou(s,\) = %(e_“(s’)‘o)z—e”(s)z), (2.29)
A

0

where we recall that v(s) =limy_, o u(s, A), which is infinite if ¥ is persistent and finite
otherwise. Since U is conservative, recall that «(s) =limy_,04 u(s,A) = 0. Thus, when
we integrate the second member of (2.28) in A on (0, 00), we obtain the second member
of (2.26), which completes the proof of the lemma in the infinite variation cases.

We next consider the finite variation cases. Note that the definition of Z¢ is slightly
different from the proof of Lemma 2.10. Recall from (2.18), the definition of 2;. Let
F be a bounded nonnegative measurable function on the space of point measures on
[0, 2] x [0,00) x D([0, 00), [0,00]). We set A(\) = E[Zf,([0,y]) e *+:F(2,)]. By Palm
formula (1.20) and Lemma 2.10 we get

J k
AZ‘*"**‘J’ e_/\ ket L, <t+s}lits—ty,

AN =E { > Liascl0m) ity <so:2i>e) Doty €
JjeEJ

_Age— P+
xe ; 2,5
( (zj,t5,2 /\(t—tj)) + < (z

Y S0
:/da/ dbe_Db/ 7T(d’l") Er |:E |:Zt+5be_)\zt+sbe_AZtJrsF((;(a’b’zl/\(tb))+gt)]:|
0 0 (g,00)

Yy S0
:8>\u(57)\)/da/ db e_Db/ w(dr) E, [E [Zt,be_“(s’)‘)zt*be_“(s’)‘)zt
0 0 (e,00)

joti ,Z /\(t—tj)) ) :|

XF(0(a,b,2. nup)+2t) H
= Oxu(s, \E[Z; ([0, y]) e N7 F(2,)).

Then, we argue exactly as in the infinite variation cases. O
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We now complete the proof of Lemma 2.9. If ¥ is not conservative, then we have
already proved that on {(. <oo}, M has an Eve in finite time. Moreover, conditionally
on {lim; ., Z; =0}, M is distributed as the frequency process of a CSBP(¥(- + «)) that
is sub-critical, and therefore conservative. Thus, without loss of generality, we assume
that ¥ is conservative. In this case, Lemma 2.11 applies: we fix sg,c € (0, 00) and we let

Z; ([0,y]

0 go to oo in (2.26); this implies that ¢ — 1 Zt>0}T) is a super-martingale. Then,

zE(0a) _ p

e .
7 a exists.

P-as. YgeQn[0,z], lim 17750
t—o00
Then observe there exists a finite subset S, . :={X; <...<Xn}C|[0, 2] such that a.s. for
all ¢ € (sg,0), Z7([0,2]\Ssy,e) =0. Then, for any 1 <k < N, there exists ¢,¢' € QNJ0, z]
such that ¢< Xj <¢" and 1,50y M:({ X% }) =1(2,50,2{ ((¢,9']) /Z: — R, — R, as t— oo.

Now observe that if ¥ is of infinite variation type, {z;;i € I} = U, e S2-m 2-n.
Thus, on the event {(; = oo} (no extinction in finite time), this entails that P-a.s. for
all 4 € I, limy_, oo My({x;}) exists. Moreover, for all y ¢ {x;; 4 € I} and all ¢ € (0, 00),
M,;({y}) = 0. Finally, on {{;, < o}, we have already proved that M has an Eve in finite
time. This completes the proof of Lemma 2.9 when V is of infinite variation type.

If ¥ is finite variation type, note that {z;; j€J} = U, ;e Sm,2-»- Since there is no
extinction in finite time, we get that P-a.s. for all j € J, lim;_, o, M;({z;}) exists, which
completes the proof since for all y¢ {z;; j€J} and all ¢ € (0, 00), we have M,;({y}) = 0.
O
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