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Abstract

The paper investigates uniform convergence of wavelet expansions of Gaussian ran-
dom processes. The convergence is obtained under simple general conditions on
processes and wavelets which can be easily verified. Applications of the developed
technique are shown for several classes of stochastic processes. In particular, the
main theorem is adjusted to the fractional Brownian motion case. New results on
the rate of convergence of the wavelet expansions in the space C([0,77]) are also pre-
sented.
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1 Introduction

In the book [11] wavelet expansions of non-random functions bounded on R were
studied in different spaces. However, developed deterministic methods may not be
appropriate to investigate wavelet expansions of stochastic processes. For example, in
the majority of cases, which are interesting from theoretical and practical application
points of view, stochastic processes have almost surely unbounded sample paths on R.
It indicates the necessity of elaborating special stochastic techniques.

Recently, a considerable attention was given to the properties of the wavelet or-
thonormal series representation of random processes. More information on conver-
gence of wavelet expansions of random processes in various spaces, references and
numerous applications can be found in [3, 7, 14, 15, 16, 17, 18, 21, 20, 24]. Most
known stochastic results concern the mean-square or almost sure convergence, but for
various practical applications one needs to require uniform convergence. To give an
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Uniform convergence of wavelet decompositions

adequate description of the performance of wavelet approximations in both cases, for
points where the processes are relatively smooth and points where spikes occur, we
can use the uniform distance instead of global integral LP metrics. A more in depth
discussion, further references and various applications in econometrics, simulations of
stochastic processes and functional data analysis can be found in [6, 9, 10, 20, 23].
In his 2010 Szekeres Medal inauguration speech, an eminent leader in the field, Prof.
P. Hall stated the development of uniform stochastic approximation methods as one of
frontiers in modern functional data analysis.

Figures 1 and 2 illustrate some features of wavelet expansions of stochastic pro-
cesses. Figure 1 presents a simulated realization of the Wiener process and its wavelet
reconstructions by two sums with different numbers of terms. The figure has been
generated by the R package wmtsa [22]. Besides providing a realization of the Wiener
process and its wavelet reconstructions, we also plot corresponding reconstruction er-
rors. Figure 2 shows maximum absolute reconstruction errors for 100 simulated re-
alizations. To reconstruct each realization of the Wiener process two approximation
sums (as in Figure 1) were used. We clearly see that empirical probabilities of obtain-
ing large reconstruction errors become smaller if the number of terms in the wavelet
expansions increases. Although this effect is expected, it has to be established theoret-
ically in a stringent way for different classes of stochastic processes and wavelet bases.
It is also important to obtain theoretical estimations of the rate of convergence for such
stochastic wavelet expansions.
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Figure 1: Plots of the Wiener process and its wavelet reconstructions.
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Figure 2: Plots of reconstruction errors for 100 simulated realizations.

In this paper we make an attempt to derive general results on stochastic uniform
convergence which are valid for wavelet expansions of wide classes of stochastic pro-
cesses. The paper deals with the most general class of such wavelet expansions in
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Uniform convergence of wavelet decompositions

comparison with particular cases considered by different authors, see, for example,
[1, 3, 8, 13, 20]. Applications of the main theorem to special cases of practical impor-
tance (stationary processes, fractional Brownian motion, etc.) are demonstrated. We
also prove the exponential rate of convergence of the wavelet expansions.

Throughout the paper, we impose minimal assumptions on the wavelet bases. The
results are obtained under simple conditions which can be easily verified. The condi-
tions are weaker than those in the former literature.

These are novel results on stochastic uniform convergence of general finite wavelet
expansions of nonstationary random processes. The specifications of established results
are also new (for example, for the case of stationary stochastic processes, compare
[15, 16]).

Finally, it should be mentioned that the analysis of the rate of convergence gives a
constructive algorithm for determining the number of terms in the wavelet expansions
to ensure the uniform approximation of stochastic processes with given accuracy. It
provides a practical way to obtain explicit bounds on the sharpness of finite wavelet
series approximations.

The organization of the article is the following. In the second section we introduce
the necessary background from wavelet theory and certain sufficient conditions for
mean-square convergence of wavelet expansions in the space L2(12). In §3 we formulate
and discuss the main theorem on uniform convergence in probability of the wavelet
expansions of Gaussian random processes. The next section contains the proof of the
main theorem. Two applications of the developed technique are shown in section 4.
In §5 the main theorem is adjusted to the fractional Brownian motion case. Lastly, we
obtain the rate of convergence of the wavelet expansions in the space C([0,T]).

In what follows we use the symbol C to denote constants which are not important
for our discussion. Moreover, the same symbol C' may be used for different constants
appearing in the same proof.

2 Wavelet representation of random processes

Let ¢(z), z € R, be a function from the space Ly(R) such that qAS(O) # 0 and qAS(y) is
continuous at 0, where

a(y):/Re_iWMx)dx

is the Fourier transform of ¢.
Suppose that the following assumption holds true:

Z lb(y + 27k))? =1 (ace.)

kEZ

There exists a function mg(z) € L2([0, 27]), such that mg(x) has the period 27 and

Sy) =mo (y/2) 6 (y/2) (ac.)

In this case the function ¢(z) is called the f-wavelet.
Let ¢ (z) be the inverse Fourier transform of the function

Gy (54 ) -5 3()

Then the function

is called the m-wavelet.
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Uniform convergence of wavelet decompositions

Let
dir() = 220(Px — k), wu(x) =22 x—k), jkeZ, (2.1)
where ¢(x) and ¢(x) are defined as above.

The conditions $(O) # 0 and g(y) is continuous at 0 guarantee the completeness of
system (2.1), see [12]. Then the family of functions {¢ox; ¥k, j € No, k € Z}, Ny :=
{0,1,2,...}, is an orthonormal basis in Ls(RR) (see, for example, [11]. A necessary and
sufficient condition on my is given in [4, 5]).

Definition 2.1. Let §(x),z € R, be a function from the space Lo(R). If the system of
functions {0(x — k), k € Z} is an orthonormal system, then the function é(x) is called a
scaling function.

Remark 2.2. f-wavelets and m-wavelets are scaling functions.

Definition 2.3. Let§(z),x € R, be a scaling function. If there exists a bounded function
®(z), > 0, such that ®(x) is a decreasing function, |0(z)| < ®(|z|) a.e. on R, and
Jz (@(|z]))” da < oo for some vy > 0, then §(x) satisfies assumption S’(7).

Remark 2.4. If assumption S’(v) is satisfied for some y > 0 then the assumption is also
true for all v; > 7.

Lemma 2.5. If for some function ®,(-) the f-wavelet ¢ satisfies assumption S’(vy), then
there exist a function ®,(-) such that for the corresponding m-wavelet ¢ assumption
S’(v) holds true and ®,(x) > ®4(z), for all z € R.

Proof. The wavelets ¢ and ¥ admit the following representations, see [11],

dx) =V2  ho (2w — k),

keZ
() =v2Y Mo 2z — k), (2.2)
keZ
where hy, = V2 [, ¢ (u) ¢ (2u — k)du, 3 |hx|* < 00, and Ay = (—1)'FRy_y.
kEZ
If £ > 0, then ©

< V2 [y (ul) 0o (20— k) du+ V3 [ 0, (1) @, (20— ) du

< V20, (k/3)/3 By (Ju) du + V20, (k/3)/:o By (|20 — k) du

—o0 5

< V29 (k/3) (/}R<I>¢(|u|)du+/]R<I>¢(2uk|)du> = Cdy (k/3),

where

C::%/}R<I>¢(|u\)du.

Similarly, for k < 0 we get |h;| < C®, (|k]/3) .
Thus, for all k£ € Z,
|hi| < C @y (|K|/3). (2.3)

Note that the series in the right-hand side of (2.2) converges in the L;(R)-norm.
Therefore, there exists a subsequence of partial sums which converges to ¢ (z) a.e. on
R. Thus, by (2.2) and (2.3) we obtain

[Y (x)] < \/§C’Z<I>¢(|2sz‘),q)¢ <|1k|> _

3
kEZ
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=V20Y By (20— 1 k|)- Dy (|k|/3) =1 (20— 1) (2.4)
kEZ

a.e. on R.
Ifu:=2x—1,thenforu>0

I(u) <V2C ( Y g (ju— k) @ (|KI/3)

k|<3u
lkl<q

+ ) ‘I’¢(|u—k|)~‘1>¢(|kl/3)) =: V20 (A; (u) + 4z (u)).-

|k|>2u

Notice also that

Ar(u) € @ (u/d) - Y By (KI/3) < @y (u/4)- Y Dy (IKI/3),

|k|<3u keZ
Ag(u) < By (u/d)- > Dy (lu—k|) <@ (u/4)-> Py (ju—kl).
[k|>3u keZ
Therefore, for u > 0

I(u) < V20, (u/4) (Z Dy (lu— k) + 3 @, <k|/3>> . (2.5)

kEZ keZ

We are to prove that, Y @, (Ju —k|) + > @4 (|k|/3) is bounded.
keZ keZ
Note that

k o
Z Dy (k—u) < Z / <I>¢(v—u)dv§/ D, (v)dv < o0,
E>utl k>ut1Y k=1 0

and, similarly,

3 <I>¢(u—k)§/ooo<1>¢,(v)dv.

k<u—1
Thus,
Z D, (Jlu—kK|) <2 <<I>¢ (0) +/ Dy (v)dv) =: D;.
kEZ 0
Since i
> @y (k/3) < Z/ Dy (v/3)dv = 3/ Dy (u)du,
k=1 k=1"Fk-1 0

it follows that -
> 4 (JI/3) < @4 (0) + 6/ Dy (u)du =: Ds.
k=1 0

Thus, we conclude that for u > 0
I(u) < V2C (D) + D3) By (u/4). (2.6)
Since foru < 0

Dy (Ju+ k) = @4 (|—u — k[) = @4 ([[u] — k),
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it follows that
I(u) < V2C (Dy + Dy) @4 (Jul/4) (2.7)

for every u € R.
By (2.4), (2.5), (2.6), and (2.7),

()] < é%(

—1 D a.e. on R. (2.8)

The desired result follows from (2.8) if we chose

Do (z) = {max(l,é’% z € (0,1/2),
e max(1,C) - max (®4(z), Dy (|227L)) . 2 ¢ (0,1/2).

O

Motivated by Lemma 2.5, we will use the following assumption instead of two sepa-
rate assumptions S’(v) for the f-wavelet ¢ and the m-wavelet .

Assumption S(v). For some function ®(-) and v > 0 both the father and mother
wavelets satisfy assumption S’(7).

Let {2, B, P} be a standard probability space. Let X(¢), ¢t € R, be a random process
such that EX(¢) = 0, E|X(t)|> < .

If sample trajectories of this process are in the space Lo(RR) with probability one,
then it is possible to obtain the representation (wavelet representation)

X(t) =Y Eondor(t) + D> mithju(t), (2.9)
kEZ j=0 keZ
where
= [ XDt = [ XOT0 . (2.10)
R R

The majority of random processes does not possess the required property. For ex-
ample, sample paths of stationary processes are not in the space Ly(R) (a.s.). However,
in many cases it is possible to construct a representation of type (2.9) for X(¢).

Consider the approximants of X(t) defined by

n—1
X, () = D Condor(®) + D > miwtn(t), (2.11)

|kl <k J=0 |k|<k;

where k,, := (k{, ko, ... kn—1)-

Theorem 2.6 below guarantees the mean-square convergence of X,, i, (¢) to X(¢) if
ky — o0, kj — o0, j € INg, and n — oco. The latter means that we increase the number
n of multiresolution analysis subspaces which are used to approximate X(¢). For each
multiresolution analysis subspace j = (/,0,1,2... the number k; of its basis vectors,
which are used in the approximation, increases too, as n tends to infinity. Thus, for
each fixed k and j there is ny € N that the terms £y ¢ox(t) and 7,15 (¢) are included in
all X, k, (t) for n > ng (i.e., each i dox(t) and n;x1,x(t) can be absent only in the finite
number of X,, i, (¢)).

Theorem 2.6. [18] Let X(t), t € R, be a random process such that EX(t) = 0, E|X(t)|? <
oo for all t € R, and its covariance function R(t, s) := EX(¢t)X(s) is continuous. Let the
f-wavelet ¢ and the m-wavelet ) be continuous functions which satisfy assumption
S(1). Let ¢(x), x € R, denote a non decreasing on [0,c0) even function with ¢(0) > 0.
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Suppose that there exists a function A : (0,00) — (0,00), and ag, o € (0,00) such that
c(ax) < ¢(z) - A(a), for all a > ag, x > xp.

If
/Rc(m)@(\xndx <oo and |R(t,1)|Y? < c(t),

then

L Xok, (t) € La(€) ;
2. X, x, (t) = X(t) in mean square whenn — oo, k{, = oo, and k; — oo for all j € Ny .

3 Uniform convergence of wavelet expansions for Gaussian ran-
dom processes

In this section we show that, under suitable conditions, the sequence X,, x, (t) con-
verges in probability in Banach space C([0,T1]), T > 0, i.e.

P{ s X0 - X, (0] > £} 50

0<t<T

when n — oo, kj — oo, and k; — oo for all j € INy := {0,1,...}. More details on the
general theory of random processes in the space C(]0,7]) can be found in [2].

Theorem 3.1. [19] Let X,,(¢), t € [0,T], be a sequence of Gaussian stochastic processes
such that all X,,(t) are separable in ([0,T], p), p(t,s) = |t — s|, and
1/2

sup sup (E[X,(t) — X, (s)[?)
n>1|t—s|<h

<a(h),

where o(h) is a function, which is monotone increasing in a neighborhood of the origin
and o(h) — 0 whenh — 0.
Assume that for some e > 0

/E\/—ln (cD(u)) du < o0, (3.1)
0

where (=) (u) is the inverse function of o(u). If the random variables X,,(t) converge
in probability to the random variable X (t) for all t € [0,T], then X,,(t) converges to X(t)
in the space C([0,T1]).

Remark 3.2. For example, it is easy to check that assumption (3.1) holds true for

C
h)= ——— and h) =Ch",
T = ey W

whenC >0, >1/2, « >0, and k > 0.
The following theorem is the main result of the paper.

Theorem 3.3. Let a Gaussian process X(t), t € R, its covariance function, the f-
wavelet ¢, and the corresponding m-wavelet v satisfy the assumptions of Theorem 2.6.
Suppose that

(i) assumption S(v),~ € (0,1), holds true for ¢ and ;
(ii) the integrals [; In®(1 + |u|)|(u)| du and JrIn®(1 + u|)|$(w)| du converge for some
a>1/2(1—7);
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(iii) there exist constants by and c;j, j € Ny, such that for all integer k E|&k]? < by,
E|77jk|2 < Cj, and

oo

3 VG20 < o, (3.2)

=0

Then X, k, (t) — X(t) uniformly in probability on each interval [0,7] when n — oo,
ki — oo, and k; — oo for all j € Ny .

Remark 3.4. If both wavelets ¢ and iy have compact supports, then some assump-
tions of Theorem 3.3 are superfluous. In the following theorem we give an example by
considering approximants of the form

)= Eondor(t) + z_: > niktik(t)

keZ 7=0 k€Z

Theorem 3.5. Let X(¢), t € R, be a separable centered Gaussian random process such
that its covariance function R(t,s) is continuous. Let the f-wavelet ¢ and the corre-
sponding m-wavelet 1) be continuous functions with compact supports and the integrals
JrIn®(1 + |u|)|¥(u)| du and JgIn®(1 + |u|)|é(u)| du converge for some o > 1/2(1 — ),
v € (0,1). If there exist constants c;, j € Ny, such that E|n;|*> < ¢; for all k € Z, and as-
sumption (3.2) is satisfied, then X,,(t) — X(t) uniformly in probability on each interval
[0,T] when n — oo.

Proof. The assumptions of Theorem 2.6 and S(v),0 < v < 1, are satisfied because ¢ and
1) have compact supports. Therefore, the desired result follows from Theorem 3.3. O

Remark 3.6. For example, Daubechies wavelets satisfy the assumptions of Theorem 3.5.

4 Proof of the main theorem

To prove Theorem 3.3 we need some auxiliary results.

Lemma 4.1. If§(z) is a scaling function satisfying assumption S’(y), then

yms4@g3@mm+4/ (1) dt, @.1)
zeR 1/2

where

22\5(30—16 v

kEZ

Proof. The lemma is a simple generalization of a result from [11].

Since S,(x) is a periodic function with period 1, it is sufficient to prove (4.1) for
z €[0,1].

Notice, that for z € [0, 1] and integer |k| > 2 the inequality |z — k| > |k|/2 holds true.
Hence, ®(|z — k|) < ® (]k|/2) and

Sy() < @ (Jz]) + 7 (Jz + 1)) + (|l — 1) + Y BV (|k]/2)
|k >2

oo

< 3%7(0 +2Z/ 7 (t/2) dt—3¢>7(0)+4/ 7 (t) dt.

1
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Lemma 4.2. Let §(z) denote the Fourier transform of the scaling function §(z), di(z) ==
235(27x — k), j € No, k € Z. If for some o > 0

/ In®(1 + |u|)[d(u)| du < oo,
R

then forallz,y € R and k € Z

—Qx « 1
|dok () — dok(y)| < Roa - In (6 + z y|> ,

60(2) — Sy0(y)] < 2% Ruq - In® ( ; ) . e,

1
|z —y|
where Roq = 1 [ In® (e '“‘) 16(u)| du and Ry =L [ In® (e + Ju| + 1) [3(u)| du.

Proof. Since §(z) = 5 [, e***(u) du, we have

3 w2 w2l | |2 3 - Il
10k (z) — 3k (y)| < ;—/ e _ W2 |5 (u) | du = 2? / sin (:::Qy)UZ‘ [0 (u) | du(4.2)
R

Note that for v # 0 the following inequality holds:

(S [In (e + |s])|*
sin (5)] < e o 3

By (4.2) and (4.3) we obtain

(2)— 5 2 no @
3iu(2) 53’“(y)gwlna(ea+|;y)/ﬁl (e 52 )1

The assertion of the lemma follows from this inequality. O

Lemma 4.3. If a scaling function 6(x) satisfies the assumptions of Lemmata 4.1 and
4.2, then fory € (0,1) and a > 0 :

> 165k () (y)] < 25+ RI= (4 )(3<1ﬂ(0)+4/0o <I>7(t)dt>

kEZ 1/2

1 —a(l-7y)
X <1n <e“ + )) , j#0, (4.4)
lz =y

> " 10ok(x) = Sox(y)| < 2Ry (a) (3‘1’7(0) + 4/00 7(t) dt)

kEZ 1/2

1 —a(1—7)
« (m ( + )) . (.5)
|z =y

Proof. By lemma 4.2 for j > 1 we obtain

> 10w(@) = ()l =D 16(@) = Sr()|' 7 - |85 (x) = Gi(y)[?
keZ kez
1 —a(l-y) ]
< (m (ea + >> (285 Ru(a ) S (e W)
|z -yl =
EJP 18 (2013), paper 69. ejp.ejpecp.org
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We now make use of the inequality |a + b|* < g4 (Ja|* + [b|*) , where

)L a<l, (4.6)
o= Y201, 451, '

By lemma 4.1 we get

Z |6k () — &5 (y)|”

keZ

IN

2sup > [0;(2)]" =27 L sup > |6(272 — k)|

zERkGZ :L’E]RkGZ

. oo
< 27+t <3<I>7(0)+4/ <I>7(t)dt>.
1/2

Inequality (4.4) follows from this estimate. The proof of inequality (4.5) is similar.

Now we are ready to prove Theorem 3.3.

Proof. In virtue of Theorem 3.1 and Remark 3.2 it is sufficient to prove that X,, i, (t) —
X(t) in mean square and
1
2 C
(B Xnse, () = X, (5)) " € —————
In” (ea + |tis|)

for some C >0, 8> 1/2,and a > 0.

Since v < 1, assumption S(1) holds true for ¢(x) and +(z). Hence, by Theorem 2.6
we get X, k,, (t) — X(¢) in mean square.

Note that (2.11) implies

o\ 1/2
(B X, () = X (5)) " < [ B D onldon(t) — don(s))
kI <k
o\ 1/2
n—1 n—1
+Y B YD mn@an(t) = vils) — VS + 3 V5
j=0 k| <k; §=0

We will only show how to handle S;. A similar approach can be used to deal with the
remaining term S.
S; can be bounded as follows

2
Si= Y > Enuii(in(t) — vir(s) (W (t) — u(s) < ¢ (Z |thjr(t) — ¢jk(5)|> :

|k|<k; [l|<k; kez

By lemma 4.3
) 1 —2a(1—7)
S; < 23j2"(1_"’)ch2 In|e®+ ,
|t — s
where
L= 2R (a) [ 307(0) + 4 / o (t)dt | .
1/2
Similarly,
9 1 —2a(1—7)
S <boL7 (ln (eaJr |t—s|)> ,
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where
o0

Ly == 2Ry " («) (3@7(0) +4 / (1) dt) .

/2
Therefore, we conclude that

C

(ln (eo‘ + ‘tis\ ))O‘(l*w |

Ci=boLy + LY /62750 <00 and f:=a(l—7)>1/2.

Jj=0

N

(B Xnie, () = X, (5)°) <

where

5 Examples

In this section we consider some examples of wavelets and stochastic processes
which satisfy assumption (3.2) of Theorem 3.3.

Example 5.1. Let ¢ be a Lipschitz function of order » > 0 (» = 1 for the case
supye [¢'(u)] <€), L.e. o
[¥(u) = (v)| < Clu—v|*.

Assume that for the covariance function R(t, s)

//|R(t,s)|dtds<oo
RJR

/ / ‘Eg(z,w)‘ 2wl dz dw < oo,
RJR

and

where
ﬁg(z,w):/ / R(u,v) e #%e™ "™ dy dv.
RJR

Now we show that E|n;;|* < ¢; for all k € Z and find suitable upper bounds for c;.
By Parseval’s theorem,

BT — /}R /R EX(u)X(0) G (0)tj1(v) dudy

1 oy -~ ~
T (2m)2 /R/]RRQ(Z’“’) Vik(2) Yj(w) dz dw.
Since

~ e 207 ~/z
it follows that

[En71| < ﬁ/ﬂ{/}f{\ﬁz(zw)‘]&(%)]’&(%)] dz dw.

By properties of the m-wavelet 1) we have zZ(O) = 0. Therefore, using the Lipschitz
conditions, we obtain

— 02 =~ > P
|En;xmji] < WW/R/R‘RQ(Z,U;)‘ 2 w]” dzdw.

This means that ,/c; < C/27/2(042%) and assumption (3.2) holds.
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In the following example we consider the case of stationary stochastic processes.
This case was studied in detail by us in [15]. Note that assumptions in the example are
much simpler than those used in [15].

Example 5.2. Let X (t) be a centered short-memory stationary stochastic process and
¢ be a Lipschitz function of order > > 0. Assume that the covariance function R(t—s) :=
EX(t)X(s) satisfies the following condition

/‘R * dz < oo.

By Parseval’s theorem we deduce

|En]knﬂ|\ [ [ ru= ot (=) (2) dtbya(w) do

< 57 Jo RO [Bx2) Bt s = wlﬁ/! )17 ()] o=

Thus, by the Lipschitz conditions, for all k,l € 7. :

- C 5 22
[Enxmj| < o115 /]R ‘R(z)‘ 277 dz.

This means that \/c; < C/23/20+2%) and assumption (3.2) is satisfied.

71/[)2
/\

6 Application to fractional Brownian motion

In this section we show how to adjust the main theorem to the fractional Brownian
motion case.

Let W,(t), t € R, be a separable centered Gaussian random process such that
Wea(—t) = W, (¢) and its covariance function is

1
R(t,s) = EW,(t)W4(s) = 5 (It]* 4+ [s|* = |It] = Is]|Y), 0 < a < 2. (6.1)
Lemma 6.1. If assumption S(y), 0 < v < 1, holds true and for some « > 0
cy = / |u|*(u)| du < oo,

R
then for the coefficients of the process W, (t), defined by (2.10),

. C

[Enxm| < PYeE)

forallk,l € Z.

1 1
Proof. Since |En;, ;1| < (Eln;x|?)? (E[n;:|*)? , it is sufficient to estimate E[n;|?.
By (2.1) and (6.1) we obtain

Elni|* = //Rts V() sk (s dtd8—27// 5 2J (u — k)p(v — k) dudv
_ // E“ 2~ ") 0= Ry — ) dudv
21+j(1+a <//|u| P — k(v — k) dudy
+ /}R/mew(v—k)dudv
e [l i BB - Ry duae) = 2 62)
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Uniform convergence of wavelet decompositions

It follows from assumption S(v) that

N = A{W(u)\ du < 0.

Hence, we get the estimate

y / i+ K® ()] dut < quN (NE|* + ¢) < o, (6.3)
R

where ¢, is defined by (4.6).
Using Fubini’s theorem and [, ¥ (u) du = 0 we obtain

21=/R|u| w(u—k)du/ﬁw(v—k)dsz.

Similarly, zo = 0.
Finally, we estimate z3 as follows

< [ [ K = o K [ [0(0)] dudo.
RJR
By the reverse triangle inequality and (4.6) we obtain
[lu+ &l = v+ K[| < ga (Ju]* +[v]%).

Hence,
23] < ga 2% / |ul® [ (u)| du / [ (v)| dv = gacy 27N, (6.4)
R R

which completes the proof of the lemma.
O

In some case, for example, for the fractional Brownian motion the assumption by >
|E&oréor| of Theorem 3.3 doesn’t hold true. The following theorem gives the uniform
convergence of wavelet expansions without this assumption.

Theorem 6.2. Let a random process X(t), t € R, the f-wavelet ¢, and the correspond-
ing m-wavelet 1 satisfy the assumptions of Theorem 2.6 and assumptions (i) and (ii) of
Theorem 3.3.

Suppose that there exist

(iii") constants c;, j € Ny, such that E|n;.|*> < ¢; for all k € Z and (3.2) holds true;
(iv) some ¢ > 0 such that

S=E| Y tuldn®) — ouu(s)| < o a>12(1-7),
k] <[k (ln (ea + Itflsl))
if|t —s| <e.

Then X, k, (t) — X(t) uniformly in probability on each interval [0,T] when n — oo,
ki — oo, and k; — oo forall j € Ny .

Proof. The assertion of the theorem follows from the proof of Theorem 3.3. O
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Now, under some mild additional conditions on the f-wavelet ¢, we show that esti-
mate (iv) holds true in the fractional Brownian motion case.

Lemma 6.3. Let the f-wavelet ¢ satisfy the assumptions of Theorem 2.6,

. $(z) — 0 and qAS’(z) — 0, when z — +o0; R
« the integrals [ |u|®|¢(u)], [g|¢'(u)|ldu and [p In®(1 + |u])|p (u)| du, i = 0,1,2,
converge for some o > 1/2(1 — 7).

Then assumption (iv) of Theorem 6.2 holds true for W, (t).

Proof. S can be bounded as follows

S < Z Z [Eor&ot||pox (t) — dor(s)||doi(t) — doi(s)]-

|k|<ko |l|<ko

P 1 1
Since |E&oréo| < (Eléok|?)? (El¢0i|?)? , it is sufficient to estimate E|¢ox|?.
Similarly to (6.2) we get

Eltnl? < /R /R [ a = F)(v — k) dudu + /R /R o] B(a — B)b(v — k) dudo
+ /]R/R||u|—|U|\a¢(u—k)¢(v—k)dudv.

Analogously to (6.3) and (6.4) we obtain

/ / ful® [0~ B)b(v — )| dudv < g (M| + ).
RJR

[l = ol o= Rotw = 1)l dudo < gacodr 27,
where o
M= [ ol du < oc, cqi= [ fuf*low)]du < .
Then ! "
Eéorforl| < 200 M (MIE|® + cs(2° +1))7 (MII|* + co (2% +1))2

<20 M (M|k|%‘ + ,/C¢2a+1> <M1|3‘ + «/c¢2a+1) .

To estimate |pox(t) — dox(s)|, we use the representations
Por(2) = e 6 (2),

1 . P

ounlt) = 5= [ G () e
27T R

Repeatedly using integration by parts and the assumptions of the lemma, we obtain that

fork #0:

1

2ikm

|pok (t) — dor(s)| =

/ (eitz B eisz) (E(Z) d(efikz)
R

1 . o S ,
= g | [ [0 s ) 4 (6 = e )] e
=3 1k2 / {_ (t2eit* — s2eis?) 3(2) + 2i (tei*s — sei*?) $/(2>

n R

+ (eitz o eisz) &Ell(z)} e—ikz dz

1 . . ~
S W (/]R|t2€ztz —826wz| ‘¢(Z)|d2’

+ 2/ |te’ — set*| ¢ (2)| dz +/ |eits — eis2| |$"(z)|dz> . (6.5)
R R
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Uniform convergence of wavelet decompositions

By inequalities (8) and (12) given in [15] we get

|teitz o Seisz| < |t o Sl +t|eitz o eisz|

111(6a+ﬁ)
< . CT  op| N2

B lna (60‘ + Itisl) In (ea + |ti8|)

|t2eitz o 826isz‘ < |t2 o S2| + t2|eitz o eisz|

. a m) “
Ca, T 1 Lor? In (6 i j :
ln <€a + m) 111 <€a + m)

where ¢, 7 and ¢, r are constants which do not depend on ¢, s and z.
Applying these inequalities to (6.5) we obtain

IN

By«
[Gow(t) = Bon(s)| < ———ESE—— kA0,
k2 1n (6 +H)
where
— i ~ i 2 o «@ M N
Bypor = Car | |9(2)|dz+2T In® | e* + |p(2)| dz
27T R R 2
4 QC%T/ |¢?’(z)\dz+4T2/ n® (aw"é') 17(2)|d=
R
o2 e (e B area:).
If £ =0, then
|¢00() ¢00 |<7/‘€lt2_ mz’ |¢ ‘dz<a$’
In (eo‘—i— = SI)
where

1
Byor = ;/ In® (e + Z|> |6(2)| dz .
R

Consequently, we can estimate S as follows

S < ¢ a>1/2(1—7),

2a(1-7)’
(111 (eo‘ + 7\;5\))

where

2
MIk|Z + /cg20FT
C = Qan<\/c¢QTHBo,a,T + Bga,r Z u k2 - .

[k] < ko
k0

O

Theorem 6.4. If the assumptions of Lemmata 6.1, 6.3, and assumptions (i) and (ii)
of Theorem 3.3 are satisfied, then the wavelet expansions of the fractional Brownian

motion uniformly converge to W,(t).
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Uniform convergence of wavelet decompositions

7 Convergence rate in the space C[0, 7]

Returning now to the general case introduced in Theorem 3.3, let us investigate
what happens when the number of terms in the approximants (2.11) becomes large.
First we specify an estimate for the supremum of Gaussian processes.

Definition 7.1. [2, §3.2] Aset Q C S C R is called an ¢-net in the set S with respect to
the semimetric p if for any point © € S there exists at least one point y € Q such that

p(z,y) <e.
Definition 7.2. [2, §3.2] Let

In(N,(S,¢)), IfN,(S,¢e) < 4o0;

Hy(S,¢) = { +00, if N,(S,e) = 400,

where N,(S,¢) is the number of point in a minimal e-net in the set S.
The function H,(S,¢), € > 0, is called the metric entropy of the set S.

Lemma 7.3. [2, (4.10)] Let Y (t), t € [0,T] be a separable Gaussian random process,

€0 := sup (E|Y(t)|2)1/2 < 00,

0<t<T
1 7

I(eo) ::—/\/H(e)d€<oo, (7.1)
\/io

where H (¢) is the metric entropy of the space ([0, T}, p), p(t,s) = (E[Y (t) — Y (s)|>)'/2.

Then )
(v~ vBul(0))

2 Y
2¢eg

P{ sup |Y(¢)| > u} <2exp{ —
0<t<T

where u > 8I(gg).

Assume that there exists a nonnegative monotone nondecreasing in some neighbor-
hood of the origin function o(¢), ¢ > 0, such that o(¢) — 0 when ¢ — 0 and

sup  (B[Y(6) = Y(s)]2)? < o(e). (7.2)
t—s|<e
t,s € [0,T]
Lemma 7.4. [16] If o
o(e)=——"— B>1/2,a>0, 7.3

then (7.1) holds true and

ten <= 5 (Vi (1- ) (9))

where v := min (50, o (%)) .

Lemma 7.5. If a scaling function 6(x) satisfies assumption S’(vy), then
sup » |8z — k)| < / PV (t) dt + / 7 (t) dt
ST >k ky—T—1 k—1

fork; > T + 1.
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Uniform convergence of wavelet decompositions

Proof. Since

Yo 8=k < > (@ (|l + k) + 2V (e — K])) = 2, (),

|k|>k1 k>k1

2k, (x) is an even function.
Then the assertion of the theorem follows from

sup Y |6z — k)| < sup zp,(2) < Y (@(k—T) + (k)

12IST | >k, 0=z<T =
k k o o
<y /(I)”(t—T)dt—i—/(Iﬂ(t)dt < / OV (t) dt + / 7 (t) dt.
k2k1 \gZq k-1 ki—T—1 ki1

Now we formulate the main result of this section.

Theorem 7.6. Let a separable Gaussian random process X(t), t € [0,T], the f-wavelet
¢, and the corresponding m-wavelet 1) satisfy the assumptions of Theorem 3.3.
Then

P{ sup |X(t) — Xk, (1) > u} < 26Xp{_(u_ \/mp} |

2
0<t<T 2ey,

where u > 8J(ey, ) and the decreasing sequence ¢y, is defined by (7.5) in the proof of
the theorem.

Proof. Let us verify that Y (¢) := X(¢) — X,, k,, (¢) satisfies (7.2) with o(e) given by (7.3).
First, we observe that

ElY®) - Y(s)?)? = [ E D on(dor(t) — don(s))

|k >k}
o\ 1/2
n—1 0o
FY 0D mik((®) = in(9) + DD min(Wik(t) — k()
J=0 |k|>k; j=n keZ
o\ 1/2 o\ 1/2
n—1
< B D Corldor(t) — dok(s)) +Y L E| D min@n(t) — ju(s))
|k|> kg Jj=0 |k|>k;
00 2 1/2 n—1 0o
+Y B D miw(i(t) — i(s)) =V Sé*Z\/PT;'
Jj=n kezZ j=0 i=n

We will only show how to handle S;-. A similar approach can be used to deal with the
remaining terms S’ and R.
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By Lemmata 4.1 and 4.2 we get

Sio< Y [Enpmllvie(t) — vik(s)l[i(8) — vals)]
&[>k [1]>k;
2
< o | D 1k(t) = () k () — dir(s)] '
|k|>E;
2
2j/2 ‘aR 2(1—v)
< ¢ ( o) 52 Z ik (t) — Pi(s)]”
(1n(eo+ 25)) K>k,
2
2i/2ja R, 2(1-7)
< Cj ( ) sup Z \%k

2a(1—7)
<ln (ea + = )) “|<T\k|>k_
9j+2 (s (1—v) oo 2
6]2 (j Rla) — (3@7(0)+4/ (I)'y(t) dt) ,
1

(in (e + 2 )Y &

where Ry, = L [ In® (e + [u] + 1) [¢)(u)| du.
Hence

n—1

PONVETE Ba (7.4)

1 a(l—y)’
(1 (e + 257))

B, = ZVEJQUHW (jaRm)I*V <3<Iﬂ(())+4/ D7 (t) dt) < 00

) 1/2

where

From Lemma 4.3, it follows that

j n\ﬁggja(l 7)
Z\/7< (ln(e"-i- ‘tls‘)) e

L:=2R""(a) (3@(0) + 4/00 7 (t) dt) .

1/2

where

Similarly to (7.4) by lemma 7.4 we obtain

1—v [e’e) [e'e]
VS < boRj@f e (/ . 1<I>7(t)dt+/k/ 1<Iﬂ(t)dt>,
(1n (ea + |t75|>) o o

where Ro = L [, In® (ea v L;') 6(u)| du and &, > T + 1.
Thus,

1/2

(BIY(1) - Y (&))" = (BIXE) - Xy, (1) ~ (X(5) ~ Ko ()

¢ —o(lt—s). all—) > 1/2,

(hl (eo‘ + |tis|>>a(17w .
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Uniform convergence of wavelet decompositions

where

C=L-> VG280 4 B, + by RS </ 7V (t) dt +/ (1) dt) .
k

j=n 0—T-1 ko—1

Then by lemmata 7.3 and 7.4

P{ sup |X(t) — Xk, (1) > u} < 2exp {_ (u— \/m)Q} |

0<t<T 263

n

where
1/2

fi, = s (EIX() ~ Xou, (1))
0<t<T

The proof will be completed by investigating €x,, as a function of k,,.
Note that

9\ 1/2
2\ 1/2
(BX®) - Xuk, 0F) "< | B] D tonvol®)| |+
k>4
- 2\ 1/2 . o\ 1/2
JFZ E Z ke (t) +Z E ankwjk(t)
3=0 k| >k, j=n kez

Let J := min {n,min{j € Ny : k; < 2/T + 1} } . Notice that J — oo, when n — co and
k; — oo forall j € INp.
By Lemmata 4.2 and 7.5 for k{, > T +1

oo [ele] J—1 X [e'e)
&, < b (/k qﬂ(t)dH/ <Iﬂ(t)dt>+2¢cj2% (/k () dt

(—T—1 k)1 =0 ;—20T—1
+ / D (t) dt) + Z\/Fﬂ% (3@7(0) +4/ D7 (1) dt) =: ek, (7.5)
kj—1 — 1/2
i j=J

The choice of J and assumption (3.2) imply that e, — 0, when n — oo, k) — oo, and
kj — oo forall j € INg.

It is worth noticing that 4(-) is an increasing function, I(¢) < d(go) for any ¢o, and
€k, < ex,. Hence, for u > 8J(ex, ) we get

(u- VEuiTan))
€Xp§ — <exp{ —

2
28, 2ey,

Finally, an application of Lemmata 7.3 and 7.4 completes the proof. O
Remark 7.7. Note, thatey, — 0, if and only if n, k{,, and all k;, j > 0, approach infinity.

Remark 7.8. Ifey, — 0 then d(ex, ) — 0. Therefore the convergence in the theorem is

. . const
exponential with the rate bounded by 2 exp —2} , where one can choose const ~
€k
u? for §(ex, ) < u.
EJP 18 (2013), paper 69. ejp.ejpecp.org
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Remark 7.9. In the theorem we only require that k(, and all k;,j > 0, approach infin-
ity. If we narrow our general class of wavelet expansions X,, x, (t) by specifying rates
of growth of the sequences k, we can enlarge classes of wavelets bases and random
processes in the theorem and obtain explicit rates of convergence by specifying ey, .

For instance, consider the examples in Section 5. It was shown that ,/c; < C/29/2(1422),
Let the sequence k,, := (k{, ko, ...,kn,—1) be chosen so that [~ ®7(t)dt < C/27* for
k* :=min(ky— T, ko—T, k1 —2T,....kj_1—2771T)—1. Then, by (7.5) we getey, < C/27*.

Remark 7.10. Lemma 7.4 and formula (7.5) provide simple expressions to computer
ek, and d(ek, ). It allows specifying Theorem 7.6 for various stochastic processes and
wavelets.

References

[1] A. Ayache, W. Linde, Series representations of fractional Gaussian processes by trigonomet-
ric and Haar systems, Electron. J. Probab. 14(94) (2009) 2691-2719. MR-2576756

[2] V.V. Buldygin, Yu.V. Kozachenko, Metric Characterization of Random Variables and Random
Processes, American Mathematical Society, Providence R.I., 2000. MR-1743716

[3] S. Cambanis, E. Masry, Wavelet approximation of deterministic and random signals: conver-
gence properties and rates, IEEE Trans. Inf. Theory. 40(4) (1994) 1013-1029. MR-1301417

[4] C.K. Chui, An Introduction to Wavelets, Academic Press, New York, 1992. MR-1150048
[5] I. Daubechies, Ten Lectures on Wavelets, SIAM, Philadelphia, 1992. MR-1162107

[6] A. Delaigle, P. Hall, Methodology and theory for partial least squares applied to functional
data, Ann. Statist. 40(1) (2012) 322-352. MR-3014309

[7]1 G. Didier, V. Pipiras, Gaussian stationary processes: adaptive wavelet decompositions, dis-
crete approximations and their convergence, J. Fourier Anal. and Appl. 14 (2008) 203-234.
MR-2383723

[8] K. Dzhaparidze, H. van Zanten, A series expansion of fractional Brownian motion, Probab.
Theory Related Fields. 130(1) (2004) 39-55. MR-2092872

[9] PP.B. Eggermont, V.N. LaRiccia, Uniform error bounds for smoothing splines. High Dimen-
sional Probability, 220-237, IMS Lecture Notes Monogr. Ser., 51, Inst. Math. Statist., Beach-
wood, OH, 2006. MR-2387772

[10] J. Fan, P. Hall, M. Martin, P. Patil, Adaptation to high spatial inhomogeneity using wavelet
methods, Statist. Sinica. 9(1) (1999) 85-102. MR-1678882

[11] W. Hardle, G. Kerkyacharian, D. Picard, A. Tsybakov, Wavelets, Approximation and Statistical
Applications, Springer, New York, 1998. MR-1618204

[12] E. Hernandez, G. Weiss, A First Course on Wavelets, CRC press Inc., Boca Ratan FL, 1996.
MR-1408902

[13] E. Igléi, A rate-optimal trigonometric series expansion of the fractional Brownian motion,
Electron. J. Probab. 10 (2005) 1381-1397. MR-2183006

[14] J. Istas, Wavelet coefficients of a gaussian process and applications, Ann. Inst. H. Poincaré
(B) Probab. Statist. 28(4) (1992) 537-556. MR-1193084

[15] Yu.V. Kozachenko, A. Olenko, O.V. Polosmak, Uniform convergence of wavelet expansions of
Gaussian random processes, Stoch. Anal. Appl. 29(2) (2011) 169-184. MR-2774235

[16] Yu.V. Kozachenko, A. Olenko, O.V. Polosmak, Convergence rate of wavelet expansions of
Gaussian random processes, will appear in Comm. Statist. Theory Methods. (2013)

[17] Yu.V. Kozachenko, A. Olenko, O.V. Polosmak, Convergence in L, ([0, T']) of wavelet expansions
of p-sub-Gaussian random processes, will appear in Methodol. Comput. Appl. Probab. (2014)
arXiv:1307.1859

[18] Yu.V. Kozachenko, O.V. Polosmak, Uniform convergence in probability of wavelet expan-
sions of random processes from L2(2), Random Oper. Stoch. Equ. 16(4) (2008) 12-37. MR-
2494935

EJP 18 (2013), paper 69. ejp.ejpecp.org
Page 20/21


http://www.ams.org/mathscinet-getitem?mr=2576756
http://www.ams.org/mathscinet-getitem?mr=1743716
http://www.ams.org/mathscinet-getitem?mr=1301417
http://www.ams.org/mathscinet-getitem?mr=1150048
http://www.ams.org/mathscinet-getitem?mr=1162107
http://www.ams.org/mathscinet-getitem?mr=3014309
http://www.ams.org/mathscinet-getitem?mr=2383723
http://www.ams.org/mathscinet-getitem?mr=2092872
http://www.ams.org/mathscinet-getitem?mr=2387772
http://www.ams.org/mathscinet-getitem?mr=1678882
http://www.ams.org/mathscinet-getitem?mr=1618204
http://www.ams.org/mathscinet-getitem?mr=1408902
http://www.ams.org/mathscinet-getitem?mr=2183006
http://www.ams.org/mathscinet-getitem?mr=1193084
http://www.ams.org/mathscinet-getitem?mr=2774235
http://arXiv.org/abs/1307.1859
http://www.ams.org/mathscinet-getitem?mr=2494935
http://www.ams.org/mathscinet-getitem?mr=2494935
http://dx.doi.org/10.1214/EJP.v18-2234
http://ejp.ejpecp.org/

Uniform convergence of wavelet decompositions

[19] Yu.V. Kozachenko, G.I. Slivka, Justification of the Fourier method for hyperbolic equations
with random initial conditions, Theory Probab. Math. Statist. 69 (2004) 67-83. MR-2110906

[20] O. Kurbanmuradov, K. Sabelfeld, Convergence of Fourier-wavelet models for Gaussian ran-
dom processes, SIAM J. Numer. Anal. 46(6) (2008) 3084-3112. MR-2439503

[21] Y. Meyer, F. Sellan, M.S. Taqqu, Wavelets, generalized white noise and fractional integration:
the synthesis of fractional Brownian motion, J. Fourier Anal. and Appl. 5(5) (1999) 465-494.
MR-1755100

[22] wmtsa: Wavelet Methods for Time Series Analysis, available online from http://cran.r-
project.org/web/packages/wmtsa/ (accessed 15 July 2013)

[23] P.C.B. Phillips, Z. Liao, Series estimation of stochastic processes: recent developments and
econometric applications, to appear in A. Ullah, J. Racine and L. Su (eds.) Handbook of
Applied Nonparametric and Semiparametric Econometrics and Statistics, Oxford University
Press, Oxford, 2013.

[24] J. Zhang, G. Waiter, A wavelet-based KL-like expansion for wide-sense stationary random
processes, IEEE Trans. Signal Proc. 42(7) (1994) 1737-1745.

Acknowledgments. The research of first two authors was partially supported by La
Trobe University Research Grant "Stochastic Approximation in Finance and Signal Pro-
cessing". The authors are grateful for the referee’s comments, which helped to improve
the style of the presentation.

EJP 18 (2013), paper 69. ejp.ejpecp.org
Page 21/21


http://www.ams.org/mathscinet-getitem?mr=2110906
http://www.ams.org/mathscinet-getitem?mr=2439503
http://www.ams.org/mathscinet-getitem?mr=1755100
http://dx.doi.org/10.1214/EJP.v18-2234
http://ejp.ejpecp.org/

Electronic Journal of Probability
Electronic Communications in Probability

e Very high standards

Free for authors, free for readers

Quick publication (no backlog)

Low cost, based on free software (OJS?)

Non profit, sponsored by IMS?, BS?, PKP*
Purely electronic and secure (LOCKSS®)

Donate to the IMS open access fund® (click here to donate!)

e Submit your best articles to EJP-ECP

e Choose EJP-ECP over for-profit journals

10JS: Open Journal Systems http://pkp.sfu.ca/ojs/

2IMS: Institute of Mathematical Statistics http://www.imstat.org/

3BS: Bernoulli Society http://www.bernoulli-society.org/

4PK: Public Knowledge Project http://pkp.sfu.ca/

SLOCKSS: Lots of Copies Keep Stuff Safe http://www.lockss.org/

SIMS Open Access Fund: http://www.imstat.org/publications/open.htm


http://en.wikipedia.org/wiki/Open_Journal_Systems
http://en.wikipedia.org/wiki/Institute_of_Mathematical_Statistics
http://en.wikipedia.org/wiki/Bernoulli_Society
http://en.wikipedia.org/wiki/Public_Knowledge_Project
http://en.wikipedia.org/wiki/LOCKSS
https://secure.imstat.org/secure/orders/donations.asp
http://pkp.sfu.ca/ojs/
http://www.imstat.org/
http://www.bernoulli-society.org/
http://pkp.sfu.ca/
http://www.lockss.org/
http://www.imstat.org/publications/open.htm

